MATH31001/MATH41001/MATH61001: LINEAR ANALYSIS

CHAPTER 4: LINEAR OPERATORS AND SPECTRA

BAsic IDEAS

Definition. Let V and V' be normed vector spaces. A linear operatorisamap T :V — V'
such that

T(Ax + py) = AT'(z) + pI'(y),
for all z,y € V, A\, u € R (or C).

The following is analogous to Proposition 3.1 for linear functionals. To make notation
less cumbersome, we shall denote both the norm on V' and the norm on V'’ by || - ||

We shall be interested in linear operators T : V' — V'’ which are continuous, i.e., those
for which lim,,_, 4« ||z, — 2| = 0 implies lim,, 4 |7 (x) — T'(x)|| = 0.

Definition. We say that T : V' — V"’ is bounded if there exists M > 0 such that

|T(z)|| < M|[z]|, forallzeV.

Theorem 4.1. Let T : V — V' be a linear operator between the normed vector spaces V
and V'. Then T is continuous if and only if T is bounded.

Proof. Exercise. (It is essentially the same as the proof of Proposition 3.1 for linear
functionals.) O

Definition. If T : V' — V' is a bounded linear operator then we define its norm ||T’|| by

IT|| = sup |T(z)|.
l[zll=1

By Theorem 4.1, this is finite and an equivalent definition is

(T = sup 1T@I
||| £0 ]|

(N.B. it still has to be proved that this is a norm.)

An immediate consequence of the definition is the following estimate (cf. Corollary
3.1.2).
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Corollary 4.1.2. Forallz €V,

[T () < IT ]

Definition. We define B(V, V") to be the set of all bounded linear operators 7' : V' — V".
(If V is over R,C and V' =R, C then B(V,V’) = V*.)

Proposition 4.2. If V' is a Banach space then so is B(V,V"). (We do not need to assume
that V' 1s a Banach space.

Proof. Exercise. (It is essentially the same as the proof of Proposition 3.2 for linear
functionals.) O

Now we will consider the case where V' = V’. We then use the simpler notation
B(V)=B(V,V).
If T,7" € B(V) we write TT" for their composition: (T7")(z) = T(T'(x)). This is also a
linear operator.
Proposition 4.3. IfT,T' € B(V) then |TT'|| < ||T|| |T"]|. (In particular, TT' € B(V).)
Proof. Applying Corollary 4.1.2 twice, we have

17T ()| = | T(@ @) < [T T @I < TN [l

Thus TT" is bounded (so TT' € B(V,V)) and ||TT'|| < ||T| |T"]|. O

Ezample. If V.=R" then T' € B(V) is given by an n x n real matrix.
Similarly, If V"= C™ then T' € B(V) is given by an n X n complex matrix.

Example. Let V =17, 1 < p < co. A particular T' € B(V) is the shift T : [ — [P defined
by
T(%l, To,X3, .. ) = ($2,l‘3,1§47 N )

Then (33 = ($1,~T2,3737 S ))

oo 1/p 0o 1/p
\!T(ﬂc)\I:(Z!xi!”) S(Z\flfi\p> = [z,

=2

so ||| < 1.
Now put z = (0,22,23,...), so T(x) = (z2,x3,24,...). For this z, it is clear that
|T(z)|| = |||, so we have
T[]} = T (@) ]| = ll=|,

giving || T|| > 1. Therefor ||T|| = 1.
Definition. We say that T'€ B(V, V') is an an isometry if ||T'(z)|| = ||z||, for all z € V.

We have now got back to a definition we made in Chapter 3: T': V' — V' is an isometric
isomorphism if 7" is a linear isometry which is also a bijection.
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HILBERT SPACES AND ADJOINT OPERATORS

Let H be a Hilbert space (with inner product (-,-)) and let T : H — H be a bounded
linear operator. We want to define a bounded linear operator T : H — H, called the
adjoint of T', such that

(Tz,y) = (x,T"y), forall xz,y € H.

