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We consid er the effi cient implementati on of matrix computations in
interpreted Basic on a microco mputer. Linear equations routines SGEFA
and SGESL from the U NPAC K library ofF ortran programs are translated
into Basic and run o n four microcomputers: the Commodore 64, the
Amstrad CPC464, the BBC Microcomputer a nd the BBC with a Z-80
second processor. The computa tiona l cost of the routines is found to be
dominated by subscripting calculations rather than by floating poi nt
arithmetic. For the BBC Microcomputer and the Commodore 64, the
BLAS routines which constitute the inner loops of SGEFA and SGESL are
coded in assembly language; speed increases of factors 2·8 (ssc ) and 5·3
(Commodore 64) accrue, and the improved execution times are comparable to ones which have been quoted for the more powerful and
expensive IBM PC running under a Fortran compiler. The computational cost of the routines using coded BLAS is found to be
dominated by floating point arithmetic, subscripting calculations and
other overheads ha ving been reduced to a negligible level, and it is
concluded that these hybrid Basic/assembly language routines extract
nea r optimum perfo rmance from their host machines. Our findings are
shown to be applica ble to any matrix routine wh ose computational cost
can be measured in "fl ops."

1. Introduction
STEWART 1 describes his experiences in implementing a
linear equations solver on three hand-held calculators.
His routine for the Hewlett Packard HP-41C, coded in
the machine's low level programming language, solved a
system of linear equations of order 10 in 250 seconds.
D ongarra 2 gives a list of the times taken by various
micro-, mini- and mainframe computers to solve a linear
system of order 100 using standard linear equations
software written in Fortran. The timings include one for
the IBM PC microcomputer: this machine solved the
100 x 100 problem in 20 minutes.
For several years I have used in my research the
Commodore Pet and Commodore 64 microcomputers, 3 · 4 · 5 which in terms of cost and computing
power lie between the hand-held calculators and the
more powerful microcomputers such as the IBM PC.
Unlike the calculators used by Stewart 1 my microcomputers run a high level programming language, Basic, but
they are not equipped to run Fortran, the language of
choice for scientific computation on large computers.
Consideration of the papers of Stewart and D ongarra
led me to ask the following questions.
(1.1 ) How should algorithms for matrix computations be
implemented on a microcomputer in order to make
the best possible use of the machine's processing
power, if Basic is the only available high-level
language?
(1.2) What will be the dominant computational costs in
implementations that answer question (1.1)?
(1.3) How can one make use of the rich supply of high
qu ality Fortran software when coding algorithms
in Basic?
These questions are investigated in this paper.
In this work we experimented with four microcomputers: the Commodore 64, the Amstrad CPC 464, the
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standard BBC Microcomputer and the sse with a Torch
Z-80 second processor (we shall regard the last two
configurations as different machines). All the machines
were used in their standard interpreted Basic programming environment (in the case of the sse with Z-80
second processor we used the Z-80 version of sse
Basic, "BBCBASIC Z80"); in addition the Commodore 64
was used with the Basic-related Coma! programming
language. For details of Basic the reader is recommended
to consult Lientz, 6 Alcock, 7 ANSI, 8 Brown, 9 Genz and
Hopkins 10 and Kemeny and Kurtz. 11 Good references
for Coma! are Atherton 12 and Lindsay. 13 The technical
specifications of the four machines and of their particular
language implementations are described in Higham. 14
Here we define two terms that will be used frequently
in the following sections. Machine code (or machine
language) is the collection of instructions that a microprocessor recognises and can execute as fundamental
operations. To the microprocessor, a machine code
instruction is simply a binary bit pattern that specifies an
action to be performed. Assembly language is a low level
language bearing a one to one relationship to machine
code; it allows the use of mnemonics to refer to machine
code instructions, and symbolic names (or labels) to refer
to numeric values and addresses. The translation from
assembly language to machine code is carried out by an
assembler. Programming in assembly language is easier,
less prone to error, and much less tedious than programming in machine code.
In sections 2 and 3 we describe the development of
efficient hybrid Basic/ assembly language translations of
two standard Fortran subroutines for solving systems
of linear equations. Section 4 presents and analyses the
results of timing experiments carried out on the four test
machines using the hybrid routines and, for comparison,
the equivalent purely Basic versions.
In section 5 we introduce a set of benchmarks for
interpreted Basics and apply them to the four test
machines. The results obtained are used to gain insight
into the results of section 4. Finally, in section 6 we
summarise our findings in relation to questions (1.1), (1.2)
and (1.3).
The view taken in this work is that one wishes to use
the fastest and most accurate special-purpose algorithms
available for solving on a microcomputer the problem at
hand (cf K . Stewart). 15 This is the view that is. naturally
taken by a numerical analysis researcher who uses a
microcomputer as a more convenient, easy-to-use
substitute for a mainframe computer. An alternative
approach, taken by Nash, 1 6 • 1 7 is to develop com pact,
versatile routines for small computers that are easy to
implement and to maintain, and that can be used to soiv:e
a variety of computational problems; some loss of efficiency is-accepted in return for the economies achieved. We
believe that our findings concerning the efficiency of
interpreted Basic programs could usefully be employed
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in enhancing the efficiency of the compact routines, such
as those in Nash, 1 7 albeit with loss of machine
independence.

