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Matrix factorization is a common tool in different branches of mathematics.
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Abstract

Several matrix factorizations depend on orthogonal factors, matrices that
preserve the Euclidean scalar product. Some of these factorizations can be
extended and generalized to (J, J )-orthogonal factors, that is, matrices that
satisfy HT JH = J, where J and J are diagonal with diagonal elements £1.
The purpose of this work is to analyze the perturbation of matrix factoriza-
tions that have a (J, J )-orthogonal or orthogonal factor and to give first order
perturbation bounds. For each factorization analyzed, we give the sharpest
possible first order bound, which yields a condition number. The cost of com-
puting these condition numbers is high. It is usually equivalent to computing
the 2-norm of an n? x n? matrix for a problem of size n. Thus, we also propose

less sharp bounds that are less expensive to compute.
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Introduction

general definition is given in [1]:

Throughout this paper, we encounter matrix factorizations in which more than two
matrices are involved. The aim of this work is to analyze the sensitivity of some
matrix factorizations that involve at least one hyperbolic matrix and to give a first
order perturbation bound for the factors, where a hyperbolic matrix is a matrix
that satisfy HTJH = J, with J and J diagonal with diagonal elements 1. The
optimal first order perturbation bound yields a condition number of the relevant

A matrix factorization theorem is an assertion that a matrix A can
be factorized into a product A = A As, of two special matrices Ay, As.
Some conditions may be necessary for such a decomposition to exist, and
some further conditions may ensure the uniqueness of the factorization.
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matrix in the factorization, which measures its sensitivity to perturbations in the
data. For A, XY € R"™" let ¢(X,Y) = A be a factorization of A, where ¢
is a function describing the factorization. For instance for the QR factorization,
o(X,Y) = XY, where X is unitary and R upper triangular. The classical theory
of condition numbers [17] employs the definitions

Kx = lirr(l)sup {eAX], (X +AX,Y+AY) = A+AA, |AA| <€},
Ky = lirr(l)sup {e_lﬂAYH, P(X+AX, Y+AY) = A+AA, |AA] <€}

This definition has the advantage of being simple to present, although in most cases
the necessary computations to bound the condition number or to show it is attained
are far from being trivial. The method used in this paper is quite different. Our
aim is to define a function g in a neighborhood of A such that p(X,Y) = A+ AA
with (X,Y) = g(A+AA). We define the condition number as the norm of ||dg(A)|,
the differential of g at A. The main tool for this analysis is the implicit function
theorem. Our method is described in detail in Section 2.3.

Several results that we cite later on are available concerning orthogonal matrix
factorizations. In most cases, these results are only bounds and not the condition
number. In the literature, condition numbers for hyperbolic matrix factorization
have not been reported. In this paper, we investigate some matrix factorizations
and for each of them we compute the condition number. Our proof technique is
not new. It was used in [1] and [7] to investigate perturbation bounds for several
matrix factorizations.

The HR factorization is the generalization of the usual QR factorization when
the orthogonal factor is allowed to be (J, J)-orthogonal. Perturbation bounds of
the QR factorization are given for example in [1], [6], [7], [14] and [19]. In this
paper, we compute the condition number of the HR factorization and show that the
classical perturbation bounds for the QR factorization are very weak. Our analysis
(of the HR factorization) is closer to the ones presented in [1], [7] and [14]. For the
singular value decomposition (SVD), it is well known that the condition number for
the singular values is 1 (see for example [20]). Perturbation bounds for the singular
vectors are also available in [18], [21]. In our case, we compute the condition number
of the hyperbolic SVD (see Section 4), which is the generalization of the usual SVD.
In several papers, the polar factorization have been analyzed (see for example [5],
[8], [10], [13], [15]). Once more, we compute the condition number of the indefinite
polar factorization and apply our results to the usual polar factorization, which
allows us to give a short and easy computation of its condition number. We also
refer to two surveys, [1] where perturbation bounds for several matrix factorizations
are given and [10] where various conditioning problems are treated.

This paper is organized as follows. In Section 2, the notations, definitions and all
the necessary background material are presented. Then, from Section 3 to Section 5,
the HR factorization, the hyperbolic singular value decomposition and the indefinite
polar factorization are analyzed. Numerical experiments were carried out in each
section. Test matrices were generated using MATLAB 6.5 with unit roundoff u ~
le — 16.



2 Background and Preliminary Results

2.1 Notations, Definitions and Matrix Operators Properties

For X = (z;;) € K", K =R or C, the 2-norm || - |2 and Frobenius norm || - ||z
are defined by

i n
IXllo= sup [|Xylla, [ X]r = (trace(X*X))? = [ > |},

lylla=1 5=

The condition number of X € K"*" is k,(X) = || X|,[|X||,, v = 2, F. For an
operator or a linear map 7 defined on K”*", the 2-norm is defined by

Tl = sup [TX||F.
X F=1

The choice of this norm is justified by its differentiability properties and its compu-
tational simplicity. We now present some notations and we give some results that
are needed throughout this work.

ey, denotes the k-th column of the identity and we define e;; = eie?. Let x € K.
Throughout this work, V, denotes an open neighborhood of z. For a differentiable
function f in V., df (x) denotes the differential at the point . All the vector spaces
are vector spaces on R and thus all the functions are considered as functions of real
variables and the differentiation is real.

A(K) denotes the set of upper triangular matrices in K"*™ with a real diago-
nal. Sym(K) (respectively Skew(KK)) is the linear subspace of symmetric matrices
(respectively skew-symmetric matrices) with coefficients in K. Herm (respectively
SkewH) is the linear subspace of Hermitian matrices (respectively skew-Hermitian
matrices). dim denotes the dimension of linear space in R. We recall that

n2—|—n

dimA(R) = dimSym(R) = 5 (1)
dimA(C) = dimHerm = dim SkewH = n?, (2)

. n?—n
dim Skew(R) = 5 (3)

For x € K", diag(x) denotes the n x n diagonal matrix whose diagonal is . For
X € K" we denote II4(X) = Y, the diagonal part, IT,(X), the strictly upper
part and IT;(X), the strictly lower part of X.

For A,B € K™ with A = (ai;) and B = (b;;), the Schur product is defined
by Ao B = (ai;b;j) and the Kronecker product is defined by A ® B = (a;; B). The
matrix operator vec : K"*" — K" stacks the columns of the matrix into one long
vector. We define Tvec(A) = vec(AT). T is an n? x n? permutation matrix.

Theorem 2.1 Let A, B, X € K"*"™. We define the operators T1 X = X o A and
12X = AXB. Then,

Tl = Y%?X|aij|v (4)

1T2ll = [[A@ Bl2 = [[All2]Bll2, ()

min || 73(AXB)| r AT B (6)
IXIe=1

Proof. For (4), it is straightforward to show that the right hand side of (4) is

an upper bound. Let |ay,| = max;; [a;;|. Then, the bound is attained by eyef .



