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Prelude to toric manifolds

Consider a smooth 2n—dimensional manifold
MQ”, endowed with a smooth action of the
n—dimensional torus T™m.

The orbit space M2"/T" is a manifold with
corners.

The most basic manifolds with corners are
the simple convex polytopes, ie
n—dimensional convex polytopes with exactly
n facets meeting at each vertex.

A simple convex polytope is generic; its
bounding hyperplanes are in general
position.

Each face of a simple polytope is again a
simple polytope.



Complex projective space

CP" = S2n+1/Sl
where §2nt1 - ¢n+1 consists of vectors

n—+1
z=(21,...,2p41) With \z|2 = > z]% =1,
k=1

and t1 € St acts by t1 -2z = (t121,...,t12,41)-

The standard action of 7711 on C*t+1 js

tez=(t121,- s tnt12n+1);
and induces an action of 7™ on CP"™ by
t- [Z] — [tlzla ..y tnZn, Z'n,—l—l]

The orbit space is the n-simplex A", given by

n+1
{(wla IR 7$n—|—1) S Rn—l_l) x; 2 0, Z Ly — 1}
k=1

The projection 7w: CP™ — A™ acts by

L > > >
(211200t zpg1) — (2115, 12215, - - |2n1]9)
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The stable tangent bundle of CP"

We write the Hopf bundle as
p:.n— CP".

A point of n is a pair (L,v), where L is a line
in C*t1 and v is a point in L. The projection
acts by p(L,v) = L. There is an isomorphism

T(CP") & C~ (n+ 1)7,
where n = Hom(n, C).



The bounded flag manifolds B,

A point
U:(UlCUQC°”CUn+1)EBn

is a complete flag in C*t1 such that each
U;. contains the subspace (Ck_l, spanned by
the first kK — 1 standard basis vectors in C”‘H,
for 2 <k <n. So U is equivalent to a
sequence of lines

{LkCCk@Lk—I—la 1<k<n}

where C,, is k-th coordinate line and L1 = Uy,
L,4+1=C,11. The standard action of 7711
on C"*t1 induces an action of T™ on By,
whose orbit space is the cube I" =71 x ---x I.

The projection n: B, — I"™ satisfies

m(U) = (7(L1),...,7(Ln)),

where w(L) = |lx|2 and ;. is the projection of
a unit vector from Ly C C; ® Li4q into Cy.
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T he stable tangent bundle of B,

For each 1 < k < n, a complex line bundle

2 Ye(n) — Bnp
is defined by p5 1 (U) = (U, Ly).

We set v,,4+1(n) to be trivial.

Each B, is the 2—sphere bundle of

y1(n) @R — B, _1.

By Szczarba’s construction, this leads to a
stably complex structure
n4+1

7(Bn) ®R? ~ @ wi(n) & C,
k=2

which extend over the disc bundle of
v1(n) ®R.



The manifolds B, ;

B; j is a 2n—dimensional smooth
CPI~l-pundle over B;, where n = (i 4+ j — 1)
and 0 << 7.

Each point of B; ; is a pair (U, W), where
U € B; is a bounded flag in CtT1 and W is a
line in U{- ® C/=%. The projection

T . Bi,j —>Bi

satisfies n(U,W) = U.

So T" =T'x T'~1 acts on B; ; by

(t121, -tz Zig 1, i 1w, - - -5 tnwj—1, wj).

The orbit space is I* x AJ~1 and the
quotient map

B — I'x A1

is given by #(U, W) = (x#(U),w(W)).



T he stable tangent bundle of Bi,j

We define a complex line bundle ¢ over B, ;
by considering W as a line in CiT1, The
projection «: B; ; — B; and the classifying
map B; ; — CPJ of ¢ together provide a
smooth embedding

B@j — Bi X (CP],

whose normal bundle is the pullback of
711(7) ® ¢.

The resulting isomorphism
1+1 B
T(Bi ;) ® (D) @O dC~ P w@)d G+ 1)
k=2

defines a stably complex structure on B, ;.



Moment-angle manifolds

We deal only with simple polytopes, and
reserve the notation m = m(P) for the
number facets of P. Every face of
codimension k may be written uniquely as

Fj = Fjn---NF, (1)

for some subset I = {iq,...,i;} of [m].

We denote the -th coordinate subcircle of
the standard m—torus 17" by T; for every

1 <i<m. Given any subset I C [m], we
define the subgroup by

=117 < T
icl
in particular, Ty is the trivial subgroup {1}.