2. Translating two UNPACK subroutines into Basic
To investigate questions (1.1), (1.2) and (1.3), and to
enable us to compare our experiments with those of
Stewart and Dongarra, we decided to focus on the
problem of solving a system of linear equationsprobably the most fundamental and widely occurring
problem in numerical linear algebra. We took as our
starting point the routines SGEFA/ and SGESL in the
UNPACK library of Fortran programs for analysing and
solving linear systems. 18 SGEFA performs LU factorisation of a matrix A, using a column oriented version of
Gaussian elimination with partial pivoting, and SGESL
uses the factorisation to solve a linear system Ax = b
(reference 18, Ch. 1).
Consider the following outline of the factorisation
algorithm used by SGEFA. Here A = (ai) is an n x n real
matrix.

Algorithm 2.1
Fork= 1, ... , n-1
(2.1) Find the smallest r?:; k such that
I a,k I = max { I aik I: i = k, . .. , n}
Swap akk and a,k
(2.2) Fori= k+ 1, ... , n
mik

=

-aiJ akk

Endfor i
For j = k+ 1, ... , n
Swap akj and a,j
(2.3)
Fori= k+ 1, ... ,n
aij

=

aij + mik

* akj

Endfor i
Endfor j
Endfor k.
In the Fortran code SGEFA the loops (2.2) and (2.3), and
the search (2. 1), are executed by the Basic Linear Algebra
Subprograms (BLAS). 19 The BLAS are a collection of
Fortran subprograms for carrying out various basic
computations with vectors, including scaling a vector by
a constant (ssCAL), searching for a component of largest
absolute value (ISAMAX), and adding a constant times one
vector to another vector (SAXPY). Note that it is because
of Fortran's flexibility regarding the passing of array
parameters to subprograms that the computations on the
two-dimensional array A in (2.1), (2.2) and (2.3) can be
accomplished by calls to the vector oriented BLAS.
In developing a Basic equivalent of SGEFA it is desirable
to translate directly from the Fortran code, rather than
to code from Algorithm 2.1. As well as reducing the
programming effort this approach should ensure that
nuances and subtleties in the Fortran coding that are not
explicit in the algorithmic notation are carried over to
the Basic version. In any case, for many Fortran codes,
including some of the UNPACK routines, a fully detailed
algorithmic description at the aij element level is not
readily available.
However, of the versions of Basic considered here only
one supports procedures and this, BBC Basic, does not
allow arrays to be passed as parameters. Therefore the
BLAS and the calls to the BLAS cannot be translated
directly into Basic. One way to overcome this difficulty is
to replace the BLAS calls by the equivalent in-line code14

as is done in some Fortran implementations of UNPACK
(references 20 and 18, p. 1.23).
.
An alternative approach is to write the BLAS m
assembly language; the BLAS calls can then be replaced
by machine-specific Basic statements that pa~s contr~l
to the specially written machine code routmes. Thts
approach promises to achieve the dual aim of increased
efficiency, since machine code generally runs much faster
than interpreted Basic code and the bulk of the computation in SGEFA is done inside the BLAS. In fact it is true
for most of the UNPACK routines that if the total number
of assignments, array element references and floating
point additions and multiplications is O(nq) (q = 2, 3),
then only O(nq - 1 ) of these operations are performed
outside the BLAS.
We have tried both approaches towards translating
the BLAS. In section 4 we compare the performances of
programs based on the two approaches. But first, in the
next section, we examine in detail the theoretical and the
practical aspects of coding the BLAS in assembly language
for use with a Basic interpreter on a microcomputer.

