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Abstract

We consider the universal equivariant genus
for stably complex 2n-dimensional manifolds
equipped with an action of the standard k-
dimensional torus T*.

In the case of quasitoric manifolds M we
explicitly calculate this genus in terms

of the underlying combinatorial data (P, A)
consisting of an oriented combinatorial
n-dimensional simple polytope P with m facets
and corresponding integer matrix A = (I, Ax),
where I, is an identity (n x n)-matrix and

Ax is an n x (m — n)-matrix.

By way of application, we obtain a formula
evaluating the complex cobordism class of M
in terms of (P, A).
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Notation and agreements

We denote by R™ the standard real n-dimensional
Euclidean space with the standard basis
consisting of vectors e, = (0,...,1,...,0)

with 1 on the -th place, for 1 <7< n;

and similarly for Z™ and C™.

The standard basis gives rise to the canonical
orientation of R".

We identify C™ with R2" by means of the real
vector space isomorphism C" — R27 sending
e; to epj_1 and (v/—1)e; to ey; for 1 < j < n.
This provides the canonical orientation

for C™.



Since C-linear maps from C"™ to C" preserve
the canonical orientation, we may also regard
an arbitrary complex vector space as
canonically oriented.

We denote by T" the standard n-dimensional
torus R"™/Z™, which we identify with
the product of n unit circles in C":

T" = {(2™V 711, 2™V 1vn) e C7),

where (p1,...,pn) runs over R™. The torus T"
IS also canonically oriented.



Normally complex T*-manifolds

We consider smooth 2n-dimensional
manifolds M, equipped with a smooth action «
of a k-dimensional torus TF.

We may choose an action of T* on C! and
a Tk-equivariant embedding i: M — C!
for suitably large [.

Then we may choose a T"“-equivariant unitary
structure ¢, on the normal bundle v(7) of i.

This is unique up to natural equivalence,

and displays (M, «, cy) as a normally complex
T*-manifold:

it represents a 2n-dimensional element [M, o, ¢,/]
of the geometric Tk—equivariant complex

k
cobordism ring Qij’T .



Construction of the universal
equivariant genus

We use the standard (diagonal) action of

Sl ={ze C: |z =1} on the unit sphere
SQm—I—l - Cm—l—l_

We write the k-fold product JJF_; s2m+1

as I1S,, c Ckm+1) and note that it admits
the standard action of T*. The quotient space
IT Py, is the corresponding product Hle CcCpm™
of complex projective spaces.

So we may define a 2(km + n)-dim smooth
manifold W,,, = II.S,, Xk M, and an [-dim
complex vector bundle qm: Eyy — 11 Py, Where
Eyy = I1Sm %1, C! for the above chosen

action of T* on C'.

Then ¢ extends to an embedding i': W,, — Em,
and ¢, extends to a complex structure ¢

on the normal bundle v(i').



The composition

’I:/

IS complex oriented and determines a complex
cobordism class (M, a,cy) € U2"(ITPy).

The standard embedding v, I[Py — 1P, 41
satisfies L;'fngﬁm_l_l = &,,, SO the inverse sequence
{Pm (M, a,cy) : m > 0} defines an element

of lim U~2"(I1P,,), which is isomorphic to
U—2"(I1Pxo).

We write this element as
(M, a,c) € U 2"(ITPs),

and call it the universal Tk-equivariant genus
of (M, «,cy).

It is straightforward to check that it is
well-defined on equivariant cobordism classes,
and may therefore be displayed as

a homomorphism

k
(1) o: Q51— UTP(ITPy).



Tangentially stably complex T*-manifold

We interpret M as a tangentially stably
complex T*-manifold (M, «, c:) whenever

an equivariant complex structure cr is chosen
for its stable tangent bundle. So

(2) cr (M) @R2U—n) ¢
IS a real isomorphism for some complex vector
bundle &, and the composition

(3) r(t): € S r(M) @R O Ly gR2- ¢

is a complex transformation for any t € TF,
where da(t) is the differential of the action by

a(t).

