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1 Introduction

The theory of bilinear and quadratic forms occupies a central position in mathematics
and its applications. Knowledge of the simplifications made possible by transforma-
tions of coordinates are frequently of great importance in geometry, algebra, statistics,
function theory, and many other areas. Here, attention is confined to forms over either
the real or complex number fields (R or C). The complete reduction of a single form
was well-understood in the late nineteenth century (the paper of C. Jordan, after which
the Jordan canonical form takes its name, was published in 1870). But many fields of
research required an understanding of the simultaneous reduction of two forms. Fur-
thermore, these forms may have properties of symmetry or skew-symmetry in each of
the three possible combinations; they may also be definite or indefinite, and they may
be singular or regular. To illustrate, the simultaneous reduction of two real symmetric
quadratic forms representing kinetic and potential energies is central in the theory of
vibrations and, in one form or another was probably known to Lagrange in the eigh-
teenth century and effectively used by Rayleigh in the first edition of his “Theory of
Sound” in 1877 (see [48]).

Thus, by the late nineteenth century, the importance of the simultaneous reduction
of more complicated pairs of forms (admitting singular forms and other symmetries)
was recognized and several important contributions were made by Weierstrass (1868)
(see [62]), by Kronecker through the 1870’s (see [27]), and Sylvester through the 1880’s
(see Wedderburn, [57], where there is a bibliography of 549 items covering the period
1853-1933). Further analyses were completed through the early twentieth century and
a summary can be found in the Historical Notes to Chapter 9 of the work of Turnbull
and Aitken [55], as well as the classic survey of MacDuffee [36] of the same era.

In the second half of the twentieth century developments in operator theory, sys-
tems theory and control, and signal processing (among others) demanded detailed un-
derstanding of problems of this general character. In particular, the importance of
Hamiltonian and symplectic symmetries became apparent. Seminal work was done by
Pontryagin in 1940 [43] and by M. G. Krein in 1955 [24]. There were subsequent ap-
plications to damped oscillatory systems and to factorization of matrix and operator
functions by Krein and Langer [26], Langer [34], and Gohberg et al. [14]. More recent
contributions in this direction with emphasis on numerically stable algorithms can be
found in works of Benner et al. [5], Lin et al. [35], Mehl et al [39], and Mehrmann and
Xu [40].

As the simultaneous reductions of pairs of forms arose in diverse parts of mathemat-
ics it was, perhaps, inevitable that results would be scattered throughout the literature
with some duplications. Accordingly, R. C. Thompson undertook a review of the field
in 1973 leading to the work of [51], although the review itself was not published until
1991 (see [52]). This is an important contribution containing a reference list of 225
items. Here, a second review is provided, and one may well ask why!

Undoubtedly, the authors have benefited greatly from the works of Thompson, but



there is still a strong case for a systematic treatment of the theory and presentation of
results which will facilitate easy reference by the many and varied users. Also, where
sketch-proofs have been provided previously, more detail is to be given here, and the
proofs are geared more to the particular cases of complex and real matrices. Thus, the
exposition is to be as self-contained as is reasonably possible, starting from the more
familiar canonical forms of Jordan (Theorems 2.1 and 2.2) and Kronecker (Theorems
3.2 and 3.3). These results are stated without proofs, and they also serve to establish
some (often intricate) notations which will be used throughout this review.

Since there is a large body or work here, this first paper is devoted to problems
concerning reductions of two hermitian matrices. Thus, Theorems 5.1 and 6.1 are
the central results concerning reduction of two complex hermitian matrices. The line
of proof used here seems to be new, although it is a natural line of argument given
the Kronecker forms. Furthermore, these results are not easy to find elsewhere in the
literature. Theorems 9.1 and 9.2 are the corresponding results concerning pairs of real
symmetric matrices.

Sections 10, 11, and 12 contain some important closely related results which can be
derived from the canonical forms. They concern simultaneous diagonalization (Section
10), a new criterion for the existence of positive definite (or semidefinite) linear com-
binations of a pair of hermitian matrices (Section 11), and the canonical structures of
matrices which are selfadjoint in an indefinite inner product (Section 12).

A similar analysis for pairs of forms with at least one of them skew-symmetric will
be the subject of a second paper (see [30]).

Let us turn now to questions of notation and terminology. Basic ideas concerning
pairs of matrices can be formulated in the context of so-called matrix pencils: A + AB
where A, B € C™*™ and )\ is a scalar complex parameter. Some basic definitions are
made here in the context of complex matrices. The reader can fill in the corresponding
definitions over R.