Let A = QlSlZf and B = QgSng be the singular value decompositions of A
and B. Then, (A® B) = (Q1 ® Q2)(S1 ® S2)(Z{ ® ZT). Thus, we obtain the first
part of (5) ||[(A® B)|l2 = ||(S1 ® S2)|l2 = ||A]l2/|Bl|2. For (5) and (6), the result
is easily obtained by using the singular value decompositions of A and B, then the
Lagrange multipliers theorem. d

2.2 (J,.J)-orthogonal and (., J)-unitary matrices

We denote by diagﬁ(:l:l) the set of all n x n diagonal matrices with ¢ diagonal
elements equal to 1 and n — k equal to —1. A matrix J € diagn (:I:l) for some k
is called a signature matrix. A matrix H € R™ " is said to be (J, J) orthogonal
if HCJH = J, where J, J € diagy (+1). We denote by Oy (J, J) the set of n x n
(J,J ) orthogonal matrices. If J = J then we say that H is J-orthogonal or pseudo-
orthogonal and the set of J-orthogonal matrices is denoted by O, (J). We say that
a matrix is hyperbolic if it is (J, J )-orthogonal or pseudo-orthogonal with J # +1.
We recall that if J = &1, then O, (+1) = O,, is the usual set of orthogonal matrices.

We extend the definition of (J, J )- orthogonal matrices to rectangular matrices
in ]Rmxn, with m > n. H € R™*" is (J,J)- orthogonal if HTJH = J with J €
diagh (£1) and J € diag? (£1). We denote by Oy (J, J) the set of (J, J) orthogonal
in R™*". (.J, J)-unitary matrices are the complex counterpart of (J,.J J)- orthogonal
matrices and we say that a matrix H € C"*" is (J, J)-unitary matrix if H*JH = J
where J and J are signature matrices. We denote by O, (J, ) the set of n x n
(J, J)-orthogonal matrices and by U, (J,J) we denote the set of n x n (J, J)-unitary
matrices.

We show that Omn(J J) and Uy (J, J) can respectively be identified with R
and R" with d = 2 5. We show that each of these sets are manifolds and
we compute their dimension. Then, the introduction of local coordinate systems
enables us to make the identification mentioned above.

Lemma 2.2 O, (J,J) and Upy(J,J) are manifolds with respective dimension d

n27n

2

and n?, where d =

Proof. Let ¢ : R™*™ — R"*™ and ¢g : C™*™ — C™*™ be defined by
@(X)=XTJX —J and ¢(X)=X*JX — J.

We recall that O, (J,J) = ¢7*({0}). ¢1 is clearly differentiable. We have that
dg1(H)AH = HTJAH + AHTJH. To compute the dimension of the manifold
we need to determine the tangent space, that is, the null space of dg; (H), with
H € 0,(J,J) . We have that null(dg; (H)) = JH TSkew(R). Thus, following
(2)-(3), On(J,J) is an ”22_" dimensional manifold.

Similarly, null(dgs(H)) = JH*SkewH and U, (.J, J) is a n? dimensional man-
ifold. 0

When, m # n, since H has full rank, then the proof is identical to the one above. Let
X € Opn(J,J) and Y € Uy (J, J). There exists differentiable one-to-one functions

¢k, 1 < k <2, opensets V; C R? and V, C R"Q, Vx C R™*™ and Vy C C™*™ such
that

$1(V1) = Vx N Opn(J,J) and ¢o(Va) = Vy N U (J, J). (7)

Moreover, the differential of these maps ¢, have full rank over the entire space
where they are defined.



2.3 General Method for Computing the Condition Number

Let S be a linear subspace of K"*", X € S and let Vx C S be an open neighborhood
of X. S can be regarded as a set of matrices that have a particular structure such as
symmetry, Hermitian or a sparse structure such as upper triangular. In this section,

let H denote either Opy,(J, J) or Unn(J, J). Let € be a linear subspace of K"*". A
(J, J)-orthogonal or (J, J)-unitary factorization of a matrix A € £ can be described
by a function

e(X,Y)=A, X€e€Vx and Y e H

Our aim is to derive perturbation bounds for the X and Y factors when A is subject
to some perturbation AA. The main tool for this analysis is the implicit function
theorem. This technique was also used by Bhatia in [1]. This method is divided
into three steps.

Step 1 Using (7), we define

f:VAXVXXKp e 5,
(Av,j;',g) = @()?,?)—A:
where Y = ¢(§) is defined according to H in Lemma 2.2 and p is the di-
mension of H. Note that f(A4, X,y) = 0, with Y = ¢(y). Assume that f is
differentiable. We denote the differential of f in the X and y direction by
af  of

df2(A, X, y) = ax oy

For all the factorizations, df2(A, X,y) can be easily computed because ¢ is
linear in X and at most quadratic in Y.

Step 2 In order to apply the implicit function theorem to f at (A, X,y), df2(4, X, y)
has to be nonsingular. Thus, null(dfz(A, X, y)) needs to be computed, that is
we need to solve the equation

with Ay € KP. Using Section 2.2, AY is in the tangent space of H. Assume
that null(df2(A, X,y)) = 0. Then, by computing dp(X,Y), we have that

) Mo (57)
0} =range | — range | — .
(0} = ronge (5% ()

Additionally, using (1)-(3) if dim & = dim S+ p then we have that df2(A4, X, y)
is invertible and the following splitting of £ into a direct sum decomposition
of the type

I¢ 9¢
£ =range <—> range (—> , (8)
0X /s D 9 /) 1)

holds, where T'(H,,) is the tangent space of H,, at Y. The advantage of (8)
is that it enable us to invert dfs(A, X, y) by using the corresponding projec-
tor to the direct sum. Then, by the implicit function theorem, there exists
a differentiable function g = (¢gx,gy) and an open neighborhood V4 of A
satisfying

g: Va4 — VxxVy, 9)

A~ (gx(A),gv(A)),



where Vx x Vy is an open neighborhood of (X,Y). Moreover, g satisfies
gx(A) =X, gy(A) =Y and

(A, X)) 50

f(A, gx(A), gy (A)) = 0, forall A€ Vy, (11)

dg(A) (10)

that is A = ¢(g1(A), g1(A)) is the factorization of A. Let ITs and Hpn,,)

denote the projectors corresponding to (8). We have that g—£ = —I. Thus,
(10) becomes

_ (92N
-1
dp

Step 3 The condition number of the factorization is given by the norm of the linear
map dg(A). In some cases, only a bound for the norm of dg(A) will be given.
Finally, for A € V4 and ¢(X,Y) = A, the first order perturbation bounds
and expansion are obtained using Taylor’s theorem

X =X]lr < lldgx(4)z¢ +O(e), (14)
IV =Ylr < ldgy(A)lac +O(), (15)

where e = ||[A — Al p.