So (3) corresponds to a representation

p: TF — Homg(§, ).



Up to natural equivalence an equivariant
complex structure ¢ determines a unique
T’“—equivariant complex structure cp

on the normal bundle v(7) of 1.

It is important to remember that this
procedure is not generally reversible, because
not all ¢, determine an equivariant cr.

We may define &(M, o, ¢r) to be the associated
d(M,a,cy).

The genus & has been applied to deduce
fundamental results on Hirzebruch genera
of Sl-manifolds by Krichever.
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T he universal equivariant genus
as a power series

The ring U*(II Px) is isomorphic to the
algebra 2*[[uq,...,ug]] of formal power series
over 2 = U*(pt). Here u; is represented by
the inverse sequence

{tm: ;P — II Pyt m > 0}

of 2-codimensional submanifolds, obtained
by substituting CP™1 for the i-th copy
of CP™ in Il P,,.

An additive basis for U*(II Px,) therefore
consists of monomials of the form

us = Huj(J)7
J

where s ranges over all maps s : {1,...,k} — Z>.
Then u° is represented by an appropriate
inverse sequence

{tm: HsPpy — Py :m > 0}
of 2|s|-codimensional submanifolds, where
s| =2>2;8(9)-
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We want to give an explicit construction
of stably complex manifolds Gs(M)
of dimension 2(n + |s|), such that

(M, a,c) =) [Gs(M)] u®.

Clearly Go(M) = M, with stably complex
structure cyp.

At first consider the subspace (S3)J of C%

{(y1,21;- - -; i %) ygl® +lzl* =1, ¢ =1,...,5},
on which the torus T’ acts freely by

t-(y1, 2155 Y, 2) = (tayn, by 2oty £ 0t )
for all t = (t1,...,t;).
The quotient manifold B; = (S3)7/T7 is
a j-fold iterated 2-sphere bundle over
Bg = pt (the Bott tower), and admits
complex line bundles nq, ..., 7; such that
E(n;) = (S3)J x7m; C via the action t-z = t;lz
for z € C.
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Ray’s basis

For any 5 > 0O, the isomorphism

T(B)oC Z @ em)®- - & (@ ®nji—11;)

defines a stably complex structure c? on Bj,
which bounds the associated 3-disc bundle;

so [B;] = 0.

Proposition 1 (N.Ray, 1986) The classifying
maps B; — CP®° for the line bundles n;
represent a basis for Us,(CP®°°), that is dual to
the basis {u* : k > 0} of U*(CP>).

We need the basis for U«(IIPx) dual to
{u?, s {1,...,k} = Z>} in U*(II Px).
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Proposition 2 The bordism class dual to u®
is represented by the classifying map

k
Ns = Hns(q)I Bs = H BS(Q) — [l Po.
g=1

Here ny,: Bg(Q) — CP> is the Ray basis
element for the ¢g-th copy of CP° in Il P.

We wrote @ (M,a,cy) = > [Gs(M)] u?.

Theorem 3 The manifold Gs(M) is the total
space of the bundle Gs(M) — Bs with fibre M
determined by the pull-back diagram

L]

Bs B TP
Here Woo = 11 S~ Xk M.
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Rigid equivariant genera

Let L: £y — R be a Hirzebruch genus

taking values in a ring R. Then the universal
genus @: ngk — Qulluq, ..., ug]] gives rise

to an equivariant genus

. AU, TE
QSL' QQn - R[[ula'”auk]]a

b1 (M,a,cy) = LIM]+ > L[Gs(M)] u®.
|s|>0

The genus &y is rigid if
b (M,a,cy) = L[M] € RC R[[u1,...,ut]]
IS a constant.

k
Let A C ng be a subgroup. Then we say

that the genus & is A-rigid if &;(M,a,cy) is
a constant for every [M, a,cy] € A.
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Multiplicativity
with respect to fibre

Definition. A genus L: {;; — R is said to be
multiplicative with respect to M if

L{E] = (L[M])(L[B])

for every bundle M — E £+ B of stably
complex manifolds with a compact connected
Lie group as structure group. We may write L
as LM to emphasise M.