3. Assembly language BLAS
3.1. Theoretical gains in efficiency

Before describing the details of coding the BLAS in
assembly language we first consider what we can hope to
achieve by using these special BLAS with an interpreted
Basic.
One of the characteristics of the 6502 and Z-80 central
processing units (cPus) of our test machines is that their
instruction sets do not contain a multiply operation;
therefore all four machines must carry out floating point
arithmetic in software. The four Basic interpreters contain individual collections of floating point arithmetic
subroutines and, under the reasonable assumption that
these routines are efficiently coded, it is sensible to
attempt to make use of these routines in the assembly
language BLAS. In addition to simplifying the programming effort this approach should ensure that the coded
BLAS perform, bitwise, precisely the same arithmetic (and
hence sustain precisely the same rounding errors) as
would their in-line Basic equivalents. However, since in
this way the very same floating point calculations are
performed in the coded BLAS as in the equivalent Basic,
it is not immediately clear what gains in efficiency the
coded BLAS will engender. To investigate this question
consider the inner loop (2.3) in Algorithm 2.1. When
translated to Basic from its Fortran implementation in
SGEFA this loop takes the form
FOR I = K + 1 TO N

A(!, J)

= A(!, J) + T *A(!, K)

(3 . 1)

NEXT I.
When this loop is executed in an intepreted Basic the
main computational costs, over and above the inherent
floating point arithmetic, are incurred when the following tasks are performed.
(1) Parse the source code, to determine the operations to
be performed.
(2) Set up the I loop (this involves initialising the
loop variable, and evaluating the upper and lower
loop limits and the STEP, which defaults to 1), then
repeatedly increment the loop variable, test against
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the upper limit and jump to the start of the loop as
necessary.
(3) Search for the simple variables / , J , K , N, T and the
array A in the (dynamically allocatea) storage area.
(4) Evaluate the address in storage of the array elements
A(!, J) and A(!, K), that is, perform subscripting.
Note that the Basic interpreter will carry out operations
(3) and (4) during every execution of the second statement
in the loop.
With the use of assembly language BLAS these overheads to the floating point arithmetic can effectively be
removed. To see why, consider, for example, CBM Basic.
In this Basic a svs command can be used to pass control
to a machine code routine. Thus the command svs SAXPY
calls the machine code routine at the address held in the
variable SAXPY. Unlike the other three Basics, CBM Basic
ostensibly does not provide for the passing .o f multiple
parameters to a machine code routine. However it is
possible to emulate such a facility by using a nonstandard svs command of the form
SYSSAXPY,

N -K , T, A(K + 1, K), A(K + 1, J).

This syntax is accepted by the interpreter and control is
passed to the SAXPY routine. The routine can pick up the
value N- K, the address of the variable T, and the
addresses of the elements A(K +I , K) and A(K +I , J), by
calling expression evaluation and variable address search
routines in the Basic interpreter. Using this parameter
information the machine code routine can itself effect the
computations implied in (3.1), making direct calls to the
interpreter's floating point arithmetic routines.
Clearly, overhead (1) is removed, since the interpretation is done by the programmer when writing the
assembly language. Overhead (3) becomes negligible for
large N- K, because the searching for variables is done
only once, at the start of the machine code routine, rather
than every time a variable is encountered on executing
the loop interpretively. Overhead (2) is now insignificant
because the integer addition and comparison operations
involved in the looping are fundamental operations for
the microprocessor, and these operations are no longer
being performed interpretively.
Finally, and most importantly, overhead (4) is greatly
reduced, for only two full subscripting calculations are
required: those which evaluate the addresses of the array
elements in the SYS statement. Thereafter, the assembly
language routine can take advantage of the known,
constant increment between the addresses in storage
of the array elements which must be accessed successively. In CBM Basic arrays are stored by column, and
floating point numbers occupy five bytes of storage,
so the constant increment between the addresses of
A(K + 1, J), A(K +2, J), ... , A(N, J) in (3.1) is five bytes.
The above considerations suggest that assembly
language BLAS will be appreciably more efficient than
the equivalent Basic code, through the reduction to a
negligible level of the overheads associated with the
floating point arithmetic.
We wish to emphasise that the above discussion is
applicable only to interpreted Basics. In a compiled Basic
(or Fortran) environment, where the compiler itself may
generate assembler code or machine code, assembly
language BLAS may be no more efficient than the compiled equivalent source code- this behaviour was observed using Fortran in Lawson et a/., 19 for example.
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(See Brown 9 for a detailed discussion of the differences
between a compiler and an · interpreter.)
3.2. Practical implementation

