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Abstract

This thesis is motivated by a problem that is a generalization of the linear least

squares (LS) problem minx(b−Ax)T (b−Ax). The indefinite least squares (ILS)

problem is to solve

min
x

(b− Ax)TJ(b− Ax), J =

[
Ip 0

0 −Iq

]
.

This problem reduces to the standard LS problem if pq = 0, while for pq > 0 the

problem is to minimize a genuinely indefinite quadratic form. Applications of the

ILS problem include the solution of total least squares problems and the area of

optimization known as H∞ smoothing.

Chandrasekaran, Gu and Sayed recently proposed the QR-Cholesky method,

a backward stable method for solving the ILS problem that employs the QR

and Cholesky factorizations. In this thesis, we describe and analyze the HQR

method, a new method based on the hyperbolic QR factorization that has a

lower operation count than the QR-Cholesky method. It is analogous to Golub’s

QR factorization method for solving the standard LS problem.

We explore J-orthogonal matrices and introduce the exchange operator of

Stewart and Stewart which forms a bijective link between J-orthogonal and or-

thogonal matrices. This has surprisingly good implications on the stability of

applying J-orthogonal transformations.

We look at hyperbolic rotations and show how crucial it is that they are

formed and applied in a certain way to ensure that the final output is stable. We
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examine conditions for applying products of J-orthogonal transformations stably,

since applying one J-orthogonal transformation stably does not necessarily imply

the same for products.

We show how hyperbolic rotations can be used to stably compute the hy-

perbolic QR factorization of a matrix, how the factorization is linked with the

Cholesky downdating problem, and give a detailed error analysis.

We also give perturbation theory for the ILS problem and identify a condition

number.

A detailed error analysis of the hyperbolic QR (HQR) method is given to

prove that it is stable. Numerical results are given to back up this claim, and

iterative refinement is implemented as a way of improving the accuracy of the

results.

We also deal with the equality constrained indefinite least squares (ILSE)

problem, an extension of the ILS problem, in which the variables are constrained

by an underdetermined system of linear equations:

min
x

(b− Ax)TJ(b− Ax), J =

[−Iq 0

0 Ip

]
, Bx = d.

We analyze two new algorithms for solving this problem, which are generaliza-

tions of the QR-Cholesky and HQR methods for solving the ILS problem. We

also introduce a new matrix factorization called the generalized hyperbolic QR

factorization and use it to solve the ILSE problem in the second, HQR-based,

algorithm. We give perturbation theory and error analyses for both methods and

prove their stability. We also give numerical results to back up our analysis.
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Shãhibãg, Amdãvãd – 380 004, Gujarat, India, March 1999. xxiv + 258 pp.

ISBN: 81–7526–135–8.

16



Chapter 1

Introduction

1.1 Overview

This thesis is motivated by a problem that is a generalization of the linear least

squares (LS) problem

min
x

(b− Ax)T (b− Ax).

The indefinite least squares (ILS) problem is to solve

min
x

(b− Ax)TJ(b− Ax), J =

[
Ip 0

0 −Iq

]
. (1.1.1)

This problem reduces to the standard LS problem if pq = 0, while for pq > 0 the

problem is to minimize a genuinely indefinite quadratic form. The application of

the ILS problem to the solution of total least squares problems [48] and to the

area of optimization known as H∞ smoothing [38], [64] is discussed by Chan-

drasekaran, Gu and Sayed [14], who recently proposed the QR-Cholesky method,

a backward stable method for solving the ILS problem that employs the QR and

Cholesky factorizations.

In this thesis, we describe and analyze the HQR method, a new method for

solving the ILS problem, that is based on the hyperbolic QR factorization and

has a lower operation count than the QR-Cholesky method. The HQR method is

17



CHAPTER 1. INTRODUCTION 18

analogous to Golub’s QR factorization method [32] for solving the standard LS

problem.

Firstly, we breifly go over applications of the ILS problem and the necessary

theoretical background in Chapter 1. In Chapter 2, we start by exploring J-

orthogonal matrices and their properties. We introduce the exchange operator of

Stewart and Stewart [74] which forms a bijective link between J-orthogonal and

orthogonal matrices. This has surprisingly good implications on the stability of

applying J-orthogonal transformations.

We look at several representations of hyperbolic rotations, the J-orthogonal

counterpart of orthogonal Givens rotations, and show how crucial it is that the

rotation is formed and applied in a certain way to ensure that the final output is

stable.

We look at conditions for applying products of J-orthogonal transformations

stably, since applying one J-orthogonal transformation stably does not necessarily

imply the same for products.

We show how hyperbolic rotations can be used to stably compute the hy-

perbolic QR factorization of a matrix, how the factorization is linked with the

Cholesky downdating problem, and give a detailed error analysis for computing

the hyperbolic QR factorization.

In Chapter 3, we give an outline of the ILS problem and look at its solution

via its normal equations and augmented system. We look at perturbation theory

and describe the QR-Cholesky method in detail.

Chapter 4 is dedicated entirely to the HQRmethod of solving the ILS problem.

A detailed error analysis is given to prove that this method is stable. Numerical

results are given to back up this claim, and iterative refinement is implemented

to see if it leads to an improvement in the results.

In Chapter 5, we deal with the equality constrained indefinite least squares
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(ILSE) problem, an extension of the ILS problem, in which the variables are

constrained by an underdetermined system of linear equations:

min
x

(b− Ax)TJ(b− Ax), J =

[−Iq 0

0 Ip

]
, Bx = d.

We analyze two new algorithms for solving this problem, which are generaliza-

tions of the QR-Cholesky and HQR methods for solving the ILS problem. We

also introduce a new matrix factorization called the generalized hyperbolic QR

factorization and use it to solve the ILSE problem in the second, HQR-based,

algorithm. We give perturbation theory and error analyses for both methods and

prove their stability. We give numerical results to back up our claim.

1.2 Applications

Several problems can be reduced to (1.1.1). These include the total least squares

problem [48] and problems in the area of optimization known as robust or H∞

smoothing [38], [64]. These are both outlined by Chandrasekaran, Gu and Sayed

[14]. We give a brief description of these problems here.

Let A ∈ Rm×n be a given matrix with m ≥ n, let b ∈ Rm be a given vector

and let x ∈ Rn be an unknown vector of parameters. Then A and b are linearly

related by the equation

b = Ax+ v, (1.2.1)

where v ∈ Rm explains the mismatch between Ax and b. We may also refer to b

as the observation vector. We assume that v 6= 0.

1.2.1 The Total Least Squares Problem

The solution of the total least squares problem takes into account data errors

in both A and b. In other words, given the pair (A, b) and assuming that both
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data quantities are noisy or contaminated, the total least squares problem seeks

a matrix Â and a vector x̂ that solve the following minimization problem:

min
Â,x̂
‖[ Â− A Âx̂− b ]‖2F ⇐⇒ min

Â,̂b∈R(Â)
‖[A b ]− [ Â b̂ ]‖2F , (1.2.2)

where b̂ = Âx̂. The optimal solution Â is regarded as an approximation to A.

This is in turn used to determine an x̂ that guarantees b̂ ∈ R(Â). The solution of

the total least squares problem is known to be given by the following construction

[48, p. 36].

Assume that m > n. Let {σ1, σ2, . . . , σn} be the singular values of A with

σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0. Also, let {σ1, σ2, . . . , σn+1} denote the singular values

of the augmented matrix [A b]. If σn > σn+1 then there is a unique solution to

the total least squares problem (1.2.2) [14],[48]:

x̂ =
(
ATA− σ2

n+1In
)−1

AT b. (1.2.3)

Hence
(
ATA− σ2

n+1In
)
x̂ = AT b,

which is equivalent to

AT (Ax̂− b)− σ2
n+1x̂ = 0. (1.2.4)

The unique vector x̂ in (1.2.3) also solves the minimization problem

min
x

(
‖b− Ax‖22 − σ2

n+1 ‖x‖22
)
, (1.2.5)

since (1.2.4) are its normal equations. We can rewrite (1.2.5) in the form

min
x

([
b

0

]
−
[

A

σn+1In

]
x

)T [
Im 0

0 −In

]([
b

0

]
−
[

A

σn+1In

]
x

)
.

This is now in the same form as the ILS problem (1.1.1).

A similar cost function also arises in the solution of a LS problem with bounded

errors-in-variables [13].
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1.2.2 Robust or H∞ Smoothing

Robust or H∞ smoothing is the name given to methods used for min-max esti-

mation. We review the formulation of a basic H∞ smoothing method below.

Consider once again the model (1.2.1). This time, we assume that an arbitrary

vector x̂ has been picked as an estimate for the unknown vector x. Then we can

always find a vector v̂ such that (1.2.1) is satisfied no matter what the given (A, b)

are. In other words, we have

b = Ax̂+ v̂.

We have an induced error norm for our choice of x̂, ‖x− x̂‖2, and a norm for the

noise, ‖v̂‖2. Note that because we have chosen x̂ arbitrarily, these norms can be

arbitrarily large or small. In other words, our estimate for x̂ may be good or bad.

Now, what we want is a procedure that guarantees a certain level of perfor-

mance. In other words, we want to be able to produce an estimate, x̂, such that

if v in (1.2.1) is small, the resulting error, x− x̂, is also small. This idea can be

formalized into what is called a robust estimation problem:

We seek an x̂ such that

max
x

‖x− x̂‖22
‖b− Ax‖22

≤ γ2,

since v = b− Ax, for some specified value of γ. We can rewrite this as

max
x

(γ−2 ‖x− x̂‖22 − ‖b− Ax‖
2
2) ≤ 0

or

min
x

(‖Ax− b‖22 − γ−2 ‖x− x̂‖22) ≥ 0. (1.2.6)

We can now see that another way of writing (1.2.6) is

min
x

([
c

0

]
−
[

A

γ−1In

]
z

)T [
Im 0

0 −In

]([
c

0

]
−
[

A

γ−1In

]
z

)
,

where c = b−Ax̂ and z = x− x̂. We once again end up with a problem which is

special case of (1.1.1).
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Table 1.3.1: Standard terminology used throughout the thesis. In all cases, A =
[aij]i,j=1:m ∈ Rm×m.

Terminology Definition

Symmetric A = AT , where AT is the transpose of A

Positive Definite xTAx > 0 for all x ∈ Rm

Orthogonal ATA = Im, where Im is the m×m identity matrix

Upper (Lower) Triangular aij = 0 for i > j (i < j)

Diagonal aij = 0 for i 6= j

1.3 Basic Definitions and Terminology

Throughout this thesis, we will adopt the standard terminology given in Ta-

ble 1.3.1 for real matrices.

We remark here that the definition of a diagonal matrix in Table 1.3.1 can

be extended to rectangular matrices. The same definition still applies. Also, a

diagonal matrix A with diagonal elements α1, α2, . . . , αm ordered from the top-left

element can be written concisely as A = diag(α1, α2, . . . , αm).

The same remark applies to the definition of upper (lower) triangular matrices

when they are rectangular. Once again, the same definition still applies, however,

the matrices are now referred to as being upper (lower) trapezoidal due to the

pattern of zero and nonzero elements of the matrix.

Two fundamental subspaces associated with any matrix A = [a1 a2 · · · an] ∈
Rm×n that we will be making use of are

R(A) = span(a1, a2, . . . , an) the range or column space of A

N (A) = {x : Ax = 0} the null space of A

Note that

rank(A) = dim(R(A)) + dim(N (A)).
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1.4 Norms

Norms provide us with a convenient scalar measure of the size of a vector or a

matrix. They are a particularly useful tool in perturbation theory and rounding

error analysis where they enable results to be presented in a concise form. We

first look at vector norms.

1.4.1 Vector Norms

A vector norm is a function ‖ · ‖ : Rn → R that satisfies the following conditions:

1. ‖x‖ > 0 for all nonzero x ∈ Rn.

2. ‖αx‖ = |α| ‖x‖, where α ∈ R, x ∈ Rn.

3. The triangle inequality holds: ‖x+ y‖ ≤ ‖x‖ + ‖y‖ for all x, y ∈ Rn.

The three most useful norms in error analysis and in numerical computation

are

‖x‖1 =
n∑

i=1

|xi|,

‖x‖2 =

(
n∑

i=1

x2
i

)1/2

= (xTx)1/2,

‖x‖∞ = max
1≤i≤n

|xi|.

These are all special cases of the class of vector norms known as the Hölder

p-norms defined by

‖x‖p =
(

n∑

i=1

|xi|p
)1/p

, p ≥ 1.

The 2-norm, also commonly known as the Euclidean norm, has the useful

property that it is invariant under orthogonal transformations Q, for if QTQ = I,

then

‖Qx‖22 = xTQTQx = xTx = ‖x‖22 .
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All vector p-norms are equivalent, which means that there exist constants α,

β such that

α ‖x‖p ≤ ‖x‖q ≤ β ‖x‖p

for p, q ≥ 1. This is particularly useful in perturbation theory and error analysis

where it is often necessary to switch between norms. Therefore inequalities that

bound one norm in terms of another are required. For the 1-, 2- and ∞-norms,

we have the inequalities

‖x‖2 ≤‖x‖1≤
√
n ‖x‖2 ,

‖x‖∞ ≤‖x‖2≤
√
n ‖x‖∞ ,

‖x‖∞ ≤‖x‖1≤ n ‖x‖∞ .

This follows from a more general result for p > q by Gastinel [28, pp. 27–28] and

Goldberg and Straus [31, Lemma 1.1], both in 1983, that

‖x‖p ≤ ‖x‖q ≤ n(
1
q
− 1

p) ‖x‖p .

1.4.2 Matrix Norms

A matrix norm is a function ‖ · ‖ : Rm×n → R that satisfies the following condi-

tions:

1. ‖A‖ > 0 for all nonzero A ∈ Rm×n.

2. ‖αA‖ = |α| ‖A‖, where α ∈ R, A ∈ Rm×n.

3. The triangle inequality holds: ‖A+B‖ ≤ ‖A‖ + ‖B‖ for all A,B ∈ Rm×n.

The most commonly used matrix norms are the Frobenius norm,

‖A‖F =

(
m∑

i=1

n∑

j=1

a2
ij

)1/2

= (trace(ATA))1/2,



CHAPTER 1. INTRODUCTION 25

and the 1-, 2- and ∞-norms

‖A‖1 = max
1≤j≤n

m∑

i=1

|aij|,

‖A‖2 = (ρ(ATA))1/2 = σmax(A),

‖A‖∞ = max
1≤i≤m

n∑

j=1

|aij|,

where the spectral radius

ρ(B) = max{|λ| : det(B − λI) = 0}

and σmax(B) denotes the largest singular value of B. Once again, the 1-, 2- and

∞-norms all belong to the class of subordinate matrix norms defined by

‖A‖ = max
x6=0

‖Ax‖
‖x‖ = max

‖x‖=1
‖Ax‖ .

Both the Frobenius norm and the matrix 2-norm are unitarily invariant norms.

This means that for any orthogonal (or unitary, in the complex case) matrices

U and V we have ‖UAV ‖2 = ‖A‖2 and ‖UAV ‖F = ‖A‖F . Also for unitarily

invariant norms, the useful property holds that ‖AT‖ = ‖A‖.
The unitary invariance of the Frobenius and 2-norms has implications in error

analysis, for it means that multiplication by orthogonal matrices does not mag-

nify errors. For example, if A ∈ Rm×n is contaminated by errors E, and Q is

orthogonal, then

Q(A+ E)QT = QAQT + F,

and ‖F‖F =
∥∥QEQT

∥∥
F
= ‖E‖F , and similarly, ‖F‖2 = ‖E‖2.

A norm is consistent if ‖AB‖ ≤ ‖A‖ ‖B‖ whenever the product AB is defined.

The Frobenius norm and all subordinate matrix norms are consistent.

Just as with vector norms, Table 1.4.1 shows that the Frobenius norm and

the subordinate matrix 1-, 2- and ∞-norms are all equivalent. The table gives

constants αpq such that ‖A‖p ≤ αpq ‖A‖q, A ∈ Rm×n.
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Table 1.4.1: Constants αpq such that ‖A‖p ≤ αpq ‖A‖q, A ∈ Rm×n.

q

p

1 2 ∞ F

1 1
√
m m

√
m

2
√
n 1

√
m 1

∞ n
√
n 1

√
n

F
√
n

√
rank(A)

√
m 1

The following result will be needed in later chapters. For a proof see Higham

[42, Lemma 6.6(c)].

Lemma 1.4.1 Let A,B ∈ Rm×n. If |A| ≤ |B| then ‖A‖2 ≤
√

rank(B) ‖B‖2.

1.5 The Kronecker Product and Vec Operator

A notion that is useful in the study of matrix equations is that of the Kronecker

product, direct product or tensor product of matrices [45, Chapter 4]. We shall be

using Kronecker products to help us obtain perturbation bounds for solving the

ILS and ILSE problems.

The Kronecker product, A⊗B, of a matrix A ∈ Rm×n with a matrix B ∈ Rp×q

is the block matrix

A⊗B =




a11B a12B · · · a1nB

a21B a22B · · · a2nB

...
...

. . .
...

am1B am2B · · · amnB



∈ Rmp×nq.

Note that A⊗B 6= B ⊗ A in general.

It is sometimes more convenient to think of matrices as vectors by ordering

their entries in a conventional way. We adopt the common convention of stacking
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the columns from left to right. With each matrix A = [a1 a2 · · · an] ∈ Rm×n,

where ai ∈ Rm, i = 1:n, we associate the vector

vec(A) := [ aT1 aT2 · · · aTn ]T ∈ Rmn.

Clearly, the vec operator gives us the identity

‖A‖F = ‖vec(A)‖2 (1.5.1)

for any matrix A.

A historical study of Kronecker products and the vec operator has been done

by Henderson [40].

The Kronecker product can be used to give a convenient representation for

many linear matrix transformations and linear matrix equations with the aide of

the vec operator. A key observation is the following.

Lemma 1.5.1 Let the matrices A ∈ Rm×n, X ∈ Rn×p and B ∈ Rp×q. Then

vec(AXB) = (BT ⊗ A)vec(X).

Proof. Clearly

(AXB)(: , k) = A(XB)(: , k)

= AXB(: , k)

= A

[
p∑

i=1

B(i, k)X(: , i)

]

= [B(1, k)A B(2, k)A · · · B(p, k)A ] vec(X)

= (B(: , k)T ⊗ A)vec(X).

Thus,

vec(AXB) =




B(: , 1)T ⊗ A
B(: , 2)T ⊗ A

...

B(: , q)T ⊗ A



vec(X),
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but [(B(: , 1)T ⊗ A)T (B(: , 2)T ⊗ A)T · · · (B(: , q)T ⊗ A)T ]T = BT ⊗ A since the

transpose of a column of B is a row of BT and thus proving the result.

Since A and AT are matrices with the same elements, it is obvious that we

must be able to obtain vec(AT ) by applying a permutation to vec(A). The next

result links the vectors vec(A) and vec(AT ).

Lemma 1.5.2 Let m, n be given positive integers. Then there is a unique matrix

Π(m,n) ∈ Rmn×mn such that

vec(AT ) = Π(m,n)vec(A)

for all A ∈ Rm×n. The matrix Π(m,n) depends only on the dimensions m and n

and is given by

Π(m,n) =
m∑

i=1

n∑

j=1

Eij ⊗ ET
ij = [ET

ij ]i=1:m,j=i:n ,

where each Eij ∈ Rm×n differs from the m × n zero matrix only in the ele-

ment (i, j) = 1. Moreover, Π(m,n) is a permutation matrix and Π(m,n) =

Π(n,m)−1 = Π(n,m)T .

Proof. Note that ET
ijAE

T
ij = A(i, j)ET

ij , i = 1:m, j = i:n for any matrix

A ∈ Rm×n. Thus

AT =
m∑

i=1

n∑

j=1

A(i, j)ET
ij =

m∑

i=1

n∑

j=1

ET
ijAE

T
ij .

Now using Lemma 1.5.1,

vec(AT ) =
m∑

i=1

n∑

j=1

vec
(
ET
ijAE

T
ij

)
=

m∑

i=1

n∑

j=1

(Eij ⊗ ET
ij)vec(A).

which proves the first part of the lemma.

Since (AT )T = A and AT ∈ Rn×m, we have vec(A) = Π(n,m)vec(AT ) =

Π(n,m)Π(m,n)vec(A), so Π(n,m) = Π(m,n)−1. Finally,

Π(n,m) =
n∑

i=1

m∑

j=1

ET
ji ⊗ Eji =

m∑

i=1

n∑

j=1

(
Eij ⊗ ET

ij

)T
= Π(m,n)T .
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In other words, Π(m,n) is a matrix of zeroes and ones for which Π(m,n)−1 =

Π(m,n)T , hence it is a permutation matrix.

1.6 The Moore-Penrose Pseudo-inverse

For any matrix A ∈ Rm×n, it can be shown that there exists a unique matrix X

that satisfies the four Penrose conditions :

AXA = A, (1.6.1a)

XAX = X, (1.6.1b)

(AX)T = AX, (1.6.1c)

(XA)T = XA. (1.6.1d)

The matrix X is a generalized inverse of A. It is customary to denote X by A+

and refer to it as the pseudo-inverse of A. A neat algebraic proof of the uniqueness

of the pseudo-inverse is given by Kalman [50, p. 112], and a constructive proof is

given by Stewart and Sun [73, p. 103]. The conditions in (1.6.1) were given by

Roger Penrose in 1955, although the pseudo-inverse itself was originally discovered

by E. H. Moore in 1920.

Important properties of A+ include

• (A+)+ = A,

• (A+)T = (AT )+,

• (αA)+ = α−1A+, where α is a scalar,

• (ATA)+ = A+(A+)T ,

• (UAV T )+ = V A+UT for U , V orthogonal.

More detailed information on generalized inverses is given by Ben-Israel and

Greville [6].
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1.7 Stability

In solving the ILS problem, there is one very important aspect of a numerical

algorithm that we have to take into account—this is its stability. In what follows,

we will define stability, so that we can analyze the stability of the algorithms in

this document. The classical references on stability analysis are “Rounding Errors

in Algebraic Processes” [80] and “The Algebraic Eigenvalue Problem” [81], both

byWilkinson. However, we will use the more recent and more up-to-date reference

by Higham [42] in most of what we do.

Suppose that we are computing the vector y = f(x), where x is also a vector

and f is a vector function. We denote the computed value of y by ŷ.

• If ∆x is such that ŷ = f(x + ∆x) exactly, we say that the smallest such

|∆x|, possibly divided by |x|, is called the backward error. If we can find

a suitably small bound for this, then we say that the computation of y is

backward stable. In other words, the solution we get is the correct solution

to almost the correct problem.

• The absolute or relative error of ŷ is called the forward error. If we can

find a suitably small bound for this, then we say that the computation of y

is forward stable. In other words, the solution we get is almost the correct

solution to the correct problem.

• Sometimes, we may not be able to find a relatively small ∆x satisfying

ŷ = f(x+∆x), but we may be able to find ∆x and ∆y such that ŷ+∆y =

f(x +∆x), with relatively small ∆x and ∆y. This type of result is called

a mixed forward-backward error result. If we can find a suitably small

bound for both ∆x and ∆y, then we say that the computation of y is mixed

forward-backward stable. In other words, the solution we get is almost the

correct solution to almost the correct problem.
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In the work that follows, we are interested in algorithms that are either back-

ward, forward or mixed forward-backward stable.

1.7.1 Model of Arithmetic

We use the standard model for floating point arithmetic:

fl(x op y) = (x op y)(1 + δ1) =
x op y

1 + δ2
, |δ1|, |δ2| ≤ u, op = +,−, ∗, /,

f l(
√
x) =

√
x(1 + δ), |δ| ≤ u,

where u is the unit roundoff of the computer.

1.7.2 Basic Stability Results

The following particularly elegant lemma of Higham [42, Lemma 3.1] helps us to

simplify the error analysis considerably.

Lemma 1.7.1 If |δi| ≤ u and ρi = ±1 for i = 1:n, and nu < 1, then

n∏

i=1

(1 + δi)
ρi = 1 + θn,

where

|θn| ≤
nu

1− nu =: γn.

We define

γ̃k =
cku

1− cku, (1.7.1)

where c denotes a small integer constant whose exact value is unimportant. This

saves us from having to compute the n in γn precisely. We will also write θ̃k to

denote a quantity satisfying |θ̃k| ≤ γ̃k. We may resort to these modifications to

make the analysis simpler.

In many complicated analyses based on Lemma 1.7.1 it will be necessary to

manipulate the 1+ θk and γk terms. The next lemma of Higham [42, Lemma 3.3]

provides the necessary rules.
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Lemma 1.7.2 For any positive integer k let θk denote a quantity bounded ac-

cording to |θk| ≤ γk = ku/(1− ku). The following relations hold:

(1 + θk) (1 + θj) = 1 + θk+j

(1 + θk)

(1 + θj)
=





1 + θk+j, j ≤ k,

1 + θk+2j, j > k,

γkγj ≤ γmin(k,j), max(j, k)u ≤ 1/2,

iγk ≤ γik,

γk + u ≤ γk+1,

γk + γj + γkγj ≤ γk+j.

Computed quantities will be denoted with a hat or using the fl( · ) notation.
We remark here that when we state an inequality between two matrices or two

vectors of the same size, then the result holds componentwise. In other words, if

we have A,B ∈ Rm×n, then we interpret A ≤ B as aij ≤ bij for each i = 1:m,

j = 1:n.

Also, for any matrix A ∈ Rm×n, |A| will be the matrix with entries |aij|,
i = 1:m, j = 1:n, and similarly for vectors.

We will also use the following results of Higham [42, Sections 3.1 and 3.5].

Lemma 1.7.3 Let x, y ∈ Rn. The computed inner product xTy satisfies the

backward error result

fl(xTy) = (x+∆x)T y = xT (y +∆y) , |∆x| ≤ γn |x| , |∆y| ≤ γn |y| ,

and the forward error bound

∣∣xTy − fl(xTy)
∣∣ ≤ γn|x|T |y|.

Proof. It is straightforward to see that

fl(xTy) = (. . . ((x1y1 (1 + δ1) + x2y2 (1 + δ2)) (1 + δn+1)
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+ x3y3 (1 + δ3)) (1 + δn+2)

+ · · ·+ xnyn (1 + δn)) (1 + δ2n−1) , (1.7.2)

where |δi| ≤ u for all i. Using Lemma 1.7.1, we then have

fl(xTy) = x1y1 (1 + θn) + x2y2 (1 + θ′n) + x3y3 (1 + θn−1) + · · ·+ xnyn (1 + θ2) .

This is what we get for one order of evaluation of xTy. We can generalize this

equation to say that the sum of the xiyi, i = 1:n, can be accumulated in any

order, and hence a “worst case scenario” for computing fl(xTy) would be

fl(xTy) = x1y1 (1 + θn) + x2y2 (1 + θ′n) + · · ·+ xnyn (1 + θ′′n) .

