MATH31001/41001/61001: LINEAR
ANALYSIS - JANUARY 2010 SOLUTIONS

EXAMINATION FEEDBACK

Section A. Apart from A3, this section was generally answered quite well. Marks were
sometimes lost for mistakes but there were no particular problems. In contrast, A3 was
very badly answered by many students. It was rare for students to recognise they were
being asked to sum a geometric series or, if they did, to calculate it correctly. Many students
made wildly incorrect assertions: for example, that the series Y .- 272" converged because
its 7th terms tended to zero or, even worse, that its sum was equal to zero. This shocked
a shocking lack of familiarity and confidence with basic material on infinite series.

Section B. Pleasingly, none of the four questions was particularly avoided by students.
Apart from a few things I have indicated below, there were no stand out problems to
comment on.

B8 Nearly everyone got the definitions in parts (i) and (iii) correct. It was rare to get a
completely correct proof in part (ii): commonly some bits were missing or confused. A lot
of people did part (iv) correctly (or nearly correctly with small slips in carrying out the
integration).

B9 Part (i) was often answered correctly and a very large number of students answered
part (ii) completely correctly. Part (iii) was found harder, with few students correctly
obtaining the lower bound for the norm. (Again, I felt students were often not confident
in handling infinite series.)

B10 Part (i) was answered correctly by very many students. Part (ii) was also fairly well
answered but some students had forgotten how to get the lower bound. A large number
of students could do part (iii) but part (iv) caused more problems: many students could
not recall exactly how to show that (/1)+ = {0} or the direct sum relation.

B11 The definition in part (i) was usually given correctly. Part (ii) caused some problems:
often students used |lal|2 (which doesn’t in general exist for a € ¢*°) rather than ||al/s
in their bound and often there was a lack of detail in explaining why T, was self-adjoint
only if a was a real vector. This question was often attemped last and I think a lot of
people were running out of time towards the end. There was often a lack of logical clarity
in explaining why the given eigenvalues in part (iii) were the only ones.

Section C. This section obviously contained harder and unseen material. Many students
obtained good marks on part (i) and, particularly, part (ii). Pleasingly, quite a few students
made serious attempts on the unseen parts, often scoring good marks.
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Al. || || is a norm on a vector space V if it is a function || - || : V' — R such that, for all
x,y € V and all scalars A,
(1) ||z|| > 0 and ||z|| = 0 if and only if x = 0;
(2) [zl = Al [[=[];
3) [z +yll < [lzll + llyll-
[3 m
A2.

arks]

2 = {x: (x1,22,23,...) : ; € C, i > 1, and Z|:1r;z|2 <+oo}.

=1

Let e,, denote the element of 2 with 1 in the nth place and zero elsewhere. Clearly, for
arbitrary ni,... ,Nm,

Y Anpen, =0 = Ay, =Xy, =0,
k=1

SO e, is an infinite linearly independent set. Thus ¢? is infinite dimensional.
[4 marks]

A3. The norm || - ||2 is defined by

- 1/2
z]l2 = (Z |m¢|2> :
i=1

We have
> <1 1/4 1
. 2 — _— — = —
D lmf =D g =1 1/4) 3
=1 =1

which is finite, so x € £2.
From above,

T3
[6 marks]



A4.
Lt={xcH: (z,y) =0, forally € L}.
[2 marks]

A5. The norm || f|| of a bounded linear functional f : V' — C is defined by (either formula
gets full marks)

1l = su5% = sup 17(2))
pash =1

[2 marks]

A6. The dual space V* is the space of all bounded linear functionals f : V — C.
The second dual V** is the dual space of V*.
Define i : V.— V** by

i(z)(f) = f(z) (where f € V™).

Then V is reflexive if ¢ is an isometric isomorphism.
[4 marks]

A7.(i) The spectrum of T" is the set
spec(T) ={2z€C: (z2I =T):V — V is not invertible }.
(ii) The spectral radius of T' is the quantity
p(T) = sup{|z| : z € spec(T)}.

[4 marks]



B8.(i) A metric space is complete if every Cauchy sequence converges.
[2 marks]

(ii) Let {fn}>2; be a Cauchy sequence for || - ||«. Then, given ¢ > 0, there exists N > 1
such that, for n,m > N and for any x € [0, 1],

| fn(@) = fn (@) < | fo = frlloo <. (*)
Hence, for eacy = € [0, 1], {fn(x)}52, is a Cauchy sequence in R and so, since R is complete,

it has a limit f(x), say.
Let m — +o00 in (*) to obtain, for n > N,

[fo(@) = f(@)| = lim |[fp(2) = fr(x)] <limsup|[frn — fimllee <€

m—+00 m—-400

Hence, f,(x) converges unifomly to f(x) and so f is continuous.
Taking the supremum over z € [0,1] in the inequality gives that, for n > N,

[fr = flloo = sup [fu(x) — f(2)| <,

z€[0,1]

so0 limy, o0 || fn — flloo = 0, giving convergence in the required norm.