Since the Ray basis {Bs} consists of
manifolds cobordant to zero, we get from
Theorem 3:

Corollary. Let M be a normally complex
Tk-manifold. If the genus L is a multiplicative
with respect to M then the equivariant genus
&7 (M, o, cy)isrigid, thatis, &7 (M, a,c,) = L[M].
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Applications

Let I;; denote the ideal in (2 of differences
[E] — [N][B] for all fibre bundles N - F — B
of stably complex manifolds with a compact
connected Lie group as structure group.

Consider the canonical projection
LU : QU — RU = _QU/IU,

which factors through LM for any fixed M.
Definition. We refer to LV as the univer-
sal complex fibre multiplicative genus.

Corollary. Let (M, «,cy) be a normally
complex Tk-manifold. Then

&, (M,a,cy) = LY[M] = const.

It is known that Ry = Z[a,b], dega = —2,
degb = —4 and LV is the two-parameter
Todd genus T, »,, where z1+20 = a, z120 = b.

The (classical, ungraded) Hirzebruch xy-genus

IS T—y,l-
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Let gy denote the ideal in (2 defined
in the same way as above, but with
the additional assumption that NN is
an SU-manifold.

We have the canonical projection
LSU . “QU — RSU = QU/ISU.

Definition. We refer to Lg;; as the universal
complex SU-fibre multiplicative genus.

Corollary. Let (M, a,cy) be a normally
complex Tk-manifold with ¢;(M) =0
(an SU-manifold). Then

&, su(M,a,¢) = L°Y[M] = const.

It was shown by Hohn (1991) that

RSU ) Q — Q[CL]_,CLQ,CL:-},CM_], deg ap — _Qka
and LU is the Krichever genus.
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T he sign of an isolated fixed point

Let x € M be an isolated fixed point of the
Tk-action « on a tangentially stably complex
Tk-manifold (M, a,c;). The representation

oz TF — GL(1,C)

associated with ¢, decomposes the fibre

£ =2 Clas C* @ Cl—", where p, acts without
trivial summands on C”, and trivially on C/—™.
Moreover, the isomorphism cr, of (2) induces
an orientation of the tangent space 7,(M).

Definition. The sign o(x) is +1 if the map
(M) 18 (M) @ R2U-™ 22 ¢ 2 cr g i T O,

preserves the orientation, and —1 otherwise,
where m is projection onto the first summand.
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The weights of the tangential
representation at an isolated fixed point

The representation p;: T — GL(n,C)
decomposes as

Pzr,1 D D pxn,
where p; ; IS @ non-trivial one-dimensional
representation of T* given by

Pri (627T\/_901 o 627r\/—_190k)v _ e27r\/_< (x),d )

where ¢ = (p1,...,¢p) € RE,
W](az) = (wlj(CB), e ,wkj(a:)) c 7F and

k
(Wj(x), ¢y = > wy;(x)epq.
q=1
To each isolated fixed point z, we may
therefore assign a sequence

{wi(z),...,wnp(x)}
of weight vectors.
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Localization formula
for the universal equivariant genus

Let F'(u,v) be the formal group for complex
cobordism. The corresponding power system
{lw](u) € 2*[[u]] : w € Z} is uniquely defined
by [O](u) =0, and [w](u) = F(u, [w— 1](u))
for w € Z.

Note that [w](uw) = wu modulo (u?).

Let w = (wl,...,wk) c ZF and u = (ul,...,uk).
Define inductively [w](u) = [w](u) for k = 1;

(W](U) = Fj— [wel (ug) = F(Fy=1lwg](uq), lwg] (ur))
for k > 2.

Note that
[W](tu) = (w,u)t + o(w, u; )2,
where po(w,u;t) € Qulluy, ..., ug, t]].
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T heorem 4 If the action o has a finite set X
of isolated fixed points, then

(4) o(M,a,cr) = ) o(z) H L W@ )](U)

rxeX

is equal [M]+L(u), where £(U) € 2%[[uq, ..., ugl]
and L£L(0) = 0.