3 The HR Factorization

We say that A € C™*™ admits an HR factorization with respect to a signature
matrix J € diag® (+1) if

A=HR, ReA(C), HelU,(J,J),

where J € diag®(£1). The next theorem from [4] shows that almost every matrix
has an HR factorization with respect to J, where J is a signature matrix.

Theorem 3.1 Let A € C™™ be nonsingular and J € diag®(+1). There exist
H,R € C™*™ such that H*JH € diag}(+1), R is upper triangular and A = HR if
and only if all principal minors of A*JA are nonzero.

For rectangular matrix A € C™*™, the HR factorization with respect to a signature
matrix J € diag® (1) is defined by

A=HR, ReAC), HEUp(J,J),

where J € diag? (£1). The following theorem extends Theorem 3.1 to rectangular
matrices that have an HR factorization.

Theorem 3.2 Let A € C"™*™ with m > n having full rank and J € diagfn(:lzl), A
has an HR factorization with respect to J if and only if all the principal minors of
A*JA are nonzero.



Proof. Assume that all the principal minors of A*JA are nonzero. Then, like
in Theorem 3.4, A*J A can be factorized as

A*JA = L|D|?J,|D|? L*,

where L € C"*" is unit lower triangular, D € R™*" is nonsingular diagonal and
J € diag] (1) for some integer ¢q. Let R = |D|2 L* and define H = AR~! € C™*".
We have that H*JH = J. _

We suppose now that A = HR, where H is a (J, J)-orthogonal and R upper
triangular. Then _

ATJA=R"HTJHR = R"JR.
Since A has full rank, R is nonsingular. Moreover,
ATJAQ: k1K) = RT(1: K, 1: k) J(1: k, 1: k)R(1: k, 1: k), k= 1:n,

which shows that all the leading principal submatrices of A are nonsingular. O

3.1 Perturbation of the HR Factorization

Now that the definition of the HR factorization is given, our aim is to derive per-
turbation bounds for the H factor and the R factor when A is subject to some
perturbation AA. In this section, we first generalize the results on the perturbation
bounds for the HR factorization of square matrices in [1] to complex rectangular ma-
trices and then we extend the results concerning the QR factorizations in [6, 19, 14]
to the HR factorization of complex rectangular matrices. We also compute the
condition number of the HR2 factorization.

Let V}, C R? with p = 252 and according to Section 2.3 H = ¢(h). Following

2
the general method developed in Section 2.3, we define

FiC™ M A(C) X V), — C™,
(A,R,h) — HR-A,
where from (7) H = ¢(h). We have that o(H, R) = HR. We get
dof (A, h, R)(Ah,AR) = AHR+ HAR, (16)
H*Jdsof (A, h, R)(Ah,AR)R™' = H*JAH + JARR™', (17)

where AH = d¢(h)Ah. Note that H*JAH € SkewH and JARR™! € A(C). We
define the two projectors II; and IIs by

H1 :CanHA(C% Hl :Hd+Hu+H;a
Il : C**"™ — SkewH, 1, =1L, —1I}.

Note that X = (IT; + IT) X and range(I1;) N range(Ily) = (). Hence
C™*™ = A\(C) @ SkewH.

We have |IL(X)||% = 2|IL(X)||%, thus, since II; is an orthogonal projection
ITa]l2 = V2. Tt is straightforward to show that ||TI;||s < /2. This bound is
attained by X = ‘/Ti(eie? +ejel’). Thus, from (16) and (16) and using (12) we get

dgr(A)AA = T, (H*JAAR YR.
If m = n then

dg(A)AA = HJI(H*JAAR™).



If i > n, then there exits G = [H Hpy] € C™*™ such that G*JG € diag® (+1) for
some integer k. Note that G and k are obtain by a Gram-Schmidt type process.
Thus,

O (H* JAAR™Y)
HyJAAR™Y |7

ldgr(A)AA|r = NG((MI3IH3 + | HolIDI R ZIAANR)?,
ldgr(A)llz < V3ra(G)R™|2.

dgn(A)AA = JG*

Finally, we obtain the bounds

ldgr(A)2 < V2r2(R)|H|l2, (18)
ldgr(A)llz < V2r2(G) R J2. (19)

Following (14) and (15), we obtain the following theorem.

Theorem 3.3 Let A= HR, H € Unn(J,J) be the HR factorization of A and for
AA € C"™ such that € = ||AA||F is small enough, let A+ AA = HR be the HR
factorization of A+ AA. Then

IR — Rl|F
|H — H||Fr

V2#r3(R)| H||2¢ + O(?), (20)
V262 (H)||R7Y||2€ + O(€2). (21)
Theorem 3.3 generalizes the result in [1] to complex rectangular matrices and also
extends the results concerning the QR factorizations in [6, 19, 14] to the HR factor-
ization of complex rectangular matrices. The bounds are similar to those obtained
in [1, 14].

If we apply our result to the particular case of the QR factorization, then we
get the well-known bounds

IR=Rll2 < VZro(A)e+O(), (22)
IH—Hl> < V24" oe +O(e?). (23)
(18) and (19) give a bound on the condition number of the HR factorization. The

exact condition number can be obtained by using a Kronecker product approach.
Let My, M5, C and 7 be defined by

M, = (I®R*J)+(R*J®I)CT,
My, = (I®A"J)+ (A" JRI)CT,
vec(A*) = Cvec(A).

<
<

From (17) or by differentiating (4, R) — R* JR — A* JA, we get
R*JR+ R*JR = A*JAA + AA*JA. (24)
Applying the vec operator to (24), we obtain
M7 = Masvec(AA),
= (Ml)l_Al((c)Mgvec(A)7
ldgr(ADllz = [[(M1);ac)Mall2, (25)

where (M1)a(c) is the restriction of M; to vec(A(C)). Combining (25) with the
direct sum decomposition, we obtain

dgr(A)AA = AAR™' — H(dgr(A)AA)R™!,
[ dge (A2 IR™T @I — (M)A () Mall2, (26)

|A(C)
Using (25) and (26), we have the following theorem.

=)



Theorem 3.4 Let A= HR, H € Unn(J,J) be the HR factorization of A and for
AA € C"™ such that € = ||AA||F is small enough, let A+ AA = HR be the HR
factorization of A+ AA. Then, the sharpest perturbation bounds to first order are
given by

IR - Rl r [(M1) 2 0y Mz 2¢ + O(2), (27)
IH—Hllr < [|RT"®I—(M)LcMlae+O(). (28)

IN

Theorem 3.3 is a generalization of the HR and QR factorization perturbation bounds
that can be found in the literature. Although Theorem 3.3 and 3.4 are similar, the
bounds in Theorem 3.4 are the best possible. In Table 2, we compare the bounds
that are stated in these two theorems.