Every point p of P lies in the interior of a
unique face FIp, where I, = {i : p € F;}, and it
is convenient to abbreviate Fj to F(p) and
Ty, to T(p). If p is a vertex, then T'(p) has
dimension n (the maximum possible), and if p
is an interior point of P, then T'(p) is trivial.

We now construct the identification space
Zp p— Tm X P/N (2)
where (t1,p) ~ (to,p) if and only if

tIth e T(p).

So Zp is an (m + n)-dimensional manifold
with a canonical left T"™-action, whose
iIsotropy subgroups are precisely the
subgroups T'(p).
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Dicharacteristics

In order to construct toric manifolds over P,
we need one further set of data. This
consists of a homomorphism £¢: T — T,
whose properties are controlled by P (cf.
Davis and Januszkiewicz), namely

F; a face of codim k = ¢ monic on T;. (3)

Any such /¢ is called a dicharacteristic;
condition (3) ensures that the kernel K(¥¢) of
¢ is isomorphic to an (m — n)—dimensional
subtorus of T™. Wherever possible we
abbreviate K(¢) to K.

We write the subcircle 4(T;) < T™ as T (F;) for
any 1 <i<m, and the subgroup 4(1}) as
T(Fy) for any face Fj. For each point p in P
let S(p) denote the subgroup T (F(p)); it is,
of course, £(T(p)). For example, S(w) =T"
for any vertex w, and S(p) = {1} for any
point p in the interior of P.
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Refined form of dicharacteristic matrix

Applied to the initial vertex ve = F1(---() Fhn,
(3) ensures that the restriction of £ to
T7 X --- x Ty is an isomorphism. SO we may

use the circles T'(Fy), ..., T(Fy,) to define a
basis for the Lie algebra of T, and represent
the homomorphism induced by ¢ by an n x m

integral matrix

(1 0
0 1

0 0

Given any other vertex v = F; M-

0 A1 41
0 Ao p+t1

1 >‘n,n—|—1

Al,m\
>\2,m

)\n,m)

N Fj,

(4)

(3)

implies that the corresponding columns >\j1’
.+ A4, form a basis for Z", and have

determinant 1. We refer to (4) as the

refined form of the dicharacteristic matrix.



A model for toric manifolds

Since K = K(¥) acts freely on Zp there is a
principal K-bundle

Y . Zp—>M,

whose base space is a 2n—dimensional
manifold. By construction,

M =T"x P/~ (5)
where (s1,p) ~ (so,p) if and only if

31_182 c S(p).

Furthermore, M admits a canonical T™-action
o, which is locally isomorphic to the standard
action on C", and has quotient map

. M — P.

Note that =« - mp is the natural projection
op . Zp — P.
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The fixed points of o« project to the vertices
of P, and we refer to #—1(vs) as the initial
fixed point z..

Then (5) identifies a neighbourhood of x4«
with C", on which « is standard; its
representation at other fixed points 7~ 1(v)
may be read off from the corresponding
columns of A.

The quadruple (M, o, w, P) is an example of
Davis and Januszkiewicz's toric manifolds.

Any manifold with a similarly well-behaved
torus action over P is equivariantly
diffeomorphic to a model of the form (5).
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Facial submanifold structure

The facial submanifolds M, of M are
defined as the inverse images of the facet F;
under @, for 1 < ¢+ < m. Every M; has
codimension 2, with isotropy subgroup
T(F;) <T™. The quotient map

ZPXKCi—>M (6)

defines a canonical complex line-bundle p;,
whose restriction to M; is isomorphic to the
normal bundle v; of its embedding in M.

The submanifolds M,; are mutually transverse,
and we write any non-empty intersection as

My = My, -0 M. (7)

So My is the inverse image under « of the
codimension—k face Fj;. Mj; has codimension
2k, and its isotropy subgroup is T'(Fy).

The restriction of py =p;; ©--- @ p;, to My is
isomorphic to the normal bundle vy of its
embedding in M, for any face F7.
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The cohomology ring of a toric manifold

The bundles p; are important in
understanding the integral cohomology ring
of M.

Let u; be the first Chern class ¢1(p;) in
H?2(M); then H*(M) is generated by the
elements uq, ..., um, modulo two sets of
relations.