We can say that this computed inner product is the exact one for the perturbed

set of data points x1, x2, . . . , xn, y1 (1 + θn) , y2 (1 + θ′n) , . . . , yn (1 + θ′′n), or, alter-

natively, x1 (1 + θn) , x2 (1 + θ′n) , . . . , xn (1 + θ′′n) , y1, y2, . . . , yn. This gives us the

backward error result that we require. The forward error bound follows immedi-

ately.

Lemma 1.7.4 Let A ∈ Rm×n and x ∈ Rn. We form the product y = Ax. We

then have the backward error result

ŷ = (A+∆A)x, |∆A| ≤ γn |A| ,

and the forward error bound

|y − ŷ| ≤ γn |A| |x| .

Proof. The vector y can be formed as m inner products, yi = aTi x, i = 1:m,

where aTi is the ith row of A. Using Lemma 1.7.3 we have

ŷi = (ai +∆ai)
T x, |∆ai| ≤ γn |ai| ,

which is the ith equation in the backward error result that we require. Once

again, the forward error bound follows immediately.
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One more result that we will be using provides us with a convenient way to

bound the effect of perturbations of a matrix product using norms. For a proof

see Higham [42, Lemma 3.6].

Lemma 1.7.5 If Xj + ∆Xj ∈ Rm×m satisfies ‖∆Xj‖ ≤ δj ‖Xj‖ for all j for a
consistent norm, then

∥∥∥∥∥
m∏

j=0

(Xj +∆Xj)−
m∏

j=0

Xj

∥∥∥∥∥ ≤
(

m∏

j=0

(1 + δj)− 1

)
m∏

j=0

‖Xj‖ .

1.7.3 Conditioning

The relationship between the forward and backward error for a problem is gov-

erned by the conditioning of the problem, that is, the sensitivity of the solution

to perturbations in the data. In other words, the (relative) condition number of

a problem is the relative change in the output for a given relative change in the

input.

When backward error, forward error, and the condition number are defined

in a consistent fashion we have the useful rule of thumb that

forward error . condition number× backward error,

with approximate equality possible.

1.8 Computational Complexity

Computational complexity is the name given to the number of floating point

operations needed to run an algorithm.

We define a floating point operation to be one of the basic arithmetic opera-

tions, +,−, ∗ or /, or the square-root operation, √. Say, for example, an algorithm

to solve a particular problem requires p floating point operations to solve, where

p is a function depending on the dimensions of the problem. For tiny problems,
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Table 1.8.1: The number of flops needed to compute basic vector and matrix
products.

Matrix Operation Dimensions Flops

Vector Inner Product — xTy x, y ∈ Rn 2n

Vector Outer Product — xyT x ∈ Rm, y ∈ Rn mn

Matrix-Vector Multiplication — Ax A ∈ Rm×n, x ∈ Rn 2mn

Matrix-Matrix Multiplication — AB A ∈ Rm×p, B ∈ Rp×n 2mnp

Matrix-Matrix Multiplication — ATA A ∈ Rm×n mn2

the nature of p as a function is not important. In practice, however, we would

not want p to be any function other than a polynomial, and usually not of order

greater than 3, as this would make the algorithm too costly to run in terms of

time for most real life problems. We will abbreviate floating point operations to

flops.

We summarize the number of flops needed to carry out simple vector and

matrix operations in Table 1.8.1. We omit the simple proofs. We give only the

terms of the flops of highest order since these are the ones that are dominant for

large problems.

1.9 Design of Numerical Experiments

With all work that we will carry out in this thesis, we will give stability results to

backup our claim of an algorithm being stable. However, it is helpful to see if these

results meet our expectations by running the algorithm on some test problems

designed in such a way that they exploit all the potential weaknesses and delicate

computations that are performed in running the algorithm. The final output of

the algorithm can then be tested by one of three methods: either by computing a
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more accurate solution by an algorithm known to be stable but expensive, using

extended precision arithmetic on the original algorithm, or testing the values of

the output. The last method means that if one of the output values is meant

to be an orthogonal matrix M , say, then MTM − I or its norm is computed,

where I is the identity matrix, to see how close it is to the zero matrix. If there

is more than one output from the algorithm in question and they are known to

be theoretically related, then this relation is tested by appropriate means.

In all the numerical experiments that we will perform in this thesis, we will

make use of MATLAB (Copyright 1984-2001 The MathWorks, Inc.), Version 6.1,

Release 12.1. All experiments will be carried out on a UNIX machine with two

996 MHz Intel Pentium III processors and unit roundoff u = 2−53 ≈ 1.1× 10−16.

In some of the numerical experiments, the stability of the corresponding algo-

rithm may be tested using the direct search routines adsmax, mdsmax and nmsmax

from The Matrix Computation Toolbox of Higham [41] (documented in [44]).

Whenever more accurate results of an algorithm are required, we will use

MATLAB’s variable precision arithmetic function vpa to compute the results to

100 digit arithmetic using MATLAB’s Symbolic Math Toolbox, and then round

the results to double precision to obtain the result correct to machine precision.

1.10 Iterative Refinement

Iterative refinement is a technique for improving a computed solution x̂ to a

linear system Ax = b, A ∈ Rm×m. There are three steps for computing the new

improved solution:

Algorithm 1.10.1 This algorithm carries out iterative refinement on the solu-

tion x̂ for a linear system Ax = b, A ∈ Rm×m, to obtain an improved solution

xnew.
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Compute r = b− Ax̂ (in precision u).

Solve Ad = r (in precision u).

Update xnew = x̂+ d (in precision u).

For traditional iterative refinement, u = u2. This process can be repeated

if necessary with x̂ replaced by xnew. If there were no rounding errors in the

computation of r, d and xnew then we can see that xnew would be the exact

solution to the system. Thus, upon finding an approximate solution x̂, we could

implement iterative refinement and obtain an improved solution to our problem.

Algorithm 1.10.1 can be repeated until we obtain a solution that is as accurate

as we want, or until iterative refinement does not improve the solution any more.

For more details on iterative refinement see Higham [42, Chapter 12], and in

particular, see [42, Theorem 12.3] to see how iterative refinement can improve

backward stability.

In Chapter 4 we will see how to implement iterative refinement to improve

the solution we obtain for the ILS problem.

1.11 QR and Related Factorizations

In this section, we take a look at the QR factorization and other related fac-

torizations which we will be using throughout the thesis. Of the factorizations

mentioned here, the QR factorization will be studied in more detail than the oth-

ers since we will be introducing more factorizations related to it in later chapters.

1.11.1 The QR Factorization

A QR factorization of A ∈ Rm×n with m ≥ n is a factorization

A = Q

[
R

0

]
= [Q1 Q2 ]

[
R

0

]
= Q1R, (1.11.1)
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where Q ∈ Rm×m is orthogonal and R ∈ Rn×n is upper triangular. Depending

on the context, either the full factorization A = Q[RT 0]T or the “economy size”

version A = Q1R can be called the QR factorization. Furthermore, if rank(A) = n

then the upper triangular matrix R is nonsingular.

We note that a similar factorization to that presented here does exist for the

case m < n, but we will omit the details since we will not be using it.

The usual method used to compute the QR factorization is by applying House-

holder matrices to annihilate the subdiagonal elements of A a column at a time

from left to right. The ith Householder matrix, Pi, used to annihilate the subdi-

agonal elements of the ith column of A is

Pi =

[
Ii−1 0

0 P̃i

]
, (1.11.2a)

P̃i = Im−i+1 − βivivTi , βi =
2

vTi vi
, vi = xi − σie1, σi = ±‖xi‖2 ,

(1.11.2b)

where P̃i ∈ R(m−i+1)×(m−i+1), vi ∈ Rm−i+1 and the vector xi in (1.11.2b) is the

first column of the matrix that we postmultiply P̃i by to perform the ith step of

the QR factorization, i.e. xi = (Pi−1 . . . P1A)(i:m, i). Note that, when i = 1, the

matrix (1.11.2a) just becomes P1 = P̃1. Note also that the Pi and P̃i, i = 1:n,

are both symmetric and orthogonal, and hence involutary.

The basic concepts and properties of Householder transformations, which

made their debut in the book by Turnbull and Aitken [78, Chapter 8, Section 2]

in 1932, are generally well known. In the following lemma, we give a complete

breakdown of computing the QR factorization using Householder transforms, as

first propounded by Householder [46] in 1958.

Lemma 1.11.1 Let A ∈ Rm×n, where m ≥ n. The QR factorization of A in

(1.11.1) using the Householder method of reducing A to upper triangular form

takes 2n2(m − n/3) flops to compute R. If the explicit computation of Q or Q1
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is required, then it takes a further 4n(m2 − mn + n2/3) flops to compute Q or

2n2(m− n/3) flops to compute Q1.

Proof. We first look at reducing A to [RT 0]T . Using the Householder method,

we have

QT = PnPn−1 . . . P2P1,

where each Householder matrix, Pi ∈ Rm×m, is given by (1.11.2).

We remark here that vi in (1.11.2b) only differs from x1 in its first element.

Thus, in computing vi, we only need to compute vi(1) = xi(1) − σi. Most text-

books recommend using this formula with the sign chosen to avoid cancellation

in the computation of vi(1):

σi = −sign (xi(1)) ‖x‖2 , vi(1) = xi(1)− σi. (1.11.3)

This approach is also used by the QR factorization routines in LINPACK [24] and

LAPACK [4]. However, this does not mean that the other sign is unstable. In

fact, as shown by Parlett [59], [60, Section 6.3.1] and Danloy [22], if we rearrange

vi(1) so that

σi = sign (xi(1)) ‖x‖2 , (1.11.4a)

vi(1) = xi(1)− σi

=
xi(1)

2 − ‖x‖22
xi(1) + σi

=
xi(2:m− i+ 1)Txi(2:m− i+ 1)

xi(1) + σi
, (1.11.4b)

then the other sign is perfectly satisfactory. For both choices of sign it is easy to

show that

βi =
2

vTi vi
=

1

σivi(1)
.

Suppose now that we have reached the kth stage of the QR factorization of

A, so that we are in the process of premultiplying the current transformed A
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Table 1.11.1: The number of flops required to compute the kth stage for reducing
A to [RT 0]T via the QR factorization.

Step of kth stage Flops

Compute vk using either (1.11.3) or (1.11.4) 2(m− k)

wk := ÃT
k vk ∈ Rn−k 2(m− k)(n− k)

Compute βk 2

uk := βkvk ∈ Rm−k+1 m− k

Mk := ukw
T
k ∈ R(m−k+1)×(n−k) (m− k)(n− k)

Compute Ãk −Mk (m− k)(n− k)

Total 4(m− k)(n− k)

by Pk. We denote by Ak ∈ R(m−k+1)×(n−k+1) the matrix that we are going to

premultiply by P̃k, i.e. Ak = (Pk−1 . . . P1A)(i:m, i:n). Also, let us denote by

Ãk ∈ R(m−k+1)×(n−k) the submatrix made up of all but the first column of Ak,

i.e. Ak = [xk Ãk]. When we premultiply Ãk by P̃k, note that

P̃kÃk =
(
Im−k+1 − βkvkvTk

)
Ãk

= Ãk − βkvk
(
vTk Ãk

)
, (1.11.5)

so we avoid performing a matrix-matrix multiply, which is O (n) times more

expensive than forming (1.11.5) since it only consists of a matrix-vector multipli-

cation. Note that P̃kxk = ‖xk‖2 e1.
We list the individual steps of the kth stage of reducing A to [RT 0]T and show

how many flops it takes to work out each step to order of highest magnitude in

Table 1.11.1.

Thus, the total number of flops, flQR (m,n), needed to reduce A to the upper
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trapezoidal matrix [RT 0]T using the Householder QR factorization is

flQR (m,n) = 4
n∑

k=1

(m− k)(n− k)

= 4
n∑

k=1

(mn− (m+ n)k + k2)

= 4mn− (m+ n)n2/2 + n3/3

= 2n2(m− n/3),

giving us the first result.

We note here that when constructing the Householder transformation P̃k, we

only need to compute vk, βk and the product uk = βkvk, since when we apply

the transformation to a vector or a matrix, we do not need to explicitly form it

as we saw in (1.11.5). Thus we can see from Table 1.11.1 that

“Constructing” P̃k takes 3(m− k) flops. (1.11.6)

We also note that once we have computed vk, βk and uk, suppose we wanted to

apply the Householder transform P̃k to a matrix B ∈ Rm−k+1×j as in (1.11.5).

Using Table 1.11.1 again, it is easy to see that

Computing P̃kB takes 4j(m− k) flops. (1.11.7)

In certain circumstances, we may only need to compute the first s rows of the

product P̃kB. We could then rewrite (1.11.5) (with Ãk replaced by B) as

(P̃kB)(1: s, : ) =
((
Im−k+1 − βkvkvTk

)
B
)
(1: s, : )

= B(1: s, : )− βkvk(1: s)(vTkB). (1.11.8)

Hence, we can see that computing (1.11.8) takes 2j(m− k + s) flops.

We now show how to explicitly form Q. There are two ways in which we could

form the product of the Householder matrices to compute Q. One way is to form

Q = P1 (P2 (. . . (Pn−1Pn) . . .)), and the other way isQ = ((. . . (P1P2) . . .)Pn−1)Pn.



CHAPTER 1. INTRODUCTION 42

From equation (1.11.2a), we can see that as i increases from 1 to n, Pi becomes

more and more like the identity matrix, Im, and it is only Pi(i:m, i:m) = P̃i that

is full. Therefore, it would make more sense to use the first approach of forming

Q and thus, when forming the product Pi−1Pi, we are only effectively performing

a matrix multiplication of two matrices of order m − i + 2. In other words, we

use the following algorithm for explicitly computing Q [34, Section 5.2.1]:

Algorithm 1.11.2

Q: = Pn

for i = n− 1:−1: 1
Q(α, α): = Pi(α, α)Q(α, α), α = i:m.

end

We can also exploit the structure of a Householder matrix when we postmul-

tiply it by another matrix as in (1.11.5).

Let us assume that we are at the kth pass of the loop in Algorithm 1.11.2. We

list the individual steps of each pass in Table 1.11.2 and show how many flops it

takes to work out each step to order of highest magnitude.

Thus, the total number of flops, flQ (m,n), to explicitly compute Q in the

QR factorization of A ∈ Rm×n is

flQ (m,n) = 4
n−1∑

k=1

(m− n+ k)2

= 4
n−1∑

k=1

((m− n)2 + 2(m− n)k + k2)

= 4(n(m− n)2 + 2(m− n)n2/2 + n3/3)

= 4n(m2 −mn+ n2/3),

and hence giving us the second result.

Finally, if we only want to compute Q1, i.e. only the first n columns of Q,

then note that, when multiplying two m × m matrices, A,B say, of which we
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Table 1.11.2: The number of flops required to compute the kth pass of the loop
in Algorithm 1.11.2 for explicitly computing Q in the QR factorization of A.

Step of kth pass Flops

an−k := Q (n− k:m,n− k:m)T vn−k ∈ Rm−n+k+1 2(m− n+ k)2

Tn−k := un−ka
T
n−k ∈ R(m−n+k+1)×(m−n+k+1), where

we have already computed un−k = βn−kvn−k

(m− n+ k)2

Q (n− k:m,n− k:m)− Tn−k (m− n+ k)2

Total 4(m− n+ k)2

only want to know the first n < m columns of the product, then it suffices to

only compute the product AB(:, 1:n). Also note that, since the Householder

transforms Pi, i = 1:n, have the structure (1.11.2a), we are again, in effect, only

postmultiplying Pi(i:m, i:m) by (Pi+1 . . . Pn)(i:m, i:n). Thus, the analogue of

Algorithm 1.11.2 when computing Q1 is

Algorithm 1.11.3

Q1: = Pn(: , 1:n)

for i = n− 1:−1: 1
Q1(α1, α2): = Pi(α1, α1)Q1(α1, α2), α1 = i:m, α2 = i:n.

end

Once again, we assume that we are at the kth pass of the loop in Algo-

rithm 1.11.3. Table 1.11.3 lists the individual steps of each pass with their flop

count.

Thus, the total number of flops, flQ1
(m,n), to explicitly compute Q1 is

flQ1
(m,n) = 4

n−1∑

k=1

k(m− n+ k)
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Table 1.11.3: The number of flops required to compute the kth pass of the loop
in Algorithm 1.11.3 for explicitly computing Q1 in the QR factorization of A.

Step of kth pass Flops

an−k := Q (n− k:m,n− k:n)T vn−k ∈ Rk+1 2k(m− n+ k)

Tn−k := un−ka
T
n−k ∈ R(m−n+k+1)×(k+1) k(m− n+ k)

Q1 (n− k:m,n− k:n)− Tn−k k(m− n+ k)

Total 4k(m− n+ k)

= 4
n−1∑

k=1

((m− n)k + k2)

= 4((m− n)n2/2 + n3/3)

= 2n2(m− n/3),

as required.

1.11.2 The QL Factorization

The QL factorization is similar in concept to that of the QR factorization. A QL

factorization of A ∈ Rm×n with m ≥ n is a factorization

A = Q

[
0

L

]
= [Q1 Q2 ]

[
0

L

]
= Q2L,

where Q ∈ Rm×m is orthogonal and L ∈ Rn×n is lower triangular. Note again

that this factorization does exist for the case m < n. Also note that, trivially,

this factorization has the same computational cost as the QR factorization.
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1.11.3 The Generalized QR Factorization

The generalized QR factorization was introduced by Hammarling [36] in 1987

and Paige [54] in 1990 and further analyzed by Anderson, Bai and Dongarra [5]

in 1992. Cox and Higham have used it in the solution of the LSE problem [20].

See also Cox [19] and Higham [42, Section 20.9] for more details. The following

result can be found in [20, Theorem 2.1], [42, Theorem 20.9].

Lemma 1.11.4 (Generalized QR factorization) Let A ∈ Rm×n and B ∈
Rs×n with m+ s ≥ n ≥ s and assume that

rank(B) = s, N (A) ∩N (B) = {0}. (1.11.9)

There are orthogonal matrices Q ∈ Rn×n and U ∈ Rm×m such that

UTAQ =

s n−s

m−n+s

n−s

[
L11 0

L21 L22

]
, BQ =

s n−s

s [S 0 ],

where L22 and S are lower triangular. More precisely, we have

UTAQ =





n

m−n

n

[
0

L

]
, m ≥ n,

n−m m

m [X L ], m < n,

where L is lower triangular and X is a generic matrix. The assumptions in

(1.11.9) are equivalent to S and L22 being nonsingular.

1.11.4 Stability Results Relating to the QR Factorization

In this section, we will state the results that we will be making use of throughout

this document that relate to stability analysis.

The first result, from Higham [42, Theorem 19.2], gives us the error in com-

puting the product of a Householder transformation with a vector.
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Lemma 1.11.5 Let a ∈ Rm an consider the computation of y = P̂ a, where P̂ is

the computed Householder transformation P constructed as described in (1.11.2)

and applied as described in (1.11.5). The computed ŷ satisfies

ŷ = (P +∆P )b, ‖∆P‖F ≤ γ̃m.

The next result, from Higham [42, Lemma 19.3], gives us the error in applying

a product of Householder transformations to a matrix A ∈ Rm×n.

Lemma 1.11.6 Consider the sequence of transformations

Ak+1 = PkAk, k = 1: r,

where A1 = A ∈ Rm×n and Pk = I − vkvTk ∈ Rm×m is a Householder matrix. As-

sume that the transformations are performed using computed Householder vectors

v̂k ≈ vk that satisfy v̂ = v +∆v, where |∆v| ≤ γ̃m|v| (v ∈ Rm, ‖v‖2 =
√
2). The

computed matrix Âr+1 satisfies

Âr+1 = QT (A+∆A),

where QT = PrPr−1 . . . P1 and

‖∆aj‖2 ≤ rγ̃m ‖aj‖2 , j = 1:n.

In the special case n = 1, so that A ≡ a, we have âr+1 = (Q + ∆Q)Ta with

‖∆Q‖F ≤ rγ̃m.

The error in computing the upper trapezoidal R-factor in the QR factorization

of a matrix is given by the following result from Higham [42, Theorem 19.4].

Lemma 1.11.7 Let R̂ ∈ Rm×n be the computed upper trapezoidal R-factor of

A = [a1 a2 · · · an] ∈ Rm×n, (m ≥ n) obtained via the Householder QR factoriza-

tion. Then there exists an orthogonal matrix Q ∈ Rm×m such that

A+∆A = QR̂,
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where

‖∆aj‖2 ≤ γ̃mn ‖aj‖2 , j = 1:n.

The matrix Q is given explicitly as Q = (PnPn−1 . . . P1)
T , where Pk is the House-

holder matrix that corresponds to annihilating the subdiagonal elements in the kth

column of A.

The following result by Cox and Higham [20, Lemma 3.3] will be used later

in the thesis.

Lemma 1.11.8 Let s = b − Ax + e, for any conformable matrix A and vectors

s, b, x, e, where ‖e‖2 ≤ ε ‖b− Ax‖2. Then s = b + ∆b − (A + ∆A)x, where

‖∆b‖2 ≤ ε ‖b‖2 and ‖∆A‖2 ≤ ε ‖A‖2.

1.12 Miscellaneous Matrix Factorizations

In this section, we state some additional matrix factorizations that we will need

to refer to later on in the thesis.

1.12.1 The Cholesky Factorization

A Cholesky factorization of a symmetric positive definite matrix A ∈ Rm×m is a

factorization

A = RTR,

where R is upper triangular. For an algorithm for computing R, see Higham [42,

Theorem 10.2]. It takes m3/3 flops to compute R.

1.12.2 Forward and Backward Substitution

Suppose we wish to solve the triangular system of equations

Ax = b
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using forward substitution (see [34, Section 3.1.1]) when A ∈ Rm×m is lower

triangular or using backward substitution (see [34, Section 3.1.2]) when A ∈
Rm×m is upper triangular, and x, b ∈ Rm. We then require precisely m2 flops to

compute x.

The error in computing a solution of a triangular system of equations, either

by backward or forward substitution, is given by the following result by Higham

[42, Lemma 8.5].

Lemma 1.12.1 Let the triangular system Tx = b, where T ∈ Rm×m is nonsin-

gular, be solves by substitution, with any ordering. Then the computed solution x̂

satisfies

(T +∆T )x̂ = b, |∆T | ≤ γm|T |.

1.12.3 The LU Factorization, Gaussian Elimination and

the Block LU Factorization

A LU factorization of a matrix A ∈ Rm×m is a factorization

A = LU (1.12.1)

where L is unit lower triangular and U is upper triangular:

L =




1

l2,1 1

...
. . .

lm,1 · · · lm,m−1 1



, U =




u1,1 u1,2 · · · u1,m

u2,2
...

. . . um−1,m

um,m



.

For certain applications, we may need to rescale the factors L and U . We would

then refer to this factorization, quite simply, as the rescaled LU factorization.

A popular method to solve the linear system Ax = b, where A ∈ Rm×m is

nonsingular, is to reduce A to upper triangular form by applying elementary row

operations to it, to obtain U , and the vector b, to obtain b′, and solving the new
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system Ux = b′. This method of solving the system is called Gaussian elimination

and is, in effect, the same as forming the factor U in (1.12.1) and leaving L in

factored form to apply to b. The whole process of Gaussian elimination to solve

Ax = b takes 2n3/3 flops. For more on the LU factorization, including conditions

for existence of and an algorithm on how to compute the factorization, see Higham

[42, Chapter 9].

An extension to the LU factorization is the block LU factorization A = LU ∈
Rm×m, where L and U are block triangular and L has identity matrices on the

diagonal. The blocks can be of different dimensions. For more on the block LU

factorization see Higham [42, Chapter 13].

1.12.4 The CS Decomposition

The CS decomposition is defined as follows. Let an orthogonal matrix A ∈ Rm×m

be partitioned so that

A =

p q

p

q

[
A11 A12

A21 A22

]
, p+ q = m, (1.12.2)

and assume that q ≥ p. Then there are orthogonal matrices U1, V1 ∈ Rp×p and

U2, V2 ∈ Rq×q such that

[
UT

1 0

0 UT
2

][
A11 A12

A21 A22

][
V1 0

0 V2

]
=

p p q−p


C S 0

−S C 0

0 0 Iq−p




p

p

q−p

,

where C = diag(ci), S = diag(si), C is nonsingular and C2 + S2 = I. For more

details, see, e.g., Stewart [72, p. 5] or Paige and Wei [55].
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1.12.5 The Hyperbolic CS Decomposition

The hyperbolic CS decomposition is defined as follows. Let A ∈ Rm×m be parti-

tioned as in (1.12.2) and let it satisfy AJAT = J , where the signature matrix

J =

[
Ip 0

0 −Iq

]
, p+ q = m.

We also assume that q ≥ p. Then there are orthogonal matrices U1, V1 ∈ Rp×p

and U2, V2 ∈ Rq×q such that

[
UT

1 0

0 UT
2

][
A11 A12

A21 A22

][
V1 0

0 V2

]
=

p p q−p


C −S 0

−S C 0

0 0 Iq−p




p

p

q−p

,

where C = diag(ci), S = diag(si) and C
2 − S2 = I. For a proof of its existence,

see Higham [43, Theorem 3.2].
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J-Orthogonal Transformations

J-orthogonal transformations play a major role in the solution of the ILS prob-

lem. In this chapter, we look at J-orthogonal matrices and their properties, and

show a link between J-orthogonal and orthogonal matrices. We then introduce

hyperbolic rotations. There are many ways to form and apply the rotations, and

each representation leads to varying accuracy in the output. We analyze stability

of forming and applying single rotations and applying products of rotations. We

also show a way to stably compute the hyperbolic QR factorization using them.

2.1 J-Orthogonal Matrices

2.1.1 Introduction and Properties

A matrix Q ∈ Rm×m is J-orthogonal if

QJQT = J, (2.1.1)

where the signature matrix

J =

[
Ip 0

0 −Iq

]
, p+ q = m. (2.1.2)

51
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Q is also referred to as J-unitary [15], [16], [79], hypernormal [10], [49], [53], [62],

[63] or pseudo-orthogonal [1], [23], [34, p. 612]. Note that if p = m then Q is

orthogonal.

Lemma 2.1.1 A J-orthogonal matrix Q is nonsingular. Moreover, det(Q) =

±1.

Proof. We take the determinant on both sides of (2.1.1), which gives

±1 = det(J) = det(Q) det(J) det(QT ) = ± det(Q)2,

So det(Q) = ±1 and hence Q is nonsingular.

Lemma 2.1.2 A J-orthogonal matrix Q satisfies

QTJQ = QJQT .

Proof. From equation (2.1.1) we see that Q = JQ−TJ so

QTJQ = QTJJQ−TJ = J = QJQT .

In the above lemmas, note that setting p = m, so that J = Im, gives us the

corresponding results for orthogonal matrices.

