
LAPLACE TRANSFORMS

f̃(s) =
∫∞
0 e−stf(t)dt

function transform

1
1
s

tn
n!
sn+1

eat
1

s− a

sinωt
ω

s2 + ω2

cosωt
s

s2 + ω2

sinhωt
ω

s2 − ω2

coshωt
s

s2 − ω2

t sinωt
2ωs

(s2 + ω2)2

t cosωt
s2 − ω2

(s2 + ω2)2

Ha(t) = H(t− a)
e−as

s

δ(t) 1

eattn
n!

(s− a)n+1

eat sinωt
ω

(s− a)2 + ω2

eat cosωt
s− a

(s− a)2 + ω2

eat sinhωt
ω

(s− a)2 − ω2

eat coshωt
s− a

(s− a)2 − ω2

1



Let f̃(s) = L{f(t)} then

L
{
eatf(t)

}
= f̃(s− a),

L{tf(t)} = − d

ds
(f̃(s)),

L
{
f(t)
t

}
=

∫ ∞
x=s

f̃(x)dx if this exists.

Derivatives and integrals

Let y = y(t) and let ỹ = L{y(t)} then

L
{
dy

dt

}
= sỹ − y0,

L
{
d2y

dt2

}
= s2ỹ − sy0 − y′0,

L
{∫ t

τ=0
y(τ)dτ

}
=

1
s
ỹ

where y0 and y′0 are the values of y and dy/dt respectively at t = 0.

Time delay

Let g(t) = Ha(t)f(t− a) =

 0 t < a

f(t− a) t > a

then L{g(t)} = e−asf̃(s).

Scale change

L{f(kt)} =
1
k
f̃
(
s

k

)
.

Periodic functions

Let f(t) be of period T then

L{f(t)} =
1

1− e−sT
∫ T

t=0
e−stf(t)dt.
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Convolution

Let f(t) ∗ g(t) =
∫ t
x=0 f(x)g(t− x)dx =

∫ t
x=0 f(t− x)g(x)dx

then L{f(t) ∗ g(t)} = f̃(s)g̃(s).

RLC circuit

For a simple RLC circuit with initial charge q0 and initial current i0,

Ẽ =
(
r + Ls+

1
Cs

)
ĩ− Li0 +

1
Cs

q0.

Limiting values

initial value theorem

lim
t→0+

f(t) = lim
s→∞

sf̃(s),

final value theorem

lim
t→∞

f(t) = lim
s→0+

sf̃(s),∫ ∞
0

f(t)dt = lim
s→0+

f̃(s)

provided these limits exist.
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