In order to write assembly language BLAS for a
particular microcomputer one needs two main tools.
The first is an assembler. Good assemblers are available
for each of the four microcomputers.
The second tool is documentation for the floating
point arithmetic routines in the Basic interpreter. One
needs to know details of the routines for:
-loading and storing the floating point accumulator
(the work area in which floating point arithmetic is
performed by the Basic interpreter);
-performing floating point addition and multiplication;
--calculating the absolute value and the square root;
--comparing two floating point numbers.
It is also necessary to determine whether arrays are
stored by column or by row, how many bytes each
floating point number occupies, and which memory
locations can safely be used for temporary storage (of
pointers and intermediate sums, for example) without
affecting the subsequent operation of the Basic interpreter. We have been able to find this "inside information" for two of the four machines: the Commodore
64, 2 1. 22 and the BBC Microcomputer. 23 In both cases
the information was obtained from sources independent
of the manufacturer. Given the competitive nature of the
microcomputer industry it is not surprising if the manufacturers are unwilling to publish technical details concerning the inner working of their Basic interpreters.
We have written a subset of the BLAS in 6502 assembly
language for the Commodore 64 and for the BBC Microcomputer; we hope to repeat the exercise for the Z-80
machines if and when the necessary documentation
becomes available. We based the routines on the Fortran
BLAS listings in Dongarra eta/. , 18 but we did not "unroll"
the loops. Since all calls to the BLAS in UNPACK have
"INCX = INCY = I" (reference 18, p. A 1) we assumed these
values for r ex, INCY instead of treating them as
parameters.
The coding for the Commodore 64 presented no major
difficulties, as we were already familiar with the intricate
CBM Basic interpreter.
We were able to use very similar coding for the BBC
version of the BLAS. However, a problem was encountered, for BBC Basic stores arrays by rows. Thus the
increment between the addresses of A(!, J) and A(I + 1, J)
depends on the array dimension; in fact, assuming that A
is dimensioned DIM A(N, N), the increment is 5 * (N + 1),
since each element occupies 5 bytes and BBC Basic
subscripts start at zero. This difficulty could be overcome
by coding the BLAS in exactly the same way as for the
Commodore 64, so that the BLAS access in succession
contiguously stored array elements, and by re-writing
SGEFA and SGESL so as to generate sequential access
across the rows of A, instead of down the columns.
Instead however, to avoid changing SGEFA and SGESL, we
decided to treat the address increment as a "global"
parameter. The BBC BLAS assume that the increment
between the addresses of the array elements to be
accessed successively is given by the value of the static
integer variable M% (static variables, whose address is
fixed, are peculiar to BBC Basic). Thus a BLAS call with
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one-dimensional array parameters should be preceded
by the assignment M % = 5, while for two-dimensional
arrays the required assignment is M % = 5 * (N + 1). This
simple approach does not permit a BLAS call with both
one- and two-dimensional array parameters; to avoid
this limitation we stored the right-hand side vector b
(which is manipulated by the solve routine SGESL) in the
otherwise unused, zeroth column of A.