3.2 Numerical Experiments

The sensitivity of the HR factorization of A with respect to a signature matrix
J # =£1 is closely related to the minors of A*JA. If one of the minors of A*JA
vanishes or is close to zero, then R is ill conditioned which implies that H is also ill
conditioned or does not exist (if R is singular). To illustrate this fact numerically,
we construct a sequence of matrices A, such that their first column a. = Ac(:,1)
is almost isotropic, that is, a! Ja, — 0 as € — 0. We denote §. = ||Ac, — Al
and A, = H¢,R.,. The results are in Table 1. In the second column of Table 1,
the values of J. are relatively small. We see that the values of |Rc — R, ||F in the
third column and the values of ||H. — H,||r in the fourth column do not depend
on .. They depend instead on the values of al Ja,, in the sense that the bounds
in the third and the sixth column get more accurate when a Ja. increases and in
the meantime the value J. increases slowly. It confirms the fact that the sensitivity
of the HR factorization depends on the minors of A*JA. Note that the errors in
R, in the third column (respectively H in the fifth column) are very close to the
expected value in the fourth column (respectively the sixth column). This is due
to the fact that we use the condition number. In the next numerical experiment,
with the QR factorization, we see that if the bound is not sharp, then the expected
values do not reflect the errors that are obtained.

Table 1: Perturbation bounds of the HR factorization.

Tac |0 [ 1B —Rlr | 1dgn(A)a0. | [ — Az | [dgu(Azo,
—T7e—8 | 2e—15 1.77e — 4 5.98¢ — 4 6.3¢ — 4 2.37e — 4
—be—6 | 2e—14 2.14e — 6 2.97e — 6 5.2le—7 2.02e — 6
—2e—4 | 2e—13 1.34e — 7 2e — 7 3.78¢ — 8 1.51le—7
—Te—3 | 2e—12 4.67¢ — 8 6.6le — 8 1.88¢ — 8 1.36e — 7

For the QR factorization, we compare numerically (18) and (25). We consider
the following 2 x 2 example

A= {1;5 L } ka(A) = € 2(1+ /1 + )2,
+e€

Let Q.R. = A. be the QR factorization of A, and let AA, = Ag— A.. We have that

|AA |l F = |e/v/2. The numerical results are in Table 2. Note that the expected

values in the second column, computed with our condition number, are just twice

the error on the R factor. Note that ||Ao||r = 2. Thus, if we use relative errors our

bounds are the same as the computed values. The expected values obtained with



the usual bound are quite poor since the bound given by (22) is very poor. These
results suggest that in this example the QR factorization of A, is a well conditioned
problem independent of the condition number of the matrix that is factorized.

Table 2: Bounds of ||dgr(A)|2||AA||r and v2ka(AL)||AA| F as € — 0.

¢ [ 1R~ Rllr | dgr(A)[ze | vV2ra(Ade
10~1 || 1.00le—1 | 2.107e—1 Sel
10—2 le —2 2.0le —2 8e2
103 le—3 2¢ — 3 8e3
10~4 le—4 2e — 4 Sed
107° le—5 2¢—5 8eb
10~F le—6 2e — 6 8eb

4 The Hyperbolic Singular Value Decomposition

Let A € R™*™ with m > n. We say that A admits a hyperbolic singular value
decomposition (HSVD) if
A=QDHT

with D diagonal, @ orthogonal and H € O, (J, J ). The hyperbolic singular value
decomposition (HSVD) and the indefinite least square problem were analyzed in [2],
[3] and [16]. Ep denotes the set of real diagonal matrices. The following theorem
establishes the existence of the HSVD. The theorem and the proof are similar to
those in [3, Sec. 2].

Theorem 4.1 Let A € R™ ™ with m > n be a full rank matriz, J € diag® (+1) and
assume that rank(AJAT) = n. Then, there exists a positive nonsmgular diagonal
matriz D € R™*™ | Q orthogonal, J € diagk (+1) and H € Uy, (J,J) such that

A=QDHT.

Proof. Let AJAT = QSQT be an eigendecomposition. Assume that AJAT is
nonsingular. We define D = |S|2 and J = sign(S). Let

D—l
H:ATQ{ 0 ]

We have ’
—1 —1 -
HTJH = {Do ] QTAJATQ{DO ]:J. 0

In the definition of the HSVD, we see that only the n first columns of () are necessary
to define the decomposition. Thus, in the rest of this section, we consider that the
HSVD of A € R™*" is given by

A=QDH", Q € Opn(I), H € 0,(J,J), J,J € diagk (£1).

10



4.1 Perturbation of the HSVD

The linear subspace of n x n real diagonal matrices is identified with R™ and it is
denoted by Ep. Let

fiR™" xEp XV, x V), — RV
(A,D,i,h) — QDHT — A,
with Q@ = ¢1(q) and H = ¢o(h), where ¢; and ¢, are defined by (7). Note that
f(A,D,q,h) = 0. We define dof = 55 + 3L + 5L, AQ = d¢1(q)Aq and AH =
dgpo(h)Ah. We have
daf(A,D,q,h)(AA,AQ,AH) AQDHT + QDAHT + QADHT,
QTdyf(A,D,q,h)(AA,AQ,AH)H™' = QTAQD+ DAHTH T + AD,

with QTAQ and AHTH -TJ skew-symmetric. The following lemma establishes the
direct sum decomposition (8).

Lemma 4.2 Let D = diag()\). If the diagonal elements of JD? are distinct, then
we have the following direct sum decomposition

R™" = &/, @ Skew(R)D @& DSkew (R).J.

The corresponding projector 11y on Ep is just Ilg whereas for all Z € R™™ the
projector on SkewHD is IIoD and the projector on DSkewHJ is DIlsJ where

,(Z) = (JZD+DZ"J)oA, T3(Z)=(DZ+ ZTD)o A, (29)
0 if i = j,
A= (i), iy = 1 otherwise, (30)

~ 2 __~\2
OjA; O’l)\j

where D = diag()\;) and J = diag(5;) Moreover, the norms of the operators, ||Ily|
and ||T3]|2 are given by

AT HAS
IMaflz = [[Ms)2 = v2max ——— (31)

i#] |5¢)\? — 5j>\§| '

Proof. Let Z € R™*" Z = (z;) and assume that AD + XD + DYJ = Z
where AD € &p and X,Y € Skew(R). Since X and Y are skew symmetric, we
have I14(X D + DY) = 0. Thus,

AD = T14(2).