Corollary. ForO0<lIl<n

1
l'dtl (%ZX (2 )H (Wj(z),u +g0(Wj(CIZ),U;t)t) t=0

0, [ #n,
1, [ =n.

is equal &L [M?2"], where ¢l = {

This is a Tk-analogues of the famous
Conner-Floid relations for the Z/p-actions
with isolated fixed points.

Thus we have for G = TF an answer to

the generalized P.Smith problem:

Let be given a G-manifold with isolated fixed
points. How are the isotropy representations
of (G related, at distinct fixed points?
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Applications

Hirzebruch genus as a ring homomorphism
Ly, : 2y — R is given by the series t/h(t),
where h(t) € R® QI[t]]. Let Ly : 2y — R
classify the formal group f(u,v). Then
gr(h(t)) =t, where

un—l—l
97 (u) = u+ Y LalCP)

is the logarithm of f(u,v), i.e. h(t) is
the exponential of this group.

In the notation of Theorem 4 we have

Theorem 5 Let h(t) € R® Q[[t]] be a series
such that h(0) =0 and R'(0) = 1. Then
the expression

n
1
> o) ]]
rcX j=1 h(Zf;:l wqj(a:)tq)
is equal L;[M] + Ly(t1,...,tr), Where
Lp(ty,.. . tk) € R®Q[[t1,...,t]] and
£,(0,...,0) =0.
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Corollaries

Applying the augmentation (the trivial
Hirzebruch genus) L:: 2;; — Q, we obtain

a strong condition on the set of signs {o(x)}
and weight vectors {w(zx)}:

Corollary.
" 1
Z o(x) H = 0.

X j=1 (Z];:l wqj(:c)tq)

Proof. Hirzebruch genus L. corresponds to
e(t) = t.

In the more general case we obtain:
Corollary. If the genus L; is multiplicative
with respect to M then L;(t1,...,t,) = 0.

24



T he universal complex fibre multiplicative
genus

Consider the formal group law

u+ v — auv

le,zz (u7 U) —

1 — buv
with a = 21 4+ 20, b = 2120 and dega = —2,
degb = —4. Then
1 z z
/ 1 2
u) = —
gf( ) zl—ZQ(l—zlu 1—22u>

=1 —I_ Z TZ]_,ZQ [CPn]un,
where T, ., is the two-parameter Todd genus.

In this case, the exponential series is given by

exp Zlgz% — exp 22521.@

hz1,25 (z) =

21 exp A572x — zp exp ngzlx.

Corollary. Let (M, a,cy) be a tangentially
stably complex TF-manifold. Then

T2 2[M] = Z o(x) H

reX j=1 hzl,z2<zg:1 wqj(x)tQ>

25
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The Krichever genus

Krichever's complex elliptic genus T is
the Hirzebruch genus L;, with h(x) = ﬁx)exp ax
where

o(z—x)
o(z)o(z)
Here o(z) is the classical Weierstrass
function and ¢(2) = (Ino(z))’.

d(x) = P(x,2) =

exp ((z)=x.

The function ®(x, z) is the solution of
the Lame equation

(g N 2@3(5”’))"’(5’3) = p(2)P(z)

of the form

> (x) = % + Dreg(a)

in a neighborhood of x = 0, where ®;¢q(x)
is @ power series such that ®,¢4(0) = 0.

