MATH31001/41001/61001: LINEAR
ANALYSIS - MOCK EXAM SOLUTIONS

Al. d: X x X — R is a metric on X if, for all z,y,2 € X,
1) d(z,y) > 0 and d(z,y) = 0 if and only if x = y;

2) d(z,y) = d(y,z);

3) d(x,z) < d(z,y) +d(y, 2).

arks]

(
(
(
[3 m
A2.
0t = {:U: (x1,22,23,...) : ; € C, i > 1, and Z\x2| < +oo}.
i=1

Let e,, denote the element of /! with 1 in the nth place and zero elsewhere. Clearly, for
arbitrary ni, ..., nm,

Y Anpen, =0 = Ay, =Xy, =0,
k=1

so e, is an infinite linearly independent set. Thus ¢! is infinite dimensional.
[4 marks]

A3. First consider finite p > 1. We have
o0 [e@) 1

P — =

lexz! = le,pﬂ.

1=

This converges for p/2 > 1, i.e., p > 2, and diverges for p/2 < 1, i.e., p < 2. So x € (P if
and only if p > 2.

Now 1
sup |z;| = sup —= = 1,
i>1 i>1 V1
So x € £°°.
Thus x € (P if and only if p € (2, 00].

[4 marks]
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A4. (-,-) : H — C is an inner product if, for all x,y,z € H and A\, u € C,
(1) (x,z) >0 and (z,x) =0 if and only if x = 0;

(2) (z,y) = (y, z);

(3) (Ao + puy, 2 z) = Mz, 2) + ply, 2)-

[3 marks]

A5. The dual spce V* is the space of all bounded linear functionals f : V' — C. [Also OK
to write “continuous” instead of “bounded”.]
The norm || f|| of f € V* is defined by [either formula OK]

111 = sup ) V@Ol _ o 7).
AC 3

[4 marks]
A6. An isometric isomorphism is a linear map T : V — V' between two vector spaces
with norms || - || and || - || such that

(1) T is a bijection;

(2) [|T ()| = ||=||, for all z € V.

If H is a Hilbert space then T': H — H* : x — f,, where f,(y) = (y,x), is an isometric
isomorphism.

[3 marks]

AT7.(i) An eigenvalue ot T"is a number A € C such that T'x = Az, for some non-zero x € V.

(ii) The spectrum of 7' is the set
spec(T) ={2z€ C: (21 =T):V — V is not invertible }.

[4 marks]



B8.(i) A normed vector space is a Banach space if it is complete (i.e. if every Cauchy
sequence converges).

[2 marks]

(ii) Suppose that {(a;E"))gﬁl}gozl is a Cauchy sequence for || - ||;. Given € > 0, there exists
N > 1 such that, for n,m > N,

Sl = 2™ = 22y — (@™M)2 |l < e (+)
=1

and so, in particular, for any 4,
(n)

|z, — xq(;m)\ < e

Hence, for each i > 1, {:L“Z(n) }o° , is a Cauchy sequence in C (complete) and so has a limit
z; € C.
For any M > 1 and n,m > N, we have

M oo
Sl =™ <3l — 2™ <
=1 =1

Let m — 400 to obtain
M
Z |:L'§n) — x| <, (%)
i=1

for any M > 1 and n > N. Then

IN

M M M
Szl <3 =z + Y Y]
=1 =1 =1

N)\oo
(™) |1

IA
™
+

and, letting M — 400, Y o2, |z;| is finite, so (z;)2, € I'.
Letting M — 400 in (x%) gives

o0
Z |m§n) — x| <€,
i=1

for all n > N, so that lim,_ 4 [|(2™)22, — (2:)2,]l1 = 0, as required.

[14 marks]

(iii) Consider, for example, the sequence z(™ = (x(.n))ffil € ¢! defined by

o) — (1,1,
2

1
,...,-,o,o,...).
n

3

W =



Suppose n > m. We have

n

1
=™ — 2™y = Y = =0,
1

i=m-+1

as n,m — +oo, since S °°. 1/i2 converges. Thus (") is a Cauchy sequence.
9 ’ =1

Let
11 1
xr = 1,5,5,...,;,... .
Then
oo
- (n) ~ 1
lim ||z'" —z|2 = lim - =0,
n—-4oo n—+oo 7
i=n—+1
again since 3" 1/i% converges, i.e., (™ converges to x wrt || - |2 (and to no other point
in £?). However
oo
1
DT
£~ §
1=1
so x ¢ . This shows that (¢!, | -||2) is not complete and hence is not a Banach space.