By computing the elements of (II; + IL,)(XD — DY J), we get "2;" 2 x 2 linear
systems

T T
Eijlzy yi] =lay zul
where E;; is defined by

s Ti\
)
J |:_>\i —Uj)\j
We have det Eij = 5ib'vj (b’vj )\?
solutions

—3;A?) # 0. Hence, for i # j, we obtain the "22’”

Ui/\jzij + &j/\iZﬁ
;= —JiN% T 0iNE 32
Z‘w Uj)\? — UZ‘)\? ( )
/\izij + )\iji
TN 5L

11



With (32) and (33), we obtain
X = —(JZD+DZTJ)oA, (34)
Y = (DZ+Z"D)oA, (35)
where A = (u;;) is given by (30). Finally, we obtain I} = II4, II3(Z) = X and

I3(Z2)=Y.
Using the Cauchy-Schwarz inequality, we have that

2 )\12 +>\? ( 2 4 2)
Yij o = Gid2 — A2 %ij T 2ji)>
A2 4+ 22
X% < 2max ——— 7|/}

i [GiA3 — G A7 ]
The bound (61) is attained by

OpAgpg + TgApeqp
\/ AR+ A2

with ||E||r = 1 and where (p, ¢) are the indices where

AT AS

MaX =5 ——=—57
iji#J |0y T 0N

FE =

is attained. Similarly, using the same method, we show the second part of (61) and
that the bound is attained by

=~ Apepg + Ageqp

E= ,
\/ A2+ A2
with || E|r = 1. O

To characterize g, we proceed as in (10) and (12-13). We have g—i;AA =—-AA. We
set (ﬁ, Q, ﬁ) = (dgp(A)AA,dgo(A)AA,dgr(A)AA). We obtain the linear system

QDH" + QDHT + QDH = AA, (36)
QTQD+DHTJHI+D = QTAAJHJ,
QTQ+Q"Q = o,
HTJH+H"JH = o.

Thus, by Lemma 4.2,

dgp(A)AA = TL(QTAAJHJ), (37)

dg(A)AA = JHTJI3(QTAAJH). (38)
If m = n, then

dgo(A)AA = QI (QTAAJHY). (39)

If m > n, then we know that there exist G = [Q, Qo] € R"*™ such that GTG = I.
G is obtained as in Section 3 by the classical Gram-Schmidt process. Using (36),
we have

L(QTAAJTHT)

dgo(A)AA =G | 3% |-

(40)

12



Let ﬁk denote the k-th column H.J. We have

ldgn(A)AAlls = sup  [Ma(QTAATHT)|p,
laAllr=1
= sup [[Ila(AAHJ)|[F,
laAllr=1
= W,

where W € R™*"” has its k-th row defined by ﬁf ® el. Thus,

ldgp(A)AA[lz = [W]]2 = max 7l = max || H (k, :)]|2. (41)

We define
M, = JHTJ2QT, (42)
My = D®J+(J®@D)T, My=I®D+ (D®IT. (43)

Applying the vec operator to (38) and taking norms, we obtain
ldger(A)ll2 = |I(I @ H J)diag(vec(A)) Mo My . (44)
Similarly, for @ factor, we obtain from (40)

| ding(vec(A)) Mo, |2 i m =,

ldgo(Ml2 = (45)
|diag(vec(A)) MMy + (D *H™ Y @ L,||2, if m > n.

We are now able to give the first order expansion of the three factors of the HSVD.

Theorem 4.3 Let A= QDHT, H € O,(J,J) be the HSVD of A and for AA €
R™X" such that € = ||[AA|F is small, let (A+ AA) = QDHT be the HSVD of
A+ AA. Then, using (45-44) and (41-50)

ID=Dllr < max|[H(k,)]2e +O(), (46)
1Q=Gllr < lldgg(A)llze +O(E), (a7)
|~ e < dgu(A)ac + O(E), (48)

where ||dgo(A) and ||dgmr(A)||2 are given by (44) and (45). These bounds are the
sharpest possible to first order.

Using (39) and (38), note that the condition number of the HSVD can be bounded
by
2 .
— [ D2l H|2, if m=n,
m
ldgo(A)[l2 < s (49)

2

4 —_ —_ .
(eI DIBAIE + 17D ) it m >,

ldgrr(A)lz < = |Dlana(H), (50)

where m = min [5;A\? — G, )\?| = ||diag(vec(A))||2. These bounds are less sharp than

(45) and (44) but they are easily computable. We also can give better bounds than

13



(49)-(50), using (31),

OéHHH27 if m=n,

ldgo(A)ll2 < N ; (51)
(®I 53+ 1HTDB)", it m >,

HdgH(A)”Q < O[KJQ(H), (52)

where a = ||Iz||2 = ||TI3||2 is defined in (31).
For the usual SVD, H is orthogonal. We get the well-known result (see for
example [20]) for the singular values

ldgn(4)2 = 1, |D=Dlr < e+ O(e).

The condition numbers of Q and H can be easily computed since H is also orthog-
onal

a, if m =n,
dgo(A)ll2 = 1\ (53)
<a2 + )\—%) , if m > n,
ldgr (Al =« (54)
where o = ||IIz]|2 = ||I3]|2 is defined in (31) and A, is the smallest singular value

of A. In [12] and [18], a bound for the singular vectors is proposed. This bound is
obtained by applying the fact that H is orthogonal in (49) and (50).

4.2 Numerical Experiments

We consider a 3 x 3 example with
Dy = diag(10,9.9,1) and Ay = Uy DoV,

where (U, Vp) is a randomly generated orthogonal-hyperbolic matrix pair and the
signature matrices (J, J) such that VI JV = J are defined by

J = diag(-1,-1,1),

J = diag(-1,1,-1).

We construct a sequence of matrices A, = UODEVOT with D, = D+ eesed” where ez
denotes the second column of the identity. The results are in Table 3 for the singular
values and in Table 4 for the orthogonal and hyperbolic factor, with A, = U.D V"
be the HSVD of A., §. = ||4o — Ac||r- We see that the expected bound for the
hyperbolic singular values are very close to the computed values. It is due to the
fact that the bound on the hyperbolic singular value depends only on the norm of
the hyperbolic factor
V. =ATU.D*,

with k2(D.) = 10. The orthogonal and hyperbolic factors are more sensitive to
the fact that one of the hyperbolic singular values is becoming double which does
not appear easily in Theorem 4.3. But, we see in the expressions of dgg and dgm
in (38) and (39)-(40) that the sensitivity of the orthogonal and hyperbolic factors
depend on IIy and II3 in (29). Moreover, the norms of these projectors (31) vary
proportionally to the inverse of min;; [|A;| — |A;|| which explains the numerical test

14



in Table 4. The bounds in the last row of Table 4 (column 3 and 5) are quite poor.
The first explanation is the fact that the value of §. = 107 is big, the corresponding
perturbation is not in the required neighborhood V4 (see Section 2.3) in order to
apply the implicit function theorem. Consequently, the result on the condition
number and the perturbation expansion in Theorem 4.3 are not valid. Another fact
that we need to keep in mind is that the perturbation expansion given in Theorem
4.3 gives a bound for the predicted result but it does not guaranty any accuracy of
these bounds.

