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Abstract

Computational schemes are investigated for the solution of inverse spectral problems
for n x n real systems of the form L(A) = MA? + DX + K. Thus, admissible sets of
data concerning systems of eigenvalues and eigenvectors are examined and procedures
for generating associated (isospectral) families of systems are developed. The analysis
includes symmetric systems, systems with mixed real/non-real spectrum, systems with
positive definite coefficients, and hyperbolic systems (with real spectrum). A one-
to-one correspondence between Jordan pairs and structure preserving similarities is
clarified. An examination of complex symmetric matrices is included.

1 Introduction

Inverse eigenvalue problems are addressed here in the context of vibrating systems which,
for our present purposes, are defined as follows:

Definition 1. A (vibrating) system is a triple of n x n real matrices {M, D, K} for which
M is nonsingular.

Many problems of physical interest also require that some or all of the coefficients M, D, K
be symmetric and positive definite (or semidefinite).

In this paper, an idea introduced in [10] is extended from the restriction to systems with
purely non-real spectrum, to the full range of real and non-real spectrum, but with the con-
tinuing limitation (seen as unrestrictive by many in the field) to semisimple eigenvalues, i.e.
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research environment. The author also gratefully acknowledges partial support from the Natural Sciences
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an eigenvalue of multiplicity m > 1 has m associated linearly independent eigenvectors. This
hypothesis has the added advantage that analysis is simplified considerably. The generation
of real systems, real symmetric systems, and systems with positive semidefinite or positive
definite coefficients will be considered, in this order.

First, it is necessary to summarise the spectral properties admitted in this analysis. Since
the systems of interest have real coefficients, the eigenvalues may be real or may appear in
complex conjugate pairs. All eigenvalues are required to be semisimple for both real and
non-real eigenvalues. The set of all the eigenvalues, both real and complex, is denoted by o.

The central problem considered here is, given an admissible set of spectral data (real
and complex eigenvalues and a sign characteristic), construct a family of systems consistent
with this data. Another closely related problem is: given a real system (with spectral data
implicitly defined), construct a family of systems consistent with this data. In both cases
the objective is the construction of isospectral families of systems, i.e. each member of the
family has spectrum ¢ and it is semisimple.

For the second formulation, in particular, it is natural to re-formulate the problem in
terms of the well-known companion matrices, in which case all eigenvalues, at least, are
preserved by similarity transformations. This, in turn, leads to the notion of structure
preserving similarities, which have been discussed elsewhere (in [10] and [15], for example),
and which are developed further in Sections 2 and 3. In Section 4 these ideas are re-examined
in terms of Jordan pairs (see Theorem 3), and this leads to constructions for families of real
systems in Section 5.

The study of symmetric systems (in which M, D, K are real and symmetric) is taken
up in Sections 6 and 7. A strategy is adopted in which the real eigenvectors are assigned
(subject to some necessary constraints) and then the eigenvectors for non-real eigenvalues are
determined from them. This requires the symmetric factorization of a complex symmetric
matrix and is accomplished with the aid of Takagi’s factorization (Section 7 and Appendix
A). This also requires some detailed knowledge of the rank of complex symmetric matrices
which is presented in Appendix C.

Hypotheses that ensure the positivity conditions of M, D, K are the subject of Section
8. Systems with all eigenvalues real (quasi-hyperbolic or over-damped, for instance) are the
subject of Section 9.

2 Massaging the spectrum

If the system is n x n then 2r real eigenvalues are admitted (0 < 7 < n). The non-real
eigenvalues in the upper half of the complex plane are determined by a complex diagonal
matrix A = Uy + iW of size (n — r) x (n — r) with W > 0. Their complex conjugates are
also eigenvalues, and make up the diagonal entries of A. Then there are 2r real eigenvalues
which are distributed between the diagonal entries of two r x r real diagonal matrices Us
and Us. The way in which these two matrices are formed will be discussed in what follows.



A complex (canonical) diagonal 2n x 2n matrix including all the eigenvalues is now

A0 0 0 Uy+iW 0 0 0

o v o0 0] 0 U 0 0

=10 0 0, 0|~ 0 0 Uy 0 ' (1)
0 0 0 A 0 0 0 U —iW

Defining Q7 = U?+W? it is easily seen that there is an associated (diagonal, real symmetric)
vibrating system:

o Uy 0 02 0
Lo(\) ==L, —2X | a%+%ﬂ+[0 uus | 2)

It is simply a direct sum of the two diagonal systems

NI, = 20\U + Q2 = Mer — N (M — A)
and
NIy — MUz + Us) + UpUs = (M, — Us)(M, — Us)

with non-real and real eigenvalues, respectively.
Make the abbreviations

[o o0 , [ 0
U=10 %(U2+U3)]’ and _[0 U,Us (3)

so that equation (2) takes the form
Lo(\) = 21 —2)\U + Q2.

Now a particular linearisation of Lg(\) is Ay, — Cp, where Cjy is the associated companion

matrix:
0 1,

Our objective is to generate vibrating systems whose companion matrices are similar to Cy,
and which, consequently, are isospectral.

A first step in the analysis is to show that, under a weak assumption on the distribution of
the real eigenvalues, an explicit similarity can be formulated which transforms the companion
matrix Cy to the diagonal matrix, J, of its eigenvalues. First define a 2n x 2n block matrix
in terms of the blocks of J:

A 0 0 —-I,.,
0 —U, I 0
0 —U, -1, 0 | (5)
A0 0 -I,

Lemma 1 Let real eigenvalues be prescribed in such a way that
det(Uy — Us) # 0. (6)
Then Z (as defined above) is nonsingular and, with the diagonal matriz J of (1),
ZCyZt = 1. (7)



Proof Elementary block operations can be applied to Z to reduce it to the block triangular
form

-2 0 I O
0 Uy —Us 0 I,
0 0 I, O
0 0 0 I,

Since W > 0, it is apparent that Z is nonsingular if and only if condition (6) is satisfied.
Then write Cj in partitioned form consistent with that of Z:

0 0 I., O

0 0 0 I,
-2 02U 0

0 —UUs 0 Uy+Us

Now a simple calculation with block matrices shows that ZCy = JZ. Thus, when (6) holds,
Z is nonsingular and ZCyZ =t = J. O

Notice that the condition (6) together with our standing hypotheses ensures that the
systems investigated here are regular in the sense of Definition 8 of [15]. These conditions
also appear in Theorem 7 of [14].