As we shall see, this generalizes the notion of transpose for real matrices or Hermitian
transpose for complex matrices.
Let us see that we can do this. Fix y € H and consider the linear map

H—C:xz— (Tz,y).
Since, using the Cauchy-Schwarz inequality,
[Tz, )| < T=[l[[yll < TNyl

this linear map is a bounded linear functional. Thus, by the Riesz Representation Theorem,
there is a unique 3y’ € H such that

(Tz,y) = (z,9)

and we shall define T* : H — H by
T*(y) =y
Before we show that T is a bounded linear operator, let’s give some examples.
Ezample 1. Let H = R™. A linear operator in B(R") is given by an n x n real matrix
A= (aij) with (A.Q?)Z = Z?:l QijLj. Now

n

(Az,y) = Z(Ax)iyi = Z @ijTiYi = Z (Z aij%) Tj = Z(Aty)j%' = (z, A'y).

i=1 i,j=1 j=1

Thus the adjoint of A is A* (the transpose of A).

Ezample 2. Let H = C". A linear operator in B(C") is given by an n X n complex matrix
A= (aij) with (AZIZ‘)Z = Zn QijTj. Now

j=1

(Az,y) = (Ax)Ti = > aiafi= Y (Z %E) T

i=1 ij=1 j=1 \i=1
3 (z —y) S T — (o A%),
j=1 \i=1 j=1
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where A* is the Hermitian transpose of A, i.e., the matrix with i, j-entry @;;. Thus the
adjoint of A is the Hermitian transpose of A.

Example 3. Let H = [?. If = (z1,22,...) and y = (y1,¥2,...) then
(T,y) =191 + 22Y2 + -+
Now let T" be the shift operator we considered above:
T(z1,22,...) = (x2,23,...).

Then
(Tz,y) = x2y1 + x3y2 + - = (1 X 0) + 22U1 + x3Y2 + - - - .

Equating this to (x, T*y) gives
T*y = (0> Y1, Y2, - - - )

Before we show that the adjoint 7™ is indeed a bounded linear operator, we need a
lemma.

Lemma 4.4. T** =1T.
Proof. Of course, T** means (T7)*, i.e., the adjoint of the adjoint. By its definition,

(T*y,x) = (y, T**x), forall x,y € H.

But

(T*y,x) = (z, T*y) = (Tz,y) = (y, Tx).

Subtracting one equation from the other gives
0= (y,Tx —T"x), forallxyeH.
Substituting y = Tx — T**x gives
|Tx —T**z|* = (Tox — Tz, Tx — T**x) = 0.

Thus Tax = T**x, forall z € H,ie., T=T**. 0O
Proposition 4.5. T* : H — H is a bounded linear operator with ||T*| = ||T|.

Proof.
Claim. T* : H — H is linear: For all x,y1,y2 € H, \,u € R (or C),

(z, T*(Ay1 + py2)) = (Tx, Ay1 + pya)
MNTz, 1) + (T, ya)
z, T (y1)) + iz, T (y2))

= %AT “(y1) + uT™ (y2))-

A
A



Thus T (Ayy + pya) = AT* (y1) + pT™ (y2)-
Claim. ||T*|| = ||T||: Since (T'z,y) = (x,T*y), for all z,y € H, by setting x = T*y, we
have (T'T*y,y) = (I"™"y, T*y). Thus

IT*ylI* = (T*y, T*y) = (TT"y,y)
< || TT*y| |ly|]| (by the Cauchy-Schwarz inequality)
<177yl llyll-
In particular, [|[T*y|| < ||T|| ||ly||, for all y € H, i.e., ||T*|| < ||T"||. This shows that T is
bounded.

Since T** = T', we see that we also have ||T'|| = ||(T™)*|| < ||T*||. Thus, [|T7| = ||T||, as
required. [

Proposition 4.6.

(i) I* =1 (where I : H — H is the identity transformation);
(il) (ST)* =T1*S5%;
(iii) 77| =TT = |T|*.

Proof. Property (i) follow directly from the definition. Properties (ii) and (iii) are exercises
on Example Sheet 6.
Definition. We called a bounded linear operator T': H — H self-adjoint if T* =T

Ezxample. From Example 1 above, an n X n real matrix A acting on R" is self-adjoint if and
only if A' = A, i.e. A is symmetric. Fom Example 2, an n X n complex matrix A acting
on C" is self-adjoint if and only if A is equal to its Hermitian transpose, i.e., @j; = a;.