In Figure 1, we plot the logarithms of the exact condition number of the orthog-
onal and hyperbolic factor, the bounds given by (49), (50), (51) and (52), against
the value of e. The exact condition number for the orthogonal factor ||dgg(A)]l2
and the condition number for hyperbolic factor ||dgm(A)||2 are represented by o and
0. We denote by c¢g,1 and cg,1 the bounds of the condition numbers given by (49),
(50) and we denote by cq 2 and ¢ 2 the bounds defined by (51) and (52). In Figure
1, the symbols + and < represent the logarithm of the bounds given by cg,; and
cu,1 whereas the symbols x and > are for the logarithms of cg 2 and cp 2. These
values are labeled by log;,(c) on the y-axes. We see that the condition number and
the bounds are of the same order and seem to be the same asymptotically.

Table 3: Perturbation bounds for the hyperbolic singular values.

Oc Do — De|lr | |ldgn(Ao)|[20e
10713 9.10~ 4 10713
10~10 2.10~10 3.1010
106 9.10~ " 1.10°F

3.107° 3.107° 3.10~°

Table 4: Perturbation bounds for the orthogonal and hyperbolic factor.

de |Qc — Qollr | lldgq(Ao)ll2de | [[He — Hollr | |ldgr (Ao)l|20e
1013 1011 1079 10~ 11 1.4.107°
2.10°10 10~ 12 106 10~12 106
10—6 4.10~12 1071 4.10712 1.107 1
10-° 10~ 12 4 10~ 12 4

The behaviour of the usual SVD and HSVD can be quite different and unex-
pected. For n = 2, if the two singular values are close then the condition number of
the singular vector is large since the condition number for the orthogonal factors,
(53)—(54) is unbounded. In the hyperbolic case, with J = diag(1, —1), the condition
number for the orthogonal factor and the hyperbolic factor is uniformly bounded
on any subset of R?*2\ {0} at a positive distance of the zero matrix.
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Figure 1: Comparison between the condition number and its bounds with

logyo(lldge(A)ll2) (O), logio(lldgr (A)ll2) (D), logig(cq1) (+); logig(er,1) (<),
logio(cq.2) () and logyg(cr2) (>)-

5 The Indefinite Polar Factorization

We say that A € R™*" admits a polar factorization if A = HS with H orthogonal
and S symmetric definite positive. The indefinite polar factorization (IPF) is a
generalization of the usual polar factorization, that is, we want to generalize the

polar decomposition with H (J, J)-orthogonal.
A=HS, H'JH = J,

The following theorem from [11] allows us to define this decomposition and it gives
necessary conditions for the existence and uniqueness of the IPF.

Theorem 5.1 If A € R™*" and JATJA has no eigenvalues on the nonpositive
real axis, then A has a unique IPF A = HS, where H is (J, J)-orthogonal and S is
J-symmetric with eigenvalues in the open right half-plane.

In this paper, we define the IPF as in Theorem 5.1. Throughout this section, we

assume that S is diagonalizable.

5.1 Perturbation of the IPF

We start by a preliminary result that will enable us to give the direct sum decompo-
sition like in (8). We focus on some matrix equations that arise in the next sections.
Let A € R™*" be diagonalizable with the eigendecomposition A = VDV !, with
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D = diag(\g). For X € Sym(R), we consider the equation
AX + XAT = 7,

where Z € Sym(R). The matrix operator that arise naturally is then defined on
Sym(R) by

TaX = AX + X AT, (55)

We define M € C™**"

1
u=(5i%), o
Lemma 5.2 7Ty is invertible if for all k1, ko, such that 1 < ki, ks <mn and k1 # ks,
Ay + A, # 0. Then,
T, Z=Vv((vizvT)o M)VT,
where V' is the matriz containing the eigenvectors of A.

Proof. We consider the equation 74X = Z. We have

VDV X+ xv-TpvT = 2z,

DX +XD = Z,

where X = V-1XV-T and Z = V-1ZV-T. Note that X and Z are complex
symmetric. If the eigenvalues have the properties required in each case then the
solution exists and is unique. It is given by

X=V(ZoMVT.
We need to show now that X is real. Without loss of generality, assume that

V=i V& Vo], VT=[uf vf T)] and
D = diag(Dy, D2, D>),

where Vi, U; and D; are re_al and V5, Us and D5 are complex with a nontrivial
imaginary part. Then, V = VP and VT = PV*, where

I 0 0
P={0 0 I
0 I 0

Yii Y2 Yo
Y=Yy Yy Y|,

Yo1 Yoz Yo
with Y77 real. Note that

PZP = Z and PM4P = M,
PZoMyP = ZoM.

Hence, X = X, X is real. d
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Similarly, we define on Skew (R), the matrix operator Ta by TaX = AX + XAT.
Under the same assumption on the eigenvalues of A in Lemma 5.2, we can show
that T4 is invertible and

TIX =v((vzv-Tyo M)VT, (57)

where M is defined by (56).

We now focus on the IPF. We assume that A is nonsingular and that it admits
the IPF A= HS, H € O,(J,J). Our aim is to derive perturbation bounds for the
H factor and the factor S when A is subject to some perturbation AA. Using (7),
we define

[RY" x YV, x JSym(R) — R™™,
(A,S,h) — HS- A,

where H = ¢(h) and H = ¢(h) and ¢ is defined by (7). Note that f(A,h,S) = 0.
We define ds f = % + g—g. We have

daf(A,h,S)(Ah,AS) = AHS+ HAS,

HT Jdyf (A h,S)(AR,AS)S™ = HTJAH + JASS™!,

where AH = d¢(h)Ah. Note that HT JAH € Skew(R). In the following lemma,
we establish the direct sum decomposition as in (8).

Lemma 5.3 Let J € diag?(£1) and let S be nonsingular, J-symmetric such that
the eigenvalues of JS are positive. Then,

R™ ™ = Skew(R) @ Sym(R)S ™.

Furthermore, let TI; be the projector on Skew(R) and Iy be the projector on
Sym(R)S~t. Then,

,(2) = T;'(2S-S"2), (58)
I(2) = T (ST"(Z+27)8)S7, (59)

where Tgr is defined in Lemma 5.2 and ’]~;~T is given by (57).

Proof. Let Z € R™™ and consider the equation X +YS™! = Z with X €
Skew(R) and Y € Sym(R). We have that —X + S~7Y = Z7. Thus,

STX+XS = zx-57Z,
STy +vs = ST(zZT +2)s.

We see then the solutions are given by

X =T;(28-5"2) and Y =T (ST(Zz+27)S). O

To characterize g, we proceed as follows. We have g—ﬁ(A,S, h) = —AA. We set
(H,8S) = (dgu(A)AA, dgs(A)AA). Thus,

HS+HS=AA and H'JH + HTJH = 0.
Let X = HTJH € Skew(R) and AA = HT JAA. Thus,
—_— —T
STX +XS = AA-AA, (60)
STJS+ 5778 = STAA+AA S (61)

18



Thus, we obtain

dg(A)AA = HITG (HTJAA - AATJH), (62)
dgs(A)AA = JTG' (ST)(ATJAA+ AATJA). (63)
We define
M, = (Ve VT)diag(vec(M))(V o V™T),
My, = —(H'JeDT+IoH",
My = (ATJ@DT+ I AT
Then, applying the vec operator, we obtain
ldgnu(A)ll2 = (I ® HJ)MiMs||2, (64)
ldgs(A)ll2 = | M1 M. (65)

Using (64)-(65), we have the following theorem.