The first are linear, and arise from the refined
form (4) of the dicharacteristic; the second
are monomial, and arise from the
Stanley-Reisner ideal of P.

The linear relations take the form

u; — —)\Z-?n_|_1un_|_1 — ... )\i’mum, (8)

for1l<i<n. SO up41, ..., um Suffice to
generate H*(M) multiplicatively.
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Fixed points of subcircle actions

Given the action a of T™ on M, it is natural to
study its restriction to an arbitrary subcircle

T <T"™. We may decompose the fixed point
set of T" into the union of its components as

Fix(T) = M[(l)U"'UMI(S)U”°UMI((J,)7 (9)

Following (4), we represent T by a primitive
column vector [ = I(T) in Z™.

Proposition. The components of Fix(T) are
specified by those I(s) for which none of the
coefficients i(s); IS zero in any expansion of
the form

I(T) = (), Ais)y T - Qis)Nis) (10)
for 1 < s < d.
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Stably complex, special unitary,
and level-L structures

On a smooth manifold N of dimension d, a
stably complex structure is an equivalence
class of real 2k—plane bundle isomorphisms

T(N) @ R%*~ 4~ ¢,

where ( is a fixed GL(k,C)-bundle over N and
k is suitably large. Two such isomorphisms
are equivalent when they agree up to
stabilisation.

If the first Chern class ¢1({) is zero, then the
stably complex structure is special unitary,
(or SU); and if it is divisible by a positive
integer L, then it is level-L.

We identify the geometric data required to
induce such structures on a toric manifold.

Note that CP" is level-L for any divisor L of
n—+1, wheren > 1.
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Combinatorial data underlying
an omnioriented toric manifold

An omniorientation of a toric manifold M
consists of a choice of orientation for M, and
for every normal bundle v;.

An interior point of the quotient polytope P
admits an open neighborhood U, whose
inverse image under the projection = is
canonically diffeomorphic to T™ x U as a
subspace of M. Since T" is oriented by the
standard choice of basis, orientations of M
correspond bijectively to orientations of P.
Moreover, the dicharacteristic ¢ determines a
complex structure on every p;, sO it encodes
an orientation for every vj;.

Every pair (P,A\) therefore determines a
2n—dimensional omnioriented toric
manifold, where P is the combinatorial type
of an oriented finely ordered n—dimensional
simple polytope, and A is a matrix of the
form (4).
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Stably complex structures

Theorem. Any omnioriented toric manifold
admits a canonical stably complex structure,
which is invariant under the T"-action.
Proof. Using the theory of analogous
polytopes we obtained an embedding

’ipi P—>Rﬁr/>n

which respects facial codimensions and gives
a pullback diagram

zp, 22, cm

QPJ JQ (11)
p B, gm
of identification spaces. Here o(z1,...,2m) IS
given by (|z1]%,...,|zm|?), the vertical maps

are projections onto the quotients by the
T™-actions, and iy is a T"™-equivariant
embedding.
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So, there is a K-equivariant decomposition
T(Zp) b V(’iz) ~ Zp X Cm,

obtained by restricting the tangent bundle
7(C™) to Zp. Factoring out K yields

(M) & (§/K) @ (v(iz)/K) =~ Zp xx C", (12)

where £ denotes the (m — n)—plane bundle of
tangents along the fibres of

Wg:ZP—>M.

The right-hand side of (12) is isomorphic to
m
@ p; as GL(m,C)-bundles. This is all an

=1

example of Szczarba’'s Theorem.

The embedding iy : Lp — C™ ~ R?™ is
T™-equivariantly framed, so v(iy)/K is trivial.
The bundle £/K canonically isomorphic to the
adjoint bundle of the principal K-bundle,
which is trivial because K is abelian.
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S0,(12) reduces to an isomorphism

(M) @R2m="1) ~ o @ D o,

although different choices of trivialisations
may lead to different isomorphisms.

Since M is connected and GL(2(m —n),R)
has two connected components, such
iIsomorphisms are equivalent when and only

when the induced orientations agree on
R2(m—n)

We choose the orientation which is
compatible with those on (M) and
p1 P ... P pm, as given by the omniorientation.
The induced structure is invariant under the
action of T™, because i1, is T"-equivariant.
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SU, and level-L structures

Corollary. The omniorientation induces an
SU-structure on M precisely when the refined
matrix A of (4) has every column-sum equal
to 1; it induces a level-L structure when every
column-sum is congruent to 1 mod L.