We define the hyperbolic energy of a vector x with respect to the signature

matrix J to be xTJx. It is also referred to as the J-inner product of x [79] and

the indefinite scalar product [9], [30]. It is clear that premultiplication by J-

orthogonal matrices preserves the hyperbolic energy of a vector. In other words,

for x, y ∈ Rm and a J-orthogonal matrix Q ∈ Rm×m, if Qx = y then

yTJy = (Qx)TJ(Qx) = xT (QTJQ)x = xTJx.

Note that if Q1 ∈ Rp×p and Q2 ∈ Rq×q are orthogonal matrices, then the

matrix

Q =

[
Q1 0

0 Q2

]
∈ Rm×m
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is both orthogonal and J-orthogonal, where J is as defined in (2.1.2).

There are many applications in which J-orthogonal transformations are used.

These range from solving many signal processing problems (see e.g. [62], [63]),

downdating the Cholesky factorization [11] and algorithms for factoring struc-

tured matrices [21] to block updating and fast algorithms for Toeplitz-like matri-

ces [74].

2.1.2 A Link Between Orthogonal and J-Orthogonal Ma-

trices

We establish a relation between orthogonal and J-orthogonal transformations.

Let Q ∈ Rm×m be an orthogonal matrix, and consider the partitioned linear

system

Qx =

p q

p

q

[
Q11 Q12

Q21 Q22

][
x1

x2

]
=

[
y1

y2

]
= y. (2.1.3)

If Q11 is nonsingular, then the first equation of (2.1.3), Q11x1 +Q12x2 = y1, may

be solved for x1:

x1 = Q−1
11 y1 −Q−1

11 Q12x2.

If we substitute this equation into the second equation of (2.1.3), we obtain

y2 = Q21(Q
−1
11 y1 −Q−1

11 Q12x2) +Q22x2

= Q21Q
−1
11 y1 + (Q22 −Q21Q

−1
11 Q12)x2.

Thus, we have the system

exc (Q)

[
y1

x2

]
=

[
x1

y2

]
, (2.1.4)

where the exchange operator exc ( · ) is defined by

exc (Q) =

[
Q−1

11 −Q−1
11 Q12

Q21Q
−1
11 Q22 −Q21Q

−1
11 Q12

]
(2.1.5)
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and is so named because it represents an exchange of x1 and y1, i.e. exc (Q) is

applied to the mixed vector [yT1 xT2 ]
T to obtain [xT1 yT2 ]

T . Note that the (2, 2)

block of exc (Q) is the Schur complement of Q.

Conversely, let Q be a J-orthogonal matrix and consider again the system

(2.1.3). We can obtain (2.1.4) using the same procedure as for the case of or-

thogonal Q. However, since the (1, 1) block of the equation QTJQ = J leads

to

QT
11Q11 = Ip +QT

21Q21,

which is the sum of a positive definite and a positive semidefinite matrix, we need

no longer assume that Q11 is nonsingular, as this is automatically the case.

Once again, consider partitioning the matrix Q as in (2.1.3). Using (2.1.5),

we have

exc (exc (Q)) = exc

([
Q−1

11 −Q−1
11 Q12

Q21Q
−1
11 Q22 −Q21Q

−1
11 Q12

])

=

[
Q11 Q11Q

−1
11 Q12

Q21Q
−1
11 Q11 Q22 −Q21Q

−1
11 Q12 +Q21Q

−1
11 Q11Q

−1
11 Q12

]

= Q,

thus the exchange operator is involutary.

The next result of Higham [43] addresses the nonsingularity of the exchange

operator and will be used in establishing a relation between orthogonal and J-

orthogonal transformations. We note that the block LU factorization, which we

introduced in Section 1.12.3, of exc (Q) is given by

exc (Q) =

[
Ip 0

Q21 Q22

][
Q−1

11 −Q−1
11 Q12

0 Iq

]

=

[
Ip 0

Q21 Q22

][
Q11 Q12

0 Iq

]−1

. (2.1.6)

Lemma 2.1.3 Let Q ∈ Rm×m with Q11 nonsingular. If Q is J-orthogonal or

orthogonal then exc (Q) is nonsingular. More generally, exc (Q) is nonsingular
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if and only if Q22 is nonsingular. If exc (Q) and exc (Q−1) are both nonsingular

then exc (Q)−1 = exc (Q−1).

Proof. For Q ∈ Rm×m with Q11 nonsingular, the block LU factorization

of exc (Q) in (2.1.6) makes it clear that exc (Q) is nonsingular if and only if

Q22 is nonsingular. If Q is J-orthogonal then it is clear from its hyperbolic CS

decomposition, introduced in Section 1.12.5, that Q11 nonsingular implies Q22

nonsingular; the same implication holds for orthogonal Q by the standard CS

decomposition, introduced in Section 1.12.4.

The last part is obtained by rewriting (2.1.3) as

x =

[
x1

x2

]
=

[
M−1

1 −Q−1
11 Q12M

−1
2

−Q−1
22 Q21M

−1
1 M−1

2

][
y1

y2

]
= Q−1y,

where M1 = Q11 − Q12Q
−1
22 Q21 and M2 = Q22 − Q21Q

−1
11 Q12, and deriving the

corresponding analogue of (2.1.4):

exc
(
Q−1

)
[
x1

y2

]
=

[
y1

x2

]
. (2.1.7)

Since (2.1.4) and (2.1.7) hold for unique x1 and y1, we must have exc (Q)−1 =

exc (Q−1).

We now state a result of Stewart and Stewart [74] which gives a correspondence

between orthogonal and J-orthogonal matrices.

Theorem 2.1.4 Let Q ∈ Rm×m and let Q11 be the leading principal submatrix of

order p. If Q is orthogonal with Q11 nonsingular, then exc (Q) is J-orthogonal.

Conversely, if Q is J-orthogonal, then exc (Q) is orthogonal.

Proof. Assume first that Q is orthogonal and Q11 is nonsingular. Equation

(2.1.3) and the orthogonality of Q gives us

‖x1‖22 + ‖x2‖22 = ‖y1‖22 + ‖y2‖22 .
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Thus,

‖y1‖22 − ‖x2‖22 = ‖x1‖22 − ‖y2‖22 .

This means that, using (2.1.4), the vector z = [yT1 xT2 ]
T satisfies

zTJz = zT exc (Q)T Jexc (Q) z. (2.1.8)

Using Lemma 2.1.3, for any vector [yT1 xT2 ]
T there is a unique vector [xT1 yT2 ]

T .

Thus, (2.1.8) holds identically in z. Since both J and exc (Q)T Jexc (Q) are

symmetric, by the uniqueness of quadratic forms, this implies that exc (Q) is

J-orthogonal.

The converse follows in an entirely analogous way.

It follows that there is a one-to-one correspondence between orthogonal ma-

trices with a nonsingular (1, 1) block and J-orthogonal matrices. This has ad-

vantages when performing error analysis. If Q is J-orthogonal, then forming it

and applying it to the vector x = [x1 x2]
T to obtain y = [y1 y2]

T can be seen as

forming and applying the matrix exc (Q) to the mixed vector [y1 x2]
T to obtain

[x1 y2]
T . If forming and applying exc (Q) is backward stable, say

[
x1

y2

]
= exc (Q)

[
y1 +∆y1

x2 +∆x2

]
, (2.1.9a)

then we can immediately see that

[
y1 +∆y1

y2

]
= Q

[
x1

x2 +∆x2

]
, (2.1.9b)

and thus forming and applying Q is mixed forward backward stable. Similarly,

we can say the same for a matrix Q such that forming and applying exc (Q) is

forward stable. If P = exc (Q) in (2.1.9), then we could prove that forming and

applying P was backward stable.

For more details on the exchange operator see [43], [56], [74].
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2.2 Hyperbolic Rotations

Hyperbolic rotations are the J-orthogonal counterpart of the orthogonal Givens

rotations. Hyperbolic rotations were first studied by Golub [33] in 1969, who

derived them in terms of complex sines and cosines. In this section, we look at

properties of hyperbolic rotations and their uses. Hyperbolic rotations are also

referred to as hyperbolic Givens rotations [49], [53].

2.2.1 Introduction, Properties and Applications

A 2× 2 hyperbolic rotation has the form

H =

[
c −s
−s c

]
, c2 − s2 = 1, (2.2.1)

where |c| = cosh θ and s = sinh θ for some θ. Clearly, H is symmetric, unlike the

orthogonal circular Givens rotations. Also, it is easy to see that the matrix H in

(2.2.1) is J-orthogonal for J = diag (1,−1) and for J = diag (−1, 1).
We want to choose H so that Hx = y, where x = [x1 x2]

T and y = [y1 0]T .

Since |c| > |s|, we are forced to have |x1| > |x2| in order for us to obtain a real

solution. When this is the case, we have

c =
x1√
x2

1 − x2
2

, s =
x2√
x2

1 − x2
2

. (2.2.2)

Figure 2.2.1 shows how a hyperbolic rotation differs from a Givens rotation

G =

[
c s

−s c

]
,

where c = cos θ, s = sin θ for some θ. The application of a Givens rotation to a

vector x = [x1 x2]
T ∈ R2 rotates it through θ radians clockwise in two-dimensional

Euclidean space, i.e., along the circle with equation

[ x1 x2 ]

[
1 0

0 1

][
x1

x2

]
= k1,
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Figure 2.2.1: The difference between hyperbolic and Givens rotations. The left-
hand diagram illustrates how a Givens rotation transforms a vector and the right-
hand diagram illustrates how a hyperbolic rotation transforms a vector.

for some constant k1. By contrast, a hyperbolic rotation applied to the same

vector rotates it clockwise through φ = tan−1(tanh θ) in what is called two-

dimensional Minkowski space [39, Section 5.3.1], i.e. along the hyperbola with

equation

[ x1 x2 ]

[
1 0

0 −1

][
x1

x2

]
= k2,

for some constant k2. The condition |x1| > |x2| is made clearer in the second

diagram of Figure 2.2.1, where it is easy to see that if |x1| ≤ |x2|, then it is

impossible to hyperbolically rotate the vector [x1 x2]
T to lie along the x1-axis

since the hyperbola does not take real values in this region. It is also easy to see

that y1 =
√
x2

1 − x2
2 and, since H is J-orthogonal, both x and y have the same

hyperbolic energy, that is xTJx = yTJy. Note that
√
x2

1 − x2
2 can be arbitrarily

small, and hence the elements of H in (2.2.1) can be arbitrarily large. This will

be a crucial issue in our error analysis later.

Since H is J-orthogonal, we can easily verify using (2.1.1) that the inverse of
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the hyperbolic rotation in (2.2.1)

H−1 =

[
c s

s c

]
, (2.2.3)

where c and s are given in (2.2.2). Using (2.2.1) and (2.2.3), we can also verify

that the 2-norm condition number of H

κ2(H) = ‖H‖2‖H−1‖2 = (c+ s)2. (2.2.4)

Note that the inverse of H is unbounded in norm and the condition number of

H is also unbounded. This observation will be useful later on when we look at

the error analysis of forming and applying products of hyperbolic rotations.

Hyperbolic rotations can be applied to larger matrices as well. When applied

to a matrix A ∈ Rm×n to annihilate an element in the jth row using an element

in the ith row, say, we use an m×m hyperbolic rotation, which differs from the

m×m identity matrix only in the submatrix

HR1 : H([i, j], [i, j]) =
1√

x2
1 − x2

2

[
x1 −x2

−x2 x1

]
. (2.2.5)

We write this particular H as Hi,j. Note that in (2.2.5) we have combined (2.2.1)

and (2.2.2) by eliminating c and s. Also, if J = diag(Ip,−Iq), then either 1 ≤
i ≤ p and p > j ≥ m or 1 ≤ j ≤ p and p > i ≥ m and if J = diag(−Iq, Ip), then
either 1 ≤ j ≤ p and p > i ≥ m or 1 ≤ i ≤ p and p > j ≥ m.

There are numerous applications in which hyperbolic rotations are used. These

include downdating LS problems (see e.g. [1], [47], [57]), stabilizing the general-

ized Schur algorithm (see e.g. [15], [16], [76]) and other similar algorithms to

compute low-rank approximants of matrices [79], accurately computing singular

values of long products of matrices [68], various signal processing applications

[53], solving the basic deconvolution problem [52], fast algorithms for QR fac-

torizations of structured matrices [18] and solving a linear system of equations,

Ax = b, with A symmetric positive definite [23].
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2.2.2 Representations of Hyperbolic Rotations

A hyperbolic rotation, H, can be represented in various forms. The reason for

considering more than one representation is because, unlike for orthogonal rota-

tions, how hyperbolic rotations are applied to a vector is crucial to the stability

of the computation [8], [70]. We have seen HR1, the representation in (2.2.5).

We look at a few more representations below, and discuss their stability in Sec-

tion 2.2.3.

If we replace the
√
x2

1 − x2
2 term in (2.2.5) by

√
(x1 + x2)(x1 − x2), then we

obtain

HR2 : H =
1√

(x1 + x2)(x1 − x2)

[
x1 −x2

−x2 x1

]
. (2.2.6)

Substituting t = x2/x1 into (2.2.5) and (2.2.6) above gives us a further two

representations of H. These are

HR3 : H =
1√

1− t2

[
1 −t
−t 1

]
(2.2.7)

and

HR4 : H =
1√

(1 + t)(1− t)

[
1 −t
−t 1

]
. (2.2.8)

There is another representation of a hyperbolic rotation that looks quite dif-

ferent from the ones discussed above. It is

HR5 : H = QDQT =

[
1 1

−1 1

][
d/2 0

0 1/(2d)

][
1 −1
1 1

]
, d =

√
x1 + x2

x1 − x2

.

(2.2.9)

This is the mixed forward-backward stable OD procedure of Chandrasekaran and

Sayed [15], [16], [17]. For a proof of its mixed forward-backward stability, see

Lemma 2.2.6. Note that taking a factor of 1/2 out of D and instead multiplying

Q by 1/
√
2 gives us the singular value decomposition of H. Hence, d and 1/d in

(2.2.9) are in fact the singular values of H. Also, the m×m generalizations of Q
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and D in (2.2.9) are just the m×m identity matrices with

Q([i, j], [i, j]) =

[
1 1

−1 1

]
, D([i, j], [i, j]) =

[
d/2 0

0 1/(2d)

]
. (2.2.10)

One further representation of a hyperbolic rotation is given by the exchange

operator, which was defined in Section 2.1.2. Consider the computation of b =

Ha, a = [a1 a2]
T , b = [b1 b2]

T , where H is as defined in (2.2.1):

b1 = ca1 − sa2, (2.2.11)

b2 = −sa1 + ca2.

The first equation gives

a1 =
b1
c
+
s

c
a2, (2.2.12)

which allows the second to be rewritten as

b2 = −s
c
b1 +

(
−s

2

c
+ c

)
a2

= −s
c
b1 +

a2

c
. (2.2.13)

As noted by Park and Eldén [58], this way of forming the product b = Ha

corresponds to the use of the rescaled LU factorization (see Section 1.12.3)

HR6 : H =

[
1 0

−s/c 1/c

][
c −s
0 1

]
, (2.2.14)

where c and s are given in (2.2.2). That this way of forming b is advantageous

for stability was proved by Bojanczyk, Brent, van Dooren and de Hoog [8] in the

context of downdating a Cholesky factorization.

For later use we note that (2.2.12) and (2.2.13) can be expressed together in

the form [
a1

b2

]
= G

[
b1

a2

]
, (2.2.15)

where

G = exc (H) =

[
1/c s/c

−s/c 1/c

]
≡
[
c̃ s̃

−s̃ c̃

]
, c̃2 + s̃2 = 1.
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The matrix G is a Givens rotation. Hence HR6 (2.2.14) can be interpreted as

forming the first row of the product Ha by a hyperbolic rotation and the second

row by a Givens rotation.

2.2.3 Error Analysis

When we premultiply a matrix A by a hyperbolic rotation H we change the

entries in just two rows of A. If

A ([i, j] , : ) =

[
ai1 ai2 · · · ain

aj1 aj2 · · · ajn

]

and we premultiply A by the hyperbolic rotation HR1 in (2.2.5), say, then we

have

(HA) ([i, j] , : ) =

[
bi1 bi2 · · · bin

bj1 bj2 · · · bjn

]
,

where

bik =
x1aik − x2ajk√

x2
1 − x2

2

, bjk =
−x2aik + x1ajk√

x2
1 − x2

2

, k = 1:n.

All other elements of A are left unaffected.

We first perform an error analysis of HR1–HR4 in (2.2.5)–(2.2.8), since these

are all formed in similar ways. The main difference in these representations is the

factor by which all the elements of the hyperbolic rotation are divided. In HR1

this factor is
√
x2

1 − x2
2, in HR2 it is

√
(x1 + x2)(x1 − x2), in HR3 it is

√
1− t2

and in HR4 it is
√

(1 + t)(1− t), where t = x2/x1. The accuracy with which we

can compute these factors is the key to deciding which of HR1–HR4 we should

use. This is obvious from the following result, where we calculate bounds for the

errors in forming the hyperbolic rotations.

Lemma 2.2.1 Let a hyperbolic rotation, H, be computed using the representa-

tions HR1–HR4 (2.2.5)–(2.2.8). The errors, ∆H := fl(H) −H, in forming the
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hyperbolic rotation using these four representations are bounded by

HR1 : ‖∆H‖2 ≤
√
2


 1 + γ2√

1− γ2
x21+x22
x21−x

2
2

− 1


 ‖H‖2 ,

HR2 : ‖∆H‖2 ≤
√
2γ5 ‖H‖2 ,

HR3 : ‖∆H‖2 ≤
√
2


 1 + γ2√

1− γ4
x21+x22
x21−x

2
2

− 1


 ‖H‖2 ,

HR4 : ‖∆H‖2 ≤
√
2


 1 + γ2√

1− γ5
x21+x22
x21−x

2
2

− 1


 ‖H‖2 .

Proof. We will make use of the results in Section 1.7 without quoting the

exact references. Note that each |δi| ≤ u.

We look at the errors in forming the elements of HR1.

fl

(
x1√
x2

1 − x2
2

)
=

x1 (1 + δ1)√
(x2

1 (1 + δ2)− x2
2 (1 + δ3)) (1 + δ4) (1 + δ5)

=
x1√
x2

1 − x2
2

(
(1 + θ2)

√
x2

1 − x2
2√

x2
1 (1 + θ′2)− x2

2 (1 + θ′′2)

)

=
x1√
x2

1 − x2
2

(1 + ε1),

where

|ε1| =
∣∣∣∣∣
(1 + θ2)

√
x2

1 − x2
2 −

√
x2

1 (1 + θ′2)− x2
2 (1 + θ′′2)√

x2
1 (1 + θ′2)− x2

2 (1 + θ′′2)

∣∣∣∣∣

≤ (1 + γ2)
√
x2

1 − x2
2 −

√
x2

1(1− γ2)− x2
2(1 + γ2)√

x2
1(1− γ2)− x2

2(1 + γ2)

=
(1 + γ2)√
1− γ2

x21+x22
x21−x

2
2

− 1,

and similarly

fl

(
−x2√
x2

1 − x2
2

)
=

−x2√
x2

1 − x2
2

(1 + ε2),
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where

|ε2| ≤
(1 + γ2)√
1− γ2

x21+x22
x21−x

2
2

− 1.

Hence

|∆H| ≤


 (1 + γ2)√

1− γ2
x21+x22
x21−x

2
2

− 1


 |H|

and the normwise bound follows using Lemma 1.4.1 since rank(H) = 2.

We now look at the errors in forming the elements of HR2. We have

fl

(
x1√

(x1 + x2)(x1 − x2)

)
=

x1√
(x1 + x2)(x1 − x2)

(1 + θ5) ,

where |θ5| ≤ γ5, and similarly

fl

(
−x2√

(x1 + x2)(x1 − x2)

)
=

−x2√
(x1 + x2)(x1 − x2)

(1 + θ′5) ,

where |θ′5| ≤ γ5, hence |∆H| ≤ γ5 |H|. The normwise bound follows once again

follows using Lemma 1.4.1.

The results for HR3 and HR4 are proved in an entirely analogous way to that

of HR1.

Thus we can see that HR2 is guaranteed to be computed most accurately

all the time, though when |x1| À |x2| we would expect all the above represen-

tations to be accurate. We can also show numerical evidence that this is the

case. MATLAB was used to carry out experiments to find out how accurately

HR1–HR4 were computed. We computed ‖∆H‖2 / ‖H‖2 for each representation,

where H was the representation HR1 computed to 100 significant digits, and

∆H = fl(H) − H. HR1, HR3 and HR4 were less accurately computed as the

relative size of x2 approached that of x1. However, HR2 was still, at that stage,

computing the hyperbolic rotation very accurately. The direct search routines of
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Table 2.2.1: The relative errors, ‖∆H‖2 / ‖H‖2, in forming H with represen-
tations HR1–HR4 in (2.2.5)–(2.2.8) using the vector x = [x1 x2]

T . The value
α := (|x1| − |x2|)/

√
x2

1 + x2
2 is the relative difference in magnitude of x1 and x2.

α HR1 HR2 HR3 HR4

1e-02 1.6e-15 0 3.0e-16 7.5e-16

1e-04 2.3e-13 0 7.1e-14 2.5e-14

1e-06 2.7e-12 0 2.0e-11 1.2e-11

1e-08 6.5e-10 7.6e-17 1.5e-09 1.8e-09

1e-10 1.4e-08 0 1.7e-08 1.7e-08

1e-12 7.8e-06 0 1.9e-05 1.9e-05

1e-14 2.5e-04 7.8e-17 1.3e-03 1.3e-03

1e-16 1.1e-01 1.3e-16 1.3e-01 1.3e-01

Higham [41] were also used to try and find examples in which the errors were

large. The results are summarized in Table 2.2.1.

In view of Lemma 2.2.1 and the results in Table 2.2.1 it would seem reasonable

to redefine c and s since the representation in equation (2.2.2) was for HR1, and

we have just shown that HR2 is the most stable hyperbolic rotation to form out

of HR1–HR4. Thus, we redefine c and s as

c =
x1√

(x1 + x2)(x1 − x2)
, s =

x2√
(x1 + x2)(x1 − x2)

(2.2.16)

and hence

ĉ = c (1 + θ5) , ŝ = s (1 + θ′5) . (2.2.17)

We describe the construction of H in the following algorithm.

Algorithm 2.2.2

function [c, s] = Hrotate(x1, x2)
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% Compute c and s defining hyperbolic rotation H as described

% in (2.2.16) such that Hx has zero second element.

if |x1| > |x2|
d =

√
(x1 + x2)(x1 − x2)

[c s] = [x1 x2]/d

else

No real rotation exists—abort.

end

Cost: 5 flops.

Out of HR1–HR4, we will only analyze the error in applying HR2 to a vector

since HR1, HR3 and HR4 are not always guaranteed to be accurate.

We express the application of HR2 as follows.

Algorithm 2.2.3

function B = Happly(c, s, A)

% Apply hyperbolic rotation HR2 defined by c and s

% to the 2× n matrix A to obtain B.

B(1, : ) = cA(1, : )− sA(2, : )
B(2, : ) = cA(2, : )− sA(1, : )

Cost: 6 flops.

Applying HR2 in this way leads to the following result.

Lemma 2.2.4 Let a hyperbolic rotation, H, be formed using the representation

HR2 in (2.2.6) as described in Algorithm 2.2.2 and applied to a vector a = [a1 a2]
T

to obtain b = [b1 b2]
T as described in Algorithm 2.2.3. The error in computing

the product b = Ha can be expressed in three ways. As a forward error bound:

b̂ = b+∆b, |∆b| ≤ γ7|H||a|,
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as a backward error bound on a:

b̂ = H(a+∆a), |∆a| ≤ γ7|a|,

and as a backward error bound on H:

b̂ = (H +∆H)a, |∆H| ≤ γ7|H|.

Proof. When we apply HR2 (2.2.6) to the vector a, using (2.2.17), we get

b̂1 = fl (ca1 − sa2)

= (c (1 + θ5) a1 (1 + δ6)− s (1 + θ′5) a2 (1 + δ7)) (1 + δ8)

= (ca1 − sa2 + ca1(θ5 + δ6 + δ8)− sa2(θ
′
5 + δ7 + δ8))

= (ca1 (1 + θ7)− sa2 (1 + θ′7))

= [ c −s ]
[
1 + θ7 0

0 1 + θ′7

][
a1

a2

]
,

and similarly,

b̂2 = [−s c ]

[
1 + θ′′7 0

0 1 + θ′′′7

][
a1

a2

]
.

Combining these results and using |θ7|, |θ′7|, |θ′′7 |, |θ′′′7 | ≤ γ7, we obtain

b̂ =

[
b̂1

b̂2

]
= H(I +∆1)a, |∆1| ≤ γ7I (2.2.18)

= b+∆b, |∆b| ≤ |H||∆1||a| ≤ γ7|H||a|,

which is a forward error in computing b. Using (2.2.18), a backward error bound

on a for computing b is given by

b̂ = H(a+∆a), |∆a| ≤ |∆1||a| ≤ γ7|a|

and a backward error bound on H is given by

b̂ = (H +∆H)a, |∆H| ≤ |H||∆1| ≤ γ7|H|.

We now analyze HR5. We express the application of HR5 as follows. Note

that for this representation, we form and apply HR5 to a vector directly and do
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not explicitly form the elements c and s of the hyperbolic rotation H as described

in Algorithm 2.2.2.

Algorithm 2.2.5

function B = Happly(x1, x2, A)

% Apply hyperbolic rotation HR5 to 2× n matrix A to obtain B.

d =
√

x1+x2
x1−x2

B = [1
1
−1
1
]A

B = [d/2
0

0
1/(2d)

]B

B = [ 1
−1

1
1
]B

Cost: 14 flops.

We now look at the error analysis for applying HR5 (2.2.9) as described in

Algorithm 2.2.5. Due to the way it is factorized, we can perform a slightly

different analysis to prove mixed forward-backward stability. We state and prove

this result below.

Lemma 2.2.6 Let a hyperbolic rotation, H = QDQT , be constructed according

to (2.2.9). Let a = [a1 a2]
T ∈ R2 and consider the computation of b = [b1 b2]

T =

Ha. The computed b̂ satisfies

b̂+∆b = H(a+∆a), ‖∆b‖2 ≤ γ1‖b̂‖2, ‖∆a‖2 ≤ 4γ6 ‖a‖2 .

Proof. Let b′ = QTa, b′′ = Db′ and b = Qb′′. We then have

b̂′ = fl(QTa)

=

[
1 + δ1 0

0 1 + δ2

][
a1 − a2

a1 + a2

]
, |δ1| , |δ2| ≤ u,

= (I +∆1)Q
Ta, ∆1 = diag(δ1, δ2), |∆1| ≤ γ1I.