Theorem 5.4 Let A= HS, H € O,(J) be the IPF of A and for AA € R"*™ such
that € = ||AA| F is small enough, let A+ AA = HS be the IPF of A+ AA. Then

| My Ma||2€ + O(e?),
(| M1 Ms||2€ + O(€?),

IS = Sl|r

<
|H—-H|p <

where My, My and Mg are the matrices involved in the differential of the implicit
function in (64) and (65)

The above theorem gives the perturbation expansion of the IPF for a nonsingular
A. If A is singular and 0 is at most a simple eigenvalue of A then it is possible to
give the perturbation bounds of the factor S. We just need to apply the implicit
function theorem to (A,S) — STJS — ATJA. Also, from (64)-(65), we can give
bounds of the condition number that are less expensive to compute than the exact
condition numbers:

2mko (V)2 ko (H), (66)
2mra (V)2 Allz, (67)

|dgrr(A)ll2
ldgs(A)l|2

where m = max;; |m;;| and M = (m;;) is defined by (56).

<
<

5.2 The Polar Factorization

The polar factorization is the particular case that is obtained when J = +1. Thus,
A = @S is the polar factorization of A, with @ orthogonal and S symmetric. Note
that if A is complex then the perturbation bounds remain the same for the unitary
Q factor and the Hermitian factor S. In [1], a perturbation bound for the Hermitian
factor that involves the 2-norm of A is given but in [8] and [9], the author found
a constant bound v/2. With our method, we obtain the condition number for the
Hermitian factor and for the unitary factor in a simpler way than [5]. We proceed
as follows.

Lemma 5.5 Let the two matriz operators Ty and Ty be defined by hX = (X —
XTYo M and ToX = (DX + XTD) o M where M is defined in (56) and D real
diagonal matrixz with positive entries. Then

2

| 71])2 — (68)
An—1 + A
VAL 4N
||T2||2 = \/ﬁﬁa (69)
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where Ap—1 and A\, are the two smallest diagonal entries of D and A1 the largest
diagonal entry of D.

Proof. Let X = (2;;) € R™*™ and assume that Y = 7;(X) with Y = (y;;). We
have

vI2 = (wij —
Yz Z,;l (\s +A ; A+A
I¥lr < #nxn
ro= )\n—l + )\n F.
The bound in (68) is attained by F = E(eneg_l en_1el) where ey, is the k-th

column of the identity matrix.
We now focus on (69). Assume that ¥ = 77(X) with Y = (y;;). We have that

(/\7,1‘13 + )\jxﬂ), Yii = Ty. We define

A7+ N\
)

and we have that y7; < u(x3; + 23;). Thus,

n 1—1 )\2+>\2

1Y]|7% Z%ﬁZZZyU < 2max | e e
Pt (A +AJ)

1T2ll2 < v2p.

1
EP DY

N

Let 1
EF=—— ()\pepeqT + )\qeqeg)

\/ AR+ A2
with (p, ¢) the indices where p is attained. Note that ||E||r = 1 and ||72(E)||r = 1.
Without loss of generality, assume that A, < A, and define t = i‘\—’q’, with 0 <t < 1.

1+ ¢2 =
(1171?)2' It is straightforward to see that g : t — (1——::7&2

monotone and decreasing for 0 < ¢t < 1. Thus, i attains its maximum for ¢ = 0.
Thus, (p,q) = (n,1). 0

Note that if A is nonsingular A\; = ||A[|z and A, = 0, thus ||Z2||2 = v/2. Otherwise
if A is nonsingular A, = ||[A~!|;* and we obtain

We have that p =

VIA 4141 T map

Tl = V2 = :
e S TR Ty

(70)

We consider (60)-(61), with H orthogonal, S symmetric and S = VT DV the eigen-
decomposition of S. Let Z; = VAAVT and Z, = VTAAV. Then, (60)-(61)
become

DX +XD=2,—ZF and DY +YD = DZ, + Z¥'D,

where X = VXVT and Y = VSVT. Since | Zi||r = || Z2llr = ||AA|r, applying
Lemma 5.5 and using (70) , we obtain

and [dgs(A)], = V2T 2AS (71)

Idgss(4)]2 = et

2
)\nfl + )\n
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Note that 1 < ||dgs(A)||2 < v/2. Both of these bounds are attained. If S is of
the type S = AI or S is orthogonal, then ||dgs(A)||2 = 1 and if A is singular then
ldgs(A)||2 = v/2. We have the following theorem.

Theorem 5.6 Let A = HS, H € O,(I) be the polar factorization of A and for

AA € R™" such that € = |AA||p is small enough, let (A+AA) = HS be the polar
factorization of A+ AA. Then,

~ 2
|H—H[r < me‘FO(e?)a

IS=Sllr < ac+O(),
V1 A)?
where o = /2 if A is singular or a = ﬁﬂ otherwise.
1 + Ko (A)

The bounds given in the above theorem are the sharpest possible to first order.
Using the classical definition of condition number for the Hermitian factor, the
same condition number as in (71) is obtained in [5]. Our method has the advantage
of giving a shorter proof than [5] of several pages. Our method allows us also
to compute explicitly the Fréchet derivative of the factors. In [15], the condition
number in (71) for the orthogonal factor is given.

5.3 Numerical Experiments

To compute the indefinite polar factorization and the usual polar factorization, we
used the iteration described in [11, Thm 5.2]. We recall that the iteration for the
J-orthogonal factor is given by

1
Hy = A, Hyi1= §(Hn +JH;T)).

This iteration is guaranteed to converge if JAT J A has no eigenvalue with a negative
real part. We present two series of numerical tests. The first ones are quite standard,
their purpose being to illustrate the perturbation bounds given in Theorem 5.4.
We generated a matrix Ag using the function randn of MATLAB. Then, we build
a sequence of matrices A. that converges to Ag as € tends to zero. We denote
de = ||Ao — Acl|lF and Ay = HoSy, Ae = H.S, the indefinite polar factorization of
Ap and A.. J was obtained by

J =(-1) . randperm(n)

using MATLAB. We shifted all these matrices so that JAZ J A, has all its eigenvalues
in the open right half-plane. The results are displayed in Table 5. We see that our
perturbation bounds follow closely the computed values which confirms that in this
case the bounds obtained by Theorem 5.4 are sharp.