Matrices will frequently be treated as linear transformations on finite dimensional
vector spaces over R, or C. Thus, the context is frequently either the real euclidean
space of real n-tuple columns, R™ over R, or the space of complex n-tuple columns, C”
over C. The standard inner product in these spaces is defined by writing

n
(x’ y) = Z T5Y;-
7j=1

Denote by C™*™ resp., R™*™ the space of m x n complex, resp., real, matrices. If

A € C"*" has entries a;;, the matrix with corresponding entries @;; is denoted by A*
and is known as the adjoint of A, and may also be written as AT where the index T
denotes transposition. A matrix A € C"*" is hermitian (or self-adjoint) if A* = A and
unitary if A*A = I,, the identity matrix in C™*". A matrix A € R™*" is, of course,
symmetric if AT = A and (real) orthogonal if ATA = I,. The u X v zero matrix will
be denoted 0yx,.



Thus, an n x n complex matrix is frequently identified with a linear transformation
acting on C" in the usual way (and similarly for real matrices). With this understanding,
and with the standard inner product, C" becomes a Hilbert space, and A* is, indeed,
the adjoint of A in the Hilbert space sense.

Matrices A and B from C™*" are said to be similar if there is a nonsingular matrix 7’
such that A = TBT !, and it is well-known that this matrix transformation corresponds
to a change of basis in C".

The matrix pencils A; + AB; and Ay + ABs (or the pairs (A;, B;) and (As, Bs)) in
C™x™ are said to be strictly equivalent if there exist nonsingular P and ) such that

P(A; + AB))Q = Ay + AB,, forall A € C. (1.1)

Thus, such a transformation corresponds to changes of bases in the domain and range
spaces of the pencil.

The more restrictive concept of congruence applies to pencils of square matrices.
Thus, pencils A; + AB; and Ay + ABs in C"*" are said to be congruent if there exists
a nonsingular P such that

P(A; + AB)P* = Ay + AB,, forall A € C.

A classical result of this kind says that if A; and B; are hermitian and B; is positive
definite, then there is a P for which By = I, and As is real and diagonal. This can be
achieved by an appropriate choice of basis in the domain space. The generalization of
this result to admit any hermitian A; and B; is an important part of the theory to be
presented here.

2 The Jordan form

The complex vector space C"*™ can be subdivided into disjoint equivalence classes of
similar matrices. Each equivalence class is characterized by a unique matrix in canonical
form. Conventions vary to some degree on the specification of this canonical form. It
forms a building block for other forms developed in the sequel.

First define a Jordan block of size m by

A 1 0 0
0 N 1 0
Jn(N) =1 © ° 0 | e Cm™,
Do A1
| 0 0 0 A ]

Then the fundamental theorem specifying the Jordan canonical form is as follows:



Theorem 2.1 For any A € C"*™ there is a block-diagonal matrix J € C"*™ of the
form

Jml ()\1) 0 0
0 Jn(A 0
J= (%) (2.1)
: 0
0 0 T ()

which s similar to A.
Moreover, the matriz J is uniquely determined by A up to permutation of the diag-
onal blocks, i.e. if A is also similar to a matriz

Ju(p) 0 o0
0 Jogls -+ 0
: N ’
0 0 e g ()

then v = s and the collection {Jn, (1), Jnytbo, -+ JIn,(s)} (possibly with repeated ele-
ments) can be re-arranged so that Jy, () = Jm, (M) for k=1,2,--- 7.

Proofs of this theorem can be found in many textbooks on linear algebra and the
theory of matrices such as Finkbeiner [9], Gantmacher [12], Gohberg et al. [15], Horn
and Johnson [19], Lancaster and Tismenetsky [31], Smith [50].

The following terminology is adopted: The matrix (2.1) is called the Jordan form
of A (or possibly the compler Jordan form of A). The numbers Aq, Ao, ..., A\, are the
eigenvalues of A (not necessarily distinct), and the set of all eigenvalues is the spectrum
of A, denoted by o(A).

For an eigenvalue )y of A, the geometric multiplicity, v(Xo) is the number of Jordan
blocks in the Jordan form of A in which A\¢ appears as an eigenvalue (i.e. in which A; =
Xo)- The geometric multiplicity of an eigenvalue can also be defined as the dimension
of the corresponding eigenspace. The algebraic multiplicity, a()g), of eigenvalue Ag is
the sum of the sizes of Jordan blocks in which )y appears as an eigenvalue. It is easily
verified that

¥(Ao) = dimKer(A — Aol), a(X) =dimKer(A — A\oI)". (2.2)

There are, of course, analogous equivalence classes of real square matrices in R"*"
generated by real similarity transformations. It turns out that the corresponding canon-
ical forms are not unlike those above but, because of the presence of eigenvalues which
may be real or non-real in conjugate pairs, the canonical forms are rather more com-
plicated. Perhaps for this reason, they are generally less familiar.