3 Structure preserving similarities

The following two-part definition reflects a definition introduced in the paper [10]. The
underlying idea concerns similarity transformations of C); which preserve the companion
matrix structure (and, necessarily, the spectrum, o). For brevity, the term “SPS” (for
structure preserving similarity) is introduced.

Definition 2. A matrix V € R?"*?" is said to define an SPS of C if the matrix

C:=VCV 1=V [ _?22 21["] } v (8)

is a block companion matrix, i.e. C' can be partitioned into n X n blocks:

0 I
C = "ol
[021 022]
O

It is clear that all matrices C of equation (8) determined by an SPS are isospectral with
spectrum o. Furthermore, the corresponding vibrating systems are isospectral and have real
coefficients.

A simple lemma from [10] will be useful:

Lemma 2 A nonsingular V € R***" (with n x n partitions V;;) defines an SPS if and only

if
Vor = Vo2, and Vi = Viy + 2V5U. 9)



Proof With V nonsingular equation (8) is equivalent to CV =V _?22 21;} ] . Comparing
blocks it is found that C1; = 0 and Ci5 = I, if and only if (9) holds. O
EXAMPLE 1. A simple class of SPS is defined by matrices

ve[20]
where A is nonsingular. These transformations generate a narrow class of systems which are
similar to the canonical system and for which the coefficients M, D, K commute. a

EXAMPLE 2. Another class of SPS is generated by nonsingular matrices V' which commute
with Cy. They could be described as “automorphisms” because they satisfy VCyV ! = Cy;
they transform Cj into itself. Our interest is in transformations for which the greatest
possible freedom in the coefficients is achieved (consistent with preservation of the spectrum).

O

4 Jordan pairs and SPS

A right eigenvector (say x; # 0) can be associated with each diagonal entry of J (each
eigenvalue), and these form the columns of an associated n x 2n matrix of eigenvectors, say
X. More generally, if X € C"*?", the pair (X, J) (with J as in (1)) form a Jordan pair if
)‘? 7 } is nonsingular!. It is well-known (see [4] or [9], for example) that a Jordan pair,

together with a mass matrix M, define a system completely.
Here, with our hypotheses on the spectrum, we may define an nx2n matrix of eigenvectors

of L()) in the form

X:[XC XRl XR2 Z}, (10)

where X, is an n x (n — r) matrix of (generally) non-real eigenvectors corresponding to the
eigenvalues in A;, matrices Xg; and Xgo are n X r real matrices of eigenvectors corresponding
to the real eigenvalues in U, and Us, respectively. Note that the structure of X is consistent
with that of J in (1).

The following theorem establishes a one-to-one connection between Jordan pairs con-
structed in this way and matrices V' which define SPS transformations of Cj as defined in
Definition 2.

Theorem 3 Let J be a diagonal Jordan form as in (1) for which det(Us — Us) # 0.
(a) If X is any matriz of the form (10) for which (X, J) form a Jordan pair then, with Z
defined by (5),

V=[§(J]z (11)

defines an SPS of Cy.
(b) Conversely, if V' defines an SPS of Cy and Z is defined by (5), then there is an X of the
form (10) such that (11) holds (and, hence, (X, J) is a Jordan pair).

!This guarantees, in particular, that every column of X (every eigenvector) is nonzero.

5



Proof. By definition of a Jordan pair and using Lemma 1, it is found that V' of (11) is
nonsingular. Then compute with block matrices to find

Vor = [ (Xe+ X)) — (X1 + Xpo)UaUs |,

Vo= —(Xe+X.) Xpi+Xp |,
and it can be checked that Vi, = —V;,02. Similarly, it is found that

Vip = [ XA+XA —XpUs— XpoUs ]

Vap = [ (XA +XA)  XpUs + XpoUs |,

and, finally, that V,y = Vi1 4+ 2V35U. Now part (a) follows from Lemma 2 provided that V is
a real matrix.
However, using (5), it follows that,

vV = X Xr Xpo X,
N XA XpUsy XgoUs XA
_ [ XA+XA —XpU;— XpolUs Xp1+ Xpro _(Xc+yc)

A

~— 12
(Xe+ X)) —(Xp1+ Xpo)UoUs XpiUs + XpoUs —(X AL+ X A)) (12)

and is clearly a real matrix (as Definition 2 requires).

For the converse, observe first that, under condition (6), CoZ~! = Z~1J, and it follows
from this equation that the columns of Z~! are right eigenvectors of Cy. If V defines an SPS
of Cy then, using the defining equation (8),

C=VZ*tyvzH' (13)

Thus, the columns of VZ~! are eigenvectors of C. Since C has the same spectrum as Cj
(and J), this matrix of eigenvectors can be written in the form

(14)

Vz—l — |: X :| — |: XC XRl XR2 YC

XJ XA XpiUy XpgpoUs XA |7

Thus, X has the required form and, since VZ~! is nonsingular, (X, J) form a Jordan pair.
O

5 Generating real isospectral systems

Computational procedures for generating isospectral families of real systems can be formu-
lated from the preceding analysis. This is done first in the language of SPS, and then in
terms of Jordan pairs.

1. Fix the diagonal matrix of eigenvalues, J, with the form (1). Form matrices Z of (5)
and Cj of (4).



2. Assign the n x 2n matrix of eigenvectors, X with the form (10) in such a way that
(X, J) form a Jordan pair. (Clearly, this can be done in many ways.)

X
3. Compute V = [XJ ] Z.