Now,

d̂ = fl

(√
x1 + x2

x1 − x2

)
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=

√
(x1 + x2) (1 + δ3)

(x1 − x2) (1 + δ4)
(1 + δ5) (1 + δ6)

= d (1 + θ4) ,

and so d̂/2 = d (1 + θ4) /2 and 1̂/(2d) = (1 + θ5) /(2d) since dividing by 2 can be

considered to be done exactly on a computer. Thus, when we apply D to b̂′, we

get

b̂′′ = fl(Db̂′)

= fl(D((I +∆1)Q
Ta))

= D(I +∆2)(I +∆1)Q
Ta, |∆2| ≤ γ5I,

= D(I +∆3)Q
Ta, |∆3| ≤ γ6I.

Applying Q to b̂′′ gives us

b̂ = fl(Qb̂′′)

= fl(Q(D(I +∆3)Q
Ta))

= (I +∆4)QD(I +∆3)Q
Ta, |∆4| ≤ γ1I.

This gives us

(I +∆5)̂b = QD(I +∆3)Q
Ta, |∆5| ≤ γ1I,

= QDQTQ(I +∆3)Q
Ta, since QTQ = I,

= QDQT (I +Q∆3Q
T )a

= QDQT (I +∆6)a,

where

|∆6| =
∣∣Q∆3Q

T
∣∣ ≤ |Q| |∆3|

∣∣QT
∣∣ ≤ γ6 |Q|2 = γ6

[
1 1

1 1

]2

= 2γ6

[
1 1

1 1

]
= 2γ6 |Q| .

Hence we have

b̂+∆b = H(a+∆a), |∆b| ≤ γ1 |̂b|, |∆a| ≤ 2γ6 |Q| |a|
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and the normwise bounds follow on using ‖|Q|‖2 = 2.

Lastly, we analyze HR6. We express the application of HR6 as follows.

Algorithm 2.2.7

function B = Happly(c, s, B)

% Apply hyperbolic rotation defined by c and s to 2× n matrix B.

for j = 1:n

B(1, j) = cB(1, j)− sB(2, j)

B(2, j) = −(s/c)B(1, j) +B(2, j)/c

end

Cost: 7 flops.

Note once again that we are using (2.2.16) to compute c and s.

Since HR6 in (2.2.14) was obtained using the exchange operator, we can an-

alyze it in terms of applying an orthogonal transformation, which is backward

stable, and obtain a very satisfactory mixed forward-backward stability result as

we show in the following lemma.

Lemma 2.2.8 Let a hyperbolic rotation, H, be constructed according to HR6

(2.2.14). The error in applying H to a vector a = [a1 a2]
T to obtain b = [b1 b2]

T

satisfies

b̂+∆b = H(a+∆a),

where

∆b =

[
∆b1

0

]
, ∆a =

[
0

∆a2

]
, max(|∆b1|, |∆a2|) ≤ γ20 max(|̂b1|, |a2|).

Proof. Using c and s from (2.2.16) and their computed values from (2.2.17),

the computed quantities from (2.2.11) and (2.2.13) satisfy

b̂1 = (c (1 + θ5) a1 (1 + δ1)− s (1 + θ′5) a2 (1 + δ2)) (1 + δ3) ,
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that is,

a1 =
b̂1
c
(1 + θ7) +

s

c
a2 (1 + θ′7) ,

and

b̂2 = −s
c
b̂1 (1 + θ10) +

a2

c
(1 + θ′′7) .

Hence the analogue of (2.2.15) for the computed quantities is

[
a1

b̂2

]
=

[
g11 (1 + θ7) g12 (1 + θ′7)

g21 (1 + θ10) g22 (1 + θ′′7)

][
b̂1

a2

]

= (G+∆G)

[
b̂1

a2

]
, |∆G| ≤ γ10|G|,

where G is orthogonal. This result can be rewritten as
[
a1

b̂2

]
= G

[
b̂1 +∆b1

a2 +∆a2

]
, (2.2.19)

where [
∆b1

∆a2

]
= GT∆G

[
b̂1

a2

]
,

so that

max(|∆b1|, |∆a2|) ≤ γ10(1 + 2|c̃||s̃|)max(|̂b1|, |a2|) ≤ γ20 max(|̂b1|, |a2|),

where c̃ = 1/c, s̃ = s/c. Finally, applying the exchange operator of Section 2.1.2

to G, we recover the hyperbolic rotation H and can rewrite (2.2.19) as

[
b̂1 +∆b1

b̂2

]
= H

[
a1

a2 +∆a2

]
,

hence proving the result.

This is a mixed forward-backward error result, since one element of each of

the input and output vectors is perturbed.

We have shown the representations of three hyperbolic rotations to be stable.

Given in Table 2.2.2 is a summary of the errors in applying these three represen-

tations to vectors. The results were obtained in much the same way as for the
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Table 2.2.2: The relative errors, ‖fl(Ha)−Ha‖2 / ‖Ha‖2, in forming and ap-
plying the hyperbolic rotation H with representations HR2, HR5 and HR6 in
(2.2.6), (2.2.9) and (2.2.14) to the vector a = [a1 a2]

T . The values α1 :=
(|x1|−|x2|)/

√
x2

1 + x2
2 and α2 := (|a1|−|a2|)/

√
a2

1 + a2
2 are the relative differences

in magnitude of the elements in vectors x and a respectively.

α1 α2 HR2 HR5 HR6 ‖H‖2

1e-01 1e-01 5.2e-16 2.0e-17 3.1e-16 3.8e+00

1e-01 1e-16 1.4e-15 1.1e-15 3.0e-16 3.8e+00

1e-06 1e-12 6.0e-11 7.9e-12 4.3e-11 1.2e+03

1e-12 1e-12 8.9e-06 5.6e-06 1.3e-06 1.2e+06

1e-16 1e-01 3.5e-16 2.5e-16 6.3e-16 1.2e+08

1e-16 1e-16 1.1e+00 1.1e+00 1.9e-01 1.2e+08

results in Table 2.2.1. MATLAB was used to carry out experiments to find out

how accurately HR2, HR5 and HR6 were formed and applied to a random vector

a = [a1 a2]
T . We computed ‖fl(Ha)−Ha‖2 / ‖Ha‖2 for each representation,

where Ha was HR1 formed and then applied to a and answers produced to 100

significant digits.

Just as we saw for HR2 in Table 2.2.1, HR6 was also formed very accurately,

and in all three cases, the relative difference in x1 and x2 did not affect the accu-

racy with which the hyperbolic rotations were formed. All three representations

performed about as well as each other in the tests, with the errors in computing

the application of the three hyperbolic rotations not differing by more than 102.

However, there were a couple of things that were noticed. Firstly, the hy-

perbolic rotations were applied to the vector a = [a1 a2]
T , and as the relative

difference between a1 and a2 decreased, the errors in applying the hyperbolic ro-

tations to a increased in all the three representations. This meant the errors in

applying the rotations were proportional to its norm. This agrees with the error
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Table 2.2.3: More results like the ones in Table 2.2.2 for α1 = 1e-6.

α2 HR2 HR5 HR6

1e-2 6.0e-15 7.9e-16 5.8e-15

1e-4 6.0e-13 7.9e-14 1.7e-13

1e-6 4.2e-11 5.6e-12 1.3e-11

1e-8 6.0e-11 7.9e-12 5.4e-11

1e-10 6.0e-11 7.9e-12 4.9e-11

1e-12 6.0e-11 7.9e-12 4.3e-11

1e-14 6.0e-11 7.9e-12 7.2e-12

1e-16 1.2e-10 1.1e-10 1.2e-10

bound we got for applying HR2 to a vector in Lemma 2.2.4, but not with the

corresponding results for HR5 and HR6 in Lemmas 2.2.6 and 2.2.8 respectively.

Secondly, in Table 2.2.3, there is one example of when the error did not

increase significantly as the relative differences in a1 and a2 decreased after a

certain stage. This phenomenon occurred for larger relative differences in a1 and

a2 as the relative difference in x1 and x2 decreased. We have been unable to find

any explanation for this phenomenon.

2.2.4 Products of Hyperbolic Rotations

Now that we have three stable representations of hyperbolic rotations, we can

analyze products of them.

We first need to establish the notion of disjoint hyperbolic rotations. As we

have seen earlier, when we premultiply a vector x by a hyperbolic rotation Hi,j

we change only the ith and jth rows of x. Thus, Hi1,j1 and Hi2,j2 commute, i.e.

Hi1,j1Hi2,j2 = Hi2,j2Hi1,j1 ,
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for distinct integers i1, i2, j1, j2. We say that Hi1,j1 and Hi2,j2 are disjoint, or

nonconflicting, if this is the case.

Lemma 2.2.9 Let W = Hik,jkHik−1,jk−1 · · ·Hi1,j1 ∈ Rm×m be a product of hyper-

bolic rotations such that the integers il, jl, l = 1: k, 2k ≤ m, are all distinct. Let

a ∈ Rm and consider the computation of b = Wa.

• If each Hil,jl, l = 1: k, is constructed according to HR2 in (2.2.6), then the

computed b̂ satisfies

b̂ =W (a+∆a), ‖∆W‖2 ≤ γ5 ‖W‖2 .

• If each Hil,jl = QlDlQ
T
l , l = 1: k, is constructed according to HR5 in (2.2.9)

so that Ql and Dl satisfy (2.2.10), then the computed b̂ satisfies

b̂+∆b = W (a+∆a), ‖∆b‖2 ≤ γ1‖b̂‖2, ‖∆a‖2 ≤ 4γ6 ‖a‖2 .

• If each Hil,jl, l = 1: k, is constructed according to HR6 in (2.2.14), then the

computed b̂ satisfies

b̂+∆b =W (a+∆a),

with

max(‖∆bi‖2 , ‖∆aj‖2) ≤
√
kγ20 max(‖bi‖2 , ‖aj‖2),

where bi: = b([i1, i2, . . . , ik]) and ai: = a([j1, j2, . . . , jk]).

Moreover, in each of the three cases above, ∆b and ∆a are zero vectors except for

∆bi = ∆b([i1, i2, . . . , ik]) = [∆bi1 ∆bi2 · · · ∆bik ]T ,

∆aj = ∆a([j1, j2, . . . , jk]) = [∆aj1 ∆aj2 · · · ∆ajk ]T .

Proof. We prove only the second result, since the first result is a special case

of it and the third result can be proved analogously.
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By the disjointness of the rotations, the application of Hil,jl , l = 1: k to

Hil−1,jl−1 . . . Hi1,j1a only alters a([il, jl]). In other words, only elements that

have not yet been altered by any of Hil−1,jl−1 , . . . , Hi1,j1 are altered. Also, only

a([i1, . . . , il, j1, . . . , jl]) is altered by the productHil,jl . . . Hi1,j1 . Hence, by Lemma 2.2.6,

b̂l +∆bl = Hl(al +∆al), ‖∆bl‖2 ≤ γ1‖b̂l‖2, ‖∆al‖2 ≤ 4γ6 ‖al‖2 ,

where bl = b([il, jl]), al = a([il, jl]) andHl = (Hik,jkHik−1,jk−1 . . . Hi1,j1)([il, jl], [il, jl]),

l = 1: k. The result then follows trivially.

Given an error bound for a product of disjoint orthogonal transformations,

Vi, it is relatively easy to obtain a useful error bound for a product of several

such products of orthogonal transformations, b = Vk . . . V2V1a, as first shown by

Wilkinson in the 1960s. The situation is quite different in the case of hyperbolic

transformations, b = Wk . . .W2W1a, say. It is possible to mimic the analysis for

orthogonal transformations and write, for example,

b̂ = (Wk+∆Wk) . . . (W2+∆W2)(W1+∆W1)a, ‖∆Wj‖2 ≤ ‖Wj‖2 , j = 1: k,

where the Wj are products of disjoint hyperbolic rotations constructed according

to HR2 in (2.2.6). Then, using Lemma 2.2.9 and Lemma 1.7.5, the error

‖b̂− b‖2
‖b‖2

=
‖(Wk +∆Wk) . . . (W2 +∆W2)(W1 +∆W1)a−Wk . . .W2W1a‖2

‖Wk . . .W2W1a‖2

≤
(

k∏

j=0

(1 + γ5)− 1

)
‖Wk‖2 . . . ‖W2‖2 ‖W1‖2 ‖a‖2

‖Wk . . .W2W1x‖2
,

which is unbounded since the Wj are unbounded in norm. Hence, forming the

product in this way does not lead to a satisfactory forward or backward error

bound.

We now consider applying groups of disjoint hyperbolic rotations of the form

HR5 in (2.2.9) one by one to a vector a. We first analyze the error in applying

three groups of disjoint rotations to a. In other words, let b = W3W2W1a and
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define b′ = W1a and b′′ = W2b
′ so that b =W3b

′′. Using Lemma 2.2.9, we have

b̂′ +∆F b
′ = W1(a+∆Ba),

where

‖∆F b
′‖2 ≤ γ1‖b̂′‖2, ‖∆Ba‖2 ≤ 4γ6‖a‖2.

Now applying W2 to b̂′ +∆F b
′ we get

b̂′′ +∆F b
′′ = W2(̂b

′ +∆F b
′ +∆Bb

′)

= W2W1(a+∆Ba+W−1
1 ∆Bb

′),

where

‖∆F b
′′‖2 ≤ γ1‖b̂′′‖2,

‖∆Ba+W−1
1 ∆Bb

′‖2 ≤ 4γ6‖a‖2 + ‖W−1
1 ‖24γ6‖W1‖2‖a‖2

= 4γ6‖a‖2(1 + κ2(W1)).

Finally, applying W3 to b̂′′ +∆F b
′′ we get

b̂+∆F b =W3(̂b
′′ +∆F b

′′ +∆Bb
′′)

=W3W2W1(a+∆Ba+W−1
1 ∆Bb

′ +W−1
1 W−1

2 ∆Bb
′′),

where

‖∆F b‖2 ≤ γ1‖b̂‖2,

‖∆Ba+W−1
1 ∆Bb

′ +W−1
1 W−1

2 ∆Bb
′′‖2 ≤ 4γ6‖a‖2(1 + κ2(W1))

+ ‖W−1
1 ‖2‖W−1

2 ‖24γ6‖W2‖2‖W1‖2‖a‖2

= 4γ6‖a‖2(1 + κ2(W1) + κ2(W1)κ2(W2)).

We can generalize this result to the case when we are applying k groups of disjoint

rotations to a. If is straightforward to see that we would get

b̂+∆F b =Wk . . .W2W1(a+∆Ba),
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where

‖∆F b‖2 ≤ γ1‖b̂‖2,

‖∆Ba‖2 ≤ 4γ6‖a‖2
k−1∑

j=0

j∏

i=1

κ2(Wi).

Thus, we see that applying HR5 also does not give us satisfactory bounds since

the backward error will always be bounded by sums of products of the condi-

tion numbers of disjoint groups of hyperbolic rotations which are themselves, by

equation (2.2.4), unbounded.

It is obvious that by performing our error analysis in this way we would en-

counter a similar problem when applying products of disjoint groups of hyperbolic

rotations. However, there are other methods of forming products of hyperbolic

rotations, and other J-orthogonal transformations, without worrying about their

disjointness. Later, in Section 2.3, we will need to form products of J-orthogonal

transformations in a special way to compute the hyperbolic QR factorization of

a matrix. A better approach to analyze the error of applying a product of J-

orthogonal transformations is to exploit the equivalence between orthogonal and

hyperbolic transformations using the exchange operator which we introduced in

Section 2.1.2. Note that (2.2.15) is a special case of (2.1.4).

As we mentioned in Section 2.1.2, the advantage of (2.1.4) is that because

the transformation matrix is orthogonal error terms can be moved around in the

equation without changing their norm. The disadvantage is that it is hard to

analyze more than one transformation. For example, let C = PA where P is

J-orthogonal. Then C = PQB and corresponding to (2.1.4) we have

[
A1

C2

]
= exc (PQ)

[
C1

A2

]
. (2.2.20)

Despite the elegance of this relation, exc (PQ) is a complicated function of P and

Q. In practice the equations A = QB and C = PA must be modified to include
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rounding error terms, and these terms appear to preclude a suitably perturbed

version of (2.2.20) with satisfactory bounds on the perturbations.

The gist of this analysis is that it is unclear how to obtain useful error bounds

for the product of two or more arbitrary J-orthogonal transformations. Fortu-

nately, the transformations that we will be dealing with in Section 2.3 are far

from arbitrary, and we show below that by exploiting their structure we can

make useful progress.

We analyze a product of two J-orthogonal transformations, where J is given

in (2.1.2), that satisfy one key assumption: that the two transformations are

“non-overlapping” in components 1: p. Non-overlapping means that for i = 1: p

at least one of the two transformations agrees with the identity matrix in row

i and column i. Without loss of generality, we consider a transformation Q1

agreeing with the identity matrix in rows and columns 1: t and a transformation

Q2 agreeing with the identity matrix in rows and columns t+1: p, where 1 ≤ t < p.

Let

Q1




R

S

X




t

p−t

q

=:




R

S1

X1




t

p−t

q

, Q2




R

S1

X1


 =:




R1

S1

X2


 , (2.2.21)

or, overall,

Q2Q1




R

S

X


 =




R1

S1

X2


 .

We now have the following lemma which analyzes the errors in forming the prod-

uct of two hyperbolic rotations in this way.

Lemma 2.2.10 Let Q1, Q2 ∈ Rm×m be the two J-orthogonal transformations of

(2.2.21) satisfying the non-overlapping assumption described above. Suppose that
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the error in applying Q1 to the vector [RT ST XT ]T is given by

Q1




R

S

X +∆X


 =




R

S1 +∆S1

X1


 (2.2.22a)

and the error in applying Q2 to this new vector [RT (S1 +∆S1)
T XT

1 ]
T is given

by

Q2




R

S1 +∆S1

X1 +∆X1


 =




R1 +∆R1

S1 +∆S1

X2


 , (2.2.22b)

where

max(‖∆S1‖2 , ‖∆X‖2) ≤ µmax(‖S1‖2 , ‖X‖2), (2.2.23a)

max(‖∆R1‖2 , ‖∆X1‖2) ≤ µmax(‖R1‖2 , ‖X1‖2). (2.2.23b)

We then have

Q2Q1




R

S

X +∆X


 =




R1 +∆R1

S1 +∆S1

X2


 ,

where

max(
∥∥∆R1

∥∥
2
,
∥∥∆S1

∥∥
2
,
∥∥∆X

∥∥
2
) ≤ 3µmax(‖R1‖2 , ‖X‖2 , ‖S1‖2) +O(µ2).

Proof. We know from (2.1.3) and (2.1.4) that the operations (2.2.21) can be

rewritten in terms of orthogonal transformations P1 ad P2 as follows, where we

now express the relations in terms of the affected components only:

P1

[
S1

X

]
=

[
S

X1

]
, (2.2.24a)

P2

[
R1

X1

]
=

[
R

X2

]
. (2.2.24b)

These two relations can be rewritten as



R1

S1

X


 =

[
I 0

0 P T
1

]



R1

S

X1


 =

[
I 0

0 P T
1

]
P̃ T

2




R

S

X2


 ≡ P




R

S

X2


 , (2.2.25)
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where P̃2([1: t, p + 1:m], [1: t, p + 1:m]) = P2 and elsewhere P̃2 agrees with the

identity matrix, and P is orthogonal. This relation shows that exc (Q2Q1) = P

is of a relatively simple form given the no-overlap assumption.

Now we incorporate errors into the analysis. Consider the perturbed versions

of (2.2.24),

P1

[
S1 +∆S1

X +∆X

]
=

[
S

X1

]
, (2.2.26a)

P2

[
R1 +∆R1

X1 +∆X1

]
=

[
R

X2

]
, (2.2.26b)

where the errors are the same as in (2.2.22) and satisfy the bounds (2.2.23).

We now obtain an analogue of (2.2.25) for the perturbed quantities. We have




R1 +∆R1

S1 +∆S1

X +∆X


 =

[
I 0

0 P T
1

]



R1 +∆R1

S

X1




=

[
I 0

0 P T
1

]

P̃

T
2




R

S

X2


−




0

0

∆X1





 .

This may be rewritten as




R1

S1

X


+∆ = P




R

S

X2


 , (2.2.27)

where, using ‖X1‖2 ≤ 2max(‖S1‖2 , ‖X‖2) +O(µ),

∆ =




∆R1

∆S1

∆X


 , max

i
‖∆i‖2 ≤ 3µmax(‖R1‖2 , ‖X‖2 , ‖S1‖2) +O(µ2).

The key fact is that the error bound for the two transformations combined

is commensurate with that for the individual transformations. Because P is

orthogonal the relation (2.2.27) can, if desired, be rewritten so that the 3 × 1
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block matrix on the right is perturbed instead of the one on the left, as in the

assumptions (2.2.26).

Lemma 2.2.10 dealt with applying two non-overlapping J-orthogonal trans-

formations whose errors could be written as those of the hyperbolic rotation HR6

in (2.2.14). However, we also want to be able to apply two non-overlapping

J-orthogonal transformations whose errors could be written as those of the hy-

perbolic rotation HR5 in (2.2.9). We obtain the following analysis.

Let

Q1







R

S

X


+




0

∆S

∆X





 =




R

S1

X1


+




0

∆S1

∆X1




t

p−t

q

, (2.2.28a)

and

Q2







R

S1

X1


+




∆R

0

∆′X1





 =




R1

S1

X2


+




∆R1

0

∆X2


 , (2.2.28b)

where, using Lemma 2.2.6,
∥∥∥∥∥

[
∆S

∆X

]∥∥∥∥∥
2

≤ 4γ6

∥∥∥∥∥

[
S

X

]∥∥∥∥∥
2

, (2.2.29a)

∥∥∥∥∥

[
∆S1

∆X1

]∥∥∥∥∥
2

≤ γ1

∥∥∥∥∥

[
S1

X1

]∥∥∥∥∥
2

, (2.2.29b)

∥∥∥∥∥

[
∆R

∆′X

]∥∥∥∥∥
2

≤ 4γ6

∥∥∥∥∥

[
R

X1

]∥∥∥∥∥
2

, (2.2.29c)

∥∥∥∥∥

[
∆R1

∆X2

]∥∥∥∥∥
2

≤ γ1

∥∥∥∥∥

[
R1

X2

]∥∥∥∥∥
2

. (2.2.29d)

Let

a1 = [RT ST XT ]T , ∆a1 = [0 ∆ST ∆XT ]T ,

a2 = [RT ST
1 XT

1 ]
T , ∆′a2 = [0 ∆ST

1 ∆XT
1 ]

T , ∆a2 = [∆RT 0 ∆′XT
1 ]

T ,

a3 = [RT
1 ST

1 XT
2 ]

T , ∆′a3 = [∆RT
1 0 ∆XT

2 ]
T ,

so that (2.2.28) becomes

Q1(a1 +∆a1) = a2 +∆′a2, (2.2.30a)
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and

Q2(a2 +∆a2) = a3 +∆′a3. (2.2.30b)

Using (2.2.30a), we have

a2 = Q1(a1 +∆a1)−∆′a2,

which implies that (2.2.30b) becomes

Q2(Q1(a1 +∆a1)−∆′a2 +∆a2) = a3 +∆′a3.

In other words,

Q2Q1(a1 +∆a1) = a3 +∆′a3 +Q2(∆
′a2 −∆a2) =: a3 +∆′′a3. (2.2.31)

Using (2.2.29) and (2.2.28), we can see that

‖∆a1‖2 ≤ 4γ6 ‖a1‖2

and

∆′′a3 = ∆′a3 +Q2(∆
′a2 −∆a2)

=




∆R1

0

∆X2


+Q2







0

∆S1

∆X1


−




∆R

0

∆′X1







=




∆R1

∆S1

∆X2


+Q2




−∆R
0

∆X1 −∆′X1




since Q2 does not operate on ∆S1. Thus,

‖∆′′a3‖2 =

∥∥∥∥∥∥∥∥




∆R1

∆S1

∆X2


+Q2




−∆R
0

∆X1 −∆′X1




∥∥∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥∥∥




∆R1

∆S1

∆X2




∥∥∥∥∥∥∥∥
2

+ ‖Q2‖2

∥∥∥∥∥∥∥∥




−∆R
0

∆X1 −∆′X1




∥∥∥∥∥∥∥∥
2

.
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We can rewrite this result so that ∆a1 depends on Q1 and ∆′′a3 does not depend

on Q2, but the gist of the analysis is that since Q2 (or Q1) can be unbounded in

norm, we conclude that we cannot guarantee the stability of applying more than

one non-conflicting J-orthogonal transformation with errors like that of HR5.

We will compare numerical results for applying non-overlapping products of

hyperbolic rotations with representations HR2, HR5 and HR6 in Section 2.3,

where we will be using them to compute the hyperbolic QR factorization of a

matrix.

2.3 The Hyperbolic QR Factorization

The concept of J-orthogonality gives rise to numerous matrix factorizations. The

hyperbolic QR factorization is one of these. As we shall see later, this factorization

helps us to compute a solution to the ILS problem. We introduce the hyperbolic

QR factorization below.

2.3.1 Introduction

Assume that the matrix A ∈ Rm×n is such that ATJA is positive definite, where

J is as defined in (2.1.2). Then the hyperbolic QR factorization of A, where

m ≥ n, is the product

A = Q

[
R

0

]
= [Q1 Q2 ]

[
R

0

]
= Q1R (2.3.1)

of a J-orthogonal matrix Q ∈ Rm×m and a matrix [RT 0]T , where R ∈ Rn×n

is upper triangular. Throughout this chapter, unless otherwise stated, we will

assume that J = diag(Ip,−Iq). Before we prove existence of the hyperbolic QR

factorization, we look at one preliminary result.

Lemma 2.3.1 If ATJA is positive definite, then p ≥ n.
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Proof. We give a proof by contradiction. Assume that p < n and let

A =

n

p

q

[
A1

A2

]
.

It is obvious that rank(AT
1A1) ≤ p. This implies that ATJA = AT

1A1−AT
2A2 has

at most p nonnegative eigenvalues, since subtracting AT
2A2 from AT

1A1 reduces

its eigenvalues. However, since p < n, AT
1A1 − AT

2A2 cannot be positive definite.

Hence p ≥ n.

Thus, Lemma 2.3.1 implies that the hyperbolic QR factorization exists only

if p ≥ n.

Theorem 2.3.2 The hyperbolic QR factorization of a matrix A ∈ Rm×n exists

for J = diag(Ip,−Iq), p+ q = m and p ≥ n if ATJA is positive definite.

Proof. Since ATJA ∈ Rn×n is positive definite, we know by the Cholesky

factorization (see Section 1.12.1) that there exists a nonsingular matrix R ∈ Rn×n

such that

ATJA = RTR.

Let Q1 = AR−1 ∈ Rm×n. Then A = Q1R and

QT
1 JQ1 = R−TATJAR−1 = R−T (RTR)R−1 = In.

Note that since we require Q = [Q1 Q2] to be J-orthogonal, Q2 ∈ Rm×(m−n) must

be found that satisfies

QT
1 JQ2 = 0, (2.3.2a)

QT
2 JQ2 = J̃ , (2.3.2b)

where J̃ = J(n+ 1:m,n+ 1:m). Since QT
1 J ∈ Rn×m, we can find m− n linearly

independent vectors that lie in its null space. Thus, (2.3.2a) implies that we can
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take for the columns of Q2 these vectors, which we can transform by Q2 ← Q2W

so that QT
2 JQ2 = J1, where J1 = diag({1, 0,−1}).