Here p(z) = —((2)’.
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The formal group of the Krichever genus

Over the graded ring R =Y;5oR™%, let
ci(u) = ¢!, i=1,2,
7=0
where degcy ; = —2j, degcep j = —25 — 4
andclo 161120 CQOZO

Theorem 6 (V.M.Buchstaber, 1990)
The universal formal group f* (u,v) of the form

co(u) — co(v) 202
ucy (v) —vey(u)

over R = Zla,c1 4, j 2 2, co, k= 1]/J has
the exponential h(xz) of the form

Ziﬁ)f(z; exp[(a — ¢(2))z] € Qla, ¢, 7, g2 [[]],

where J is the ideal generated by polynomial
given by associativity condition and

R ® Q = Qla,c12,c1.3,c1.4]
Here £ = p(z), v = ¢'(2).

ucy(v) + veg(u) — auv —
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The universal complex SU-fibre
multiplicative genus

Corollary. Let (M, «,cr) be a tangentially
stably complex T*-manifold with ¢;(M) = 0.
Then

k

TE[M] = Z o(x) ﬁ CD( Z wqj(az)tq,z).

reX 1=1 g=1

Important examples:

1. The T., .,-genus.
The formal group law

u -+ v — auv
1 — buv
IS given according to Theorem 6 by

le,zz (u,v) =

c1(u) =14 bu?
co(u) = bu(a — bu).
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2. The elliptic genus T_;.
The formal group law

uy/ R(v) 4+ v/ R(u)

u,v) =
fell( ) 1 _ €u2v2

with R(u) = 1 — 26u? + eu?, is given according
to Theorem 6 by

c1(u) =/ R(u)

cr(u) = —eu?
a=20
Here dego = —4, dege = —8. Then

1

La(u) =

So Tell[(CPQn_l] = 0 and

=1+4+> T y[CP"]u".

CQn: enni>,
Tell[P] (\/_)P<\/E

where P,(z) is the Legendre polynomial.

The exponential h(x) of f.;(u,v) is the Jacobi
elliptic function sn(x).
29



Combinatorial quasitoric data

I. We consider a simple n-dimensional polytope
P given as a bounded intersection of m closed
half-spaces in R™:

(5) P={xeR": (a;,x) +b; >0 for 1 <i<m},

where a; lies in R™ and b; is a real scalar.
7 7

We assume that there are no redundant
inequalities in (5), that is, every hyperplane
bounding a half-space in (5) intersects P

at an (n — 1)-dimensional facet.

It follows that there are m facets Fiy,...,Fn
in total; and we further assume that they are
finely ordered, in the sense that FiN---N Fy
defines the initial vertex v of P.
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II. We associate to a simple n-dim polytope P
an integral (n x m)-matrix of the form

(10 ... 0 Apyg1 - Arm)
A — 01 ... 0 Aopy1 --- Aom
in which the column X; = (A1j,..., ;)
corresponds to the facet F;, y=1,...,m,
and the columns >\j1’ e >\jn corresponding

to any vertex F; N---NF; are required to form
a basis for Z".

In other words, the associated (nxn)-submatrices
have determinant £1. We partition A as (I, | Ax),
where I, is identity (n x n)-matrix.

So that Ax is n x (m — n)-matrix, and refer to

it as the refined submatrix.

Definition. The combinatorial quasitoric data
(P, A) consists of an oriented combinatorial
simple polytope P and integer (n x m)-matrix
A with the properties above.
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The Canonical embedding of a polytope
in the positive cone

We may specify P by a matrix inequality

Apx +bp > 0, where Ap is the (m x n)-matrix
of row vectors a;, and bp is the column vector
of scalars b; in R™,

We may interpret the matrix Ap as a linear
transformation R" — R"™. Since the points

of P are specified by the constraint

Apx + bp = 0, the intersection of the affine
subspace Ap(R"™) 4+ bp with the positive cone
IR%"; is a copy of P in R™. The formula

ip(x) = Apx 4+ bp defines an affine injection

ip: Rn —>Rm,

which embeds P as a submanifold with corners
of the positive cone.
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Moment-angle manifolds

The moment-angle manifold Zp is defined
by the pull-back diagram

z, 2, Cm

ol
ip
P — R’g

Here o(z1,...,2zm) is given by (|z1]%, ..., |zm|?),
the vertical maps are projections onto

the quotients by the T™-actions, and ¢z is

a TM-equivariant embedding.

The manifold Zp is a complete intersection
of (m — n) real quadratic hypersurfaces in C™
and is therefore smooth.