4. Compute C = VC,V~! and read off the sub-matrices M 'K = —Cy and M~'D =
—Co9.

5. Assign a nonsingular real mass matrix M and compute K = —MCy,, D = —MCs,.

The alternative procedure is based on the notion of a Jordan triple. Thus, given the
Jordan pair of item 2 above, assign a real nonsingular mass matrix M and determine a

2n x n matrix Y satisfying
X 0
[XJ]Y_[M—l]’ (15)

and (X, J, Y) is known as a Jordan triple.
When Y has been determined the moments

r;=XJY, j=0,1,23, (16)

can be formed, and the system coefficients are uniquely defined in terms of the moments
(see Theorem 2 of [9], for example):

M=T7', D=-MTyM, K=—-MIsM+ DI'\D. (17)

The alternative procedure for generating an isospectral family of real systems is now as
follows:

1. Fix the diagonal matrix of eigenvalues, J, with the form (1).

2. Assign the n x 2n matrix of eigenvectors, X with the form (10) in such a way that
(X, J) form a Jordan pair. (Clearly, this can be done in many ways.)

3. Assign a nonsingular real mass matrix M and solve equation (15) for Y.
4. Compute the moments (16) and hence the coefficients D and K from (17).

EXAMPLE 3. We will construct a 4 x 4 real system with 4 real eigenvalues and 4 non-real
eigenvalues. Take a Jordan matrix of the form (1) with blocks

A = diag[-1+1i, —4 +1], U2 =diag[-0.5, —1], U3 = diag[—3, —4].

Then take a matrix X of the form (10) with blocks

0.0625(1 — i) (0.6)(1 — 0.14) 11 11

~ | 0.2500(1 —4) (0.6)(1 — 0.14) 1 -1 11
Xe= 0.5625(1 — 1) 0 c Xm= | Ae -1 1
1.0000(1 —4) (—1)(1 — 0.14) 1 -1 -1 -1



It is found that this data generates the real monic system with

—6.0008 6.5981 5.8527 —4.4416 —20.7791 15.4356  19.5039

D —8.4540  8.7557 6.1483 —4.6190 K — —22.8678 16.8592  20.4793
7.2668 —8.8863 6.8695 —0.9717 |’ 1.2225 —7.0538 11.2192

22.9877 —21.5283 —5.2094 8.8756 35.3128 —32.9667 —18.4409

These calculations can then be checked by showing that the eigenvalues of this monic
system are, indeed, those specified in .J. O

6 Symmetric systems, part 1.

The next objective is, of course, to determine the matrices V' defining an SPS of Cj, and
which also generate symmetric systems. The question of when these coefficients satisfy
positivity conditions will be considered later.

At this point it is necessary to introduce the rather subtle notion of the sign characteristic?
associated with the real eigenvalues. (The reader is referred to the references of the footnote
for formal definitions, but for the uninitiated, Appendix B gives an intuitive introduction to
this important notion.) For systems with symmetries it is not enough to allocate arbitrary
real eigenvalues; the invariants of the sign characteristic must also be specified. With our
hypotheses on the spectrum, this can be accomplished by introducing the matrix

0o 0 0 I,
0 I, 0 0
P= 0 0 —-I, O (18)
I, 0 0 0

Notice that, with J of the form (1), (PJ)* = PJ. Thus, although J is generally not
hermitian, PJ is so.
Symmetry of the coefficients of the system follows if a symmetric M is chosen and, also,
Y = PX* is the only solution of (15) . For then the I'’s are hermitian and, using (17),
so are D and K (and when this is the case, (X, J, PX*) is said to be a selfadjoint Jordan
triple). If, in addition, X has the block structure of (10), then the moments and the system
coefficients will be real and symmetric.
Thus, if a selfadjoint triple is to be constructed, then (see equation (15)) XY = XPX* =
0. Thus, once admissible matrices J and P have been assigned, the crux of the problem is to
find an X such that XPX* = 0 and X (PJ)X* is nonsingular. In [9] a geometric approach is
taken to the determination of such matrices X. Here, attention is focussed on real systems,
so that the structure of (10) is also to be imposed on X. In this case XPX* = 0 can be
written in the form
XX+ X XT = —Xp X3y + XpoXpo- (19)

Now this equation simply says that the real part of the matrix X, X! takes the value
s(—Xm XE 4+ XroX],), and does not constrain the imaginary part.

2See [3], [4], [9], and the expository Appendix B to this paper

—13.4062

—13.8052
—3.4988
18.4076



Consequently, it follows from equation (19) that
X X'=R, —iR, (20)

where
1

T T -1, 0 Xp
Rii= S (-XmXp + XpoXpe) = [ Xo1 Xeo | (21)
and R is a real symmetric matrix.
Notice also that, if the right-hand-side is designed to have rank n — r, then rank(X,)

n —r. (To see that equality need not be the case, consider the product AgAY where A,

4]

The broad strategy suggested here is to assign all the real eigenvectors, and hence the
matrix R;. Generically, it can be expected that the eigenvectors associated with the eigen-
values in the upper half-plane will be linearly independent. Thus, the matrix X, € C**(=7)
of (10) will have full rank, n — 7. Now there is a standard method for finding a symmetric
factorization of a complex symmetrix matrix (as required in (20)), in which the rank of the
factors is equal to that of the given right-hand side. So the problem reduces to: Given Ry,
with rank determined by the choice of real eigenvectors, find an R such that R; — iR has
rank n —r.

The “standard method” referred to above is due to Takagi in the 1920’s. A quick in-
troduction, based on the exposition and algorithm of [1], is given in Appendix A of this
paper.

It is instructive to consider a simple example at this stage.

v

EXAMPLE 4. We construct a 2 x 2 system with two real eigenvalues and one complex pair.
The spectral data is

24+ 0 0 0 00 0 1

0 -1 0 0 01 0 O

/= 0 0 -2 0 b= 00 -120
0 0 0 —-2-—1 10 0 0

(a) We first prescribe the real eigenvectors:

XR1:|:(1):| Xm:{(l]].