[9 marks]



B9.(i) Since f is continuous at 0, given € > 0, there exists § > 0 such that
[zl <6 = [f(e)l <e
Now suppose that € V and that y € V satisfies ||y — z|| < §. Then

[f(y) = f@)] =[fly —2)| <e

so f is continuous at x.
[5 marks]

(ii) Linearity of f follows from standard properties of the integral.
For ¢ € C([0,1],R), we have

1
(6)] = / sin(rz)$(z)d

1
< ‘/ sin(7x)dx
0

¢l = H‘T(“] éloe = 2 ¢l

1
0
This shows that f is bounded and that

3w

IfIF <

Now take ¢ =1, so ||¢||c = 1. Then

1
£ = || sin(rayds) = 2,
SO
Il = swp |f(8) > .

l¢llco=1 T
Thus 5

£l ==
[10 marks]

(iii) Note that i/(i + 1) < 1 for all 4 > 1. Since, for z € ¢},

— § | < E | < E | —
|g($)| £ i+ 1xz > 2 i+ 1|xz| > . |:L‘,| ”lea

we see that g is well defined, bounded and ||g|| < 1. Linearity is immediate from the
definition.

Note that i/(i + 1) — 1, as i — +00. Given € > 0, choose j sufficiently large that

_L>1—E.
Jj+1
5



Define y € ¢! by

B lifi=j
YT\ odti£g
Then
lylli =1
and
= 1= > 11—,
l9(y)] ;Hlyz oo ¢
so that
lgll = sup [g(x)] >1—e.
lz]l1=1
Since € > 0 is arbitrary,
lgll > 1
and hence
gl = 1.
[10 marks]



B10.(i) Cauchy-Schwarz inequality: For all z,y € H,

(2, y)| < (z,2) 2y, )12,
[3 marks]
(ii) From the definition, ||z| = (z,2)'/2 > 0 and
|z =0 <= (r,2)—-0 <= x=0.

Forz e H, A € C,

Aol = (A, Az 2 = (WX, 2)) ' = (A2, 2) 2 = A, ) V2.
For x,y € H,

|z +yll = (x+y,z+y) =(z,2) +(z,9) + (y,7) + (¥, )

(
= (7, z) + 2Re((7, y)) + (¥, )

<z, ) + 2z, )2y, )% + (y, )

(2, )2 + (g, )" /2)? = (||| + [lyl)?,

using the Cauchy-Schwarz inequality to get from line 2 to line 3. Taking square roots gives
the triangle inequality.

[7 marks]

(iii) The orthogonal complement L= is defined by
={reH: (zr,y)=0forall y € L}.

[2 marks]

(iv)(a) L is clearly a subspace of £ because if (x;), (y;) € £* have x1 = 0 and y; = 0 then
ary + by, = 0, for any a,b € C.

To see that L is closed, suppose that, for n > 1,
2 = (0, xén),a:én), o)

is a sequence in £? which converges to = (21,2, 3,...) € £2. Given € > 0, we can find
n sufficiently large that

o0
w12+ Y el — 22 = [|a™ - 2]} <

In particular, |z1| < € and so, since € is arbitrary, 1 = 0. Thus = € L and so L is closed.

[5 marks]
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(b) In £2,
=1

Thus

i=1

Lt = {m: (z1,29,23,...) € L2 : inE for all (0,y2,ys3,...) € L}.

Let e; denote the vector with 1 in the ith place and 0 elsewhere. For i > 2, e; € L. Thus,
if £ € L+ then
x; = (x,e;) =0 for all i > 2,

SO

L+ c {(21,0,0,...) : 1 € C}.
Also, for (0,y2,y3,...) € L,

<<w170707'")7(07y27y37"')> - O’

SO
{(21,0,0,...): z; € C} C L*.

Therefore
L+ = {(21,0,0,...) : z; € C}.

[6 marks]

(c) If x = (w1, 2,...) € £2 then we may write  uniquely as = y + z, where

Yy = (07:17273:37"') S
and

z = (21,0,0,...) € L*.

This shows that /2 = L @ L+.
[2 marks]



B11.(i) The adjoint of T': H — H is the operator T* : H — H, where defined by
(Tz,y) = (5, T"y) Va,y € H.