Since Q is nonsingular and J is symmetric, we can appeal to Sylvester’s law

of inertia (see e.g. [34, Theorem 8.1.17]) to show that

QTJQ = diag(In, J1) (2.3.3)

and J have the same inertia (i.e. the same number of positive, negative and zero

eigenvalues). Now J1 = diag({1, 0,−1}), but J has no zero diagonal elements,

and so J1 also has no zero diagonal elements. Then (2.3.3) implies that J1 must

have p− n ones and q minus ones, just like J̃ .

We have A = [Q1 Q2][R
T 0]T , and so permuting the columns of Q2 does not

affect A. We do this until we can make Q2 satisfy (2.3.2b).

Theorem 2.3.2 is a special case of a more general result by Bunse-Gerstner

[12] in which A is a complex matrix, Q ∈ Cm×m satisfies QJQ∗ = Ĵ , where Ĵ is

a signature matrix with the same inertia as J , and all leading principle minors of

A∗JA are nonsingular.

We note here that just as we use Givens rotations and Householder transforms

to compute the R-factor in the QR factorization of a matrix, we will be looking

to do something similar here when computing the R-factor in the hyperbolic QR

factorization of the matrix A.

We will not be looking at how to use hyperbolic Householder matrices to

reduce A to R since, as shown by Tisseur [77, Theorem 4.3], the condition number

of the product of a Householder transform with a hyperbolic rotation is equal to

or smaller than that of the single hyperbolic Householder transform when we are

reducing a vector to a multiple of a unit vector.
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2.3.2 The Cholesky Downdating Problem

In this section, we look at the Cholesky downdating problem, and see how it is

linked to computing the hyperbolic QR factorization.

Suppose we are given an upper triangular matrix R1 ∈ Rn×n and a vector

x ∈ Rn such that RT
1R1 − xxT is positive definite. We can then find an upper

triangular matrix R that is unique up to the signs of its diagonal elements [34],

[42] such that

RTR = RT
1R1 − xxT =

[
R1

xT

]T
J

[
R1

xT

]
,

where J = diag(In,−1). This is the Cholesky downdating problem. We have a

matrix R1 which is the computed Cholesky factor of a matrix AT
1A1, say, where

A1 ∈ Rp×n, p ≥ n, and has full rank. We want to find an economical way to

perform a rank one downdate of A1 and recompute the new Cholesky factor, R,

which doesn’t involve going back to the matrix A1 and computing R from scratch.

It is obvious that this problem can be generalized so that we are subtracting

q vector outer-products, xix
T
i , i = 1: q, from RT

1R1.

Let A2 := [x1 x2 · · · xq]T ∈ Rq×n and let

A :=

n

p

q

[
A1

A2

]
.

Thus, to perform the downdate, we need to compute the matrix R that satisfies

RTR =

[
R

0

]T
J1

[
R

0

]

=

[
R1

A2

]T
J1

[
R1

A2

]

= RT
1R1 − AT

2A2

= AT
1A1 − AT

2A2

= ATJA,
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where J1 = diag(In,−Iq), J = diag(Ip,−Iq).
To perform the downdate we need to annihilate A2 from [RT

1 A
T
2 ]

T . During the

course of this chapter we will see that this process of annihilating A2 is precisely

what we do to compute the hyperbolic QR factorization of the matrix A.

For more details on the Cholesky downdating problem, see, for example, [8]

and [69].

2.3.3 The Hyperbolic QR Factorization using Hyperbolic

Rotations

There are various ways in which we can compute R in equation (2.3.1) using

hyperbolic rotations. It is obvious that if

A =

n

p

q

[
A1

A2

]
, J = diag(Ip,−Iq), p ≥ n,

then one way of reducing A1 to upper triangular form is to use orthogonal trans-

formations. We can then use J-orthogonal transformations to annihilate A2. We

concentrate on using hyperbolic rotations in this section. When analyzing the

error in applying products of hyperbolic rotations in Section 2.2.4 we concluded

that we should use transformations that are non-overlapping. We describe one

way to do this below.

We now undertake a constructive approach to showing that the hyperbolic

QR factorization exists. Clearly, A1 can be reduced to upper triangular form by

computing its QR factorization

A1 = Q1

[
R1

0

]
,

where Q1 ∈ Rp×p, R1 ∈ Rn×n. Thus we have

A =

[
A1

A2

]
=

[
Q1 0

0 Iq

]



R1

0

A2




n

p−n

q

,
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which implies that
[
QT

1 0

0 Iq

][
A1

A2

]
=




R1

0

A2


 ,

since Q1 is orthogonal. We define

Q(0)T =

[
QT

1 0

0 Iq

]
, R(0) = R1, A(0) =

p

q

[
A

(0)
1

A
(0)
2

]
=




R1

0

A2


 . (2.3.4)

Note that, trivially, Q(0)T is both orthogonal and J-orthogonal.

We now need to annihilate A
(0)
2 . We assume that we have annihilated the first

j − 1 columns of A
(0)
2 to obtain A(j−1) = [A

(j−1)
1

T
A

(j−1)
2

T
]T and describe how to

annihilate the jth column of A
(j−1)
2 . Note that

[
A1

A2

]
= Q(j−1)

[
A

(j−1)
1

A
(j−1)
2

]
= Q(j−1)




R(j−1)

0

A
(j−1)
2




n

p−n

q

(2.3.5)

for some J-orthogonal matrix Q(j−1) and upper triangular matrix R(j−1).

Clearly, since J(p + 1:m, p + 1:m) = Im−p, we can apply a Householder

transform, Pj, to A
(j−1) to reduce its first column of A

(j−1)
2 to a single element

in the position A
(j−1)
2 (1, j). Also note that, trivially, since Pj is equal to the

identity matrix, Im, everywhere except in the submatrix Pj(p + 1:m, p + 1:m),

Pj is J-orthogonal.

Let

A(j−1)′ =

[
A

(j−1)′

1

A
(j−1)′

2

]
:= Pj

[
A

(j−1)
1

A
(j−1)
2

]
= PjA

(j−1).

Clearly, there is now only one nonzero element in the jth column of A
(j−1)′

2 . We

can annihilate this element by applying a hyperbolic rotation, Hj, to A
(j−1)′ with

the aide of the element A(j−1)′(j, j). So

A(j) =

[
A

(j)
1

A
(j)
2

]
:= HjA

(j−1)′ = HjPjA
(j−1).
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Since the matrix Pj is involutary and the matrix Hj is J-orthogonal and

symmetric, we have

A(j−1) = P−1
j H−1

j A(j) = PjJHjJA
(j).

Thus, using (2.3.5), we also have
[
A1

A2

]
= Q(j−1)PjJHjJ

[
A

(j)
1

A
(j)
2

]

=: Q(j)

[
A

(j)
1

A
(j)
2

]

=: Q(j)




R(j)

0

A
(j)
2




n

p−n

q

.

Note that since Q(j−1), Pj and Hj are all J-orthogonal, Q(j) is also J-orthogonal.

We repeat this process for j = 1:n to get

A = Q

[
R

0

]
,

where Q = Q(n) and R = R(n).

What now remains to be shown is that the required hyperbolic rotation exists

at the jth step. We know that A(j−1)′ = PjA
(j−1) satisfies

‖A(j−1)(p+ 1:m, j)‖2 = ‖A(j−1)′(p+ 1:m, j)‖2 = A(j−1)′(p+ 1, j).

To be able to apply the hyperbolic rotation Hj to A
(j−1)′ we need to show that

|A(j−1)′(j, j)| > |A(j−1)′(p+ 1, j)|.

Note that A(j−1)′(j, j) = A(j−1)(j, j), again, due to the construction of Pj. We

define C ∈ Rp×q by

CTA
(j−1)′

1 = A
(j−1)′

2 . (2.3.6)

Since [
A1

A2

]
= Q(j−1)′

[
A

(j−1)′

1

A
(j−1)′

2

]
, A

(j−1)′

1 =

[
R(j−1)′

0

]
,
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for some J-orthogonal matrix Q(j−1)′ and upper triangular matrix R(j−1)′ , we

have that

ATJA =

[
A1

A2

]T
J

[
A1

A2

]

=

[
A

(j−1)′

1

A
(j−1)′

2

]T
Q(j−1)′TJQ(j−1)′

[
A

(j−1)′

1

A
(j−1)′

2

]

=

[
A

(j−1)′

1

A
(j−1)′

2

]T
J

[
A

(j−1)′

1

A
(j−1)′

2

]

= A
(j−1)′

1

T
A

(j−1)′

1 − A(j−1)′

2

T
A

(j−1)′

2

= A
(j−1)′

1

T
(Ip − CCT )A

(j−1)′

1

=

[
R(j−1)′

0

]T
(Ip − CCT )

[
R(j−1)′

0

]

= R(j−1)′T (Ip − CCT )(1:n, 1:n)R(j−1)′

is positive definite. This implies that Ip − CCT is also positive definite, and this

implies that we must have |cij| < 1 for all i and j.

Since R
(j−1)′

1 is upper triangular we can solve for the first j columns of C

in the system (2.3.6). We get C (: , 1: j − 1) = 0 since A
(j−1)′

2 (: , 1: j − 1) = 0,

C (2: p, j) = 0 since A
(j−1)′

2 (2:m− p, j) = 0, and

1 > |c1j| =
∣∣∣∣∣
A(j−1)′(p+ 1, j)

A(j−1)′(j, j)

∣∣∣∣∣ , (2.3.7)

which is what we needed to show to ensure the existence of the required hyperbolic

rotations to eliminate the sole remaining element in the jth column of A
(j−1)
2 .

This gives us the following algorithm:

Algorithm 2.3.3 This algorithm computes the hyperbolic QR factorization (2.3.1)

of a matrix A ∈ Rm×n using non-overlapping transformations by interleaving

Householder transforms and hyperbolic rotations.

Compute the Householder QR factorization A(1: p, : ) = Q1[R
T 0]T
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(Q1 ∈ Rp×p, R ∈ Rn×n), overwriting A(1: p, : ) with [RT 0]T

Q = diag(Q1, Iq)

for j = 1:min(m− 1, n)

Construct a Householder transformation Pj such that

Pj A(p+ 1:m, j) = σje1.

A(p+ 1:m, j:n) = Pj A(p+ 1:m, j:n)

Q(: , p+ 1:m) = Q(: , p+ 1:m)Pj

% Eliminate sole remaining subdiagonal element in column j by a

% hyperbolic rotation.

[c, s] = Hrotate(A(j, j), A(p+ 1, j))

A([j p+ 1], j:n) = Happly(c, s, A([j p+ 1], j:n))

Q(: , [j p+ 1]) = Q(: , [j p+ 1])[ c
s
s
c
]

end

R = A(1:n, : )

Cost: We give a breakdown of the costs involved in each step of Algo-

rithm 2.3.3 for computing R in Table 2.3.1 and for computing Q in Table 2.3.2.

We note that computing the R-factor in the hyperbolic QR factorization of A

takes just as long as computing the R-factor in the QR factorization of A since

the forming an applying of the hyperbolic rotations only contributes to the lower

order terms in the operation count. Also, it is clear from Table 2.3.2 that if we

only require the first n columns of the Q-factor in the hyperbolic QR factorization

of A, then using Lemma 2.3.1, we can see that we do not need to multiply the

Pj, i = 1:n, to form Q since the Pj only alters its last m− p columns. Also, we

only need to compute the first n columns of Q1, so using Lemma 1.11.1, explicitly

forming the first n columns of Q only costs 2n2(p − n/3) flops, a great saving if

mÀ p and more so if p ≈ n. This is summarized in Table 2.3.3.
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Table 2.3.1: The number of flops required to compute the upper triangular factor
R ∈ Rn×n of the hyperbolic QR factorization (2.3.1) of a matrix A ∈ Rm×n

using non-overlapping transformations by interleaving Householder transforms
and hyperbolic rotations as described in Algorithm 2.3.3.

Step of Algorithm 2.3.3 Flops Reference

Compute the R-factor in the House-
holder QR factorization A(1: p, : ) =
Q1[R

T 0]T

2n2(p− n/3) Lemma 1.11.1

Construct the Householder transforma-
tion Pj (n times)

3n(m− p) (1.11.6)

A(p + 1:m, j:n) = Pj A(p + 1:m, j:n)
(for j = 1:n)

2n2(m− p) (1.11.7)

[c, s] = Hrotate(A(j, j), A(p + 1, j)) (n
times)

5n Algorithm 2.2.2

A(α, j:n) = Happly(c, s, A(α, j:n)),
α = [j p+ 1] (for j = 1:n)

21n2/2 Algorithm 2.2.7

Total 2n2(m− n/3)
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Table 2.3.2: The number of flops required to explicitly compute the J-orthogonal
factor Q ∈ Rm×m in the hyperbolic QR factorization (2.3.1) of a matrix A ∈ Rm×n

using non-overlapping transformations by interleaving Householder transforms
and hyperbolic rotations as described in Algorithm 2.3.3.

Step of Algorithm 2.3.3 Flops Reference

Compute the Q-factor in the House-
holder QR factorization A(1: p, : ) =
Q1[R

T 0]T

4n(p2 − pn+ n2/3) Lemma 1.11.1

Q(: , p + 1:m) = Q(: , p + 1:m)Pj (for
j = 1:n)

4mn(m− p) (1.11.7)

Q(: , [j p+ 1]) = Q(: , [j p+ 1])[ c
s
s
c
] (for

j = 1:n)
8mn Table 1.8.1

Total 4n(m2−mp+p2−pn+n2/3)

Table 2.3.3: The total number of flops required to compute each factor of the
hyperbolic QR factorization (2.3.1) of a matrix A ∈ Rm×n using non-overlapping
transformations by interleaving Householder transforms and hyperbolic rotations
as described in Algorithm 2.3.3.

R Q Q1

2n2(m− n/3) 4n(m2 −mp+ p2 − pn+ n2/3) 2n2(m− n/3)

m ≈ p ≈ n 4n3/3 4n3/3 4n3/3

mÀ p ≈ n 2n2(m− n/3) 4n(m2 −mn+ n2/3) 4n3/3

m ≈ pÀ n 2n2(m− n/3) 4n(p2 − pn+ n2/3) 2n2(m− n/3)

mÀ pÀ n 2mn2 4m2n 2mn2
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2.3.4 Error Analysis

We now give a rounding error analysis of Algorithm 2.3.3. First, we note that

from (2.3.1) we have RTR = AT
1A1 − AT

2A2. Hence if A1 is upper trapezoidal

then the hyperbolic QR factor R is the result of (block) downdating a Cholesky

factorization. Various algorithms, both hyperbolic and non-hyperbolic, are known

for downdating Cholesky factorizations, and error analysis is available; see, for

example, [8], [11], [26], [27], [70], [74]. While we could invoke some of the earlier

results in that part of the analysis that does not involve the right hand side, b,

we have chosen to give an independent development, aiming to make clear how

the various errors combine and provide building blocks that should be of use in

future analyses. In particular, we emphasize the high-level features of the analysis

and thereby provide new insight into what is required of a sequence of hyperbolic

transformations in order for satisfactory error bounds to be obtainable.

As before, we partition

A =

n

p

q

[
A1

A2

]
.

The first stage of Algorithm 2.3.3 computes the Householder QR factorization

A1 = Q1Ũ1, where Ũ1 = [R̃T
1 0]T ∈ Rp×n is upper trapezoidal. Using Lemma 1.11.7,

we can see that the computed Ũ1 is the exact factor of A1 +∆1, with ‖∆1‖F ≤
γ̃pn ‖A1‖F . To simplify the notation, we will assume for the moment that A1 is

already in upper trapezoidal form and will introduce the error ∆1 at the end.

Consider the jth column of A,

A(: , j) =

[
A1(: , j)

A2(: , j)

]
=

p

q

[
a

(0)
1,j

a
(0)
2,j

]
= a

(0)
j .

It undergoes n Householder transformations in the last q components, intertwined

with n hyperbolic rotations in the planes (1, p+1), . . . , (n, p+1); the jth pair of

these transformations introduce the required zeros in this column. Note that the
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final n− j pairs of transformations leave the first j columns unchanged since we

have already annihilated those columns.

Consider the first Householder transformation, P1, and the subsequent hyper-

bolic rotation, H1. From (1.11.2a), we know that P1 agrees with the identity in

rows and columns 1: p and so, using Lemma 1.11.5, we can see that it satisfies

(2.2.26a) and (2.2.23) with ∆S1 = 0 and µ = γ̃q. On the other hand, H1 agrees

with the identity in rows and columns 2: p, satisfies the bound of Lemma 2.2.8

and is non-overlapping with P1 for all values of t in the range 1: p in (2.2.21). Note

that since H1 does not alter rows 2: p of the vector we apply it to, we lose no

accuracy in applying H1 to the vector. We choose t = 1. Applying Lemma 2.2.10

to these two transformations gives us

H1P1

([
a

(0)
1,j

a
(0)
2,j

]
+

[
0

∆a
(0)
2,j

])
=

[
a

(1)
1,j

a
(1)
2,j

]
+

[
∆a

(1)′

1,j

0

]
,

where

max(‖∆a(0)
2,j‖2, |∆a(1)′

1,j (1)|) ≤ γ̃q max(‖a(0)
2,j‖2, |a(1)

1,j(1)|).

In fact, for any pair HkPk of the Householder transform Pk and hyperbolic rota-

tion Hk applied to the vector [αT
1 αT

2 ]
T to obtain [βT

1 βT2 ]
T , Lemma 2.2.10 gives

us

HkPk

([
α1

α2

]
+

[
0

∆α2

])
=

[
β1

β2

]
+

[
∆β1

0

]
,

where

max(‖∆α2‖2, |∆β1(k)|) ≤ γ̃q max(‖α2‖2, |β1(k)|)

by choosing t = k in (2.2.21), since Pk does not alter α1 and Hk does not alter

α1([1: k − 1, k + 1: p]).

Now, the product HkPk agrees with the identity in rows and columns 1: k− 1

and k + 1: p, and so all HkPk, k = 1:n, are non-overlapping with each other.

Hence we can inductively apply Lemma 2.2.10 to obtain

HnPn . . . H1P1

([
a

(0)
1,j

a
(0)
2,j

]
+

[
0

∆′a
(0)
2,j

])
=

[
a

(j)
1,j

a
(j)
2,j

]
+

[
∆a

(j)′

1,j

0

]
,
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where

max(‖∆′a(0)
2,j‖2, ‖∆a(j)′

1,j (1: j)‖2) ≤ γ̃qj max(‖a(0)
2,j‖2, ‖a(j)

1,j(1: j)‖2),

since only j pairs of Householder transforms and hyperbolic rotations are applied

to a
(0)
j , and a

(l)
1,j(j+1:n) = 0, l = 1:n. Also, when applyingHkPk, we set t = k−1.

The overall finding relating the jth columns of A and the final upper triangular

factor [RT 0]T is that

n

p−n

q




r̂j

0

a
(2)
j


+ hj = G

[
a

(1)
j

0

]
p

q

, ‖hj‖2 ≤ γ̃qj max(‖r̂j(1: j)‖2 , ‖a
(2)
j ‖2), (2.3.8)

where r̂j = R̂(: , j), for some exactly orthogonal G that is independent of j.

Importantly, hj(n+1: p) = 0, because after the initial hyperbolic QR factorization

rows n + 1: p of A rest untouched. Putting these equations together for j = 1:n

and incorporating the error from the initial QR factorization of A1 gives

n

p−n

q




R̂1 +∆3

0

A2 +∆2


= G

[
A1 +∆1

0

]
p

q

, (2.3.9)

where, using Lemma 1.11.7 and (2.3.8),

‖∆1‖F ≤ γ̃pn ‖A1‖F , (2.3.10a)

‖∆i‖F ≤ γ̃qnmax(‖R̂‖F , ‖A2‖F ) ≤ γ̃qn ‖A1‖F , i = 2: 3. (2.3.10b)

Certainly, maxi ‖∆i‖F ≤ γ̃mn ‖A‖F .
Note that in view of the equivalence (2.1.3) and (2.1.4), as long as G has a

nonsingular (1,1) block this result is equivalent to

p

q

[
A1 +∆1

A2 +∆2

]
= Q

[
R̂ +∆3

0

]
n

m−n

, (2.3.11)

for a J-orthogonal Q. Both (2.3.9) and (2.3.11) are mixed backward-forward

error results, because both the original data A and the upper triangular factor
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R are perturbed. We can obtain a genuine backward error result with the aid of

the following lemma [71, pp. 302–304].

Lemma 2.3.4 Let m = p + q and n ≥ p. Given a full rank matrix A ∈ Rp×n

and E ∈ Rq×n there exists an orthogonal Q ∈ Rm×m such that

Q

[
A

E

]
=

[
A+ F

0

]
, (2.3.12)

where, for small ‖E‖2,

‖F‖2 ≤
‖E‖22

2σmin(A)
+O(‖E‖42).

Proof. Let A = UH be a polar decomposition, where U ∈ Rp×n has or-

thonormal columns and H ∈ Rn×n is symmetric positive definite. Then

ATA+ ETE = H2 + ETE

= H(I + ẼT Ẽ)H, Ẽ = EH−1

= H(I +G) · (I +G)H, (2.3.13)

where the symmetric positive definite matrix G satisfies (I + G)2 = I + ẼT Ẽ.

The latter equation is 2G = ẼT Ẽ −G2, which implies

G =
ẼT Ẽ

2
+O(‖Ẽ‖42).

Now (2.3.13) implies that for some orthogonal Z ∈ Rm×m

Z

[
A

E

]
= diag(U, I)

[
(I +G)H

0

]
=

[
UH

0

]
+

[
UGH

0

]
.

So (2.3.12) holds with F = UGH and hence

‖F‖2 ≤ ‖GH‖2 =
1

2
‖ẼT ẼH‖2 +O(‖Ẽ‖42) =

1

2
‖H−1ETE‖2 +O(‖E‖42)

≤ ‖E‖22
2σmin(A)

+O(‖E‖42).
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Rewriting (2.3.9) as

n

p−n

q




R̂

0

A2 +∆2


= G

[
A1 +∆1 + ∆̃1

∆̃2

]
p

q

, ∆̃ = −GT

[
∆3

0

]
n

m−n

and applying Lemma 2.3.4 to the right-hand side leads to the conclusion that



R̂

0

A2 +∆2


 = G̃

[
A1 +∆1

0

]
,

where G̃ is orthogonal and

‖∆2‖F ≤ γ̃mn ‖A‖F ,
∥∥∆1

∥∥
F
≤ γ̃2

mn ‖A1‖2F
2σmin(A1 +∆1 + ∆̃1)

+O(u4)

≤
√
n

2
(κ2(A1)γ̃mn)γ̃mn ‖A‖F +O(u3).

We conclude that backward stability of the factorization is guaranteed if κ2(A1)u

is of order 1. Thus the factorization is only conditionally backward stable, al-

though the condition is quite weak.

2.3.5 Numerical Results

We generated test problems to see how accurately we could compute the hyper-

bolic QR factorization. Details of how the test problems were generated can be

found in Section 4.3.

In Table 2.3.4, we give some results where we compare two methods for com-

puting the hyperbolic QR factorization of a matrix A ∈ Rm×n. The results show

that if Q is large in norm then using Algorithm 2.3.3 to compute it does not

guarantee it to be numerically J-orthogonal (i.e. ‖QTJQ‖2 ≈ u‖Q‖22), however,
it is always almost numerically J-orthogonal when the hyperbolic QR factoriza-

tion is computed by annihilating A(p + 1:m, : ) using only hyperbolic rotations.
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This is surprising since we could not prove stability of applying arbitrary prod-

ucts of hyperbolic rotations in Section 2.2.4, yet it seems as though we do not

need to worry about how to apply it. We have no explanation for these results

other than it may be possible to prove stability of applying arbitrary products

of hyperbolic rotations in a way that we have not yet looked at. In the tests,

we computed Q explicitly before applying it, as oppose to leaving it in fac-

tored form and applying the individual factors turn by turn. The accuracy of

the computed value of Q is further put into doubt by examining the values of

‖A − Q[RT 0]T‖2/(‖A‖2 + ‖Q‖2 ‖R‖2) for both methods, since it also increases

with the norm of Q. The upper triangular factor R is shown to always be com-

puted accurately.

Table 2.3.5 compares the computation of the hyperbolic QR factorization

using hyperbolic rotations with representations HR2 in (2.2.6), HR5 in (2.2.9)

and HR6 in (2.2.14). The results were somewhat surprising considering that we

could not prove stability for representations HR2 and HR5. As we can see in the

table, for problems with large ‖Q‖2, HR5 was the best overall representation since

its values of ‖A−Q[RT 0]T‖2/(‖A‖2 + ‖Q‖2 ‖R‖2) were the smallest. HR2 fared

much better than anticipated, since the results it produced were comparable to

those for HR6.

For the results in both Table 2.3.4 and Table 2.3.5, details of how Q and R

were computed are given in Section 4.3.

2.3.6 A More General Hyperbolic QR Factorization

A more general hyperbolic QR factorization requiring milder assumptions on it

than those for the factorization (2.3.1) was proposed by Singer and Singer [65] in

2000. We present their main result below.

Lemma 2.3.5 Let A ∈ Cm×n, m ≥ n, and J = diag (j11, j22, . . . , jmm), Jii ∈
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Table 2.3.4: Errors in computing the hyperbolic QR factorization A = Q[RT 0]T = Q1R of a matrix A ∈ Rm×n for a given
‖Q‖2 and ‖R‖2. The method of non-overlapping Householder transforms and hyperbolic rotations with representation HR6
of Algorithm 2.3.3 is compared with a method where the whole of A(p+1:m, : ) is annihilated using only hyperbolic rotations
to obtain A = Qhr[R

T
hr 0]

T .