Then calculate to find Ry = 1 (—Xp X5 + Xpo XF,) = [ _%)/2 192 } .
i 0 1/2 . .
Choosing R = 1/2 0 yields the rank one matrix

. Iy -1 —
Rl_ZR_§|:—i 1:|,

and this has the factorization (cf. equation (20)) R; — iR = X. X! where X, = % [ _12 }

9



Now compute with equations (16) and (17) to find the real symmetric system

0 1 1 3 1 2
G R E ) B i
and it can be checked that the spectrum is, indeed, that prescribed.

(1) ], then R; = 0 and R is chosen so that Ry — iR

]sothatRl—iR: [8

(b) In contrast to (a), if Xg = Xpgy =

0 O
0 -1

Xe= [eigﬂ]:{L(fﬂ)}’

X_[ 0 11 0 }
T S0+ 00 Ha-i) |

Following the steps above it is found that this determines the diagonal system,

10 30 2 0
v-lo 4] o= 0 S <=0 5]

2

has rank one; say R = [ (; } in which case we take

V)

and

|

An interesting feature of this example is the fact that R is first chosen to reduce the rank
of Ry — iR relative to that of R;. Clearly, this was necessary, as X, must have rank one. In
the second case, R is chosen to augment the rank of R;. Features of this kind are a major
difficulty in the design of a general strategy for finding solutions to equation (19). Notice
also that the necessary condition that X has full rank was guaranteed by our choice of the
real eigenvectors the first time around, but not the second.

Another approach to the determination of solutions of (19) begins with assigning a com-
plex matrix of eigenvectors X, and then solving (19) for real matrices Xz; and Xgo. This
line of attack is postponed to a future investigation.

7 Symmetric systems, part 2.

The problem of finding matrices X of the form (10) which also satisfy X PX* = 0 has been
reformulated in the form of equation (20) where R; is given by (21). This matrix is to be
assigned, and then a real symmetric matrix R is to be chosen in such a way that Ry — R
has rank n —r. To ensure that both real and non-real eigenvalues appear, it is assumed that
1<r<n-—1.

It appears that the rank of R; can take any value between zero (when Xgy, = Xpg1)
and n (when the real eigenvectors span the whole space). A complete understanding of our
problem seems to require knowledge of the connections between

rank(R;), rank(R), and rank(R; — iR).

10



As this seems not to be well-known the details are provided in Appendix C. In particular,
Theorem 9 shows that, to achieve

n —r =rank(R; — iR) < rank(R;),

which can certainly be physically reasonable, then R must be chosen so that +i become
eigenvalues of the real symmetric pencil R; — AR. Now this phenomenon arose in Example
4, apparently fortuitously! But, in fact, Theorem 9 shows that this choice of R was essentially
unique.

—I. 0

More generally, notice that although the factor [ 0 I

—I, il,
il, I,
has rank r with eigenvalues 4 repeated r times. Thus, by choosing

0 L ][ X% | —I il | [ Xg
R:[XRl XRZ}[L" 0]|:X%;:|, R1—ZR:[XR1 XRQ}[UT ZIT:|[X§;:|’

(22)
we introduce eigenvalues £¢ of multiplicity r into the pencil R; — iR. Modifications of this
definition for R are easily devised to generate real symmetric matrices R; — R with rank p
where r < p < 2r.

If Ry has rank n — r then, by choosing an R with the same range as R;, an R; + ¢R can
be constructed with the same rank, n — r. However, with this construction, the necessary
condition that the range of X have dimension n cannot be satisfied. Indeed, there seems
to be a difficult problem here when the rank of R; is low. There may be a deep property
that is not fully understood to the effect that, although linear dependences among the real
eigenvectors are known to be possible, the dimension of the span of the real eigenvectors
cannot be “too low”. The parameters used in Theorem 9 of Appendix C will probably play
a role in any resolution of this problem. Indeed, the sets of admissible parameters can be
analysed using the canonical forms to be found in Theorem 9.2 of [11] - and described in
Appendix C.

These techniques are not investigated more deeply here, and we conclude the present
discussion with a numerical illustration.

} in (21) has rank 2r, the

“modified” matrix

EXAMPLE 5. The program here is to take the data from Example 3, which was used in the
design of a real (non-symmetric) system, augment it with a sign characteristic, and design
a real symmetric system. Thus, as in Example 3, we take n =4, r = 2, and

A = diag[—1+1, —4+1], U, =diag[—0.5, —1], Us = diag[—3, —4].

Now consider equation (20). Since there are two pairs of non-real eigenvalues, X, is to
be constructed with rank 2. Following the strategy leading to (22) results in

2 1+i —1+i —1—i

. 0 0 —2
A=R, +iR= 0
0

11



Notice that R; is defined by the data of Example 3 and R is chosen as in (22). Using the
Takagi algorithm we obtain

—1.0082(1 4+ i) 0.1281(—1+ i)

Y — —0.8801 (—0.8801)i
=1 (~0.8801); 0.8801 ’
1.1362 (—1.1362)i

and construction of the 4 x 8 matrix X is complete.
The Jordan matrix is now diag[—1+1i¢, —4+14, —0.5, —1, =3, —4, —1 — i, —4 — 1], and
(see (18)),

00 0 I
oL o0 o
P=109 0 -1, 0
Ib 0 0 0

It can be verified that X PX* = 0, and the formulae of (16) and (17) are applied to produce
the real symmetric system:

0.4496 —0.3267 1.6481 —0.2840 —8.4914 4.2104  4.9463 —4.5620
M= 0.2748 —0.6290 0.0519 D— —1.6488 —0.6350 1.7465
N 0.8991 0.2533 |~ 6.5591 —1.7314 |~

—0.0696 —0.3876

0.4612 —3.0335 —4.5721 4.8244
3.8425  6.4105 —5.2257

12.0600 —9.8717

7.8178

As usual, it can be verified that this sytem has the spectrum determined by J. It is interesting

K =

that, in spite of the location of all the eigenvalues in the left half-plane, all three coefficients
are indefinite. O

Of course, the analysis simplifies if there are to be no real eigenvalues (as in [10]), for
then X, is nonsingular and it is only necessary to assign a nonsingular real symmetric R.
On the other hand, if X, is a solution of (19), so is X.© for any real orthogonal matrix ©.
Thus, for a fixed right-hand-side of (19), a family of solutions X is obtained depending on
5(n —r)(n —r — 1) real parameters. This is consistent with results obtained in [10] for the
case r = 0.