Example. Let H = [?(C) and let (a;)2; € [*°(R). Define T : I2(C) — [*(C) by

T((2:)iZ1) = (aii)iZy-

(Check that T € B(I*(C))!) Then, for all (z;)24, (y:)2, € 1*(C),
(T((%:)i21), (Wi)im1) = Z ai%;)Yi

:Z azyz
= ()21, T((9:)Z0))-

ie, T* =T, so T is self-adjoint. (Note that it was important for (a;)$2; to heave real
entries. [J

SPECTRUM OF OPERATORS

Let V' be a Banach space over C. (Here it is important that the field is C (algebraically
closed) not R.)
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We will say that a bounded linear operator T' € B(V) is invertible if there exists S €
B(V) such that T'S = ST = I (the identity transformation). If 7' is invertible then we
denote this S by T~! and call it the inverse of T

Recall that an n x n matrix A has eigenvalue A\ € C if any one of the following equivalent
statements holds

(1) there exists v € C", v # 0, such that Av = A\v; or, equivalently,

(2) det(Al — A) = 0 (the characteristic equation);

(3) AI — A is not invertible.
In infinite dimensions, (2) does not make sense in general, while (1) and (3) make sense
but are no longer equivalent. If (1) holds (i.e. T2 = Ax for some non-zero x € V') then we
will still call A and eigenvalue but we will focus on condition (3).

Definition. We define the spectrum of T' € B(V') to be the set of complex numbers

spec(T) ={A e C: (A =T):V — V is not invertible}.

Ezercise. Show that if A is an eigenvalue of T then A € spec(T).

Solution. Suppose that A € C is an eigenvalue of T. Then, by definition, there exists
x €V, x #0, such that
Tx =Mz

or, equivalently,
(M —T)z = 0.
Suppose that A ¢ spec(T'), so that A\I — T is invertible. Write S = (A —T)~!. Then

r=1Ir=5S\ —-T)x=50=0,

a contradiction, since x # 0. Therefore, \ € spec(T'), as required.
An example below will show that the spectrum can contain numbers which are not
eigenvalues.

Proposition 4.7. Suppose that V is a Banach space over C and that T : V — V is a
bounded linear operator. Then spec(T) is a compact (i.e. closed and bounded) set in C.
Furthermore, spec(T') C {z € C : |z| < ||T||}.

Proof.
Claim: spec(T) C {z € C : |z| < ||T||}. Suppose that |[A| > ||T||; we shall show that
(M —T):V — V is invertible (so that A ¢ spec(T")). For N > 1, define

Write 6 = ||T||/|\| < 1. Since, for 1 < M < N,

N N

T 1 16M _gN

ISv=sSmll=| > =+ || 2 Ny T I
n=M-+1 n=M-+1
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we see that Sy is a Cauchy sequence. Since B(V') is a Banach space, Sy converges to
some S € B(V), as N — 4o00. By direct claculation,

(M —T)Sy =SyM —T)=1-X"N1V,
and letting N — 400 gives that
M -T)S=S\[-T)=1.

Thus (A — T) is invertible and, in particular, A ¢ spec(T).
Claim: spec(T) is closed. Choose A\ ¢ spec(T), then there exists S € B(V') such that
S(A —=T)= (M —T)S =1. Choose € < 1/||5]|, then we shall show that
{peC: |u—X\ <e}nspec(T) =9,
ie, {neC: |u— X\ <e} CC\spec(T). If |u — A| < € then, since (\[ —T)S =1,
(Il =T)=MN-T)+(p—-NI=AI=T)I + (L—A)S).

However,

(i) (M —T) is invertible by assumption;
(ii) (I 4 (1w — A)S) is invertible since (see Exercise below)

[ = NS = [ = AllIST < el SIf < 1.

So we have that the product (A —T)(I+ (u—\)S) is invertible, i.e., (ul —T) is invertible.
This shows that p ¢ spec(T), as required. Therefore, C\spec(T') is open and so spec(T’) is
closed. U

Ezercise. Let T € B(V). Show that if |T|| < 1 then I — T is invertible. (Hint: Show that
I+T+---4T" n>1isa Cauchy sequence in B(V) and hence has a limit.)

Solution. This follows from the argument used above to show that spec(T) C {z €
C: |z| < ||T||} with A =1.