4. Test results
In this section we give the results of tests carried out on
the four microcomputers using Basic translations of
UNPACK's SGEFA and SGESL, using both in-line BLAS a nd
assembly language BLAS (for the machines for which these
were written).
Because of the nature of interpreted Basic, many
factors influence program performance (that is, execution
times), and the degree of influence varies from one Basic
to another. Some example factors are the following.
(1) The order (with respect to program flow at run
time) of first use of variables, and of declaration of
arrays. In CBM Basic the access times are fastest
for the earliest defined variables or arrays, but in
Locomotive Basic (on the Amstrad CPC464) the
access time is independent of the order of definition.
(2) The use of multi-statement lines. A given program
will usually run faster if the number of distinct lines
in the source code is reduced- by combining lines
wherever possible.
(3) The presence of spaces and REM (remark) statements.
The interpreter has to scan over spaces and REMS, so
their presence in frequently executed sections of the
code can have an adverse affect on run times.
(4) In some Basics (for example, BBC Basic and
Locomotive Basic), expressions involving variables
of only integer type are evaluated more rapidly than
the corresponding expressions containing floating
point variables. In other Basics (including CBM Basic
and CBM Coma!) the converse is true, because integer
arithmetic is not supported and so integer values
must be converted to floating point before a numeric
expression can be evaluated.
Clearly, then, it is difficult to compare the performance
of one interpreted Basic with another, even if the same
program can be run unaltered under both Basics: aspects
of the code which are beneficial to the performance of one
Basic may be detrimental to the performance of the
other.
In our tests we have endeavoured to ensure that each
Basic is treated "fairly." The translation of SGEFA and
SGESL was carried out first into CBM Basic and thence into
the other three Basics and Coma!, with care taken to
ensure that the five different codings were as similar as
possible, particularly with respect to factors (1), (2) and
(3) above. The only major difference between the five
implementations concerns factor (4): in all except the CBM
Basic and Coma! versions integer variables were used
where appropriate. Since our purpose is not essentially to
compare the performance of different Basics, we believe
that our limited efforts at optimising the code for each
Basic are justified.
For each machine our approach was to time the
execution of SGEFA and SGESL for n = 5, 10, 20, ... , using
random A and b. The elements of A and x were generated
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as pseudo-random numbers in the interval [ -1, 1], using
whatever random number generator the Basic provided
and the right-hand side b was formed as b =Ax. Th~
error in the computed solution was monitored to ensure
that the routines were working correctly. The machines'
built-in clocks were used to time the routines; the units in
which the clocks count vary from 1/ 60th of a second
(Commodore 64) to 1/ 300th of a second (Amstrad
CPC 464), so we quote the times to one decimal place at
most.
Only one linear system was solved for each n. A
separate experiment, on the Commodore 64, in which for
fixed n several seeds were used for the random number
generator produced timings varying by only a few per
cent., so we believe our approach of using only one
random matrix for each n produces reliable results.
The results are reported in Tables I and II. "Coded
BLAS" denotes the use of assembly language BLAS. The
blank entries in the tables correspond to values of n
which were too large for the available memory space.
We offer the following comments and observations on
Tables I and II.
Table I
SGEFA timings in seconds
CBM 64

Coded
N CBM 64

BLAS

1·33
5
10
8·90
62·6
20
30 202
40 466
50 896
60 1535
70 2416
80
90

0·75
3-43
17-2
47·3
99·9
181
298
455

BBC
CBM 64

Coma! BBC
1·23 0·39
7·92 2·47
53·6 18·0
58·9
170
137
392
266
458

Amstrad
CP C 464

Coded

BBC

BLAS

Z-80

0·26
1·26
7·63
22·8
51 ·3
96·3
162

0·54
3·25
23·7
76·1
177
341
584
922
137 1
1946

0·83
4·39
29·5
94·9
2 19
422
722
1140
1694

Coded

BBC

BLAS

Z-80

Amstrad
CPC 464

0·15
0·39
1·20
2·39
4·02
6·00
8·39

0·22
0·76
2-86
6·22
10·9
16·9
24·2
32·7
42·6
53-8

Table 11
SGESL timings in seconds
BBC

CBM 64

Coded
N CBM 64

5
10
20
30
40
50
60
70
80
90

0·57
1·97
7·18
15·6
27·2
42·1
60·1
81 ·2

BLAS

0·38
0·93
2·53
4·75
7·58
11·0
15·0
19·8

CBM 64

Coma! BBC
0·53
1·75
6·30
13·7
23-8

0·17
0·56
2· 11
4·66
8·16
12·6
18·1

0·34
1·03
3·59
7·76
13·5
20·9
29·7
40·4
52·4

(1) The SGESL timings are insignificant, for large n,
compared to those of SGEFA. This is to be expected since
the total counts of floating point operations, array
element references and assignments for the two routines
are of orders n 2 and n 3 , respectively.
(2) In every case the 10 x 10 system was solved in less
than 11 seconds. This compares to the 250 or more
seconds required by the hand-held calculators in
Stewart 1 to solve a problem of the same size, and gives
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some indication of the difference in processing power
between these two classes of machine.
(3) Consider the tabulated times for the pure Basic, inline BLAS versions of SGEFA and SGESL. According to the
results shown, the BBC Microcomputer is fastest by a
significant margin. The following ratios of execution
times hold, approximately:
(a) Commodore 64/BBC = 3-4,
(b) Amstrad CPC 464/ BBC = 1-6,
(c) BBC Z-80/BBC = 1·3.

returned by the purely Basic routines. This confirms our
expectation that the assembly language BLAS would
perform precisely the same arithmetic as the in-line, Basic
BLAS.
We have used the test results to estimate the times that
would be required to solve a linear system of order 100
were the test machines able to accommodate systems of
this order. The n = 100 times were obtained by extrapolating on the times for the largest value of n available:
t 1 oo