Description of an appropriate canonical form requires the introduction of another
class of matrices in standard form (which will account for the presence of non-real



eigenvalues). For real numbers, A and p # 0 define the real Jordan block of even size,
say 2m X 2m, by

A 1 0 - 0 0
- A 0 1 - 0 0
0 0 X pu - 0 0
] 0 0 —p A -+ @ orixd
Jom (A £ip) = . - € RT,
S 0 1
0 0 0 O A p
| 0 0 0 © — A

Thus, there are m real 2 x 2 blocks on the main diagonal and 2 x 2 identity matrices
making up the super-diagonal blocks. Clearly Ja,, (A £ ip) is a real matrix, and

o(Jom(A £ 1p)) = {A +ip, A —ip}.

If Xy,...,X, are matrices, we denote by X; @ ...® X, the block diagonal matrix with
the diagonal blocks X7,..., X, (in that order). Then the Jordan form over R is given
by:

Theorem 2.2 For any A € R™*" there is a block-diagonal matriz J € R™™ ™ which is
similar to A over the reals (i.e there is an invertible S € R™*™ such that A = S71JS)
and has the form

J = Jml(/\l) ® Jm2()‘2) DD er()‘r) &
Jomp i (A1 Eiflpyr) B - & Jqu ()‘q + i:“q)a (2.3)

where the \; are real and the p; are real and positive.
Moreover, the matriz J of (2.3) is uniquely determined by A up to permutation of
the diagonal blocks.

Naturally, the matrix J of (2.3) is known as the real Jordan form of A. A complete
proof of this theorem can be found in Gohberg et al, [17, Chapter 12]. (Another source
is Shilov [49].)

For easy reference, it is convenient to record here a complex similarity transforma-
tion of the real standard matrix Jo, (A + ip) to its compler Jordan form. First define
an invertible 2m x 2m matrix

11 11 11
02’”:[—2'i]@[—ii]@'”@[—ii}'

The inverse is easily computed:

-3 (¢ 7]eo [t 7))



Use the unit coordinate vectors e;, j = 1,2,...,2m, to define the permutation matrix

c R2m><2m

DQm = [61 €3 €5...€pn—1 €2 €4 ... egm] y

and observe that D, = DL . Then a computation serves to establish the similarity
(ComDam)  Jom (A £ i) (Com Do) = Jon(X —ipt) @ Jpn( X+ ip). (2.4)

This section is concluded with several useful formulas concerning similarity which
can be verified by straightforward computation. Introduce the m x m real symmetric
matrix

0O -+« -+« 0 1
: 1 0
F, = | =F (2.5)
0 1 :
1 0 - -+ 0]

(with F} = [1]). As in [16], this matrix F}, is often called the sip matrix of size m (an
abbreviation for standard involutory permutation). It is also known as the “reverse
identity”. Clearly,

FdmwNEy = Jn( V)T, (2.6)

and by taking complex conjugates,
Frndm(N) F = Jin(N)* (2.7)
The real analogue of (2.6) also holds:
FornJom(A £ i) Fopy = Jom (A £ i(—p)) T (2.8)

Note that Jo,, (A i) is similar (over the reals) to Jo, (A £ i(—p)). Indeed,

F 0 ... 0 FE 0 ... 0

0 F, ) 0 F ... 0 )

: : ) : Jom (A £ ip) : .. . = Jom (A £ i(—p)). (2.9)
0 0 ... K 0 0 ... K

This allows one to replace the condition p; > 0 of Theorem 2.2 by the condition that
p; < 0 when this is more convenient.

3 The Kronecker form

A canonical form for rectangular pencils A + AB € C™*" under strict equivalence is
known as the Kronecker form. It incorporates some of the structures described above for
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the Jordan canonical form. If m = n in (1.1) and B; = By = I, then strict equivalence
reduces to a similarity between A; and A,. In this sense, the Kronecker form must
generalize the Jordan form, and the re-appearance of Jordan blocks is plausible.