Remark. Tt is also true that spec(T') # @. To see this, one needs to consider the complex
function

e n—1
C—>B(V):)\0—>Z " =\ —-T) %
n=1

There is a theory of analytic functions of a complex variable which take values in Banach
spaces. If spec(T') = @ then one can show that the above function is analytic and bounded.
As for complex valued analytic (= differentiable = holomorphic) functions of a complex
variable, this forces the function to be constant. (Recall Liouville’s Theorem.) One can
also show that ||[(A — T)7!|| — 0, as |A] — +o00, so the constant must be zero. Clearly,
this is impossible.
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Exercise. Let V = 1P, 1 < p < oo, and let T be the shift operator T'(zq,x2,x3,...) =
(x2,x3,%4,...). We know that |T|| = 1, so spec(T') C {z € C: |z|] < 1}. Show that
spec(T) = {z € C: |z| < 1}. (Hint: show that any A € {z € C: |z| < 1} (note <) is an
eigenvalue of T,

Solution. Suppose that |A| < 1. To see that \ is an eigenvalue of T', we shall find a non-zero
(x1,T9,x3,...) € P such that

(x2,23,24,...) =T (x1,22,23,...) = Nx1,22,T3,...).
Looking at each co-ordinate in turn, we find the conditions
To = AT1, T3 = A\ro = N2x1, 24 = Aw3 =N2q, ..., Tp = ATp_1 = \N""laq,. ...
There is no condition on x1, so let us choose x; = 1. Then (1,,\2,...) has the reqired

property:
TN ) = (MAT N, ) = AL A N2,

(Note that, apart from the choice of x1, every eigenvector for A has this form.) Furthermore,

since |A| < 1,
[e.¢] [e.¢]
DN =Y P < oo,
i=1 i=0

so (I, \,A\2,...)€lP, 1 <p<ooand

sup A7 <1 < +o0,
i>1

so (1, \,A2,...) €l
Since eigenvalues are contained in the spectrum, this shows that

{z € C: |z| <1} C spec(T).

Since spec(T’) is closed,

{zeC: |2|<1}={2€C: |z| <1} Cspec(T).
On the other hand, ||| =1 (}), so, by Proposition 4.7,
spec(T) C{z € C: |z| < 1}.

Hence
spec(T) ={z€C: |z| <1}.

(1) IT|| = 1 wasn’t shown for {*° on page 2 but the proof is an easy adaptation of that
for [P, 1 <p < 0.
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Now restrict to 1 < p < oo (i.e. don’t allow p = oo). If |A] = 1 then X is not an
eigenvalue of T'. By the calculations above, the only possible eigenvectors are constant
multiples of

(1, M, )2,...).
However, since |\| = 1,
DN =14+1+41+-- =+o0,
=1
SO
(L,A N2, ¢ 1P,

Thus, no non-zero x € [P satisfies Tx = Az and )\ is not an eigenvalue. This shows that
the spectrum of an operator may contain numbers which are not eigenvlaues.

Given T : V. — V, we can consider powers 72,73, ... ,T",.... We can also form
polynomial combinations: if P(z) = a,x™ + - -+ + a1x + ag then we write P(T) = a,T" +
"'+CL1T—|—CLOI.

Proposition 4.8. If P(x) is a polynomial then

spec(P(T)) = {P(\) : X € spec(T)}.

Proof. Suppose P has degree n. For a fixed A € C, we can write
A= P(z) =a(br = 2)(B2 = 2) -+ (Bn — 2), (%)
where (1, ..., 0, € C are the roots of the polynomial z — A — P(z). We can then write
M = P(T)=a(B] =T)(Bl =T)--- (Bl = T).

If A € spec(P(T)) then A\I — P(T') is not invertible, so (5,1 — T') is not invertible for
some i, giving [3; € spec(T’). Substituting z = (; in (%), we have A = P(3;). This shows
that spec(P(T)) C {P(\) : X € spec(T)}.

Now suppose that A ¢ spec(P(T')). Then (A — P(T)) is invertible, so (5;I — T) is
invertible for all i = 1,... ,n, ie., {f1,...,0,} Nspec(T) = @. Since the equation A\ —
P(z) = 0 has no other solutions, this shows that spec(P(T))*N{P(\) : X € spec(T)} = @.
This completes the proof.

Since spec(T') C C is bounded, we can make the following definition.

Definition. We define the spectral radius of T' to be the number

p(T) = sup{|A| : X € spec(T)}.