The situation in which there are no non-real eigenvalues is also of great interest and
includes the so-called over-damped, hyperbolic, and quasi-hyperbolic systems. They are the
topic of Section 10 below.

8 Positivity of M, D, and K

In this section it is assumed that the spectral data is consistent with real and symmetric
systems, and we examine the further conditions required to ensure positive definite (or pos-
sibly semi-definite) coefficients M, D, K. It will be convenient to make a further simplifying

12



hypothesis, namely, that systems are to be designed which are nonsingular. This is equiva-
lent to the hypothesis that K is nonsingular. This can be justified here on the grounds that,
in this section, our major interest is in stable systems, i.e. those with all eigenvalues in the
open left half of the complex plane. In other words, J of (1) is to be a stable matrix.

In this case there is a nice alternative to the formula

K =-MI'sM + DIy D

of (17) (see Theorem 2 of [10], for example). Thus, given a sefadjoint triple (X, J, PX*),
we have

L, =XJ'P)X*=-K*" (23)
This follows immediately from the resolvent form for L()\) expressed here in terms of any

Jordan triple:
LA =X\, —J) Y.

Lemma 4 If zero is not an eigenvalue of J and 'y is nonsingular, then the inertias of
M, D, K are equal to those of I'y, —I's,and —I'_y, respectively.

Proof. Observe that, if 0 is not an eigenvalue of J, then I'_; is well-defined, and the lemma
follows from the first two relations of (17) together with (23). O

Since the moments are readily computed from a Jordan triple, this immediately suggests
that the positivity of M, D, K could be checked by trial and error. However, a more precise
result can be proved, which generalizes Theorem 9 of [10]. Notice the important role played
by positivity of the second moment in this result.

Theorem 5 If J is stable (has all eigenvalues in the open left half-plane), Ty < 0, and Ty,
'y are nonsingular, then M >0, D > 0 and K > 0.

Proof. Since I'; and I' ; are nonsingular, M and K are well-defined by (17) and (23). Then
the stability of J, together with Theorem 7 of [13], imply that M > 0 and K > 0. Then
D > 0 follows from I'y < 0 and (17). O

Note that there is, of course, a classical converse statement for Theorem 5: If M > 0,
D > 0 and K > 0 then all eigenvalues are in the (possibly closed) left half-plane.

In general, it will be difficult to apply the last result numerically ab initio. A major open
question is:
Problem 1. Given that the spectrum is stable, what further conditions on X (the matrix
of eigenvectors) will ensure that the coefficients of the system are positive definite?

A closely connected question seems to be:
Problem 2. What are the constraints linking the dimensions of the ranges of the matrices
[ Xp1 Xge ] and [ X, X, ]?
1
0

]. It is found

EXAMPLE 6. Reconsider Example 4. Modify the data and take Xz, = Xgo = [ ], and

retain the same matrices J and P. Now R; = 0 and we choose R = 8 (1)

that a diagonal system with positive definite coefficients is generated:

10 30 2 0
M—[005] D‘[ozy K‘[025;

13



9 Hyperbolic and over-damped systems

For the purpose of this discussion, consider systems with a positive definite leading coefficient,
M. Tt is well-known that there are symmetric vibrating systems of practical interest for which
all eigenvalues are real. An early and influential paper on this subject was that of Duffin
[2] concerning over-damped systems. Subsequently, it has been realised that systems with
real spectrum arise more generally. Thus, systems with all 2n eigenvalues real with n of
positive type (with a 41 in the sign characteristic) and n of negative type (with a —1 in the
sign characteristic) are said to be quasi-hyperbolic. If, furthermore, the sets of eigenvalues
of the two types are separated (all positive type eigenvalues greater than all negative type
eigenvalues) then the system is hyperbolic. Finally, a system which is hyperbolic and D > 0,
K > 0 is said to be over-damped. Given these inequalities it is equivalent to say that a
hyperbolic system is over-damped if all eigenvalues are negative. (Numerical methods for
such problems are the topic of [7] and [6], for example.)

The distinction between these classes of systems is quite clear in our context of inverse
problems. Let us begin with hyperbolic systems. Thus, all eigenvalues are real and the data
for the inverse problem consists of diagonal matrices

vy, 0 (L o0
=[5 8] e[ 5]

(cf. equations (1) and (18)). Furthermore, the smallest eigenvalue of U, (having positive
type) exceeds the largest eigenvalue of Us (having negative type). Thus,

maXy, cu, (U;) < ming, e, (ug). (25)

Then the necessary condition (6) of Lemma 1 is satisfied.

For the more general quasi-hyperbolic systems, U, and Uj are simply specified in such a
way that (6) holds but (25) does not necessarily hold.

Now an isospectral family of quasi-hyperbolic systems with spectrum defined by U, and
U; is determined by full rank eigenvector matrices

X = [ Xr1 Xre ]
where XRla Xpo € R™ ™ and
XPX* = Xp Xty — XpoXpo =0,

(cf. equations (10), (19)). This condition is easily satisfied: Since X has full rank, both Xg;
and X ge must be nonsingular, so we may take an arbitrary A > 0 in R"*” and then choose
Xg1 and Xpgo so that

XRlX}j;l = XRQX}j;Q == A (26)

Natural choices for Xp; and Xpy are then A2, or a lower triangular matrix generated by
a Cholesky factorization of A (see [5], for example). Having made a first choice of Xg; and

14



X g9, infinitely many more candidates are generated by multiplying on the right with a real
orthogonal matrix. In particular, once a nonsingular Xz, is chosen, one may take

XR2 - XRlea

where © is real orthogonal. We adopt this strategy.
Then it is easily verified that the following formulae hold: For the moments,

I = XR1(U2—@U3@T)X£1:
I = Xu(U; —OUZOT)XE, (27)
Iy = XmU;y'—0u;'e")XF,.