(Bookwork)
[3 marks]

(ii)(a) The linearity of T is clear.
For x = (21,22, 23,...) € £, we have

. 1/2 . 1/2
17 (x)]l2 = (leiF) < (ZI%IQ) = [|zl2-
i=2 i=1

This shows that T is bounded and that
1T < 1.

Now set = (0, x2,x3,...). Then

. 1/2
ITWllllz = 17 (x)ll2 = (Z Iwil2> = [lzll2,
i=2

so ||T'|| > 1. Thus
17 = 1.

[6 marks]

(b) For = (x1,72,3,...) and ¥y = (y1,%2,¥3,...) in £?, we have the equation

(Tx,y) = xoY1 + 23Y2 + - - -
:x1-0+$2m+$‘3%+“‘
= (z,T"y).

Thus
T*(y) = (0,91, 92, - - - ).

[4 marks]
(iii)(a) For = (x1, 22, 23,...) and y = (y1,%2,¥3,...) in £?, we have the equation

To_ Ty
Sz,y) = = il
(Sz,y) ST gt

To__  T3__
— -0+ == o3
T +2y1+3y2+
= (z, T"y).
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Thus

[5 marks]
(b) From the definition of S,

Sn(xl,{,(,‘g,...,xi,...)
_ Lnt1 Tnt2 Trti
nn—1)--2-1"(n+Dn---3-27""" "n+i—Dn+i—2)---(i+1)i )"
For z = (w1, %2, 23,...) € £2, we have
S o\ 1/2 0o 1/2
15" @)l = (D It <L > |zl <l||93H
lnt+i-1n+i=2)---(i+1)i =l \ & = il

so that .
Is7) <~
n!

Let e,, denote the vector with 1 in the nth place and 0 elsewhere. Then |le,|2 = 1 and

" 1
15" (En)ll2 = =,

so that ||S™| > 1/n!. Hence
|1S™]] = 1/nl.

By the spectral radius formula, the spectral radius p(S) of S is

p(S)= lim [S"'" = lim (1/nh)t/"

n——4oo

nn+1/2€—n
~ lim (—>
n—+oo n!

using Stirling’s formula.
[7 marks]

1/n

1 Yt e
nnt1/2¢—n _n_l,rfooﬁnyzn -
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C12.(i) Suppose that
C={=")Z :n=1,23,..}

is a countable subset of °>°(R). Define (y;)32, € £°°(R) by
yi:a:gi)—l Vi>1.

Then, for each n > 1,
)2 = W) Zaloe = sup o™ = yil 2 |2 = yal = 1.

Thus (y;)2, is distance at least 1 from each element of C, so C' cannot be dense in £*°(R).
This shows that ¢*°(R) is not separable.

[10 marks]

(ii) The space co(R) is separable. To see this, consider, for each N > 1, the set
Dy ={(z:)2; | z; € Q, x; =0 for i > N}.

Clearly Dy C ¢o(R). Furthermore, each Dy is countable (since it is the Cartesian product
of N copies of Q) and therefore so is

D = U Dy C C()(R).
N=0

Now suppose that (y;)52; € ¢o(R) and choose € > 0. By the definition of ¢o(R), there
exists N > 0 such that
1> N — |yz\ < €.

Also, since Q is dense in R, we can choose (z;)72, € Dy such that
lys —xi| <e, i=1,... ,N —1.
Then

[(ya)i21 — (@i)i21]loe = sup{lyr — 21],... ,[zNv—1 —yn—1l; [y~n]; [yns1l, .. } < e

Therefore D is dense in ¢y (R).
[15 marks]

(iii) Let = (z;)52, € ¢*(R) and let € > 0. Since > .=, |z;| < +o0, there exists N > 1
such that

oo

> mil<e

i=N+1
11



Let

N
y=(z1,22,...,25,0,0,...) = E Tn€n.
n=1
Since this is a finite linear combination of the e,’s, we have

y € span({en }oeq)-

Furthermore,
o0 oo
o=yl = e —ml = 3 Jasl<e
i=1 i=N+1

Since € > 0 is arbitrary, this shows that span({e,}2% ;) is dense in /}(R).
[10 marks]

(iv) See the proof of Lemma E.2 in the extra reading.
[20 marks]

(v) Hahn-Banach Theorem: Let V be a normed vector space over R and let W C V be
a linear subspace. Suppose that f € W*. Then [ can be extended to a linear functional
fe Ve with [[f][ = [lf].

[5 marks]
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