MATH31001/41001/61001 Linear Analysis

Solution Sheet 5

1. This is not a linear functional, since f(—xz) = f(z) # —f(z) unless z = 0.

2. By definition,

171 = sup
o Tl

To make |f(z)|/]|z||2 as large as possible, we can assume that x; = 0 for i > 3, since this
decreases ||z||2 but keeps f(z) unchanged. Thus we need to maximize

|f<£l§'1,l’2,0,. . )‘ _ ’.1’1 — 3513'2'
Vi + a3 Vi + a3

over (x1,x2) # (0,0). We have

|f(1')’2 = (371 — 39152)2 = »T% — 6x129 + 9.753 < 10(37% + 953):

whence
T
\fll = S.upM < V10.

w0 |2
Now spotting that the particular choices 1 = 1 and x5 = —3 gives |z; — 33| = 10 and
V2?2 + 23 = /10, we have

10
> — =+v10.
1112 5 =V

Thus, ||f|| = V10.
(This is of course a special case of the result that || f,|| = ||yl in a Hilbert space; here

y=1(1,-3,0,0,0,...) and f(z) = f,(x) = (z,y).)

3. (a) That f; is linear follows from the basic rules of integration. To see that fi is

bounded, note that
I =| [ wo@) o] < [Cowl e < [ e il =l

(we don’t need to take |x| because = > 0 on [0, 1]) and this also shows that || f]] < 1/2.
To show that || f1]| = 1/2, take ¢y = 1. Then ||¢1]|o = 1 and

1

Thus || f1]| > 1/2 and so || f1|| = 1/2.
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(b) That f5 is linear follows from the basic rules of integration. To see that f; is bounded,
note that

)] = / (z) de

1 1
< [ @@l [ o do ol = g0

and this also shows that || f]] < 1/3.
To show that || fo]| = 1/3, take ¢ = 1. Then ||¢s2]|- =1 and

1
fa(1b2) :/0 2? dx = %
Thus || f2|| > 1/3 and so || f2|| = 1/3.

(c) That f3 is linear follows from the basic rules of integration. To see that f3 is bounded,
note that

()] = / sin(2na)i(x) da| < / |sin(2ra)| ()] do

1
' 2
< / |sin(27z)| dz || |lc = =% |l0o
. 7r

and this also shows that || f|| < 2/7.

Showing that || f3|| = 2/7 is a bit more difficult. We would like to find ¢3 € C([0, 1], R)
such that

1 1
o= e ) smerste) de= [[snemn e

Clearly, 13 = 1 doesn’t do this. A function that would work is

1, 0<zx
T<x): -1, <y
)

since sin(27rx)7(x) = |sin(27zx)|, but 7 is not continuous. We will make the best of a bad
job by trying to use continuous functions which approximate 7.
OK, here goes. For n > 2, define

1
2
1 )

IA A

1, 0<z<i-1
- - n

1 1 1 1 1

on(r) = n(z—2), 3-y<e<i+;



(Draw it!) Then, for each n, ||¢,||c = 1 and

[ fs(0n)l _ 1sin 7)o, () dz
T = | st d

1/2—1/n 1/2+1/n 1
= / | sin(27z)| dx +/ sin(27x) ¢y, (z) dx +/ | sin(27z)| dx
0

1/2—1/n 1/241/n

1 1/2+41/n 1/2+1/n
= / | sin(27x)| dx —/ |sin(27z)| dx +/ sin(2mzx) ¢y, (z) dx
0

1/2-1/n 1/2—-1/n

! 2 2
> / |sin(27x)| dx — — — —
0 non
! 4
:/ |sin(27z)| do — —.
0 n

Now, given € > 0, we can choose n sufficiently large that 4/n < €, and then

1
|{;ﬁi| >/0 |sin(27x)| dx — €.
Thus,
| f3ll = 0 |@)”OO / | sin(27x)| dx.

Combining with the upper bound,

' 2
| £l :/ |sin(27x)| dx = —
0 s

4. It is easy to see that f is linear. To see that f; is bounded, note that

[f (@) = o) < |6l
which also shows that ||f]] < 1. If we take ¢ = 1 then ||¢]|o. = 1 and

f(Q)l=1f(1)] =1
e w161
and so || f|| = 1.

5. Let us show that || - || is a norm on X/W. The zero element in X/W is the coset
W =0+ W. Since 0 € W, tt is clear that

10+ W] = inf{||w|| : we W} =0.
Next we need to show that this is the only coset with zero norm. Suppose that
|z 4+ W' = inf{||z +w|| : we W} =0.



4

Then we can find a sequence w, € W such that ||z + w,| < 1/n. Rewriting this as

|w, — (—=2)|| < 1/n, we see that w, — —z, as n — +oo. Since W is closed, we have
—reW,soxeW,ie,o+W=W=0+W.
If X is a scalar then A(x + W) = Az + W and

Az + W' = inf{||\x + w]|| : w € W}
= ])\|inf{Hx+ %H Cw € W}
= [Alflz + W
Finally, we need to verify the triangle inequality: we need to show that
(@1 + 22) + W' < flor + W+ [lz2 + W',
For € > 0, choose wy,wy € W such that
s+ will < flws + W' +6/2, and [z + wol| < [lze + W] + /2.
Then
(@1 +22) + W' < [[(21 + 22) + (w1 + ws)|
< @1+ wrl + [Jo2 + wol
< w1 + W' + |lza + W' + €.

Since € > 0 is arbitrary, this gives the result.