The first ratio might be considered surprisingly large,
given that the Commodore 64 and the BBC Microcomputer use essentially the same microprocessor. The ratio
can partly be explained by the fact that the BBC's 6502
microprocessor runs at twice the clock rate of the
Commodore's 6510 (though it is not clear to us whether
doubling the clock speed on a given machine should, in
theory, halve the run times). Furthermore, it appears that
BBC Basic for the 6502 was written with speed of program
execution as a prime consideration. Ratios (b) and (c)
provide an interesting comparison between the performance of the 6502 and the Z-80 CPUS, especially as BBC
Basic for the Z-80 has a nearly identical specification to
standard BBC Basic for the 6502.
(4) The speed up ratios resulting from the use of
assembly language BLAS in SGEFA are given in Table III.
The "asymptotic" speed up ratios of 5.3 and 2.8, for the
Commodore 64 and the BBC Microcomputer, respectively, are very pleasing and provide excellent justification
for the effort expen'ded in coding the BLAS. The reason for
these differing improvements in execution speed, and the
efficiency relative to the theoretical optimum of the
routines using the coded BLAS, are examined in the next
section.
Table III
Speed up ratios for SGEFA

= (100/ n) 3 tn(SGEFA) + (100j n) 2 tn(SGESL).

In Table IV we compare these estimates with five actual
timings given in Dongarra 2 ; Dongarra's timings were
obtained using stand a rd Fortran versions of SGEFA and
SGESL. Three mainframe computer timings are included
to help to put the performance of the microcomputers
into perspective.
We note from Table IV that the BBC Microcomputer,
using coded BLAS, is, in these experiments, 37 per cent.
faster than the IBM PC running under a Fortran compiler,
and that the Commodore 64 with coded BLAS is only 12
per cent. slower than the IBM PC. These comparisons
surprised us, because the IBM PC uses an Intel 8088 CPU,
which, in contrast to the 8-bit 6502 and Z-80 CPUs, is a
16-bit processor, and the 8088 contains multiply and
divide instructions: in other words, the 8088 is a
substantially more powerful processor than the 6502 or
the Z-80.
Table IV
Estimates of '• (SGEFA) + '• (SGESL) for n = 100

Machine
64
Amstrad CPC 464
Apple III
Pascal compiler
BBC Z-80

CBM

BBC

64
Coded

CBM

N

5

10

20

30

40

50

60

70

BBC

64

1·8
1·5

2·6
2·0

3-6

2·4

4·3
2·6

4·7
2·7

5·0
2·8

5·2
2·8

5·3
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2736 (46 minutes)
2171 (36 minutes)
1367 (23 minutes)
1225 (20 minutes)

Microsoft Fortran
3·1 compiler
773 (13 minutes)

BBC

(5) The quoted timings for CBM Coma! are roughly
16 per cent. faster than those for CBM Basic. However,
in the Coma! versions of SGEFA and SGESL we used a
special (and very convenient) feature of Coma! which
allows an assignment statement of the form S := S + T
to be replaced by the shorthand form S :+ T For
example, we coded A(!, J) := A(!, J) + T *A(!, K) as
A(!, J) :+ T *A(!, K) . When we changed the shorthand
assignments back into the longer form the Coma! timings
increased by approximately 30 per cent. and they then
exceeded the Commodore 64 Basic timings by 11 per
cent. This 30 per cent. increase in execution time can be
explained by the fact that the short form involves one less
subscripting operation than the long form; see the timing
results in the next section. Clearly, when applied to array
element expressions, the shorthand form S :+ Tis a very
effective tool for increasing the efficiency of programs for
matrix computations in CBM Coma!.
(6) In the Commodore 64 and BBC Microcomputer
tests the computed solutions returned by the routines
using the coded BLAS were in every case identical to those

7209 (120 minutes)
3390(56 minutes)
2813 (47 minutes)