[12 marks]

(iii) Two norms || - || and || - ||' on V are equivalent if there exist 0 < C; < Cy such that
Cillz|| < ||zl < Co|lz|, forallz e V.

[3 marks]

(iv) Consider, for example, a sequence f, € C([0,1],R), n > 1, defined by

fn(-fl?):{ (1 —na)'/? 0§x<1/n'

0 I/n<z<l1

Then

| frlloo = sup |fo(z)|=1 foralln>1
z€[0,1]

but



as n — +oo. In particular, there is no Cy > 0 such that

| frlloo < Collfnllz for alln > 1,

5O || - ||oo and || - ||2 are not equivalent. [Many students used 1 — na instead of (1 — na)'/?
— this is completely fine but it makes the calculation of || f,||2 a little more complicated.]

Another possible solution (out of infinitely many!) is to take

(n—n2x)Y/?2 0<z<1/n
0 1/n<zx<1 '

fota) = {

Then
1/n 1/2
[ fnll2 = / (n —nz) dx = L, for alln > 1
0 V2
but
||fn||oo = 8up |fn($)| = \/ﬁ — 400, as n — —+o0.
z€[0,1]
In particular, || - || and || - ||2 are not equivalent.
[8 marks]



B9.(i) f bounded means there exists M > 0 such that
|f(z)| < M ||z||, forallzeV.

Suppose x € V and € > 0. Choose
€
0= —.
M
If y € V with |l — y|| < & then

[f(@) = Fy)l = [f(z —y)| < Mlz —y|| < M =e,

so f is continuous.
[5 marks]

(ii) Linearity of f follows from standard properties of the integral.
For ¢ € C(]0,1],R), we have

ro1=| [ Vo] <| [ vaas

<

2
9]0 = 5 18]

This shows that f is bounded and that

IFIF <

wl N

Now take ¢ =1, so ||¢||c = 1. Then

1
2
()] = / Vids| =2,
SO ,
Ifll= sup |f(¢)l = 3.
l[¢lloc=1
Thus ,
=2
[10 marks]

(iii) Since, for z € £1,

sl = |3 (3 1) =

=1

00 1 0
<> (3 1) bl <3 lasl =3l
=1

i=1

we see that g is well defined, bounded and ||g|| < 3. Linearity is immediate from the
definition.
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Given € > 0, choose j so that 1/j < € and define y € ¢! by

1 ifi=y
Yi =

0 ifis#kj
Then
lylli =1
and
l9(y)| = <3——.>yi=<3——.)>3—6>
i—1 t J
so that
lgll = sup [g(x)] >3 —e.
l]l1=1
Since € > 0 is arbitrary,
lgll >3
and hence
gl = 3.
[10 marks]



B10.(i) If x = 0 or y = 0, the result is immediate.
Suppose = # 0 and y # 0 and put

Then

@l ey )
= lway| O T ) wa) )
el @l )P
S ) @a) | (ma) WY
el

(using (y,x) = (x,y)). Hence
[z, ) I* < (@, 2)(y, ),

as required.
[8 marks]

(ii) Linearity of f, follows immediately from properties of the inner product.
For z € H,

[fy(@)] = [{z, )] < [lz]| vl

using the Cauchy-Schwarz inequality. This shows that f, is bounded and that || f, || < ||y||.
Putting = = y, gives
@) = [ u)l = v,

SO
| fy(@)] _ 1fy(W)]
| £yl = sup > = lyll.
e r [P [yl
Hence
£yl = llyll-
[6 marks]

(iii) The functional f is of the form f,, where
y=(2,-3,0,0,...).

Thus
11 = llwlle = (2P + | — 3P)Y2 = V3.

[4 marks]



(iv) We have
Mﬂlz{yeﬁcQMAZE:QEZOVxeﬂ}.
i=1

Let e; € ¢! denote the vector with 1 in the jth place and zero elsewhere. Then, for each
J =1
ye()r = ey =y =0,

(eh)* = {o}.

Since we always have

H=LoL",
we conclude that
02 =1,
i.e., /! is dense in £2 wrt || - [|2.
[7 marks]



B11.(i) T : H — H is self-adjoint if T* = T', where the adjoint 7™ is defined by
(Tz,y) = (z,T"y) Va,y € H.

[3 marks]

(ii) The linearity of Ty, is clear.
For x = (x1,Z2,23,...) € {2, we have

I1Ta ()3 = Z jazzi]* < [lalls Zlﬂczl2 lallZ N1z,

so that
1Ta(z)l2 < [lallco 7|2

This shows that T, is bounded.
If a is a real vector, we have

(x, Ty) = le a;y;) = Z a;z:)y; = (T'z,y),

for all 2,y € ¢2, so that T is self-adjoint.
If a is not real and the entry a; € C\R, say, then choose

r=y=ej,
the vector with entry 1 in the jth place and 0 elsewhere. We have

(z,Ty) =a; # a;(Tz,y),
so that T, is not self-adjoint.
[10 marks]

iii)For « = (z1,z2,x3,...) € 2, we have
(i)

1Sn(@)ll2 = [2n| < [ll2.

