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1. The fact that T is linear is a straightforward check. Since the map x +— 22 is a bijection
on [0, 1], we have

1l = sup [f(@)] = sup [f(z*)] = [|ITfl

z€[0,1]
for any f € C[0,1]. Hence ||T|| = 1. (In fact, T is an isometry.)

2. It is clear that T is linear since
T(Ag + ph) = f(Ag + ph) = X(fg) + p(fh) = XT'(g) + pT(h).

T is bounded since

IT(Dlloe = lFglloc < N fllscllglloa
and this estimate also gives ||T']| < ||flloo. Also, if g = 1 then [|T(1)|lec = || f|loo, S0 we
have |7 = [| floo-

3. B(V, V") is a vector space: Suppose that TS € B(V, V') and that A is a scalar. Then
(AT)(x) = AT'(z)
and
(T+S)(x) =T(x)+ S(x)
and these are clearly continuous (which, remember, is equivalent to bounded).
| - |l is @ norm on B(V,V'):
(1) Clearly ||T]| > 0 and

IT|=0 < sup |[T(z)||=0 <= ||T(x)|]| =0, for all z with ||z| =1
l|lz]|=1

and the latter identity is equivalent to 7" = 0.

(2)
AT = sup [A[[[T(2)[] = |A| Sup 1T ()| = AT

[l =1 zl|=1

(3) For [|a] = 1,
IT(2) + S@)I| < |T@)] + [1S5()]
< sup [ T(2)]+ sup [|S(@)|| = |17 + | S]I

llzll=1 llzll=1
Taking the supremum, we get
IT+ 5] = sup [|IT(z) + S(z)[| < I T + IS
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B(V,V') is a Banach space: Suppose that {7,,}22, is a Cauchy sequence in B(V,V’).
Fixing x € V,

1T(x) = Ton ()| < T = Tonll - ],
so {T,,(x)}>2, is a Cauchy sequence in V’. Since V' is a Banach space (hence complete)

this sequence converges and we may write T'(z) = lim,,_, 1 T5,(z). We need to show that
this 7" is an element of B(V,V"). First we check that T is linear:

T +py) = lm T,(Ae+py) = lim (AT, (2) + pTa(y)) = AT (2) + pT(y)-

Next, we check that 7" is bounded (hence continuous). Since {7},}52, is a Cauchy sequence,
we may choose N > so that n,m > N implies that ||T,, — T,,|| < 1. We have, for ||z|| =1
and n,m > N,
1T(2) || < 1T () = T ()] + 1 Tn ()]
= lim |[T(z) = Tn(2)|| + [|Tn ()]

n—-+0o00

<limsup||T, = Tn| + [|Tn|| < 1+ || TN,

n—-+o00

so T is bounded, as required.

To finish, we check that 7T, converges to T in the norm || - || on B(V,V”). Using the fact
that, for each x € V, {T,,(2)}52, is a Cauchy sequence, given € > 0, we may choose N > 1
such that n,m > N implies that

[T (z) = Ton(2)]| < e.
Letting m — +oo gives that, for n > N,
[Tn(z) = T(z)|| <€

so that
| T — T = sup [|Th(z) — T(2)| < e

llzll=1
In other words,
liIJ]ra T, — T = 0.

4. The linearity of T, is clear.
For x = (11,2, 73, ...) € /%, we have

[e.e] oo
ITa@)5 = D lawwil® < llalZ Y |zl = llallZ |23,
i=1 =1

so that
[Ta(@)l2 < llalls l|z]l2-
This shows that 7}, is bounded.



If a is a real vector, we have

<‘T7Ty> - ixz azyz i ale Yi TI‘ y>
=1 i=1

for all z,y € (2, so that T is self-adjoint. If a is not real and the entry a; € C\R, say, then
choose

xr = y = ej?
the vector with entry 1 in the jth place and 0 elsewhere. We have
(v, Ty) = a; # a;(Tw,y),
so that T, is not self-adjoint.

5*. By the Riesz Representation Theorem, we can find y € H such that

fx) = fy(x) = (z,y),

for all x € H. Similarly, we can find 3’ € H such that
(T*f)(l‘) = fy'(ﬂf) = <l‘,y,>,

for all x € H.
In particular, we have

() = (T"f)(x) = f(Tz) = (Tx,y),
for all x € H.

Now, the Riesz Representation Theorem says that the map y — f, is an isometric
isomorphism between H and H*, so we can identify y with f and 3’ with T*f. Thus, if
we define an operator (which we still call the adjoint) T* : H — H by T*(y) = v/, then it
does indeed satisfy

(Tz,y) = (x,T"y),
for all z,y € H.