‖Q‖2 ‖R‖2 ‖A−Q1R‖2
‖A‖2+‖Q‖2‖R‖2

‖QT JQ−J‖2
‖Q‖22

‖AT JA−RTR‖2
‖A‖22

‖A−Qhr[R
T
hr

0]T ‖2
‖A‖2+‖Qhr‖2‖Rhr‖2

‖QT
hr
JQhr−J‖2

‖Qhr‖
2
2

‖AT JA−RT
hr
Rhr‖2

‖A‖22

1.0e+00 1.0e+00 2.0e-16 5.3e-16 4.8e-16 2.0e-16 5.3e-16 4.8e-16

1.0e+00 1.0e+04 7.4e-17 7.9e-16 9.6e-17 7.4e-17 7.9e-16 9.6e-17

1.0e+00 1.0e+08 1.5e-16 5.2e-16 2.2e-16 1.5e-16 5.2e-16 2.2e-16

9.4e+01 1.0e+04 5.0e-15 8.3e-16 9.6e-17 9.9e-16 1.9e-16 4.4e-17

9.4e+01 1.0e+10 7.8e-15 2.1e-15 2.1e-16 9.4e-16 5.2e-16 1.2e-16

9.4e+03 1.0e+02 8.4e-11 1.1e-13 1.5e-16 8.0e-12 5.7e-15 1.3e-16

9.4e+03 1.0e+06 1.1e-10 1.1e-13 1.6e-16 2.9e-11 6.7e-15 6.9e-17

9.4e+05 1.0e+00 4.6e-06 2.0e-11 2.4e-16 4.0e-07 5.4e-15 7.6e-16

9.3e+05 1.0e+04 2.9e-07 1.6e-11 1.6e-16 3.5e-07 7.0e-15 1.4e-16

6.6e+07 1.2e+00 1.5e-02 2.2e-09 1.8e-16 9.4e-04 1.1e-14 1.6e-16
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Table 2.3.5: Errors in computing the hyperbolic QR factorization of a matrix
A ∈ Rm×n for a given ‖Q‖2 and ‖R‖2. The method of non-overlapping House-
holder transforms and hyperbolic rotations of Section 2.3 is tested using hyper-
bolic rotations with representations HR2, HR5 and HR6.

‖Q‖2 ‖R‖2 Repres- ‖A−QR‖2
‖A‖2+‖Q‖2‖R‖2

‖QT JQ−J‖2
‖Q‖22

‖AT JA−RTR‖2
‖A‖22

entation

HR2 2.0e-16 5.3e-16 4.8e-16

1.0e+00 1.0e+00 HR5 2.0e-16 5.3e-16 4.8e-16

HR6 2.0e-16 5.3e-16 4.8e-16

HR2 7.4e-17 7.9e-16 9.6e-17

1.0e+00 1.0e+04 HR5 7.4e-17 7.9e-16 9.6e-17

HR6 7.4e-17 7.9e-16 9.6e-17

HR2 1.5e-16 5.2e-16 2.2e-16

1.0e+00 1.0e+08 HR5 1.5e-16 5.2e-16 2.2e-16

HR6 1.5e-16 5.2e-16 2.2e-16

HR2 1.2e-15 1.4e-15 7.6e-17

9.4e+01 1.0e+04 HR5 1.7e-16 1.4e-15 7.6e-17

HR6 5.0e-15 8.3e-16 9.6e-17

HR2 1.9e-10 1.4e-13 1.3e-16

9.4e+03 1.0e+06 HR5 9.1e-15 9.4e-14 9.1e-17

HR6 1.1e-10 1.1e-13 1.6e-16

HR2 2.1e-07 1.4e-11 1.7e-16

9.3e+05 1.0e+04 HR5 2.0e-12 9.6e-12 1.7e-16

HR6 2.9e-07 1.6e-11 1.6e-16

HR2 6.8e-03 2.0e-09 1.7e-16

6.6e+07 1.2e+00 HR5 6.4e-10 7.0e-10 1.3e-16

HR6 1.5e-02 2.2e-09 1.8e-16
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{−1, 1} be given. If the matrix B = A∗JA is nonsingular, then A can be factorized

as

A = P1QRP
∗
2 , Q∗J1Q = J1, J1 = P ∗1 JP1, R =

[
R1

0

]
∈ Rm×n,

where P1 and P2 are permutation matrices, R1 is block upper triangular of order

n with diagonal blocks of order 1 or 2 and Q is J1-unitary.

By comparing the algorithm by Singer and Singer with Algorithm 2.3.3, it can

easily be seen that the two algorithms are very different. We list these differences

below.

• The main difference is that the matrix R1 in Theorem 2.3.5 is block upper

triangular. Hence we cannot always be guaranteed of being able to compute

the hyperbolic QR factorizationas described in Section 2.3.

• The permutation matrices P1 and P2 imply that there are some row and

column changes that take place during the course of factorizing the matrix

A. Also, due to these permutations, the diagonal elements of the signature

matrix J are permuted as well. We could view this factorization as being

the hyperbolic QR factorization of the matrix A with complete pivoting.

• In the algorithm described by Singer and Singer [65], Givens rotations have

been used instead of Householder transforms. This is because of the num-

ber of times that pivoting may be needed to be carried out during the

course of the algorithm. Since the hyperbolic QR factorization algorithm in

Section 2.3 does not require any pivoting, we can make use of Householder

transforms. Note that Singer and Singer’s hyperbolic QR factorization only

requires ATJA to be nonsingular, whereas the hyperbolic QR factorization

in Section 2.3 requires ATJA to be positive definite.
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• Finally, in their algorithm, Singer and Singer [65] annihilate the subdiagonal

of a column of A at a time rather than firstly performing a QR factorization

of A(1: p, : ) as in Algorithm 2.3.3.



Chapter 3

The Indefinite Least Squares

Problem

3.1 Introduction

A variant of the least squares (LS) problem,

LS : min
x

(b− Ax)T (b− Ax) , (3.1.1)

is the indefinite least squares (ILS) problem,

ILS : min
x

(b− Ax)T J (b− Ax) , (3.1.2)

where A ∈ Rm×n, m ≥ n, and the signature matrix

J =

[
Ip 0

0 −Iq

]
p+ q = m. (3.1.3)

For p = 0 or q = 0 we have the standard LS problem and the quadratic form that

we are trying to minimize is definite, while for pq > 0 the problem is to minimize

a genuinely indefinite quadratic form.

We usually associate LS with fitting polynomials (or any other function that

depends linearly on its parameters) to a set of data points to obtain a best fit.

104
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However, to obtain the ILS problem in normal data fitting would require us to

attach weights of 1 or −1 to all the data points. This means that in fitting the

polynomial through the data, we want to be as close as possible to some of the

points but, at the same time, be as far away as possible from other points. If a

data point was not needed, then it would make more sense to attach the weight 0

to it, so it is not clear how to interpret (3.1.2) in the case of normal data fitting.

We will look at other applications of the ILS problem in Section 1.2.

Differentiating (3.1.2) with respect to x gives us −2ATJ (b− Ax), hence the

first order conditions for optimality, also known as the normal equations, for the

ILS problem are

ATJ (b− Ax) = 0. (3.1.4)

The Hessian matrix for (3.1.2) is 2ATJA, so in order to get a unique solution to

(3.1.2) a necessary and sufficient condition is that

ATJA is positive definite. (3.1.5)

We will assume from now on that (3.1.5) holds.

Note that if (3.1.5) holds then p ≥ n by Lemma 2.3.1, and this implies that

A1 (and hence A) has full rank. For a genuinely ILS problem we therefore need

m > n.

Defining r to be the residual vector

r := b− Ax,

we can rewrite the normal equations (3.1.4) as the augmented system
[

I A

ATJ 0

][
r

x

]
=

[
b

0

]
,

which can be rewritten with a symmetric coefficient matrix as
[
J A

AT 0

][
s

x

]
=

[
b

0

]
, (3.1.6)

where s = Jr.



CHAPTER 3. THE INDEFINITE LEAST SQUARES PROBLEM 106

3.2 Perturbation Theory

3.2.1 Normwise Perturbation Bound

In this section we derive normwise perturbation bounds for the solution x and

a residual r of the ILS problem. Our approach is based on that used by Cox

and Higham [20] to obtain perturbation bounds for the equality constrained least

squares problem. We let x̃ be the solution of the perturbed ILS problem

min
x

(b+∆b− (A+∆A)x)TJ(b+∆b− (A+∆A)x) (3.2.1)

and define

r̃ = b+∆b− (A+∆A)x̃, r = b− Ax

to be the residuals of the perturbed and unperturbed problems, respectively. We

assume that A+∆A satisfies the uniqueness condition (3.1.5), which will always

be the case for ∆A sufficiently small in norm. The perturbations to the data will

be measured by the smallest ε for which

‖∆A‖F ≤ ε ‖A‖F , ‖∆b‖2 ≤ ε ‖b‖2 , (3.2.2)

where A and b are a matrix and vector of tolerances.

The perturbed augmented system corresponding to (3.1.6) is

[
J A+∆A

(A+∆A)T 0

][
s̃

x̃

]
=

[
b+∆b

0

]
, (3.2.3)

where s̃ = Jr̃. Writing

s̃ = s+∆s, x̃ = x+∆x

and subtracting (3.1.6) from (3.2.3) we obtain

[
J A

AT 0

][
∆s

∆x

]
=

[
∆b−∆Ax̃
−∆AT s̃

]
. (3.2.4)
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It is straightforward to verify that the inverse of the matrix on the left-hand side

of (3.2.4) is

[
J − JAM−1ATJ JAM−1

M−1ATJ −M−1

]
, where M = ATJA.

Premultiplying by the inverse and expanding the right-hand side, we obtain

∆s = (J − JAM−1ATJ)(∆b−∆Ax̃)− (JAM−1)∆AT s̃, (3.2.5a)

∆x =M−1ATJ(∆b−∆Ax̃) +M−1∆AT s̃. (3.2.5b)

If we put J = I then we recover perturbation expressions for the standard LS

problem.

Since the perturbations ∆s and ∆x are of order ε, we can substitute s = Jr

and x for their perturbed counterparts to obtain first order expressions. Then,

taking norms, we deduce

‖∆r‖2 ≤ ε
[
‖I − JAM−1AT‖2(‖b‖2 + ‖A‖F ‖x‖2) + ‖AM−1‖2 ‖A‖F ‖r‖2

]
,

+O(ε2)

‖∆x‖2 ≤ ε
[
‖M−1AT‖2(‖b‖2 + ‖A‖F ‖x‖2) + ‖M−1‖2 ‖A‖F ‖r‖2

]

+O(ε2). (3.2.6)

Hence, provided x 6= 0,

‖∆x‖2
‖x‖2

≤ ε

[
‖M−1AT‖2 ‖A‖F

( ‖b‖2
‖A‖F ‖x‖2

+ 1

)

+ ‖M−1‖2 ‖A‖2F
‖A‖F
‖A‖F

‖r‖2
‖A‖F ‖x‖2

]
+O(ε2). (3.2.7)

This bound shows that the sensitivity of the ILS problem is bounded in terms of

‖M−1AT‖2 ‖A‖F when the residual is zero or small and ‖M−1‖2 ‖A‖
2
F otherwise;

note that for A = A the former quantity is no larger than the latter and is

potentially much smaller.
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Now we examine whether (3.2.7) is attainable for some ∆A and ∆b. The three

terms in brackets in (3.2.6) are

E1 = ‖M−1AT‖2 ‖b‖2 , (3.2.8a)

E2 = ‖M−1AT‖2 ‖A‖F ‖x‖2 , (3.2.8b)

E3 = ‖M−1‖2 ‖A‖F ‖r‖2 , (3.2.8c)

and from (3.2.5b) we can see that they result from the perturbations ∆b, ∆A and

∆AT , respectively. It follows that the bound (3.2.6) can fail to be achieved for

some ∆b and ∆A only if E1 < E2 ≈ E3 and there is substantial cancellation in

the expression −M−1ATJ∆Ax+M−1∆ATJr for all ∆A. We can show in various

special cases that these circumstances cannot arise (for example when r is small,

or when |rTJr| ≈ ‖r‖22), but we have been unable to establish attainability of the

bound (3.2.7) in general.

A natural definition of the condition number of the ILS problem is

κILS(A, b) = lim
ε→0

sup

{‖x− x̃‖2
‖x‖2

: (3.2.2)–(3.2.3) hold

}
. (3.2.9)

Without a guarantee of sharpness, the bound (3.2.7) does not provide an estimate

of κILS(A, b) to within a readily identifiable constant factor. Therefore we take

a different approach in which we combine the two ∆A terms in (3.2.5b) before

taking norms. To do this, we use the vec operator together with the Kronecker

product which we introduced in Section 1.5. Applying the vec operator to (3.2.5b)

and using the relation vec(AXB) = (BT ⊗ A)vec(X),Lemma 1.5.1 we obtain

∆x =M−1ATJ∆b− (xT ⊗M−1ATJ)vec(∆A) + (rTJ ⊗M−1)vec(∆AT ) +O(ε2).

Using Lemma 1.5.2 gives

∆x =M−1ATJ∆b− [(xT ⊗M−1ATJ)− (rTJ ⊗M−1)Π]vec(∆A) +O(ε2).

Now we take 2-norms. Using (3.2.2) and (1.5.1), we deduce that

‖∆x‖2
‖x‖2

≤ ψε+O(ε2), (3.2.10)
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where

ψ = (‖M−1AT‖2 ‖b‖2 + ‖(xT ⊗M−1ATJ)− (rTJ ⊗M−1)Π‖2 ‖A‖F )/ ‖x‖2

and we have

κILS(A, b) ≤ ψ ≤ 2κILS(A, b).

3.2.2 Numerical Comparison

We generated test problems to compare the first order terms of the bounds (3.2.7)

and (3.2.10). Details of how the test problems were generated can be found in

Section 4.3. In the tests, the terms were found to always be within a small factor

of each other. We believe that (3.2.7) is nearly attainable and, because this bound

is much easier to work with than (3.2.10), we will use it when we investigate the

stability of solving the ILS problem.

We summarize our findings in Table 3.2.1. We have compared the values of

(3.2.7) and (3.2.10) and given the corresponding values of the terms E1, E2 and

E3 in (3.2.8). We can clearly see in the table that all values of the bound in (3.2.7)

are very similar to the values of the bound in (3.2.10), even when E1 < E2 ≈ E3.

For further details of how the values of Q, R and b were computed, and how the

exact value of x was found for the particular problem, see Section 4.3.

3.2.3 Componentwise Perturbation Bound

To end this section, we note that we can also use (3.2.5) to obtain componentwise

perturbation bounds for the ILS problem. For the solution, we obtain

|∆x| ≤ ε|M−1AT |(b+A|x|) + |M−1|AT |r|+O(ε2), (3.2.11)

where inequalities and the absolute value are interpreted componentwise and ε

has been redefined as the smallest value for which |∆A| ≤ εA, |∆b| ≤ εb, where
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Table 3.2.1: Comparison of the two perturbation bounds in (3.2.7) and (3.2.10)
for various values of ‖Q‖2 and ‖R‖2, where Q and R are the factors in the
hyperbolic QR factorization (2.3.1) of A in the ILS problem. Also given are the
corresponding values of the terms E1, E2 and E3 in (3.2.8) with ‖A‖F = ‖A‖F
and ‖b‖2 = ‖b‖2.

‖Q‖2 ‖R‖2 r (3.2.7) E1 E2 E3 (3.2.10)

1.0e+00 1.0e+00 4.9e-17 4.3e-16 1.5e-16 4.4e-16 2.1e-32 4.3e-16

1.0e+00 1.0e+00 1.5e+00 9.8e-16 1.5e-16 2.4e-16 3.6e-16 7.6e-16

1.0e+00 1.0e+08 0 1.4e-08 4.4e-09 1.5e-08 0 1.4e-08

1.0e+00 1.0e+08 1.1e-07 1.3e-07 4.4e-09 3.3e-02 3.6e-01 1.2e-07

9.4e+01 1.0e+04 2.2e-14 2.8e-09 8.9e-10 3.0e-09 5.6e-19 2.8e-09

9.4e+01 1.0e+04 2.1e-04 5.9e-09 8.9e-10 2.8e-03 4.9e-03 5.5e-09

9.4e+03 1.0e+06 5.5e-10 2.5e-03 8.0e-04 2.7e-03 1.2e-06 2.5e-03

9.4e+03 1.0e+06 2.3e-06 5.6e-03 8.0e-04 2.3e+09 4.4e+09 5.1e-03

6.6e+07 1.2e+00 1.9e-02 7.1e-01 2.2e-01 7.5e-01 2.2e-02 7.0e-01

6.6e+07 1.2e+00 6.9e-01 1.1e+00 2.2e-01 2.0e+14 2.1e+14 9.7e-01
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A and b are now assumed to have nonnegative entries. The bound in (3.2.11) is

useful when we know that a particular value of x is going to be perturbed more or

less than the others due to the nature of A, b or M , whereas, a normwise bound

only gives us a perturbation bound for x as a whole.

3.3 Existing Methods for Solving the Indefinite

Least Squares Problem

3.3.1 Solving the Normal Equations

The simplest way to solve the ILS problem is to solve for x in the normal equa-

tions (3.1.4). This, however, is not the method of choice due to its bad stability

properties. To illustrate this, we consider the following example. Suppose

A =




1 1 1

ε 0 0

0 ε 0

0 0 ε



, J =

[
I3 0

0 −1

]
,

then

ATJA =




1 + ε2 1 1

1 1 + ε2 1

1 1 1− ε2


 .

The problem is clear. The matrix ATJA is of rank 3, but if ε <
√
u, where u is

the unit roundoff, then ATJA, and hence A, will be interpreted as having rank

one. In other words, we are in effect ignoring all but the first row of data in the

matrix A. This makes ATJA singular, and thus violating the condition (3.1.5)

which is necessary for us to obtain a unique solution to the ILS problem. Also, the

usual method for solving the normal equations of the ILS problem, and, for that

matter, any other type of LS problem, is to employ the Cholesky factorization,

and this is likely to breakdown as it is singular [42, Section 20.4].
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We note in passing that (3.1.4) gives x =M−1ATJb, where M = ATJA, and

the matrix X = M−1ATJ is a pseudo-inverse of A but not the Moore-Penrose

pseudo-inverse (XA = I, but AX is not symmetric).

To solve the ILS problem by solving its normal equations, the following pro-

cedure can be used:

Algorithm 3.3.1 This algorithm solves the ILS problem by solving its normal

equations.

Form C := ATJA = AT
1A1 − AT

2A2.

Form c := ATJb.

Compute the Cholesky factorization C = RTR.

Solve RTy = c.

Solve Rx = y.

Cost: Table 3.3.1 shows cost of the individual steps for forming and solving

the ILS problem by solving its normal equations as described in Algorithm 3.3.1.

Note that the Cholesky factor R in Algorithm 3.3.1 is precisely the upper tri-

angular factor in the hyperbolic QR factorization of A (see Section 2.3) since

ATJA = RTR.

3.3.2 Solving the Augmented System

Another way to solve the ILS problem is to solve the augmented system in (3.1.6).

The following algorithm shows how to do this.

Algorithm 3.3.2 This algorithm solves the ILS problem by solving the aug-

mented system.

Solve [ J
AT

A
0
]z = [bT 0]T by Gaussian elimination with partial pivoting

x := z(m+ 1:m+ n).
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Table 3.3.1: The number of flops required to solve the ILS problem by solving its
normal equations as described in Algorithm 3.3.1.

Step of Algorithm 3.3.1 Flops

Form C: = ATJA = AT
1A1 − AT

2A2 mn2

Form c: = ATJb. 2mn

Compute the Cholesky factorization C = RTR. n3/3

Solve RTy = c. n2

Solve Rx = y. n2

Total n2(m+ n/3)

Table 3.3.2: The number of flops required to solve the ILS problem by solving its
augmented system as described in Algorithm 3.3.2.

Step of Algorithm 3.3.2 Flops

Solve [ J
AT

A
0
]z = [bT 0]T . 2(m+ n)3/3

Total 2(m+ n)3/3

Cost: Table 3.3.2 shows the cost of the individual steps for solving the ILS

problem by solving its augmented system as described in Algorithm 3.3.2. Clearly,

this method would be unsuitable for most problems due to its cost, except in the

case where the dimensions of the problem were tiny.

3.3.3 The QR-Cholesky Method

There already exists a backward stable method to solve the ILS problem, which

we outline below. This method is explained in detail by Chandrasekaran, Gu and

Sayed [14]. We will refer to this method as the QR-Cholesky method from now
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on.

We first compute the QR factorization of the matrix A in (3.1.2) to get

A =

[
Q1

Q2

]
R = QR, (3.3.1)

where R ∈ Rn×n is upper triangular, Q1 ∈ Rp×n, Q2 ∈ Rq×n, and Q is orthogonal,

i.e.,

QTQ = QT
1Q1 +QT

2Q2 = In. (3.3.2)

It follows from (3.1.5) that R is nonsingular.

Let us denote the unique solution to (3.1.4) by xs. Substituting (3.3.1) into

(3.1.4), and simplifying, we obtain

(
QTJQ

)
Rxs =

(
QT

1Q1 −QT
2Q2

)
Rxs = QTJb. (3.3.3)

We also note here that substituting (3.3.1) into (3.1.5), we get that

RT
(
QT

1Q1 −QT
2Q2

)
R

is symmetric positive definite, from which we can deduce that

T := QT
1Q1 −QT

2Q2 (3.3.4)

is also symmetric positive definite.

Note that using (3.3.2), we have

T = 2QT
1Q1 − In (3.3.5a)

and

T = In − 2QT
2Q2. (3.3.5b)

So if we want to compute T , then we have three ways in which it can be done.

It is obvious that evaluation by (3.3.4) can be a lot more expensive to compute

than by using (3.3.5a) and (3.3.5b), especially when either of p and q is large.
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To solve (3.3.3), we explicitly compute the matrix T and then compute its

Cholesky factorization T = LLT , where L ∈ Rn×n is lower triangular. We then

compute the right-hand side of (3.3.3),

d := QTJb.

Equation (3.3.3) now reduces to solving

LLTRxs = d.

This can be done by solving Ld′ = d by forward substitution, LTd′′ = d′ by

backward substitution, and Rxs = d′′ again by backward substitution.

It is shown in [14] that this method, with (3.3.4) used to compute T , produces

a computed solution x̂ that solves the problem

min
x

(b+∆b− (A+∆A)x)TJ(b+∆b− (A+∆A)x),

where

‖∆A‖F ≤ cm,nu ‖A‖F , ‖∆b‖2 ≤ cm,nu ‖b‖2 ,

with cm,n a constant depending on the problem dimensions and u the unit round-

off; in other words, the QR-Cholesky method is backward stable. Error analysis

for this method with one of the equations in (3.3.5) used to compute T has not

been given, however, it is clear that if p < q then (3.3.5a) would be cheaper to

compute and if p < q then (3.3.5a) would be the cheaper choice. In either case,

and in the case p = q, both equations in (3.3.5) are cheaper to compute than

(3.3.4), except when p = 0 or q = 0.

Below, we have given the algorithm for solving the ILS problem using the

QR-Cholesky method, as shown by Chandrasekaran, Gu and Sayed in [14].

Algorithm 3.3.3 Solution of the ILS problem using the QR-Cholesky method,

as shown by Chandrasekaran, Gu and Sayed in [14], using (3.3.4) to compute T .
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Table 3.3.3: The number of flops required to solve the ILS problem by the QR-
Cholesky method as described in Algorithm 3.3.3.

Step of Algorithm 3.3.3 Flops

Compute the QR factorization A = QR 2n2(m− n/3)

Explicitly compute Q 2n2(m− n/3)

Form T = QT
1Q1 −QT

2Q2 mn2

Cholesky factorize T = LLT n3/3

Compute d = QT (Jb) 2mn

Solve Ld′ = d by forward substitution n2

Solve LTd′′ = d′ by backward substitution n2

Solve Rxs = d′′ by backward substitution n2

Total n2(5m− n)

Compute the “economy size” Householder QR factorization A = QR

(Q ∈ Rm×n, R ∈ Rn×n)

Explicitly compute Q in the Householder QR factorization of A

Form T = QT
1Q1 −QT

2Q2 (Q = [QT
1 QT

2 ]
T , Q1 ∈ Rp×n, Q2 ∈ Rq×n)

Compute the Cholesky factorization T = LLT (L ∈ Rn×n lower triangular)

Compute d = QT (Jb)

Solve Ld′ = d by forward substitution

Solve LTd′′ = d′ by backward substitution

Solve Rxs = d′′ by backward substitution

Cost: We give a breakdown of the costs involved in each step of Algo-

rithm 3.3.3 for computing the solution of the ILS problem in Table 3.3.3.

Note that if we used (3.3.5) to compute T , then the cost for computing the

solution of the ILS problem would reduce to n2(4m+min(p, q)− n) flops, giving
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us a significant reduction when min(p, q)¿ m.



Chapter 4

The Hyperbolic QR Factorization

Method

A well known method for solving the standard LS problem (3.1.1) is to compute

the QR factorization (1.11.1) of A ∈ Rm×n and solve the system of equations

Rx = c (1:n), where R ∈ Rn×n is upper triangular, and c = Qb. We show below

that something similar can also be done for the indefinite case.

4.1 The Hyperbolic QR Factorization Method

We know that since (3.1.5) holds for the matrix A ∈ Rm×n, we can compute its

hyperbolic QR factorization (2.3.1). Thus

Q−1(b− Ax) = JQTJ(b− Ax)

= d−

n

n

m−n

[
R

0

]
x, b = Qd

=

[
d1 −Rx
d2

]
, d =

[
d1

d2

]
n

m−n

.

118
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Using this relation, the ILS problem (3.1.2) can be written as

(b−Qx)TJ(b− Ax) =
[
d1 −Rx
d2

]T
QTJQ

[
d1 −Rx
d2

]
,

=

[
d1 −Rx
d2

]T
J

[
d1 −Rx
d2

]
,

using (2.1.1) and Lemma 2.1.2

= ‖d1 −Rx‖22 + d2J(n+ 1:m,n+ 1:m)d2 (4.1.1)

using Lemma 2.3.1. Since the second term in (4.1.1) does not depend on x, this

reduces the solution of the ILS problem to solving the system of linear equations

Rx = d1.

We will refer to this method of solving the ILS problem as the HQR method.

This, of course, is the analogue of Golub’s method for solving the LS problem

[32].

The complete algorithm for solving the ILS problem is summarized as follows.

Algorithm 4.1.1 This algorithm solves the ILS problem (3.1.2) using the House-

holder QR factorization and interleaving non-overlapping Householder transforms

and hyperbolic rotations.

Compute the Householder QR factorization A(1: p, : ) = Q1[R
T 0]T

(Q1 ∈ Rp×p, R ∈ Rn×n), overwriting A(1: p, : ) with [RT 0]T and

b(1: p) with QT
1 b(1: p).

for j = 1:min(m− 1, n)

Construct a Householder transformation Pj such that

Pj A(p+ 1:m, j) = σje1.

A(p+ 1:m, j:n) = Pj A(p+ 1:m, j:n)

b(p+ 1:m) = Pj b(p+ 1:m)

% Eliminate sole remaining subdiagonal element in column j by a
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% hyperbolic rotation.

[c, s] = Hrotate(A(j, j), A(p+ 1, j))

A([j p+ 1], j:n) = Happly(c, s, A([j p+ 1], j:n))

b([j p+ 1]) = Happly(c, s, b([j p+ 1]))

end

R = A(1:n, : )

Solve Rx = b(1:n) by backward substitution.

Cost: We give a breakdown of the costs involved in each step of Algo-

rithm 4.1.1 for solving the ILS problem in Table 4.1.1. Note that the J-orthogonal

matrix Q is applied to the vector b as it is formed in the same way as it is applied

to A to obtain [RT 0]T . Thus we do not explicitly need to compute Q, giving us

a considerable saving on the number of flops needed to compute the hyperbolic

QR factorization of A.