By Proposition 4.7, we know that p(T") < ||T’||. A stronger result is given below.
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Theorem 4.9 (Spectral Radius Theorem).

p(T) = lim_[T""/".

n—-+o0o

Idea of Proof. Since spec(T™) = {A\"™ : X € spec(T)}, for each n > 1, we have
p(T)" = p(T") < [T},

ie., p(T) < ||T"™||*/™. Therefore, p(T) < liminf, o ||T7[*/™.
The proof of the lower bound is omitted. (It requires the theory of analytic Banach
space valued functions.) O

SPECTRA OF OPERATORS ON HILBERT SPACES

Let T': H — H be a bounded linear operator on a Hilbert space H and let T* : H — H
be its adjoint operator.
Lemma 4.10.
(i) spec(T*) = spec(T), i.e., X € spec(T) <= X\ € spec(T*);
(i) if T~ exists then spec(T~') = (spec(T))™' = {A7! : X € spec(T)}, ie., X €
spec(T) <= \~1 € spec(T™1).

Proof.
(i) We have) ¢ spec(T) if and only if S = (M — T) is invertible. Since SS™! =1 <=
I=I"=(SS ) = (S )*S*and S71S =1 < =1 = (519" = S*(S 1),

S* = (A — T*) is invertible if and only if (A — T') is invertible.

(i) If X ¢ spec(T) then S(\I —T) = I = (A — T)S, where S = (A — T)~!. Notice
that ST = —I + AS = T'S. Thus if U = —AST = —ATS then UN' T —T" 1) =1 =
A7 — T HU, so (A7 — T is invertible, i.e., A= ¢ spec(T~1). By symmetry,
spec(T™1) = {271 : X € spec(T)}.

Definition. We say that T : H — H is normal if TT* = T*T. (Notice that if T is
self-adjoint then 7' is normal.)

Suppose that 7T = I. Then (and only then) we have, for all x € H,
|lz|* = (2, 2) = (x,T"Tz) = (Tz,Tz) = || T|.

So T is an isometry if and only if T%7T = I.

Definition. We say that T is unitary if 7* = T~!. (Note that if T is unitary then 7" is an
isometry. Conversely, if T" is an isometry and 7' is invertible then 7" is unitary.)

Theorem 4.11.

(i) If T is normal then p(T) = ||T||.

(ii) If T is an isometry then p(T) = 1.

(iii) If T is unitary then spec(T) C {z € C : |z| = 1}.

(iv) It T is self-adjoint then spec(T) C [—||T||, ||T||] C R.
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Proof. (i) For n > 0,

T2 )2 = (7)) = 1T T)*"|
(by normality T°T = TT™)

* n—1
= |(T*T)*" |12
(since S = (T*T)Qn_1 satisfies ||S*S|| = ||S]?)
= |(T*T)*" |t = =TT = T

So |T2"|| = IT|*". Thus p(T) = limp o [T ['/%" = [|Tl.

(ii) We have ||T"||? = ||[(T*)"T™||. Repeatedly using T*T = I, we get ||[T"||?> = ||I]| = 1.

Hence p(T) = lim,, ;oo ||T™|/™ = 1.

(iii) If T is unitary then T is an isometry, so by (ii), spec(T) C {z € C: |z| < 1}. Thus
by Lemma 5.5, spec(T~1) C {2 € C: |z| > 1}. But spec(T!) = spec(T*) = {z: 2z €

spec(T")} and |Z| = |z|, so this forces spec(T) C {z € C: |z| = 1}.

(iv) If T is self-adjoint then T is normal so, by (i), p(T) = ||T||. Let a € C and consider
(ol —T). It will suffice to show that (al — T) is invertible whenever Sa # 0. Let
A € C such that |\ < 1/||T||. Then (I + i|M\T)™! exists (since |A||T| < 1). Let U =
(I —4|A|T)(I +i|A\T)~1. Then we also have U = (I +i|\|T)~ (I —i|\|T).

Claim: U is unitary. We shall use the facts that (S*)™! = (S™1)* and (25)* = zS*. We

have
T4 NT)(I —i|\T)t

U™t =(
= (I +ilA\T*)(I =i NT*) !
= (I —4[AIT)*((I +i\[T)*)~
= (I =4[ \T)*((I +i[AT)~H)*
= (I + i A\T)" (I —i|]\T))* = U*.

Now, if Sa # 0 then
1 — i\
1+i\a

1 — iAo
Sl il el B S
(1+z’|/\|a> v

#1.

so, by (iii),

is invertible. However,

1 — i\«
i i el B O
<1+i|)\|a) v

1 . , , . o
14 iNa (=N a)(I +4[AT) = (I = 4[AT)(1 +i[Al)) (I +4[A|T)
= Tria (@~ DU+
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Since the L.H.S. is invertible and (I + ¢|A\|T)~! is invertible, this shows that (al — T') is
invertible, as required. [J
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