And, for the coefficients:

M = Xyl (Uy—0Us0") "' Xp/
D = —-XpI(U,—0Uu;e”) (U2 - eU2eT) (U, — oU;0T) 1 X! (28)
K = —Xg (U;' -0U;'0") "X

It is immediately apparent that Xg; merely determines a simultaneous congruence ap-
plied to the three system coefficients. Once the spectrum is specified in the form of U; and
Us, the coefficients are determined (to within this simultaneous congruence) by the choice of
©. Thus, the inertias of M, D, K do not depend on Xpg;. (A similar phenomenon arises in
the case when all eigenvalues are non-real, see equations (34)-(36) and Theorem 13 of [10]).

Theorem 5 now provides criteria for generating families of real hyperbolic systems:

Corollary 6 Assume that, A and W do not appear in equation (1) (i.e. all eigenvalues are
real) and Uy < 0, Us < 0 are chosen so that det(Uy — Us) # 0. Let

(a) Xg1 € R™™™ be nonsingular,

(b) © be a real orthogonal matriz for which

Uz < euze’ (29)

and Uy — QU507 U2_1 — @Ug,_l@T are nonsingular.
Then (in equations (28)), M > 0, D > 0, K > 0, and the system MX? + D\ + K is
quasi-hyperbolic.

If, in addition, (25) holds, then the system is over-damped.

Proof. The condition (29) and the equation for I'y in (27) ensure that I'y > 0. Also, from
(27), Ty and T'_; are nonsingular. So the result follows from Theorem 5. O

EXAMPLE 7. Clearly, given the hypotheses of the corollary on U, and Us, Xg; = I,, and
© = I,, are admissible choices. If we write

Uy = diag[pl?, pu?, -, u®], Us = diag[ul®, u&,-- -, uld),

equations (28) determine the diagonal system with diagonal entries

A2 (,u( ) (3)))\+M(2)M( ) ()\ _ N(2))()\ o M;S))

- 3
MEZ) M; ) MEZ) ,u(-)

15



EXAMPLE 8. Take Xz, = I, and
U, = diag|—1, —2, =3, —4], Us; = diag[-5, —6, —7, —8|.

Consider the orthogonal matrix

2 -8 4 —4
1|18 -2 —4 4
®_E44—3—8
4 4 8 2

and verify that the hypotheses of the corollary are satisfied. Apply the formulae of (28) to
generate the overdamped system (with truncated decimal form)

0.1886 0.0269 —0.0168 —0.0051 1.3771 0.0808 —0.0673 —0.0253

M= 0.2896 0.0690  0.0707 D 2.1582 0.3451  0.4242
0.2694  0.0808 |~ 2.6162  0.5657

0.42342 4.3939

1.1886 0.0539 —0.0505 —0.0202

3.1582 0.4141  0.5657
5.4242  0.9697 |’

10.7879

with eigenvalues -1, -2, -3, -4 of positive type, and -5, -6, -7, -8 of negative type. An associated
matrix of eigenvectors has the form

1000 02 —-08 04 -04
010008 —02 —-04 04
X = [ re ] {0010 04 04 -02 -08
000104 04 08 02

10 Conclusions

Real damped vibrating systems defined by n x n coefficient matrices M, D, and K have
been studied, with the simplifying hypothesis of semi-simple Jordan structure, i.e. associated
2n x 2n Jordan canonical forms, J, are diagonal. A corresponding primitive companion
matrix, Cy, is formulated (equation (4)) and plays a significant role. The equivalence between
“structure preserving similarities” of Cy and Jordan pairs for the system has been established
in Theorem 3.

These constructions have been used to find solutions to the inverse problem: Given J,
find consistent real viobrating systems (see Section 5). The corresponding problem for con-
sistent symmetric real systems (with mixed real and non-real spectrum) is more complicated.
A partial solution for this problem (taking advantage of Takagi’s factorization of symmetric
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complex matrices) is the subjext of Sections 6 and 7. To ensure that coefficient matri-
ces M, D, K have definiteness properties is more difficult again, but significant insight is
provided in Section 8 in terms of “moments” of the system.

Similar methods applied to systems having only real eigenvalues are more tractable (and
include systems of hyperbolic and over-damped types). They are developed in Section 9,
where parametrizations of isospectral systems by real orthogonal matrices arise naturally.
This compares nicely with similar results of [10] for systems at the other (elliptic) extreme
with no real eigenvalues.

The analysis developed here requires knowledge of the relationship between the ranks of
a complex symmetric matrix and its real and imaginary parts. This is clarified in Theorem
8 of Appendix C. The result seems to be new and may be of more general interest.

11 APPENDIX A: Takagi’s factorization

A method for making the factorization needed in Sections 6 and 7 is attributed to Takagi in
the 1920’s. For a given complex symmetric matrix A € C**" of rank n — r, a factorization
A = X.XT is produced in which X, also has rank n—r. Computer programs are now available
for this task (see Bunse-Gerstner and Gragg [1]). There is also a careful discussion in Section
4.4.4 of Horn and Johnson [8]. Here, an introduction is made for the relatively simple case
in which nonzero singular values of the right-hand-side of (20) (i.e. when A = R; — iR) are
distinct. It is based on the presentation of [1].

1. Let A denote the (given) complex symmetric right-hand-side of (20) and assume that
rank(A) = n — r. Form the singular value decomposition A = UXV*, where U and V
are unitary matrices and

E:diag[ o1 Oy -+ O ]
with o1 > 09 > --- >0, >0and 0, 11 =... =0, =0 (see [5] for further details).