The operation count of Algorithm 4.1.1 is the same as that for the solution

of the standard LS problem by Householder QR factorization. This is essentially

because the hyperbolic rotations contribute only to the lower order terms in the

operations count as can be seen in Table 4.1.1. Table 4.1.2 compares the cost

of Algorithm 4.1.1 with the cost of forming and solving the normal equations

(3.1.4) as described in Algorithm 3.3.1, the cost of solving the augmented system

(3.1.6) as described in Algorithm 3.3.2, and the cost of the QR-Cholesky method

as described in Algorithm 3.3.3. Clearly, Algorithm 4.1.1 is significantly less

expensive than the QR-Cholesky method, especially when mÀ n.

4.2 Rounding Error Analysis

We now give a rounding error analysis of Algorithm 4.1.1. In Section 2.3.4, we

saw that the computation of R in the hyperbolic QR factorization of A is stable



CHAPTER 4. THE HYPERBOLIC QR FACTORIZATION METHOD 121

Table 4.1.1: The number of flops required to solve the ILS problem by the HQR
method as described in Algorithm 4.1.1.

Step of Algorithm 4.1.1 Flops

Compute the QR factorization A(1: p, : ) = Q1[R
T 0]T 2n2(p− n/3)

Compute QT
1 b(1: p) 2n(2m− n)

Construct Pj (n times) 3n(m− p)

A(p+ 1:m, j:n) = Pj A(p+ 1:m, j:n) (n times) 2n2(m− p)

b(p+ 1:m) = Pj b(p+ 1:m) (n times) 2n(m− p)

[c, s] = Hrotate(A(j, j), A(p+ 1, j)) (n times) 5n

A([j p+ 1], j:n) = Happly(c, s, A([j p+ 1], j:n)) (n times) 21n2/2

b([j p+ 1]) = Happly(c, s, b([j p+ 1])) (n times) 21n/2

Solve Rx = b(1:n) by backward substitution. n2

Total 2n2(m− n/3)

Table 4.1.2: A comparison of the number of flops required to solve the ILS prob-
lem by solving the normal equations (Algorithm 3.3.1), by solving the augmented
system (Algorithm 3.3.2), by using the HQR method (Algorithm 4.1.1) and by
using the QR-Cholesky method (Algorithm 3.3.3).

Normal Augmented Hyperbolic QR-Cholesky
Equations System QR method method

n2(m+ n/3) (m+ n)3/3 2n2(m− n/3) n2(5m− n)

m ≈ n 4n3/3 8n3/3 4n3/3 4n3

mÀ n mn2 m3/3 2mn2 5mn2
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when we are using non-overlapping J-orthogonal transformations.

In solving the ILS problem we also transform the right-hand side, b = [bT1 b
T
2 ]

T

to d = [dT1 dT2 ]
T . The above analysis gives

p

q

[
d̂1 + δ3

b2 + δ2

]
= G

[
b1 + δ1

d̂2

]
p

q

, (4.2.1)

where δ3(n+ 1: p) = 0 and

‖δ1‖2 ≤ γ̃p ‖b1‖2 , ‖δi‖2 ≤ γ̃q max(‖d̂1(1:n)‖2, ‖b2‖2), i = 2: 3.

The ensuing analysis is simpler if d̂1 is not perturbed, so we rewrite this relation

as [
d̂1

b2 + δ2

]
= G

[
b1 + δ1

d̂2 + δ3

]
, (4.2.2)

where δ2 = δ2 and

max
i=1:3

∥∥δi
∥∥

2
≤ γ̃mmax(‖d̂1(1:n)‖2, ‖b‖2). (4.2.3)

In Algorithm 4.1.1 the final step is to solve the triangular system Rx = d1,

where R = R1(1:n, :). The computed solution x̂ satisfies (R̂ +∆R)x̂ = d̂1(1:n),

|∆R| ≤ γn|R̂| [42, Theorem 8.5], that is, the rounding errors in the substitution

correspond to a further small perturbation of R̂.

We now consider the forward error of the computed solution x̂. First, let z1

be the solution of the perturbed ILS problem with data

A+∆A :=

[
A1 +∆1

A2 +∆2

]
, b+∆b :=

[
b1 + δ1

b2 + δ2

]
,

for which we know from (2.3.9) that the exact upper triangular R-factor is R̂+∆̃3,

where ∆̃3 = ∆3(1:n, :). Then, in view of (4.2.2),

(R̂ + ∆̃3)z1 = d̂1(1:n).

Write

x− x̂ = (x− z1) + (z1 − x̂).
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Using the bounds on ∆A and ∆b in (2.3.10) and (4.2.3), we have, from (3.2.7),

‖x− z1‖2
‖x‖2

≤ γ̃mn

[
‖M−1AT‖2 ‖A‖F

(
max(1, θ) ‖b‖2
‖A‖F ‖x‖2

+ 1

)

+ ‖M−1‖2 ‖A‖2F
‖r‖2

‖A‖F ‖x‖2

]
+O(u2), (4.2.4)

where

θ =
‖d1(1:n)‖2
‖b‖2

. (4.2.5)

The quantity θ measures the growth in the leading n components of the right hand

side as a result of the transformations that reduce A to triangular form. We now

show that even though θ can be large, it is innocuous. Suppose that θ À 1. Note

first that, since ‖d1‖22 + ‖b2‖2 = ‖b1‖2 + ‖d2‖2, we have ‖d2‖2 ≈ ‖d1‖2 À ‖b1‖2.
Note also that b1(n + 1: p) is not subjected to hyperbolic rotations and hence

‖d1(n+ 1: p)‖2 ≤ ‖b‖2. Hence, from (4.1.1),

‖r‖22 ≥ |(b− Ax)TJ(b− Ax)| = | ‖d(n+ 1: p)‖22 − ‖d2‖22 | ≈ ‖d2‖22 ≈ ‖d1‖22 .

Therefore θ <∼ ‖r‖2 / ‖b‖2 and it follows that the first term in (4.2.4) is no larger

than the second, showing that a large θ does not worsen the bound. Therefore

(4.2.4) is essentially the same as (3.2.7) with ε = γ̃mn.

From standard perturbation theory for square linear systems, the term ‖z1 − x̂‖2 / ‖x‖2
is bounded by

φ = κ2(R)

(
γn + γ̃qn

max(‖R‖F , ‖A2‖F
‖R‖2

)

= ‖R−1‖2(γn ‖R‖2 + γ̃qnmax(‖R‖F , ‖A2‖F ))

≤ γ̃qn‖R−1‖2 ‖A‖F . (4.2.6)

Now from the exact arithmetic analogue of (2.3.9) we have
[
R

A2

]
= G

[
A1

0

]
,

where G is orthogonal. Postmultiplying by R−1R−T and transposing gives

[R−1 R−1R−TAT
2 ] = [R−1R−TAT

1 0 ]GT .



CHAPTER 4. THE HYPERBOLIC QR FACTORIZATION METHOD 124

Recalling that M = ATJA = RTR, it follows that

‖R−1‖2 ≤ ‖[R−1R−TAT
1 0 ]‖2

≤ ‖R−1R−T [AT
1 AT

2 ] ‖2

= ‖M−1AT‖2.

Hence

φ ≤ γ̃qn‖M−1AT‖2 ‖A‖F ,

which is smaller than the first term in (4.2.4). Our overall conclusion is that

‖x− x̂‖2 / ‖x‖2 has an upper bound no larger than (3.2.7) with ε = γ̃mn.

Recall that a method for solving the ILS problem is forward stable if it pro-

duces a computed solution with forward error similar to that for a backward

stable method. If we make the reasonable assumption that the perturbation

bound (3.2.7) is approximately attainable, then our rounding error analysis has

shown that the hyperbolic QR factorization method for solving the ILS problem

is forward stable.

It is unclear whether the hyperbolic QR factorization method is mixed forward-

backward stable, or even backward stable. It is an open problem to determine a

computable formula for the backward error of an arbitrary approximate solution

to the ILS problem, and without such a formula it is difficult to test numerically

for backward instability.

4.3 Numerical Experiments

We have used MATLAB to carry out experiments to compare the forward errors

‖x− x̂‖2 / ‖x‖2 from Algorithm 4.1.1, the normal equations method as described

in Algorithm 3.3.1, solving the augmented system as described in Algorithm 3.3.2,

and the QR-Cholesky method as described in Algorithm 3.3.3. We approximated

the exact solution by forming and solving the normal equations in 100 digit
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arithmetic using MATLAB’s Symbolic Math Toolbox. We report results with

m = 16, n = 8 and p = 10.

We generate test problems for which Q and R in the hyperbolic QR factoriza-

tion of A can be chosen to have particular norms. The matrix R was generated

via the QR factorization of a random matrix with preassigned singular value

distributions (generated via MATLAB’s gallery(’randsvd’,...)). Random

J-orthogonal matrices Q of specified norm were generated using the method of

Higham [43]. Once we compute A, we can randomly generate the solution x from

the N(0, 1) distribution. By either setting b = Ax or choosing a random b of size

‖Ax‖2, we found that we could control whether θ, defined in (4.2.5), was small

or large, particularly for ill-conditioned problems. For well conditioned problems,

we also found that choosing b = Ax made the residual r = b− Axactual tiny, and

choosing a random b made it very large, where xactual is the actual solution of the

ILS problem. For ill-conditioned problems, the difference in the sizes of r was not

as extreme, though still noticable. Note that the chosen x is not necessarily the

actual solution of the ILS problem, since choosing b = Ax nullifies rTJr, which

is what we are trying to minimize, but another x′ may make rTJr negative. This

method for generating test problems was also employed in all the tests performed

in Section 2.3.5 for testing the stability of the hyperbolic QR factorization, in

Section 3.2.2 for testing the values of the two perturbation bounds (3.2.7) and

(3.2.10), and in all the tests performed in this chapter.

We show the results in Table 4.3.1. The first three columns show the values for

‖Q‖2, ‖R‖2 and r for the test problem. The next four columns show the relative

forward errors for the four methods of interest. The eighth column tabulates the

first order part of the perturbation bound (3.2.7) (which we numerically showed

in Section 3.2.2 to always be of similar size to the tighter bound (3.2.10) derived

using Kronecker products), with ε = u, A = A and b = b; thus (3.2.7) is a first
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order bound for the forward of a backward stable method. Finally, the ninth

column tabulates the value of θ defined in (4.2.5).

Two main conclusions can be drawn from the results shown. First, as ex-

pected, the normal equations method is not forward stable, particularly for large

‖R‖2. Second, Algorithm 4.1.1 behaves in a forward stable way in these tests,

and is just as accurate as the backward stable QR-Cholesky method, even when θ

and ‖Q‖2 are large. The latter behaviour adequately summarizes more extensive

experiments that we have carried out. Finally, we can see from the results that

the augmented system method also performs stably.

4.4 Iterative Refinement

The accuracy and stability of an approximate solution of the ILS problem can be

improved by applying iterative refinement (see Section 1.10) to the augmented

system in (3.1.6) just as with the standard LS problem.

To apply iterative refinement we need to be able to solve systems of the form

[
J A

AT 0

][
s

y

]
=

[
f

g

]
.

We show how this can be done for the hyperbolic QR factorization method. The

equations are

Js+ Ay = f,

AT s = g,

which can be rewritten using the hyperbolic QR factorization as

Js+Q

[
R

0

]
y = f, (4.4.1a)

[RT 0 ]QT s = g. (4.4.1b)
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Table 4.3.1: Errors ‖x− x̂‖2 / ‖x‖2, where x is the exact solution of the ILS problem, for the four methods for solving the
ILS problem with their corresponding values of the perturbation bound (3.2.7) and θ (4.2.5).

‖Q‖2 ‖R‖2 ‖r‖2 QR-Cholesky Hyperbolic Normal Augmented Bound θ

‖A‖2 ‖x‖2 method QR method Equations System (3.2.7) (4.2.5)

1.0e+00 1.0e+00 4.9e-17 1.6e-16 3.6e-16 2.8e-16 9.9e-17 4.3e-16 1.0e-00

1.0e+00 1.0e+00 1.5e+00 1.6e-16 3.1e-16 1.6e-16 1.5e-16 9.8e-16 5.6e-01

1.0e+00 1.0e+08 0 1.6e-09 1.7e-09 8.8e-02 9.2e-10 1.4e-08 1.0e+00

1.0e+00 1.0e+08 1.1e-07 8.9e-09 8.9e-09 6.9e-02 1.0e-09 1.3e-07 5.6e-01

9.4e+03 1.0e+06 5.5e-10 1.7e-05 8.4e-05 1.2e-01 6.4e-05 2.5e-03 2.5e-04

9.4e+03 1.0e+06 2.3e-06 9.3e-06 7.7e-04 8.8e-02 9.0e-05 5.6e-03 1.2e+03

6.6e+07 1.2e+00 1.9e-02 1.2e-01 1.3e-01 7.5e-05 1.5e-02 7.1e-01 4.7e-08

6.6e+07 1.2e+00 6.9e-01 2.4e-01 2.4e-01 5.6e-05 8.7e-02 1.1e+00 8.3e+06
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Let

h = R−Tg, d =
n

m−n

[
d1

d2

]
= JQTJf. (4.4.2)

Substituting (4.4.2) into (4.4.1) gives us

JQT s+

[
R

0

]
y = JQTJf = d, (4.4.3a)

Q(: , 1:n)T s = h. (4.4.3b)

Since J(1:n, 1:n) = In, we can write the first n rows of (4.4.3a) using (4.4.3b) as

h+Ry = d1,

and hence

y = R−1(d1 − h). (4.4.4a)

Combining (4.4.3b) with the last m− n rows of (4.4.3a) now gives us

JQT s =

[
h

d2

]
,

and so

s = JQ

[
h

d2

]
. (4.4.4b)

Note that in our case, y = x, f = b and g = 0, so these equations reduce to

x = R−1d1, s = JQ

[
0

d2

]
, (4.4.5)

where d = JQTJb.

Thus, using the hyperbolic QR factorization, the augmented system in (3.1.6)

reduces to solving (4.4.5).

As we saw in Algorithm 1.10.1, we can now use (4.4.4) to improve the so-

lution we have obtained using the hyperbolic QR factorization method by first

computing the residual of (3.1.6) to increased accuracy.



CHAPTER 4. THE HYPERBOLIC QR FACTORIZATION METHOD 129

4.4.1 Numerical Results

We present some numerical results in Tables 4.4.1 and 4.4.2. The results presented

in these tables were generated using the same method as those in Section 4.3.

The first three columns of Table 4.4.1 tabulate the values of ‖Q‖2, ‖R‖2 and

the residual r of the problem that we have generated. The fourth column tabu-

lates the error in the solution of the ILS problem that we obtained by the HQR

method. The fifth column tabulates the error in the solution of the ILS prob-

lem obtained by solving the augmented system (3.1.6). Column six tabulates the

error in the solution after iteratively refining the solution by the HQR method.

Column seven gives the number of iterations that were required to obtain this

new solution. As we mentioned in Section 1.10, the first step of iterative refine-

ment in Algorithm 1.10.1 has been computed to 32 significant digits, which is

approximately the same as computing it to precision u2 = (2−53)2 ≈ 1.2× 10−32.

The eighth and ninth columns are just as the previous two, but the residual in

the iterative refinement have been computed to precision u. The final column

tabulates the perturbation bound (3.2.7) for the problem.

Table 4.4.2 tabulates the results of iterative refinement just as in Table 4.4.1,

but instead of using the augmented system in the iterative refinement steps, we

have used (4.4.4) to reduce the number of flops in computing the solution. In all

these results, we have always applied the matrix Q in factored form.

The two conclusions that we draw from these results are:

• Using (4.4.4) in iterative refinement always seemed to give results compa-

rable to those obtained by solving the augmented system using Gaussian

elimination with partial pivoting.

• Computing the residuals to single precision did not produce results as accu-

rate as those in which the residual was computed to double precision, even
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though, in some cases, a lot more refinement steps were computed in single

precision than in double precision.
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Table 4.4.1: Comparison of errors in solving the ILS problem by the HQR method and iterative refinement by solving the
augmented system using Gaussian elimination.

HQR — Solution by the HQR method.
AUG — Solution by solving the augmented system (3.1.6).
IR2 — Iterative refinement of the solution by the HQR method with the residual computed to double precision.
its2 — Number of times iterative refinement in double precision was carried out.
IR — Iterative refinement of the solution by the HQR method with the residual computed to single precision.
its — Number of times iterative refinement in single precision was carried out.

Bound — The perturbation bound for the ILS problem in (3.2.7).

‖Q‖2 ‖R‖2 r HQR AUG IR2 its2 IR its Bound

1.0e+00 1.0e+00 4.9e-17 3.6e-16 9.9e-17 0 1 2.0e-17 1 4.3e-16

1.0e+00 1.0e+00 1.5e+00 3.1e-16 1.5e-16 0 1 8.1e-17 1 9.8e-16

1.0e+00 1.0e+02 3.1e-17 2.6e-15 9.7e-16 0 1 2.7e-16 13 1.7e-14

1.0e+00 1.0e+08 1.1e-07 8.9e-09 1.0e-09 3.8e-17 1 9.0e-13 2 1.3e-07

9.4e+01 1.0e+00 3.0e-14 3.0e-13 2.7e-14 0 1 1.7e-14 6 1.1e-12

9.4e+03 1.0e+00 7.3e-10 1.3e-09 1.8e-10 0 1 3.9e-10 3 1.1e-08

9.4e+05 1.0e+02 3.0e-06 2.4e-04 7.1e-05 7.6e-13 2 4.9e-05 16 3.3e-03

9.4e+05 1.0e+02 1.7e-02 9.0e-04 1.0e-04 5.9e-12 2 2.8e-06 2 6.4e-03

6.6e+07 1.2e+00 6.9e-01 2.4e-01 8.7e-02 2.6e-03 2 3.4e-02 4 1.1e+00
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Table 4.4.2: Comparison of errors in solving the ILS problem by the HQR method and iterative refinement by using (4.4.4).

HQR — Solution by the HQR method.
HAUG — Solution by solving (4.4.5).

IR2 — Iterative refinement of the solution by the HQR method with the residual computed to double precision.
its2 — Number of times iterative refinement in double precision was carried out.
IR — Iterative refinement of the solution by the HQR method with the residual computed to single precision.
its — Number of times iterative refinement in single precision was carried out.

Bound — The perturbation bound for the ILS problem in (3.2.7).

‖Q‖2 ‖R‖2 r HQR HAUG IR2 its2 IR its Bound

1.0e+00 1.0e+00 4.9e-17 3.6e-16 3.6e-16 0 1 2.0e-17 1 4.3e-16

1.0e+00 1.0e+00 1.5e+00 3.1e-16 3.1e-16 0 1 8.1e-17 1 9.8e-16

1.0e+00 1.0e+02 3.1e-17 2.6e-15 2.6e-15 0 1 2.7e-16 13 1.7e-14

1.0e+00 1.0e+08 1.1e-07 8.9e-09 8.9e-09 4.2e-17 1 7.2e-13 2 1.3e-07

9.4e+01 1.0e+00 3.0e-14 3.0e-13 3.0e-13 0 1 1.7e-14 6 1.1e-12

9.4e+03 1.0e+00 7.3e-10 1.3e-09 1.3e-09 0 1 4.7e-10 3 1.1e-08

9.4e+05 1.0e+02 3.0e-06 2.4e-04 2.4e-04 5.3e-08 2 5.5e-05 3 3.3e-03

9.4e+05 1.0e+02 1.7e-02 9.0e-04 9.0e-04 3.4e-10 2 3.7e-06 2 6.4e-03

6.6e+07 1.2e+00 6.9e-01 2.4e-01 2.4e-01 2.4e-02 2 3.7e-02 2 1.1e+00



Chapter 5

The Indefinite Least Squares

Problem with Equality

Constraints

5.1 Introduction

We are concerned here with the extension of the ILS problem to include equality

constraints:

ILSE : min
x

(b− Ax)TJ(b− Ax) subject to Bx = d, (5.1.1)

where B ∈ Rs×n and d ∈ Rs. This work is analogous to the work on the LS

problem subject to equality constraints,

LSE : min
x

(b− Ax)T (b− Ax) subject to Bx = d, (5.1.2)

which was discussed by Cox and Higham [20].

In what follows, we will derive a method that is analogous to the well known

null space method for solving the LSE problem (5.1.2).

133
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Throughout this chapter, we will assume that

J =

[−Iq 0

0 Ip

]
, p+ q = m. (5.1.3)

This change from the J we used in Chapters 2, 3 and 4 will help us to prove the

existence of the generalized hyperbolic QR factorization in Theorem 5.1.1 below.

Note that we are not in any way changing the ILSE problem by defining J like

this, since we can also permute the rows of [A | b] when moving from the J in

(2.1.2) to the one in (5.1.3).

We will also assume that

rank(B) = s, xT (ATJA)x > 0 for all nonzero x ∈ N (B). (5.1.4)

The first condition ensures that there is a solution to the constraint equations.

The second condition, which says that ATJA is positive definite on the null

space of B, then ensures that there is a unique solution to the ILSE problem.

The uniqueness can be shown by manipulating the normal equations

ATJ(b− Ax) = BTµ, Bx = d, (5.1.5)

where µ is a vector of Lagrange multipliers, and it is also established by our

analysis in terms of the generalized hyperbolic QR factorization (see Section 5.4).

We note for later use that ATJA has rank at most p, and so since N (B) has

dimension n− s, the second condition in (5.1.4) implies that

p ≥ n− s. (5.1.6)

This can be proved in an analogous way as Lemma 2.3.1.

Central to this work is a new factorization that we call the generalized hy-

perbolic QR factorization. The following result defines the factorization and

establishes its existence.
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Theorem 5.1.1 (generalized hyperbolic QR factorization) Let A ∈ Rm×n

and B ∈ Rs×n, let J be given by (5.1.3), and assume that (5.1.4) holds. Then

there exist an orthogonal Q ∈ Rn×n and a J-orthogonal H ∈ Rm×m such that

A = H

s n−s

m−(n−s)

n−s

[
L11 0

L21 L22

]
QT , BQ =

s n−s

[K 0 ] s , (5.1.7)

where L22 and K are lower triangular and nonsingular.

Proof. Let Ek denote the k× k exchange matrix, that is, the identity matrix

Ik with its columns in reverse order: Ek = Ik(: , k:−1: 1). Let

QT
BB

T =

[
KT

0

]

be a QR factorization of BT . The lower triangular matrix K is nonsingular since

B has full rank. Write

EmAQB =

s n−s

[ Ã1 Ã2 ]

and set

JE =

[
Ip 0

0 −Iq

]
.

Note that Em = ET
m and EmJEEm = J . Now, from the second assumption in

(5.1.4) it follows that ÃT
2 JEÃ2 is positive definite. Hence, using Theorem 2.3.2,

there exists a hyperbolic QR factorization of Ã2

Ã2 =W

[
R

0

]
,

where R is a nonsingular upper triangular matrix andW is JE-orthogonal. More-

over we have

EmJW
TJÃ2En−s =

[
0

L

]
,

where L = En−sREn−s is lower triangular. Define

Q = QB

[
Is 0

0 En−s

]
, H = EmWEm, L22 = L.
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Then (5.1.7) holds.

As we will show below, the generalized hyperbolic QR factorization plays a

similar role for the ILSE problem as the generalized QR factorization plays for

the standard LS problem with equality constraints.

The outline of this chapter is as follows. In Section 5.2 we give perturba-

tion theory for the ILSE problem, obtaining a bound that is cheaply estimable

but possibly non-sharp, and another bound based on Kronecker products that

is sharp but more expensive to compute or estimate. In Section 5.3 we show

how the ILSE problem can be solved using a generalized QR factorization and

Cholesky factorization, in what is an extension of the method of Chandrasekaran,

Gu and Sayed [14] for the ILS problem which we saw in Section 3.3.3. We prove

that this method is mixed forward-backward stable. A method based on the gen-

eralized hyperbolic QR factorization is presented in Section 5.4 and the method

is proved to be forward stable under a mild assumption. Numerical experiments

are described in Section 5.5 that corroborate the error analysis.

5.2 Perturbation Theory

We begin by examining the sensitivity of the ILSE problem to perturbations in

the data. We will consider perturbations ∆A, ∆b, ∆B and ∆d to the data A, b,

B and d measured normwise by the smallest ε for which

‖∆A‖F ≤ ε ‖A‖F , ‖∆b‖2 ≤ ε ‖b‖2 , (5.2.1a)

‖∆B‖F ≤ ε ‖B‖F , ‖∆d‖2 ≤ ε ‖d‖2 . (5.2.1b)

We assume that the conditions (5.1.4) continue to hold for the perturbed problem.
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The solution to the ILSE problem (5.1.1) satisfies the augmented system




0 0 B

0 J A

BT AT 0







λ

s

x


 =




d

b

0


 , (5.2.2)

where s = J(b− Ax) = Jr, which is a rewritten version of the normal equations

(5.1.5) with λ = −µ. The augmented system for the perturbed problem is




0 0 B +∆B

0 J A+∆A

BT +∆BT AT +∆AT 0







λ+∆λ

s+∆s

x+∆x


 =




d+∆d

b+∆b

0


 ,

which leads to the relationship for the perturbations



0 0 B

0 J A

BT AT 0







∆λ

∆s

∆x


 =




∆d−∆Bx
∆b−∆Ax

−∆BTλ−∆AT s


+O(ε2). (5.2.3)

It is straightforward to verify that the inverse of the matrix on the left-hand side

of (5.2.3) is




N−1 −N−1BM−1ATJ N−1BM−1

−JAM−1BTN−1 J + JAP TM−1ATJ −JAM−1P

M−1BTN−1 −P TM−1ATJ M−1P


 ,

where M = ATJA, N = BM−1BT and P = BTN−1BM−1 − I. Premultiplying

by the inverse we obtain

∆x =M−1BTN−1(∆d−∆Bx)− P TM−1ATJ(∆b−∆Ax)

−M−1P (∆BTλ+∆AT s) +O(ε2). (5.2.4)

Solving for λ in the third equation of (5.2.2) we find that

λ = −(BBT )−1BATJr = −(B+)TATJr = −(AB+)TJr, (5.2.5)

where B+ is the pseudo-inverse of B. (See Section 1.6 for more on pseudo-

inverses.)
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Taking norms in (5.2.4) and using (5.2.5), we deduce that

‖∆x‖2 ≤ ε
[
‖M−1BTN−1‖2(‖d‖2 + ‖B‖F ‖x‖2)

+ ‖P TM−1AT‖2(‖b‖2 + ‖A‖F ‖x‖2)

+ ‖M−1P‖2(‖B‖F ‖AB+‖2 ‖r‖2 + ‖A‖F ‖r‖2

Hence, provided x 6= 0,

‖∆x‖2
‖x‖2

≤ ε
[
‖M−1BTN−1‖2 ‖B‖F

( ‖d‖2
‖B‖F ‖x‖2

+ 1

)
(5.2.6)

+ ‖P TM−1AT‖2 ‖A‖F
( ‖b‖2
‖A‖F ‖x‖2

+ 1

)

+ ‖M−1P‖2 ‖A‖F
(
‖B‖F ‖AB+‖2 + ‖A‖F

) ‖r‖2
‖A‖F ‖x‖2

]

+O(ε2).