An m x n pencil A + AB is said to be singular if either m # n or if m = n and the
determinant det(A + AB) vanishes identically. The rank of such a pencil is the size of a
largest minor which does not vanish identically. A pencil which is not singular is said
to be regular. The eigenvalues are the (discrete) points g in C U {oo} at which the
rank of A 4+ A\gB is less than that of the pencil.

To describe the Kronecker form it is convenient to introduce some rectangular (and
therefore singular) matrix pencils of special form. Define pencils in C=*(+1) by

A1 0 -+ 0
ox 1 --- 0
Lexery = | T
00 --- X 1

In what follows, we denote by 0,y, the u X v zero matrix.
Here, and subsequently, the canonical form is presented in three or four parts:
1. The canonical blocks associated with the “singular structure” (and determining the
left and right indices - see below).
2. The canonical blocks associated with the eigenvalue at infinity.
3. The canonical blocks associated with finite eigenvalues.

Where appropriate, [tem 3 is broken down further to show:
3a. The blocks associated with finite real eigenvalues.
3b. The blocks associated with finite non-real eigenvalues.

Theorem 3.1 FEvery pencil A+ AB € C™*" is strictly equivalent to a matriz pencil
with the block-diagonal form.:

Ouxv @ L81><(51+1) ©--- 0 Lgpx(sp'i‘l) ® L%X(mﬂ) 8 L%:ZX(W'H) D
(Igy + AJk, (0)) @ -+ - @ (g, + AJg, (0)) @
()‘Ifl + Jel (al)) - ()\Iés + Jés (043)), (31)

wheree1 < ... <egp;m < .. < g ki < .. ks and £ < ... < U, are positive integers.
Moreover, the integers €;, n;, k, are uniquely determined by the pair A, B, and the
part
(M, + Joy(01)) & -+ - & (M, + o, ()

is uniquely determined by A and B up to a permutation of the diagonal blocks.

This block diagonal matrix is the Kronecker form for A + AB. The proof is not
reproduced here; it can be found in Gantmacher [12], or in the Appendix of Gohberg
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et al. [17], for example. In this form, it may happen that some of the parameters
u,v,p,q,r and s are zero. This means that the corresponding blocks are missing from
(3.1). In particular, if A+ AB is regular then the zero block, the L, and the L™ blocks
do not appear. Thus, the first row of (3.1) may be described as “the singular part” of
the Kronecker form and the last two rows as the “regular part”.

It will be useful to summarize other important features of the Kronecker form. If
we define the left kernel of a matrix Z € C™*" by

KelZ = {x € C""™: 27 = 0}

then the parameters u and v of the first (zero) block can be identified as:

u = dim (") Kel(4 + AB), (3.2)
AeC
v = dim ﬂ Ker(A + AB). (3.3)
AeC
The integers €; < ... < g, are called the right indices of the pencil A+ AB. They
can be identified as the degrees of polynomial vector columns z;(}), ..., z,(A\) forming

a basis for the vector space of solutions z(\) of the equation (A + AB)z(\) = 0.
Similarly, my < ... <, are the left indices of A+ AB. They can be identified with
the degrees of polynomial vector rows y;()),...y,(A) forming a basis for the vector
space of solutions y(\) of the polynomial equation y(A)(A+ AB) = 0.
The integers ky < ... < k. are the indices at infinity of A + AB and, finally, the
part
(M, + Joy(01)) @ -+ - & (M, + o, () (3.4)

is the Jordan part of A+ AB. The numbers —aq, ..., —a; are said to be the eigenvalues
of A+ AB, and the sizes of the blocks in (3.4) that correspond to a fixed eigenvalue
—a are called the indices of A + AB corresponding to —a. Obviously, if B is square
and invertible, then the Kronecker form reduces to just the Jordan part.

As with the Jordan forms, the question of the analogue of the Kronecker form for
real pencils strictly equivalent over the reals arises naturally (i.e. the case in which all
the matrices appearing in (1.1) are real and A € R). The corresponding canonical form
can be formulated using the standard blocks formulated above.

Theorem 3.2 Fvery pencil A + AB € R™*™ s strictly equivalent over the reals to a
matriz pencil with the block-diagonal form:

Ouxv @ L81><(51+1) ©---0 Lgpx(sp'i‘l) @ L%X(m“) D LZ;QX(W'H) D
(I, + Ak, (0) ® - - - & (Ig, + AJE, (0)) ®
(Mg, + Joy (1)) @ -+ @ (Mg, + Jp, (a5)) @

(Myjy + Jojy (1 £iv1)) © - - - © (Mo, + Joj, (e £111)) (3.5)
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where g1 < ... <¢gp; m < ... < g ki < ... <k, are positive integers, and o, by, Vy
are real numbers with v, > 0,...,v; > 0.