2. Let u; and v; denote the columns of U and V, respectively and compute qu- = u]TUj,
j=1,2,....,n—r (note that q?- will generally be complex).

3. Form ¥, :=diag[ 01 02 --- 0, , | ofsize (n—7r)x (n—r) and form the n x (n—r)
matrix Uy = [ U1 Uy <+ Up_p } .
4. Compute a matrix () = diag [ G Q2 Quy }

5. Compute X, = UyQX1? (of size n x (n —r)).

Let us quickly confirm that this produces the required symmetric factorization. Since A
is symmetric, B
A=Uxv*=VxU".

But the singular vectors for the (distinct) nonzero singular values are unique to within a
scalar multiplier of modulus one. Thus, there are numbers w1, ..., w,_, such that

vj:wju_j, |L¢)j‘:1, _]:1,2,...,71,—7’.
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Defining U, as in item 3, Vj = [ V1 - Un_g } and Q = diag[ W1 e Wy ], we have
Vo = 7Ogla or o
Vo =QUjy.
Furthermore, uj v; = w;(u; ;) = w; for j =1, 2,...,n —r, so that (see item 4), Q = Q°.
Now compute

XXT = (Qs?)(2:QUY),
= U,SQ UL = Uys(QUY),
= U,SVy = USV* = A.

|

The purpose of the next example is simply to illustrate this scheme. Calculations are
completed in MATLAB.

0
to zero). The MATLAB singular value decomposition yields (with truncated numbers)

EXAMPLE 9. Let A = [ i ! } and note that n =2, r = 0 (so no singular values are equal

U — —0.8507 —0.5257 | . V= —0.8507  0.5257
~ | —0.5257 08507 |" | =0.5257 —0.8507 |-

Also, 0? = (1++/5)/2, and 02 = (1 —/5)/2. It is found that ¢ = i and ¢ = —i and then
¢ =21 +1i), ¢ = 2(1 ). Finally,

X, = UGS = [ —0.7651(1 +14)  0.2923(1 — i) ]

—0.4729(1 414) —0.4729(1 — i)

It can be verified that, indeed X . XT = A. O

12 APPENDIX B: An expository example

Consider the problem of constructing 2 x 2 symmetric systems with the simple (mixed)
spectrum: 1, -1, i, -i. One such system is obvious, namely, the monic system

-1 0 ] (30)

L(’\):[ 0 A+1

Let us first examine the forward problem for this system. The sign characteristic associated
with the real eigenvalues {1, —1} of this sytem is {+1, —1}. (The best way to see this is to
use Theorem 12.5 of [4].) Clearly, this system has associated matrices

i 0 0 0 00 0 1
0110 01 0 0 01 0 0
X‘[1001}’J_ 00 -1 0| P5lo0 -10 (31)
00 0 —i 10 0 0

18



Since det[ )?(J ] # 0, (X, J) form a Jordan pair. However,

[ [4] e

so (X, J) is not part of a selfadjoint triple. The eigenvectors must be re-normalised to
achieve this. (Such a re-normalisation leaves the moments and the coefficients invariant.) It
is found that if we set x = e~*"/* and define

110110
X"Qé[nzo 0 z}’
then Y = PX*. It is now a matter of computation to verify that the equations (16) and
(17) lead back to the coefficients of the system (30).
Now consider the inverse problem in which the data consists of matrices J and P of (31).

Observe first that Xz, and Xz, will be 2 X 1 vectors and, to find an X, of rank one, it
is convenient to assume that Xz and Xgo are linearly dependent (see Section 6). Indeed,

with o, 5 € R let us take Xz = Xpy = [ g

R= [ 8 2 ] where v € R, so that the equation for X, becomes X X! = [ 8 _27 } '

}. Then R; = 0 in (20) and we may choose

. . 0 . . . .

It is easily verified that X, = [ 1 } is a solution of this equation. Thus, a complete
V2K

eigenvector matrix X is

a o 0
X = 1 1 . (32)
[w B B 7%]

Now compute to find I'y = 0 and

. o>  aff _ B o>  of
a7 ] e a0

and then, assuming oy # 0,

M=FT=@Jw*[%$;_; y D=0, K=@¥w*[f

— —aﬁ]
P

af «

Thus, a three-parameter family of isospectral systems is obtained. The system (30), with
which this discussion began, is obtained by taking o = 1/v/2, 8 =0, v = 1/2. In contrast
with matrix X of (31), (32) evaluated at these parameter values is a member of a selfadjoint
triple.

To illustrate the role played by the sign characteristic consider the following special cases:

¢ CASE1: a=1, =0, v=1. M\ 1K =1|~-1 0
I 9 - 5 ’)/ = . 1 1= 5 0 A2 1 ,
e CASE 2: a=1, f=-1 =1 Mo)2 + K 1 2\ A +1
L ) - , ’}/ . 2 9 = 3 AQ 1 )\2 1 ,
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e CASE3: a=1, =0, y=—-1. M3A2+K3=§ 0 ~(2+1) |

Theorem 12.5 of [4] tells us that the sign characteristic determines the derivatives of the
eigenvalue functions p; (), p2(A) of the matrix function L(\) at the points where they cross
the real axis. Obviously, in Case 1, the nature of these eigenvalue functions corresponds to the
first sketch of Figure 1, and the eigenvalue functions are y; (A) = £(A*—1), pa(A) = 3(A2+1).
The sign characteristic {—1, +1} corresponds to the sign of the derivative of u;(A) at the
points A = —1 and A\ = +1, respectively.

The system of Case 2 has similar structure but now p1(\) = (A2 = 1), po(A) = A* + 1.

CASE 1. CASE 3.
T T

15

15
1t 1

050 g 05p

g o g o

-05 -05

-1t -1

-15 s s s s s -15 s s s . L
15 -1 -05 g 05 1 15 15 -1 -05 g 05 1 15

Figure 1: Eigenvalue functions ().