There is a TM-equivariant decomposition

T(Zp) B v(iz) = Zp x C™,

where 7(Zp) is the tangent bundle of Zp
and v(iz) is the normal bundle of
the embedding 7 z.
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Quasitoric manifolds

Matrix A defines a surjective homomorphism
¢: T™ — T", The kernel of £ (which we denote
K(A)) is isomorphic to T™m—™,

The action of K(A) on Zp is free due to the
condition on the minors of A. So its quotient
M = Zp/K(A) is a 2n-dimensional smooth
manifold with an action of the n-dimensional
torus T™/K(A). We denote this action by «a.

It satisfies the Davis—Januszkiewicz’
conditions:

(a) « is locally isomorphic to the standard
coordinatewise representation of T" in C".
(b) there is a projection n: M — P whose
fibres are orbits of «.

We refer to M = M(P,A) as the quasitoric
manifold associated with the combinatorial
data (P, A).
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Facial submanifold structure

Additional structure on quasitoric manifold M
IS associated to the facial submanifolds M,
defined as the inverse images of the facet F;
under w, for 1 < ¢+ < m. Every M,; has
codimension 2, and its isotropy subgroup is
the subcircle £(T;) C T, where T, C T™ is
the +-th coordinate subcircle.

The quotient map

Zp XKCZ'—>M

defines a canonical complex line bundile p;,
whose restriction to M; is isomorphic to
the normal bundle v; of its embedding in M.

The submanifolds M; are mutually transverse.

Definition. An omniorientation of

a quasitoric manifold M consists of a choice
of an orientation for M and for every facial
normal bundle v;, : =1,...,m.
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Omnioriented quasitoric manifold

Theorem 7 Every pair (P, A) determines
a 2n-dim omnioriented quasitoric manifold.

Proof. An interior point of the quotient
polytope P admits an open neighborhood U,
whose inverse image under the projection =« is
canonically diffeomorphic to U x T" as

a subspace of M.

Since T" is oriented by the standard choice
of basis, orientations of M correspond
bijectively to orientations of P.

Since the homomorphism ¢: T — T™
determines a complex structure on each p;,
it encodes equivalent information.

Theorem 8 Any omnioriented quasitoric
manifold admits a canonical stably complex
T"-invariant structure.
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Sign of a fixed point for M (P, A)

Every T"-fixed point x €¢ M = M(P,A) can be
obtained as the intersection M; N---NM;,

of n facial submanifolds. The tangent space
to M at x therefore decomposes into the sum
of normal subspaces to Mjk: for 1 < k < n:

(6) T2(M) = l/j1|x@...@l/jn|x.

Lemma 9 Let x
point.

1. We have o(x) = 1 if in (6) the orientation
of (M) determined by the orientation of M
coincides with the orientation of v, | &...®v;, |
determined by the orientations of Vi,

for1 <k<mn, and o(x) = —1 otherwise.

2. In terms of combinatorial data (P, A),
we have

Mjl M... ﬂMjn be a fixed

o(x) = sign(det(Ajl, oy Aj,) det(agy, - ajn)).
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Weights for M (P, A)

Let T™-fixed point x € M = M (P, A) be
the intersection M; N---N M; of n facial
submanifolds.

Denote by A, the (nxn)-submatrix of A formed

by the columns A, ,..., A, (note detA; = +£1).
Lemma 10 The weight vectors {wi(z),...,Wn(x)}
of the tangential T"™-representation in (M)

are given by the column vectors puq, ..., un

of the matrix M, satisfying

In other words, {w1(x),...,wWn(x)} is the basis
of R" conjugated to {)\;,,...,\j,}.
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Toric manifolds

Every nonsingular projective toric variety (toric
manifold) M is determined by the normal fan
of a simple polytope @ C R"; it is integral,
insofar as its vertices lie in the lattice Z™. We
may assume that the origin is a distinguished
vertex, that its incident facets lie in the
respective coordinate hyperplanes and

the remaining facets F,,41,..., Fm are ordered.