Moreover, the integers €;, n;, k, are uniquely determined by the pair A, B, and
each of the two parts

()\Igl + Jo, (041)) ®---D (/\Igs + Jo, (Ozs))

and
()‘IQJ& + J2j1 (ﬂl + 211/1)) STRRRR (/\IQJ't + J2jt (:ut + z.Vt))

is uniquely determined by A and B up to a permutation of the diagonal blocks.

The form (3.5) is the real Kronecker form of A+ AB. The (real) left indices, right
indices, and the indices at infinity of A+ AB are defined as in the complex case above.
The two parts of the form displayed immediately above are, of course, the real Jordan
part of A+ AB. The reader is referred to Gantmacher [12, Chapter XII] for the proof
of this theorem.

The following corollary can be easily obtained by comparing real and complex canon-
ical forms of real matrix pencils:

Corollary 3.3 If two real matriz pencils A+ B and Ay + \B; are strictly equivalent
over C, then they are also strictly equivalent over R.

Note that this is a general phenomenon: if Fy C F; are fields, and if two pencils
A+ AB and A; + AB, with A, B, Ay, B; € F"*" are strictly equivalent over Fy, then
A+ AB are A; + \B; are also strictly equivalent over F}.

Uniqueness of the Kronecker form (up to certain permutations of blocks), and for-
mula (2.6) yield:

Corollary 3.4 A matriz pencil A+ AB € C™*" s strictly equivalent to its transpose
AT + ABT if and only if the right indices of A+ AB coincide with its left indices.

Notice that this corollary certainly holds if the pencil is regular, for then there are
no indices at all.

Note also that canonical structures for real pairs (without symmetry) under strict
equivalence, and those for symmetric pairs under congruence can be expected to have
a lot in common; and this will be confirmed in what follows (compare Theorems 9.1
and 9.2). One reason for this is a result of Lancaster and Ye (Theorem 4 of [32])
showing that, for regular pairs, the reduction of nonsymmetric real pairs under strict
equivalence is equivalent to the reduction of real symmetric pairs by congruence. Thus,
if A, B € R""™ and A 4+ AB is regular, there is a nonsingular real matrix P such that
PA and PB are symmetric.
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4 Congruence of hermitian matrices

Some useful and well-known properties of hermitian matrices concerning congruence
and inertia are collected in this section as a prologue to the more sophisticated results
to follow.

Of course, matrices H;, Hy € C™*" are said to be congruent if Hy = T*H,T for
some invertible 7" € C™"*". It is easily seen that congruent matrices form an equivalence
class in which the rank is an invariant. Furthermore, congruence of hermitian matrices
has the important property of preserving the “inertia”, i.e. the numbers of positive,
negative, and zero eigenvalues as specified more precisely in:

Theorem 4.1 Fach equivalence class of congruent hermitian matrices in C"*™ con-
tains exactly one matriz with the partitioned form

I, 0 0
D= 0 _Ir—s 0 ) (41)
0 0 ()

where r is the rank of all matrices in the class and s is the number of positive eigen-
values, each counted as many times as its algebraic multiplicity.

In this partitioned matrix the last row and column simply does not appear if r = n.
Clearly, the invariant r — s is just the number of negative eigenvalues (counted with
algebraic multiplicities).

The integers in (4.1) constitute the inertia of matrices in the equivalence class of
congruent hermitian matrices. Thus, if X € C"*" is hermitian, and is congruent to the
matrix D in (4.1), we write

In(X)={s,r—s,n—r},
and
In; (X)=s, In_(X)=r—s, Ing(X)=n—r

Clearly,
’ rank (X) =In; (X) +In_ (X). (4.2)

Theorem 4.1 holds also over the reals. Thus, H;, Hy € R™™"™ are said to be congruent
(over the reals) if H; = T*H,T for some invertible T € R"*". Again, each equivalence
class of congruent (over the reals) real symmetric matrices contains exactly one matrix
in the form (4.1).

For future reference some easily verified properties of the inertia are recorded here:

Lemma 4.2 (a) If H,..., H, are hermitian matrices, then
p
I (H, @ @ Hy) = ) Ini(Hy),
k=1
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p
Ing(Hy ®--- @ H,) = Y _ Ing(Hj).
k=1

(b) With F,, defined as in (2.5),

[ m/2 if m is even
II]:I:(Fm) = { (m+ 1)/2 if m is odd

Continuity of the eigenvalues (properly enumerated) of a matrix, as functions of the
entries of the matrix, yields the following fact:

Theorem 4.3 Let there be given a hermitian X € C*"*™. Then there exists an € > 0
such that
In; (V) > In, (X), In_(Y) > In_ (X)

for every hermitian Y € C™" satisfying ||Y — X|| <e.