This bound shows that the sensitivity of the ILS problem is bounded in terms of

‖M−1BTN−1‖2 ‖B‖F and ‖PM−1AT‖2 ‖A‖F when the residual is zero or small

and ‖M−1P‖2 ‖A‖F ‖B‖F ‖AB+‖2 otherwise.

The problem with (5.2.6) is that it is not very amenable to interpretation

or computation. However, it is also possible to derive perturbation bounds by

incorporating the generalized hyperbolic QR factorization. We will see that this

method of deriving perturbation bounds is much simpler, and we can make the

bound slightly tighter.

Let A and B have the generalized hyperbolic QR factorization

A = H

[
L11 0

L21 L22

]
QT , BQ = [K 0 ] ,

where H is J-orthogonal and Q is orthogonal. Premultiplying (5.2.3) by the

matrix diag(I, JHTJ,QT ), we obtain



0 0 BQ

0 JHTJHJ JHTJAQ

QTBT QTATJHJ 0







∆λ

HT∆s

QT∆x


 =




∆d−∆Bx
JHTJ(∆b−∆Ax)
−QT (∆BTλ+∆AT s)




+O(ε2). (5.2.7)
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Using (2.1.1) and the generalized hyperbolic QR factorization the matrix on the

left can be rewritten as

Z =




0 0 0 K 0

0 J̃ 0 L11 0

0 0 In−s L21 L22

KT LT
11 LT

21 0 0

0 0 LT
22 0 0




,

where J̃ = diag(−Iq, Ip−(n−s)). The inverse of Z is

Z−1 =




K−TLT
11J̃L11K

−1 −K−TLT
11J̃ 0 K−T −K−TLT

21L
−T
22

−J̃L11K
−1 J̃ 0 0 0

0 0 0 0 L−T22

K−1 0 0 0 0

−L−1
22 L21K

−1 0 L−1
22 0 −L−1

22 L
−T
22




.

(5.2.8)

From (5.2.7) we therefore obtain

QT∆x =

[
I

−L−1
22 L21

]
K−1(∆d−∆Bx) +

[
0 0

0 L−1
22

]
JHTJ(∆b−∆Ax)

+

[
0 0

0 L−1
22 L

−T
22

]
QT (∆BTλ+∆AT s) +O(ε2). (5.2.9)

The third equation in (5.2.2) is BTλ = −AT s. Using the generalized hyperbolic

QR factorization this equation can be written

[
KT

0

]
λ = −

[
LT

11 LT
21

0 LT
22

]
HT s. (5.2.10)

Examining the second equation in (5.2.10), we can see that since L22 is nonsin-

gular, we have H(: , h + 1:m)T s = 0, and so the first equation in (5.2.10) gives

us

λ = −K−TLT
11H(: , 1:h)T s.
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Hence the penultimate term in (5.2.9) is
[
0 0

0 L−1
22 L

−T
22

]
QT (−∆BTK−TLT

11H(: , 1:h)T +∆AT )s. (5.2.11)

Taking norms in (5.2.9) we therefore obtain the perturbation bound

‖∆x‖2
‖x‖2

≤ ε

[
‖B‖F

∥∥∥∥∥

[
I

−L−1
22 L21

]
K−1

∥∥∥∥∥
2

( ‖d‖2
‖B‖F ‖x‖2

+ 1

)
(5.2.12)

+ ‖L−1
22 H(: , h+ 1:m)‖2 ‖A‖F

( ‖b‖2
‖A‖F ‖x‖2

+ 1

)

+ ‖L−1
22 ‖22 ‖A‖F (‖B‖F ‖K−TLT

11H(: , 1:h)T‖2 + ‖A‖F )
‖r‖2

‖A‖F ‖x‖2

]

+O(ε2),

where h = m − (n − s). An interesting feature of this bound is that the first

m − (n − s) rows of H contribute to the third term of the bound and the last

n − s rows contribute to the second term. This bound includes as special cases

bounds for standard LS problem, the equality constrained LS problem [20], [25],

and the unconstrained ILS problem which we saw in Section 3.2.1.

An advantage of expressing (5.2.12) in terms of the generalized hyperbolic

QR factorization is that only triangular matrices are inverted in the formula and

hence the bound can be cheaply estimated using standard condition estimation

techniques [42, Chapter 15].

As for the results in Section 3.2.1 and [20], it is unclear how close (5.2.12) is

to being attainable for all sets of A, b, B and d. We obtain a sharp perturbation

bound by making use of the vec operator and the Kronecker product (see Sec-

tion 1.5), as in Section 3.2.1 and [20]. First, we rewrite (5.2.9), using (5.2.11),

as

QT∆x = G1∆d−G1∆Bx+G2∆b−G2∆Ax+ (G3∆B
TG4 −G3∆A

T )s+O(ε2),

where the Gi notation is used to simplify the ensuing expressions. Applying the

vec operator, using Lemma 1.5.1, and recalling that s = Jr, we obtain

QT∆x = G1∆d− (xT ⊗G1)vec(∆B) +G2∆b− (xT ⊗G2)vec(∆A)



CHAPTER 5. THE ILS PROBLEM WITH EQUALITY CONSTRAINTS 141

+ (rTJGT
4 ⊗G3)vec(∆B

T )− (rTJ ⊗G3)vec(∆A
T ) +O(ε2).

Using the relations vec(∆AT ) = Π1vec(∆A) and vec(∆BT ) = Π2vec(∆B), where

Π1 and Π2 are vec-permutation matrices, as introduced in Section 1.5,

QT∆x = G1∆d+G2∆b− [(xT ⊗G1)− (rTJGT
4 ⊗G3)Π2]vec(∆B)

− [(xT ⊗G2) + (rTJ ⊗G3)Π1]vec(∆A) +O(ε2),

which is expressed in terms of the four independent perturbations ∆d, ∆b, ∆A

and ∆B. Now we take 2-norms. Using (5.2.1) and the relation (1.5.1), we deduce

that
‖∆x‖2
‖x‖2

≤ ψε+O(ε2), (5.2.13)

where

ψ = ‖x‖−1
2

(
‖G1‖2 ‖d‖2 + ‖G2‖2 ‖b‖2 + ‖(xT ⊗G1)− (rTJGT

4 ⊗G3)Π2‖2 ‖B‖F
+ ‖(xT ⊗G2) + (rTJ ⊗G3)Π1‖2 ‖A‖F

)
,

and this bound is attainable to within a factor 4. This bound will be used in the

experiments of Section 5.5 to test the sharpness of (5.2.12).

5.3 The Generalized QR-Cholesky Method

Our first method for solving the ILSE problem does not involve any J-orthogonal

transformations. It is an extension of the QR-Cholesky method (which we saw

in Section 3.3.3) to handle equality constraints.

Consider a generalized QR factorization (see Section 1.11.3) of A and B

UTAQ =

s n−s

m−(n−s)

n−s

[
L11 0

L21 L22

]
, BQ =

s n−s

[K 0 ] s , (5.3.1)
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where U and Q are orthogonal and L22 and K are lower triangular and, in view

of (5.1.4), nonsingular. (Note that this factorization differs from (5.1.7) only in

the U factor, which is replaced by a J-orthogonal matrix in (5.1.7).) Let

s

n−s

[
y1

y2

]
= y := QTx, C =

s n−s

[C1 C2 ] := AQ. (5.3.2)

Then the constraint Bx = d is equivalent to Ky1 = d, which determines y1. Thus

b− Ax = b− AQy

= b− [C1 C2 ] y

= (b− C1y1)− C2y2

=: f − C2y2,

and so minimizing (b − Ax)TJ(b − Ax) subject to Bx = d is equivalent to the

unconstrained ILS problem

min
y2

(f − C2y2)
TJ(f − C2y2). (5.3.3)

It is easy to see that (5.1.4) implies that CT
2 JC2 is positive definite. Noting from

(5.3.2) and (5.3.1) that

C2 = U

[
0

L22

]
=:

[
U11 U12

U21 U22

][
0

L22

]
=

[
U12

U22

]
L22,

the normal equations CT
2 JC2y2 = CT

2 Jf for (5.3.3) can be rewritten as

(UT
22U22 − UT

12U12)L22y2 =

[
U12

U22

]T
Jf.

The matrix in parentheses is positive definite and so this system can be solved via

a Cholesky factorization. Effectively, we are solving (5.3.3) by Algorithm 3.3.3.

The entire procedure is summarized as follows.

Algorithm 5.3.1 (Generalized QR-Cholesky method) This algorithm solves

the ILSE problem (5.1.1) with the aid of a generalized QR factorization of A and

B.
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Compute the generalized QR factorization (5.3.1).

Solve the lower triangular system Ky1 = d.

f = b− AQ(: , 1: s)y1.

Form the symmetric matrix W = UT
22U22 − UT

12U12.

Compute the Cholesky factorization W = RTR.

Solve RTRL22y2 = [UT
12 UT

22 ] Jf by one back and

two forward substitutions.

x = Qy.

Note that the Generalized QR-Cholesky method does not require Q to be

formed explicitly, and only the last n−s columns of U need to be formed explicitly.

The operation count of the method is a complicated function of p, q, n and s,

and when m À n À s it is approximately 7mn2 flops, where a flop denotes one

of the four elementary operations.

5.3.1 Error Analysis

The Generalized QR-Cholesky method has very satisfactory numerical stability

properties. It is mixed forward-backward stable, in the sense that the computed

solution is very close to the solution of a slightly perturbed problem. The next

result makes this statement precise. We denote by ci(u) a term of the form

g(p, q, n, s)u+O(u2), where g is a polynomial.

Theorem 5.3.2 Suppose the Generalized QR-Cholesky method is implemented

with the generalized QR factorization computed using Householder transforma-

tions. The computed solution x̂ = x + ∆x, where x solves a perturbed ILSE

problem with data A+∆A, B +∆B, b+∆b and d, where

‖∆A‖F ≤ c1(u) ‖A‖F , ‖∆B‖F ≤ c2(u) ‖B‖F ,

‖∆b‖2 ≤ c3(u) ‖b‖2 , ‖∆x‖2 ≤ c4(u) ‖x‖2 .



CHAPTER 5. THE ILS PROBLEM WITH EQUALITY CONSTRAINTS 144

Proof. Standard error analysis of Householder transformations (Lemma 1.11.6

and Lemma 1.11.7) shows that the computed K̂ and Ĉ satisfy

(B +∆B1)Q̃ = [ K̂ 0 ] , ‖∆B1‖F ≤ c1(u) ‖B‖F ,

Ĉ = (A+∆A1)Q̃, ‖∆A1‖F ≤ c2(u) ‖A‖F ,

where Q̃ is orthogonal. Using Lemma 1.12.1, we can see that the computed

solution of the triangular system K̂y1 = d satisfies

(K̂ +∆K)ŷ1 = d, ‖∆K‖F ≤ c3(u)‖K̂‖F .

The computed coefficient vector f̂ = fl(b − Ĉ1ŷ1) of the ILS problem (5.3.3)

satisfies

f̂ = b+∆b0 − (Ĉ1 +∆Ĉ0)ŷ1,

‖∆b0‖2 ≤ u ‖b‖2 , ‖∆Ĉ0‖F ≤ c4(u)‖Ĉ1‖F .

(For simplicity, we are assuming that C1 is explicitly formed and applied to y1;

the analysis remains valid if C1y1 = AQ(:, 1: s)y1 is computed without forming

C1 or Q(:, 1: s).) We can apply to (5.3.3) the error analysis of [14] to deduce that

the computed ŷ2 solves

min
y2

(f̂ +∆f − (Ĉ2 +∆Ĉ2)y2)
TJ(f̂ +∆f − (Ĉ2 +∆Ĉ2)y2),

where

‖∆Ĉ2‖F ≤ c5(u)‖Ĉ2‖F , ‖∆f‖2 ≤ c6(u)‖f̂‖F .

In view of the latter inequality we can write, using Lemma 1.11.8,

f̂ +∆f = b+∆b− (Ĉ1 +∆Ĉ1)ŷ1,

‖∆b‖2 ≤ c7(u) ‖b‖2 , ‖∆C1‖2 ≤ c7(u)‖Ĉ1‖F .

Putting all these results together, we conclude that x = Q̃ŷ is the true solution

to the perturbed problem with data A+∆A, B +∆B and b+∆b, where

∆A = ∆A1 + [∆Ĉ1 ∆Ĉ2 ] Q̃
T , ∆B = ∆B1 + [∆K 0 ] Q̃T .
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The bounds on ‖∆A‖F and ‖∆B‖F follow readily. Finally,

x̂ = fl(Qŷ) = Q̃ŷ +∆x, ‖∆x‖2 ≤ c8(u) ‖ŷ‖2 = c8(u) ‖x‖2 ,

using Lemma 1.11.6 again.

5.4 The Generalized Hyperbolic QR Method

Another method for solving the ILSE problem can be derived using the general-

ized hyperbolic QR factorization introduced in Theorem 5.1.1. Using (5.1.7) the

constraint Bx = d can be written

Ky1 = [K 0 ]

[
y1

y2

]
= d, y = QTx.

This triangular system uniquely determines y1. Then, with c = Hb,

(b− Ax)TJ(b− Ax) = (c−HAQy)TJ(c−HAQy)

=

[
c1 − L11y1

c2 − L21y1 − L22y2

]T
J

[
c1 − L11y1

c2 − L21y1 − L22y2

]

= ‖c2 − L21y1 − L22y2‖22
+ (c1 − L11y1)

T J̃(c1 − L11y1), (5.4.1)

where J̃ = J(1:m− (n− s), 1:m− (n− s)) = diag(−Iq, Ip−(n−s)). Therefore y2 is

uniquely determined as the solution of the triangular system L22y2 = c2 − L21y1.

This use of the generalized hyperbolic QR factorization forms the basis for our

next method.

Algorithm 5.4.1 (GHQR method) This algorithm solves the ILSE problem

(5.1.1) using a generalized hyperbolic QR factorization of A and B.

1. Compute the hyperbolic QR factorization of BT :

BQ = B [Q1 Q2 ] = [K 0 ].
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2. Solve the lower triangular system Ky1 = d.

3. C2 = AQ2.

4. Compute the hyperbolic QL factorization HC2 = [ 0 LT
22 ]

T ,

where L22 is lower triangular and H is J-orthogonal, using the

natural modification of the method of Section 2.3.

5. f = [ fT1 fT2 ]T = H(b− AQ1y1) (compute by applying H in

factored form).

6. Solve the lower triangular system L22y2 = f2.

7. x = Qy.

Again, the cost of the method is a complicated function of p, q, n and s.

For m À n À s it is approximately 4mn2 flops, compared with 7mn2 flops

for the Generalized QR-Cholesky method. It is clear that the GHQR method

always requires fewer flops than the Generalized QR-Cholesky method, since the

latter method requires significant additional computation beyond a generalized

(hyperbolic) QR factorization while the former does not.

5.4.1 Error Analysis

We re-interpret the GHQRmethod in order to be able to make use of existing error

analysis in Sections 2.3.4 and 4.2 for the ILS problem. The method essentially

recasts the ILSE problem as the unconstrained ILS problem

min
y2

(g − C2y2)
TJ(g − C2y2), C2 = AQ2, g = b− AQ1y1, (5.4.2)

where y1 is determined by the constraints, and then solves this problem by the

hyperbolic QR factorization method in Chapter 4.
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The analysis for steps 1–3 of Algorithm 5.4.1 is given in the proof of Theo-

rem 5.3.2: we recall that

(B +∆B1)Q̃ = [ K̂ 0 ] , ‖∆B1‖F ≤ c1(u) ‖B‖F ,

Ĉ2 = (A+∆A2)Q̃2, ‖∆A2‖F ≤ c2(u) ‖A‖F ,

(K̂ +∆K)ŷ1 = d, ‖∆K‖F ≤ c3(u)‖K̂‖F ,

where Q̃ = [ Q̃1 Q̃2 ] is orthogonal. In addition,

ĝ = b+∆b− (A+∆A1)Q̃1ŷ1, ‖∆A1‖F ≤ c4(u) ‖A‖F , ‖∆b‖2 ≤ u ‖b‖2 .

The computed data ĝ and Ĉ2 is therefore exact for the perturbed ILSE problem

with data A+∆A, B +∆B and b+∆b with

∆A = [∆A1Q̃1 ∆A2Q̃2 ] Q̃
T , ∆B = ∆B1 + [∆K 0 ] Q̃T .

Clearly, these are small normwise relative perturbations.

The analysis in Section 4.2 shows that, under an assumption on the attainabil-

ity of a perturbation bound, (5.4.2) is solved in a forward stable manner (that is,

the forward error is bounded in the same way as for a backward stable method),

It is not too hard to see that a normwise relative perturbation of g and C2 in

(5.4.2) corresponds to a normwise relative perturbation of the same size of A,

B and b in the original ILSE problem. Therefore forward errors introduced by

a forward stable method applied to (5.4.2) are no larger than those that can be

produced by small normwise relative perturbations in the ILSE problem.

Combining these two parts of analysis leads to the next result.

Theorem 5.4.2 Under the assumption in Section 3.2.1 that a certain perturba-

tion bound for the ILS problem is approximately attainable, the computed solution

x̂ from the GHQR method is forward stable; therefore the forward error ∆x = x̂−x
satisfies (5.2.12) with ε = c(u).
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5.5 Numerical Experiments

The aim of this section is to compare the predictions of the error analysis with the

errors observed in practice. We do not have any way to test the mixed forward-

backward stability of the Generalized QR-Cholesky method, so we concentrate

on testing forward stability.

As well as the Generalized QR-Cholesky method (Algorithm 5.3.1) and the

GHQR method (Algorithm 5.4.1), we also test the “augmented system method”

that forms the augmented system (5.2.2) and solves it by LU factorization with

partial pivoting. This method requires 2(s+m+n)3/3 flops, which is much more

than the other two methods, but its ease of coding makes it of possible interest

for small dimensions.

We generate test problems for which different terms of the perturbation bound

(5.2.12) dominate. This is achieved by choosing the matrices in the generalized

hyperbolic QR factorization (5.1.7) and thereby defining A and B. Crucial here

are the conditioning of the triangular matrices L22 and K and the norm of H.

The triangular matrices are generated via the QR factorizations of random ma-

trices with pre-assigned singular value distributions (generated via MATLAB’s

gallery(’randsvd’,...)). Random J-orthogonal matrices H of specified norm

are generated using the method of Higham [43]. The orthogonal factorQ in (5.1.7)

is also generated randomly (via MATLAB’s gallery(’qmult’,...)). Given that

we know the generalized hyperbolic QR factorization we are able to control the

size of the residual r = b− Ax by choosing c1 (and hence b) in (5.4.1) appropri-

ately.

We show results for five different problems with p = 8, q = 6, n = 6 and s = 4

in Table 5.5.1. The first three columns show the relative errors ‖x− x̂‖2 / ‖x‖2 for
the three methods of interest; for the true solution x we take a solution computed

at high precision using MATLAB’s Symbolic Math Toolbox. The fourth column
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tabulates the first order part of the perturbation bound (5.2.12), with ε = u, and

the next three columns show the sizes of the three first order terms in that bound

(without the ε factor). The final column is the first order part of the Kronecker-

based perturbation bound (5.2.13), with ε = u, which we know is sharp.

Two main features are notable in the results. First, all three methods behave

in a forward stable manner, since the errors are no larger than the bound (5.2.13).

Our results are therefore consistent with our error analysis of the Generalized QR-

Cholesky and GHQR methods. Second, the bound (5.2.12) is of similar size to

(5.2.13), being at most a factor 10 bigger, showing that it is reasonably sharp in

these tests.

Finally, we emphasize that computations with J-orthogonal matrices are del-

icate, and must be carefully arranged in order to avoid instability. To illustrate,

we repeated the tests with step 5 of Algorithm 5.4.1 carried out by explicitly

forming H and then multiplying the result into b−A1y1 (the algorithm requires

H to be applied in factored form and this is done using the factored or mixed

form of hyperbolic rotations used in Section 2.3.3). The results for the GHQR

method were quantitatively unchanged except for the fourth test problem: here

‖H‖2 ≈ 106 and the error was 2.4e0, so the algorithm performed unstably with

this modified implementation.
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Table 5.5.1: Errors for the three methods for solving the ILSE problem with
corresponding values of perturbation bounds (5.2.12) and (5.2.13).

GQR- GHQR Augmented Bound Terms Bound
Cholesky system (5.2.12) (5.2.13)

2.2e-8 1.9e-8 1.1e-8 8.0e-6 3.2e3, 9.6e6, 7.2e10 7.1e-7

9.5e-14 9.7e-14 3.1e-13 1.0e-12 1.9e3, 7.4e3, 1.4e-9 1.0e-12

2.3e-8 2.3e-8 2.5e-9 2.3e-7 2.1e9, 4.6e3, 3.2e2 2.3e-7

1.2e-3 1.4e-3 2.7e-4 2.2e-2 6.8e2, 1.9e14, 7.8e11 2.2e-2

2.3e-7 2.2e-7 3.6e-7 8.1e-6 2.4e5, 7.3e10, 2.9e5 8.1e-6



Chapter 6

Conclusions

This thesis dealt with solving a generalization of the linear LS problem called

the ILS problem. There were many obstacles that had to be alleviated in order

to find a solution to the problem that was stable and quicker to compute than

the backward stable QR-Cholesky method proposed by Chandrasekaran, Gu and

Sayed [14].

After going through the necessary theoretical background in Chapter 1, we

dealt with J-orthogonal transformations in Chapter 2. We looked at the proper-

ties of J-orthogonal matrices and we established a relation between J-orthogonal

and orthogonal matrices using the exchange operator, as was done by Stewart

and Stewart [74] in 1998. We showed how we could use this relation to help us

prove stability of suitable application of certain J-orthogonal transformations, for

which it is otherwise hard to prove stability.

We looked at hyperbolic rotations, the J-orthogonal counterpart of Givens

rotations. We saw applications of hyperbolic rotations and how others have used

them in their work. We looked at a total of six representations of hyperbolic

rotations, and compared the stability in forming and applying them. Our first

major observation came at this stage where we showed, using error analysis and

numerical results, that it was essential that we formed the hyperbolic rotations in

151
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a certain way to guarantee accurately forming them, and that certain represen-

tations were not always stable. Also important was the way we formed products

of hyperbolic rotations. We had to make use of their structure in a special way

to prove stability of applying products of hyperbolic rotations to a matrix.

There is a lot more work that can be done to investigate the stability of hyper-

bolic rotations. There are obviously numerous other representations of hyperbolic

rotations that can be investigated to see if they are more stable to form and ap-

ply. Rather misleading is the fact that many people who have used hyperbolic

rotations in their work have only mentioned the standard representation HR1 in

(2.2.5), and have not delved into the stability of individual hyperbolic rotations

to show which representation is best to use. One area which might be of inter-

est is that of applying fast hyperbolic rotations that don’t use any divisions or

square-roots, just like the fast Givens rotations [2], [3], [29], [35], [37]. Another

important question that needs to be considered is that of overflow and underflow

when forming the hyperbolic rotation according to the representation HR2. As

we saw, HR3 and HR4 were scaled to avoid overflow and underflow, but we could

not guarantee their stability when forming them.

We then showed the existence of the hyperbolic QR factorization, its links with

the Cholesky downdating problem, and showed how to compute the factorization

using non-overlapping J-orthogonal transformations. Also observed was the fact

that applying the Q-factor in the hyperbolic QR factorization of a matrix after it

has been explicitly computed could be more unstable than if it was left in factored

form.

One major omission in this chapter was that of hyperbolic Householder trans-

forms. This was due to the fact that it is not straightforward to prove stability

for these transforms since it involves stably computing vTJv accurately, where v

is any vector, and J is as defined in (2.1.2). This was the only obstacle, and it is
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not clear how it is expected to be by-passed by studying the work carried out in,

for example, [9], [11], [21], [49], [61], [70] and [74].

There are many other J-orthogonal matrix factorizations that can be stud-

ied. One of these is the hyperbolic CS Decomposition which we only stated in

Chapter 1 and has been investigated by Higham [43] and Stewart and van Dooren

[75].

In Chapter 3, we introduced the ILS problem. We looked at its applications

to the solution of total least squares problems and to H∞ smoothing. We gave

perturbation theory for the ILS problem and found two perturbation bounds.

One of these was to within a factor of two of the condition number of the ILS

problem but was difficult to compute. The other was much easier to compute

and we numerically showed that it was always of similar size to the other, more

accurate, bound. We looked at three existing methods for computing the solution

to the problem. These three methods were the solution of the normal equations

of the ILS problem, solving the augmented system, and the QR-Cholesky method

of Chandrasekaran, Gu and Sayed [14].

Chapter 4 dealt with solving the ILS problem using the hyperbolic QR fac-

torization. This method is entirely analogous to Golub’s method for solving the

LS problem which he dealt with in [32]. We showed that the cost of solving the

ILS problem using this method was the same as that for solving the LS problem,

and considerably cheaper than the QR-Cholesky method. Also, it is more stable

than solving both the normal equations and the augmented systems, and has a

forward error comparable to that of the backward stable QR-Cholesky method,

even when the problem is ill-conditioned.

We tried implementing iterative refinement to the computed solution of the

ILS problem which we obtained by the HQR method, but we found that it was not

improving the results. One way to improve this could be to use double precision
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in implementing iterative refinement.

In Chapter 5, we went one step further to solve the ILSE problem. We intro-

duced the generalized hyperbolic QR factorization, and used it to solve the ILSE

problem. Also, we extended the QR-Cholesky method to solve this problem as

well. Perturbation theory was developed, and numerical results for both methods

were producing forward errors within the perturbation bounds.

Another extension to solving the ILS problem where A ∈ Rm×n has full rank is

to solve the rank deficient case. The rank deficient LS problem can be solved using

the singular value decomposition, so it might be possible to solve the ILS problem

using the hyperbolic singular value decomposition. Its existence is discussed by

Bojanczyk, Onn and Steinhardt [10] and Zha [82]. This decomposition is of

interest in its own right, because it involves J-orthogonal transformations, and

can be used to compute a solution to, amongst other problems, the symmetric

nonsingular eigenvalue problem as discussed by Slapničar [66]. Slapničar and

Truhar [67] also look at perturbation theory for the hyperbolic singular value

problem.

Björck [7] and Lawson and Hanson [51] have both studied LS problems in

detail. It would be very interesting to see how the methods discussed in those

references can be adopted with minor changes for the ILS case. Examples of

possible further study in this field could include solving weighted ILS problems,

considering iterative methods for ILS problems and methods for not having to

recompute the hyperbolic QR factorization when a row is added to or deleted from

the original matrix A in (3.1.2), and how the solution of the new ILS problem

can be computed efficiently.
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