BLAS

IBM PC
CBM

Seconds

Coded BLAS
VAX 11 /780
Fortran VMS compiler
CDC

7600

Fortran FT compiler
CDC Cyber 205
Fortran FTN com piler

4·13
0·21
0·082

5. Benchmarks for matrix computations
To help to explain the results of section 4 and to gain
further insight into them, we have developed a set of
benchmarks for interpreted Basics which measure the
computational costs of floating point arithmetic and
subscripting calculations. Our method is to time a small,
carefully chosen, set of Basic statements and to extract
the desired information by differencing the timings.
Our test program times the execution of a loop whose
core is a line consisting solely of a colon (the statement
separator in Basic). Then a similar loop, in which the
colon is followed by a single statement, is timed. The
difference between the two times is the time required to
execute the statement, multiplied by the total loop count.
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This technique for timing the execution of a statement in
an interpreted Basic is described in reference 21 (p. 16).
The colon is necessary because we need to account for the
time required to process the line number of the line on
which the statement stands, and this timing cannot be
obtained directly because in Basic a line number may not
be followed by an empty line.
The tests are based on statements involving variables
that have earlier in the program been assigned random
values. We have found that in the Basics tested, the
execution times for floating point operations depend on
the arguments; however we believe the timings obtained
with random arguments to be representative.
The statements used inside the timing loop, and the
times for execution of the statements within the loop, are
tabulated for the four machines in Table V. Note that
these times should be divided by the loop count,
n 2 = 25 2 , to obtain the time for a single execution of the
statement. Also tabulated are differences which can be
expected to provide good general estimates of the time
required to perform one- and two-dimensional subscripting and the three arithmetic operations. For example, the
difference between the times for the statements T = R + S
and T = R approximates the time which is required for a
floating point addition, once the operands have been
evaluated.
Table V
Times in seconds for 625 executions of a Basic statement

Statement
(a)
(b)
(c)
(d )
(e)

(f)
(g)
1.
1*
1;
1;

'u

T =
T =
T =
T =
T =
T =
A(I , J )=

CBM

R
R+S
R*S
R/ S
B(I )
A(/ , J )
A(/, J )
+R*A(K , J)

= (b)-(a)~ " + "
= (c) - (a)~ "*"
= (d) - (a) ~ '"j"
= (e)-( a)~ "(I)"
= (J)- (a) ~ "(I , J)"

CBM 64
64 Co mal sse

0·34
0·68
1·51
1·63
0·55
0·90

BBC
Amstrad
Z-80 CPC 464

0·42
1·00
1·63
1·88
1·02
1·52

0·90
1·78
2·93
3·18
2·23
3·52

0·98
1·91
3·07
3·32
2·38
4·08

11 ·87

13·28

3·59

4·47

5·54

0·88
2·03
2·28
1·33
2·62

0·93
2·09
2·34
1-40
3·10

0·34
1·17
1·29
0·21
0·56

0·46
1·00
1·22
0·44
0·85

0·58
1·21
1-46
0·60
1·10

0-45
0·91
1-45
1·67
0·89
1-30

Much useful information can be gleaned from Table V.
First, consider statement (g). The time required to
execute a statement of this form on a particular computer
system, and in a particular programming language, is
termed a flop (reference 24, p. 32). Single statements of
the form of statement (g) form the nucleus of the
innermost loops of SGEFA and SGESL, and are executed
n. 3 / 3 + O(n 2 ) and n 2 + O(n) times, respectively; thus we
might expect the execution times of the pure Basic

versions of SGEFA and SGESL to be well approximated, for
large n, by 1n 3 tnop and n. 2 tnop• respectively, where tnop is
the time for a single execution of statement (g). This is
indeed the case, as is shown by Table VI.
Table VI
3
1,(SGEFA)/Hn I fl op)