Proof. The stably complex structure induced
by the omniorientation has first Chern class
S™ o ug. It is zero in H2(M) if and only if

n n
(1— Z )\i’n_|_1>un_|_1—|—- : ~—|—(1— Z )\Z7m>um = 0.
1=1 1=1

The same argument shows that it is divisible
by L if and only if every column-sum is
congruent to 1 mod L.

23



Applications to complex cobordism

Theorem. Every complex cobordism class is
represented by a disjoint union of
omnioriented toric manifolds, which are
suitably oriented products of the Bi,j-

Our modification of connected sum of toric
manifolds gives:

Theorem. In dimensions > 2, every complex
cobordism class contains a toric manifold,
necessarily connected, whose stably complex
structure is induced by an omniorientation,
and is therefore compatible with the action of
the torus.

Similar methods combine with Diagram (11)
to give:

Theorem. Every complex cobordism class
may be represented by the quotient of a free
torus action on a real quadratic complete

intersection.
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Formal groups

Let

Flu,v) =u+v+ Z aijuivj e Qullu, v]],

with degu = degv = 2 and
dega;; = —2(i +j — 1), be the formal group
of complex cobordism theory, and

un—l—l
g(u) =u—+ Z[CP(n)]n 71 € Qu @ Q[[u]]
its logarithm. So
() € llul] and  Fl(u0) = .
g'(u)

The universality of F(u,v) implies that, for
every formal group law f(u,v) over a ring R,
there exists a ring homomorphism

QU—>R

classifying f(u,v). Such a homomorphism is
otherwise known as a Hirzebruch genus.
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Hirzebruch genera

Every Hirzebruch genus 1} : Q2 — R may
also be defined in terms of a series z/h(x),
where

h(x) =z + ioz )\iaii+1 c R® Q[[x]].
1=1

If T3, classifies the formal group law f(u,v),
then h(z) is the compositional inverse to the
logarithm h(x), and is its exponential series.

Then T} is evaluated on stably complex
manifolds M2" by the formula

n

Ty (M>") = :
<j1;[1 h(z;)
where [[}_; (1 +2;) =1+ S e (M27), and the
c.(M?2") are the Chern classes of the stable

complex tangent bundle of M?2",

Lj

[M>"]),
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Important examples

1. Consider the formal group law
u -+ v — auv
1 — buv
with a =a + 3, b = af, dega = —2, and

degb= —4. Then

Y

foz,,@(ua v) =

p 1 a I} . "
gf(u)_oz—6<1—ozu 1—ﬁu>_ 1+ZTQ’B[CP

where T,, 5 is the two-parameter Todd
genus.

In this case, the exponential series is given by

a exp O‘T_*Ba: — Bexp ﬁ_TO‘x

h(x) =
exp “57x — exp 5_70‘33
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2. Consider the formal group law

uy/R(v) + vy/R(u)
feu(u,v) = . 55—
— EuU=v
with R(u) = 1 — 26u? 4+ cu* and degé = —4,
dege = —8. Then

1
go(u) = = 14> T,y[CP"]u",

\/ R(u)

where T ,;; is the elliptic genus.

In this case, the exponential series

h(x) = sn(x)

is the Jacobi elliptic function sn.
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The generalized elliptic genus

Krichever's generalized elliptic genus T is

a Hirzebruch genus T}, with h(z) = cb(lx) and

o(z—x)

o(z)o(z)
Here o(z) is the classical Weierstrass
function and ¢(2) = (Ino(z))’.

P(x) = P(x,2) = exp ((z)wx.

The function ®(x, z) is a solution of the
Lame equation

(;‘;—22 - 20(2) ) P(2) = p(2)b ()

of the form

®(z) = % + Bpey(z)

in a neighbourhood of x = 0, where ®;¢4(x) is
a power series such that ®;e;(0) = 0. As
usual, p(z) = —¢(2)".
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The power series of the sigma-function

The function o(x) is associated to the
universal elliptic curve ~2 = 4¢3 — g€ — g3,
and according to K. Weierstrass, Zur Theorie
der elliptischen Funktionen, Mathematische
Werke, (Teubner, Berlin, 1894), Vol 2,
245-255, may be expanded as

4
_ n; gox N
o () xi].%:o (47L—|—6j—|—1)!( 2 ) (2g327)".