For any such M we let P be the oriented
combinatorial type of ( and the columns of A
be the primitive integral inward pointing
normal vectors to Fq,..., Fy respectively.

So A = AQ.

We can identify the stably complex structure
associated to the combinatorial data (P, A) with
the canonical complex structure on M.

Corollary. o(x) = 1 for any fixed point of
the canonical T"-action on toric manifold M.
39



Corollary.
S 1
reX j=1 <ZZ:1 qu(x)tQ)

where uq, ..., un are the column vectors of the
matrix A1

0.

Corollary. Let h(t) € R® Q[[t]] be a series
such that h(0) = 0 and A’(0) = 1. Then
for any toric manifold M the expression

" 1
> 11—
reX j=1 h(Zqzl ,qu(:n)tq)
is equal Lj[M]+ L;(t1,...,t), where

£h(t17' . 7tk) ~ R®Q[[t17 . 7tk]] and
Eh(o,...,O):O.
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Applications

Theorem 11

P(EP(n) = U1 1u T Z 1 U 1;[ F(uj ;)
Zj y 7

where u = [—1](u).

Set u; = F(’Un_|_1,’l_J7;) then F(u],ﬂz) = F(’Uz,’l_)j)
Corollary.

by(CP(n)) = —
z; 317_&[7; F(vs, )

c QU[[’Ul, . ,vn_|_1]].

Example.

_ 1 | e |
Po(EP(D) = F(v1,52)+F(’02,51) = [EP--
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Corollary. Let h(t) € RQQI[t]] be a series such
that A(0) = 0 and hA/(0) = 1. Then the
Hirzebuch genus L; = LEP" is multiplicative
with respect to CP"™ if and only if

n—+1

L, [CP"] = = const.
er= 3 g

This corollary is a classical result (see
Hirzebruch's book, 1992, p. 52). Theorem 11
provides a form of it in the case of universal
genus, and therefore for arbitrary genus.

n—+1 1
In particular, in the expression > ] =)
i=1 jA N
all the singularities cancel;
n+1 1
so Y JI A=) is a power series in (n+ 1)
i=1 A N
variables, whose constant term is L;[CP"].
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The two-parameter Todd genus T, -,

The formal group law is

u -+ v — auv

ferz(u,0) = 1 — buv
where a = z1 + 20, b = z12o.
We have:
U U — v
U pr— aﬂd 7_ —
YT au— 1 Je1.20(u, ) 1 — (a—bu)v
Thus,

1—av—|—bv2—|—bv(u—v)_

1 _
le,zg (u,v) =

U —7v
— bt (1 —2z1v)(1 — ZQ’U).
uUu—7v
T:, 2, IS the universal complex fibre
o n _ Znttogntl
multiplicative genus, and T, »,,[CP"] = T

Therefore we obtain

+1 +1 1 : :
Z? —zg :ni_: H <bvj—|—(1_zlv‘7)(1_22v])).

Z1 — 22 i=1 j#i Vi — Uj
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Main examples

I. The genus T, o gives the Todd genus Td.
Thus, we obtain a partition of a" for every
n >0

n+1 1 —av;

a"= > 1] .

i=1 j£i V1 T V)

In the case a # 0 set s; = 1 — av;.
Then we obtain a partition of unity

n—+1

1=3 ]2

i=1 j£i 51 7 )

Similar formulae can be retrieved from

the combinatorial data of other quasitoric
manifolds.

For any toric manifold M2" we have

Td(M) = a", so we again obtain a partition
of a™ or of unity.

44



II. The genus T, _, gives the Signature.

In this case we obtain the partition

1 — (—1)nt1 n+1 zvzv
G EED W | s

1=1 j#*i Vi =Yy
and therefore

2n+1 v
o=y I

1=1 571 Vi =Yy

III. The genus T » gives the top Chern
number, i.e. T [M2?"] = (cu(r)(M3"))2"

In this case we obtain the partition

+1 : 2, 0.
(n_l_l)zn:nz H 1—2zvj+z ‘UZ’U].

i=1 j£i Vi =Y
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