In contrast, Case 3 has p1(A) = (A% — 1), p2(A) = —2(A2+ 1), and M is indefinite (Case 3
of Figure 1). However, it is clear from the sketches that both the real spectrum of L()) and
the sign characteristic are the same in every case.

13 APPENDIX C: The rank of complex symmetric
matrices

Let M be a complex symmetric matrix in C"*™. Thus, there are real symmetric matrices A
and B such that X = A+ ¢B. Our objective is to show how the ranks of matrices X, A and
B are connected. Notice that there are no other hypotheses on A and B such as invertibility,
or positivity.

The rank of a square matrix is invariant under congruence transformations so, if § € R**"
is nonsingular, then rankX =rank(SXST). Our problem will be resolved by applying a
congruence with matrix S which simultaneously reduces A and B to a canonical form. The
canonical forms in question can be found in the recent work [11], and are to be described
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here. Tt is convenient to use the language of spectral analysis and consider our problem in
the context of the reduction of the pencil A+ AB by real congruence.

The general canonical forms are quite complicated. They are block-diagonal with blocks
of several different types as follows:

Square matrices F), of size m with ones on the NE-SW diagonal and zeros elsewhere
(also known as the sip matrices).

Matrices G,y:

0 1 0
: 0 0 P 0
= : = m—1
1 0 :
| 0 0 0 |
and matrices Hy,,:
[0 O 1 0 7
0 0 —1
: 1 0
HQm = 0 -1
1 0 0
| 0 -1 0 0

Then the canonical form for A is a direct sum of blocks of (up to) five distinct types, say

A=A A D A3 D Ay B As,

and similarly for B. The blocks A, and B, will have the same size for each r and are as

follows:

1.
. A2 = Z] @GQEJ'—I—la

. A3 == Z] ®5ijj:

B

Bs

A; = By =0 (a square zero matrix).

O oo
o oo
o o0

<.

J

where each ¢; is £1 and, together, they define the sign characteristic of the eigenvalue
of A+ AB at infinity (if any).

. A4 = Z] @(n]ajFlJ + Glj)? B4 = Z] @njﬂj7
where each 7; is £1 and, together, they define the sign characteristic associated with
the real eigenvalues (if any).

Fo, o 0
- As =30 Fom; + viHop, + [ QOJ 2 0, ])7 Bs =3, ®Fo,,

where p; £ iv; with v; # 0 are the complex eigenvalues (if any), and 0, is the 2 x 2
zero matrix.
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Tt is clear that rank(A4) = °_, rank(A4,), rank(B) = Y.°_, rank(B,), and rank(A+iB) =
S0, rank(A, +iB,). However, the ranks of these component matrices are easily obtained
from those of the F’s, G’s and H’s. Notice, in particular, that for the first four types the
component diagonal blocks are triangular, and the rank can be read off by observation. For
the fifth type, the structures will be clear if we just examine the case m; = 3 more closely.
It is easily seen that, if we define

Aj:Z[Vj :uj:|,

Hj  —Vj

then, in this case,

09 E A+ iF,
As = Fy Aj+iFy 02 ;
Aj+iF 02 02

so that det(As) = 0 if and only if det(A; +iF3) = 0 (and this is the case whatever the value
of m;). However,
det(A; +iFy) = —(uf +v7) — 2ip; + 1,

and this vanishes if and only if 1; = 0 and v; = £1, i.e. the corresponding complex eigenvalue
pair is +i.
Notice also that, when p; + iv; = 4, then

. 1
Aj+ZF2:|:Z. _21:|,

a matrix of rank one.
The important conclusion of this argument is:

Proposition 7
rank(As) = 2 Z mj, (33)
J

where the sum is over all j associated with non-real eigenvalues, if and only if there are no
ergenvalue pairs +i.

If there are such pairs, then the rank of As is decreased from the value (33) by the algebraic
multiplicity of the eigenvalue i (or —i).

It will be convenient to denote the algebraic multiplicty of the eigenvalue i by a(i) so
that, in general,

rank(A;) = Qij — a().

J

Now it can be seen that:

1. rank(A;) =rank(B;) = rank(A4; +iBy) = 0.

2. rank(A,) =rank(B,) = rank(A, +iBy) = ), 2¢;.

3. rank(A3) =) k;, rankBy =) .(k; —1), rank(A3+iBs) =) k;.

J
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4. rank(Ag) =305, o lit D ja,=0(li—1), rank(By) =3 . 1;, rank(A4+iBy) =31

5. rank(A5) =23 .m; —a(i) , rank(Bs) =2} .m;, rank(As+iBs) =23 m;.

Now consider how the ranks of A and B can differ from that of A + ¢B. Items 1 and 2
produce no differences. Due to Item 3, however, the rank of B; (and hence B) is less than

the other two ranks by one for each canonical block associated with the eigenvalue at infinity
(if there is such an eigenvalue), i.e. the geometric multiplicity of the eigenvalue at infinity ,

say g(co).

Similarly, it can be deduced from Item 4 that rank(A4) is less than rank(B,) and
rank(A4 + iB,) by the geometric multiplicity of the zero eigenvalue, say ¢(0). The case
of blocks of the fifth type is covered by Proposition 7.

Since rank(A) = Y°_, rank(4,), and rank(B) = Y.°_ rank(B,), the results can be
brought together in the following form (and we keep in mind that a(i), g(o) and g(co) refer
to eigenvalues of the pencil A + AB):

Theorem 8
rank(A + iB) = rank(A) — a(i) + ¢g(0) = rank(B) — a(i) + g(o0).

EXAMPLES: Let us illustrate with Example 4 of the main text. The first case arising there
is A+iB =1 [ _1. ! :|, so that
-1 1
. 11 -1 =X
We have a(i) =1, ¢g(0) = g(co) = 0 and rank(A +iB) = 1.
The second case is A +iB = [ 8 (; } , so that
. 0 0
A+1iB = [ 0 A\ } .

Notice first that, in this case, Ay = B; = [0]. Then a(i) = 0, ¢g(0) = 1, g(cc) = 0 and
rank(A +iB) = 1. O
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