N
CBM

64

BBC

Z-80
Amstrad CPC 464

BBC

30

60

1-18
1·14
1·18
1·19

1· 12
1·11
1·13
1·18

t,(SGESL)j(n 2 !flop)
30
60

0·91
0·90
0·97
0·97

0·88
0·88
0·94
0·93

(The SGEFA estimates are overestimates because they
ignore the O(n 2 ) parts of the computations. The SGESL
estimates are underestimates because tnop is based on
two-dimensional subscripting, whereas the SGESL flop
involves less expensive, one-dimensional subscripting.)
Thus in the microcomputer Basics tested here, the time
required for solution of a linear system by Gaussian
elimination is proportional to the flop time. We now look
more closely at the component computational costs in a
flop .
Consider statement (g) in Table V. The main tasks to
be performed when evaluating this statement in an
interpreted Basic are the following:
- parse the statement and evaluate the addresses in
storage of A and R, then carry out
-three two-dimensional subscripting operations,
- one floating point multiplication,
- one floating point addition.
We can use the timings t(g), tii• t* and t + in Table V to
express the cost of these tasks as a percentage of one flop.
Table VII shows that in all five Basics the largest single
contribution to a flop comes from subscripting calculations, this contribution varying from 47 per cent. in BBC
Basic to 70 per cent. in CBM Coma!. In every case the
floating point arithmetic accounts for less than half a
flop, with variation between 23 per cent. in CBM Coma!
and 42 per cent. in BBC Basic.
We conclude that in solving a linear system on our test
machines, using Basic translations of SGEFA and SGESL
with in-line BLAS, the dominant computational cost is
subscripting: it accounts for between one half and two
thirds of the execution time.
To see why subscripting calculations can be so
expensive we examined a disassembly of the CBM Basic
interpreter. 22 In outline, the interpreter performs the
following actions to evaluate A(J, J), assuming A has
been dimensioned DIM A(N, N). First, the base address of
the array A is calculated, by searching through the array
table. Next the two subscripts are evaluated, using a
general purpose "evaluate floating point expression"
Table VII

Components of a flop

CBM
CBM

64
64 Coma!

BBC

Z-80
Amstrad CPC 464

BBC

18

Subscripting
per cent.

Multiplication
per cent.

Addition
per cent.

Parse/ Address
per cent.

66
70
47
57
60

17

7
7
9
10
10

10

16
33
22
22

7
II
II

8
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routine, and these floating point values are converted to
4-byte integers, with checks for out-of-bounds subscripts.
The offset of the element A(/, J), in terms of the number
of array elements, is evaluated as I +(J - 1) * (N + 1), and
the offset in bytes is calculated by multiplying the result
by 5 (the length of each array element). These two
multiplications are carried out by a general purpose 16bit integer multiplication routine, so special advantage is
not taken of the operand 5. It appears, then, that CBM
Basic's relative inefficiency at subscripting is due, at least
in part, to its failure to take advantage both of integer
subscripts (when these are present) and of the simple form
of the operand 5 in the second 16-bit multiplication.
We now use Table VII to explain the speed up ratios in
Table III. As explained in section 3, the use of assembly
language BLAS effectively removes the overheads to the
floating point arithmetic in evaluating statement (g) in
Table V. Thus, assuming that for large n the execution
times for the routines using coded BLAS are proportional
to the time for an "assembly language flop," we can
predict the speed up ratios, using Table VII, as follows.
CBM 64:

100/ 24 = 4·17

BBC

100/42 = 2·38.

Comparing with Table III we see that the predictions are
reasonably good, though, perhaps surprisingly, they are
somewhat pessimistic for large n.
Our findings about computational cost, and about
speed increase with the use of coded BLAS, are applicable
not only to the Gaussian elimination algorithm, but to
any other algorithm for matrix computations whose cost
can reliably be measured in flops (most of the algorithms
in u PAC K, for example). We conclude that for flop
dominated matrix algorithms the use of assembly
language BLAS will induce near optimum machine performance on the two microcomputers for which they have
been written, for the dominant computational cost in
such implementations will be that associated with the
floating point arithmetic, and this arithmetic is performed using machine code routines from within the
Basic interpreter which we assume are efficiently coded.

problems numerically on microcomputers, 17 these substantial increases in efficiency are well worth having if
computations with long run times are to be performed.
Importantly, we have seen that the versions of SGEFA
using assembly language BLAS and running under interpreted Basic produce near optimum machine performance, in the sense that their computational cost is
dominated by the cost of the inherent floating point
arithmetic. In other words, even if the whole SGEFA
subroutine were to be coded in assembly language (a
formidable task!) the resulting gains in efficiency over the
Basic program using coded BLAS would be relatively
small.
We conclude that for programming matrix computations in interpreted Basic on a microcomputer, a carefully
coded set of assembly language BLAS is a very useful tool.
Its use facilitates the translation into Basic of Fortran
programs which use the BLAS (such as those in UNPACK),
and at the same time enables the translated programs to
make efficient use of the available processing powersomething that cannot usually be achieved when working with a Basic interpreter. Furthermore, the assembly
language BLAS enables the programmer coding in Basic
directly to enjoy the benefits of using simple, one-line
BLAS calls to perform basic vector operations: careful use
of the BLAS can produce greater modularity and improved readability of programs.
Listings of most of the Basic, Coma! and assembly
language programs referred to in this paper are given in
Higham. 14
I thank Dr. I. Gladwell and Dr. C. T. H. Baker for
their interest in this work and for their comments on the
manuscript.
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