We denote by cy and cg the bounds of the condition number of the hyperbolic and
symmetric factors given by (66)-(67). Table 6 shows the first order perturbation
bounds obtained by using cy and cg. The bounds obtained by using csand cy in
the first 4 rows in Table in 6 are accurate. In the last row, we see that the bound
for the J-symmetric matrix is weak whereas the bound for the hyperbolic factor is
more reliable. We conclude that the bounds c¢g and ¢y given by (66)-(67) should
be used carefully when the norm of the perturbation is small.

The aim of the second numerical experiment series is to give an example where
the bounds given by (66)-(67)) are very poor approximations of the exact condition
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Table 5: Perturbation bounds of the indefinite polar factorization.

Oc [Se = Sollr | [ldgs,(Ao)ll20c | [He — Hollr | [|dgn,(Ao)ll20e
le — 15 le — 15 le— 14 le — 15 2e — 15
le—9 le—9 2e — 9 2e — 8 5e — 8
le—5 3e—5 9e — 5 2¢e —5 6e — 5
le—3 Te—3 1.6e — 2 5e — 3 2e — 2
le — 2 le—2 23—-2 2e — 2 3.4e — 2

Table 6: Perturbation bounds of the IPF using bounds of the condition number cgy

and cg.
Oc cs0, cHOA,
le—15 || 3.7e—13 | 7.5e — 14
le—9 3.7e =7 7.5e — 8
le—5 3.7¢e—3 7.5e —4
le—3 3.7e — 1 7.5e — 2
le—2 3.7 7.5e —1

numbers. The test matrices are Hilbert matrices, built in MATLAB and they can
be called by the function hilb. The (¢, 7) element of a Hilbert matrix is given by
1/(i+ j — 1). These Hilbert matrices are symmetric and very ill conditioned. The
signature matrix J € diagﬁ(:tl) is given by

J = diag(—ILn/zj ) ILn/QJ)'

The logarithm of the condition number log;,(||dgs(A)||2) for the J-symmetric factor
is represented by % and by + for log;(||dgm(A)l||2), the logarithm of the condition
number of the hyperbolic factor. The logarithm of the bound denoted by cg in (66)
is represented by O and by o the bound ¢y in (67). We see in Figure 2, in all the
test matrices the exact condition number is very small compare to cg, the biggest
ratio being of order 10'®. For the hyperbolic factor, the difference is less, the biggest
ratio being of order 10%.

6 Conclusion

In this paper, we have analyzed the HR factorization, the hyperbolic SVD and
the indefinite polar factorization. For each factorization, we gave a computable
condition number for each factor. The condition number being quite expensive to
compute, we also gave bounds that can be less expensive to compute but that are
also less accurate. We also analyzed, for each factorization, the orthogonal case,
where all the factors involved are J-orthogonal, with J = +1.

Our method is based on the implicit function theorem and the definition of local
coordinates on manifolds which makes it quite different to the usual approach of
perturbation bounds. Although, the definition of these notions might be long and
complicated, this method has the advantage to give explicitly the condition operator
and it is easily adaptable from one factorization to another.
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Figure 2: Condition number and perturbation bounds of the IPF of Hilbert matrices
with logo([ldgs(A)[l2) (O), logio(lldgr (A)ll2) (B, logyg(cs) (*) and logyg(ca) (+)-

References

[1]

2]

Rajendra Bhatia. Matrix factorizations and their perturbations. Linear Algebra
Appl., 197/198:245-276, 1994.

Adam Bojanczyk, Nicholas J. Higham, and Harikrishna Patel. The equality
constrained indefinite least squares problem: theory and algorithms. BIT,
43(3):505-517, 2003.

Adam W. Bojanczyk, Ruth Onn, and Allan O. Steinhardt. Existence of the hy-
perbolic singular value decomposition. Linear Algebra Appl., 185:21-30, 1993.

A. Bunse-Gerstner. An analysis of the HR algorithm for computing the eigen-
values of a matrix. Linear Algebra and Appl., 35:155-173, 1981.

F. Chaitin-Chatelin and S. Gratton. On the condition numbers associated with
the polar factorization of a matrix. Numer. Linear Algebra Appl., 7(5):337-354,
2000.

Xiao-Wen Chang, Christopher C. Paige, and G. W. Stewart. Perturbation
analyses for the QR factorization. SIAM J. Matriz Anal. Appl., 18(3):775—
791, 1997.

Jean-Pierre Dedieu. Approximate solutions of numerical problems, condition
number analysis and condition number theorem. In The mathematics of nu-
merical analysis (Park City, UT, 1995), volume 32 of Lectures in Appl. Math.,
pages 263—283. Amer. Math. Soc., Providence, RI, 1996.

Nicholas J. Higham. Computing the polar decomposition—with applications.
SIAM J. Sci. Statist. Comput., 7(4):1160-1174, 1986.

Nicholas J. Higham. The matrix sign decomposition and its relation to the
polar decomposition. In Proceedings of the 3rd ILAS Conference (Pensacola,
FL, 1993), volume 212/213, pages 3-20, 1994.

23



[10]

[13]

[14]

[15]

Nicholas J. Higham. A survey of componentwise perturbation theory in nu-
merical linear algebra. In Mathematics of Computation 1943-1993: a half-
century of computational mathematics (Vancouver, BC, 1993), volume 48 of
Proc. Sympos. Appl. Math., pages 49-77. Amer. Math. Soc., Providence, RI,
1994.

Nicholas J. Higham. J-orthogonal matrices: properties and generation. SIAM
Rev., 45(3):504-519, 2003.

David W. Kammler. A perturbation analysis of the intrinsic conditioning of
an approximate null vector computed with a SVD. J. Comput. Appl. Math.,
9(3):201-204, 1983.

Charles Kenney and Alan J. Laub. Polar decomposition and matrix sign func-
tion condition estimates. SIAM J. Sci. Statist. Comput., 12(3):488-504, 1991.

A. Largillier. Bounds for relative errors of complex matrix factorizations. Appl.
Math. Lett., 9(6):79-84, 1996.

Roy Mathias. Perturbation bounds for the polar decomposition. SIAM J.
Matriz Anal. Appl., 14(2):588-597, 1993.

Ruth Onn and Adam Steinhardt, Allan O.and Bojanczyk. The hyperbolic sin-
gular value decomposition and applications. Applied mathematics and comput-
ing, Trans. 8th Army Conf., Ithaca/NY (USA) 1990, ARO Rep. 91-1, 93-108,
1991.

John R. Rice. A theory of condition. SIAM J. Numer. Anal., 3(2):287-310,
1966.

G. W. Stewart. Error and perturbation bounds for subspaces associated with
certain eigenvalue problems. SIAM Rev., 15:727-764, 1973.

G. W. Stewart. Perturbation bounds for the QR factorization of a matrix.
SIAM J. Numer. Anal., 14(3):509-518, 1977.

G. W. Stewart. A note on the perturbation of singular values. Linear Algebra
Appl., 28:213-216, 1979.

P.-A. Wedin. Perturbation bounds in connection with singular value decom-
position. BIT, 12(1):99-111, 1972.

24




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