The n; ; are integers, defined recursively by

. 16, .
n;; =30+ Dnyq i1+ ?(J + 1)n;_o 41

1, .. : . :

- 5(2@ +35—-1)(4i+6j —1)n;_1 ;
plus the initial conditions ngo =1 and
n; ; = 0 for min(4, j) < 0.

So we may interpret

o(z) = o(x,g2,93) € Qlg2, g3l[[z]]

as a homogeneous series of degree 2, with
degx = 2, deggo = —8, and deggz = —12.
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The power series of the Krichever genus

Put
h(x) = o(x)expp(z,x),
where
xp p(z,2) = — 2 exp(~(()).
Then

o(z,z) =Ino(z) —Ino(z —xz) — {(2)x
e déIno(2)\ zF
B Z(_l)k(_ :Zz( )>k!

k=2

z< 1)kt ()=

k1
(k+1)"

Writing p(z) = € and ©'(2) = v, we will show
that

p(z,z) € QlE, 7, golllz]]

IS @ homogeneous series of degree 0, with
degr =degz =2, deg& = —4, degy = —6,
and deg g, = —8.
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Using the Weierstrass uniformization

(' (2))? = 4p(2)> — gop(2) — g3,
we obtain

0" (2) = 6p(2)? — go/2.
T hen

o) (2) = pr(€,7, 92) € QIE, v, g2l
where p1(§,v,92) =& and

0 go. O
Pk+1 — ’Ya—gpk + (652 - 52)%2914
for k> 1. So
00 xk:—l—l
QO(Z,CE) — (_1)k_1pk:(£77792) .
];::1 (k+1)!

Using g3 = 4&3 — 42 — g>¢ we deduce that
o(x) € Q[ v, g2]ll=]].

Corollary. The Krichever genus T, IS a
Hirzebruch genus T3, with

h(z) € QlE, v, g2lll=]].
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The formal group
of the generalized elliptic genus

Over the graded ring R =Y, R™%, let
C’L(u) — Z Ci,juj7 1= 1,2,
>0
where degcy ; = —2j, degcp ; = —25 — 4 and
ct0=1,¢1,1=0, c20=0.

Theorem. (cf. V.M.Buchstaber, Russian
Math. Surveys, 45:3, 1990, 213-215.) The
universal formal group f(u,v) of the form

co(u) — co(v) .
ucy (v) —vey(u)

over R = Z[a,,c1 4, j 2 2, co, k2> 1]/J has
exponential series

(@) = 727 expla—¢(2)) € QLo &7, 2l

where J is determined by the associativity
conditions, and

R ®Q = Qla,c1,2,c1.3,c1.4]

uc1(v) + veyp(u) — auv —
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For the Krichever genus

. exp ax
Ty, Qy — R  with h(z) = ———,
nt Qu () Sz, 2)
we have
Corollary.
14 > Th(ajjl)uj = c1(u) — au
Jj=1
and

1
d Th(aj2)u! ™" =c12 — ca(u).
j=1

Corollary. The homomorphism

4 4
7,0y 2" — Y R
=0 i=0
IS an isomorphism.
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Important examples:

1. The formal group law

u -+ v — auv
1 — buv

fa,ﬁ(uﬁv) —
IS given by

c1(u) =1 —bu? and cs(u) = —bu(a + bu).

2. The formal group law

uy/R(v) + vy/R(u)

with R(u) = 1 — 26u? 4+ ¢ u?, is given by
c1(u) = /R), cx(u) = —eu?, and a = 0.

Y
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Krichever’s results

Let Fs be a connected component of the set
{Fs} of fixed points under the action of S1 on
a stably complex Si-manifold M.

Suppose that the representation of St in the
normal bundle to Fj is given by S;n/si. Then
if c;(M) =0, all the sums rs = 3,55, are
equal. The resulting integer is called the type
of the circle action on the SU-manifold M.

Theorem. If the action of S! on any
SU-manifold M has nonzero type, then

Tell*([M]) = 0,

where T, is Krichever's generalized elliptic
genus.
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The generalized elliptic
genus of a toric manifold

Let M2™ be a toric SU-manifold and T < T"
be an arbitrary subcircle. So

I(T) = (21,...,2n) € Z".

Proposition. The action of T' on M2" has

n
type > z;.
i=1

Corollary. The generalized elliptic genus
T.;.. of any toric SU-manifold M?" is zero.

Corollary. If M2" is any toric SU-manifold,
where n < 5, then [M2"] = 0.
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