This show that ||5,] < 1.
Now for each n, we have

[Snlen)l =1 = llenll2,
so that ||S,|| > 1. This shows that ||.S,| = 1.
[5 marks]

(a) Suppose that (S; — AI)(z) = 0. Then

(1’1 - )\CL’l, —>\332, —)\1'3, .. ) =0.
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For z1 # 0, (21,0,0,...) gives a solution A = 1.

For z9 # 0, (0,22,0,...) gives a solution A = 0.

For A # 0,1, z1 = Az forces 1 = 0 and, for j > 2, —Az; = 0 forces x; = 0. Therefore
there are no other eigenvalues.

(b) For n > 2, suppose that (S,, — AI)(x) = 0. Then
(xn, — A\x1, —AT2, —AT3,...) = 0.
For z1 # 0, (21,0,0,...) gives a solution A = 0.

For A # 0, —Az; = 0 forces z; = 0, for j > 2. In particular, z,, = 0. Then z,, = Az
forces x1 = 0. Therefore there are no other eigenvalues.

[7 marks]
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C12.(i) The set
Cn = {(xz)?il | x; € Q, x; =0 for i > N}

is countable and therefore so is -
Cc=[JCn.
N=0

Suppose that (y;)52; € ¢}(R) and choose € > 0. By definition, there exists N > 0 such

that
0
Z il <e.
i=N

Also, since Q is dense in R, we can choose (z;)52; € Cn such that

|yi—xi|<;, i=1,...,N—1.

Then

N—-1 o) N-1 p
w2 — @)l =D g —mil + Y il <e+ D i <2
=1 =N =1

Therefore C is dense in £(R).
[10 marks]

(ii) If f = 0 they we may take f: 0 to be the extension, so suppose that f # 0 and hence
that || f|| > 0. Without loss of generality, assume || f| = 1.
Any vector in span({W, x¢}) is of the form

w~+ Axg, with w e W and A € R.

Since fhas to be linear, we must define it to be

flw+ Axg) = f(w) + Arg = f(w) + Aro,

for some choice of rg € R.
So that we do not increase the norm || f|| = 1, choose ry so that

|f(w+ Axg)| < Jlw+ Axgl|, forall e R,we W,

ie.,

—llw + Azol| < fw + Azo) < [lw + Azol],

and hence as
—f(w) — ||lw+ Axgl] < Arg < —f(w) + ||w + Axgl|

For X\ # 0, this becomes

S (5) o 3l <=1 () o+ 3



However w/\ is an arbitrary element of W, so we may rewrite as
—fw) = fJlzo +w|| <rg < —f(w) + ||zo +wl||, forallwe W.
To show that such an ry can be chosen, we need to show that

sup (—f(w1) — [[w1 + zol|) <

inf (—f(we) + [lwe + xol]).
Sup w2€W( fw2) + |lwz + zo0]|)

However, if wy,wy € W then (using || f|| = 1)

flwz) — f(wr) < [f(w2) — fw1)]
< lwz — w1l = |[(w2 + x0) — (w1 + o)

< lwa + 2ol + [|w1 + o],

so that
—f(w1) — |lwy + zo|| < —f(wz) + [Jwz + 20

This gives the required inequality. So we only need to choose ry € [A, B] to ensure that

1A= 1171
[20 marks]

(iii) By part (ii), f may be extended to a bounded linear functional
fi: Wi =R

such that || fi]| = || f]|-
Proceed by induction. Suppose that f,, : W,, — R is defined with the desired properties.
If e, € W then W,,;1 = W,, and we define f,,+1 = f,,. Then

[ frtall = Il = [I£1-
Also, if x € W then x € W,,, so

fn+1<x) - fn(x) - f(l’),

SO fn41 is an extension of f.
If e,, ¢ W then use part (iii) to obtain a linear functional f,,11 : W, 11 — R again with

[ frsall = Ifnll = 11F1-

Also, if z € W then x € W,,. Since f,11 is an extension of f,, we have

fo1(@) = fulz) = f(2),

SO fn+1 is an extension of f.

[Full marks awarded even if the trivial case e,, € W is omitted in the induction.|
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[10 marks]
(iv) For z,y € £}(R) and a,b € R, we have

F(ax +by) = liril fn(axy + byr, axs + by, ... ,ax, + by,,0,0,...)

= lim (afn(z1,22,...,2,,0,0,...) +bfn(¥y1,92,--- yYn,0,0,...))

n—-+o0o

=aq lirf folz1,22,. .. ,2,,0,0,...)+b lir4r_1 faly1, 92, -« yYn,0,0,...)

n

= aF(z) + bF (y),

which shows that F' is linear.
For x € ¢*(R), we have

[F(@)l = Hm [fa(z1,22,..,20,0,0,... 00 < Um || faflllz]le = [ £][l|l2]]2-

n—-+oo

This shows that F'is bounded and that ||F|| = || f||. Taking x € W shows that ||F|| = || f]|
[10 marks]
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