5 Pairs of hermitian matrices: strict equivalence

In this section we consider hermitian matriz pencils i.e. matrix pencils of the form
A+ AB, where A = A* and B = B* are hermitian n x n matrices and A is real. Clearly,
congruent hermitian matrix pencils are strictly equivalent, but not conversely. In this
and the next section the connections between congruence and strict equivalence for
hermitian matrix pencils will be explored. First, a canonical form for hermitian matrix
pencils under strict equivalence is obtained (Theorem 5.1) by straightforward manipu-
lations with the Kronecker form; namely, taking adjoints and then using the uniqueness
property. This is used in the next section to formulate an hermitian canonical form
under congruence (Theorem 6.1).
Thus, let A + AB an hermitian matrix pencil, and let Ay + ABy be the Kronecker
form of (3.1). Then
Ay + ABy = P(A+ AB)Q (5.1)

Cm*m, Taking conjugate transposes in (5.1),

for some invertible P, () €
Ay + ABy = Q*(A+ AB)P*.
Clearly, Aj + ABj is also strictly equivalent to A + AB. But

As+ABy = Opa @ LY iy ® - @ LL (1)
@LmX(mH) - D Lﬂq X(nq+1)
D (T, + M (0)7) @ -+ @ (I, + A, (0)7)
SNy, + Joy(a1)") B - @ (Mg, + Ji, (as)"),
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which, in view of the similarity between J,,(«)* and J,,,(&) (see 2.7), is strictly equiva-
lent to

Orxu @ Lgx(51+1) G- Lz;x(sp—i—l)
DL, x(m+1) D -+ - ® Ly x(ny+1)
DLy, + AN, (0)) & - - & (L, + Ay, (0))

@()\Igl + Jy (C_Yl)) D---D (/\Igs + Ju, (C_Ys)). (5.2)
Now the uniqueness of the Kronecker form implies that r = u; p = ¢; ¢; = n; for
j =1,...,q and, also, that the number of blocks AI,, + J;, (o) with oy nonreal is even

and these blocks appear in pairs: Ay, + Jp, (o), Ay, + Jo, (a)-
In order to describe some canonical forms it is necessary to define more real sym-
metric matrices of standard form. They include the sip matrix, F,,, of (2.5),

0O --- -+ 1 0]
: 0 0 P 0
= : . = m—1 =
Gn= | : A B AU
1 0 :
L 0 0 -
and
=~ 0 O
Gpn=F,.GnFy = [ 0 F, . ] . (5.4)

The goal of this analysis is an hermitian matrix pencil which is strictly equivalent to
(5.2). To this end, symmetric expressions can be obtained from the blocks of (5.2) on
multiplying by suitable nonsingular factors, i.e. by applying suitable strict equivalence
transformations. Thus, for the singular part of the form (5.2), it is easily verified that

0 0 F,
(Lsx(s—l—l) Y (FE+1LZ><(5+1)FE))F26+1 =A 0 0 O + G25+1-
F. 0 0
Similarly, for the regular part:
(Ikt + )\Jkt(o))Fkt = )‘th + Fkt;
()\Igt + Jgt(a))th = ()\ + Oé)th + Get,
where « is real; and
(()‘]@t + th (a)) ® ()‘]@t + th(d)))Fﬂt
o 0 ()\ + a)th 0 Gy,
“lo+aF, 0 TG, 0 (5:5)

for non-real a.
Applying these transformations to the blocks in (5.2), the following result is ob-
tained:
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Theorem 5.1 FEvery hermitian matriz pencil A+ AB is strictly equivalent to a hermi-
tian matriz pencil of the form

F

0 + Gyt
0 ]

[ 0 0 F'I [ 0 0
O ®@ [A] 0 0 0 | +Gon|®---®[A] 0 0
[FEI 0 0 J [F 0

Ep

® (Fi, +AGr,) ® - © (Fy, + AGy,)
& (At+a)Fy+Ge)®---& (A ap) Fi, +Gy,)
0 A+ B1) P, N 0 Gn
(A B1) Fm, 0 Gn, O
0 (A + Bs) Fn, 0 Gn,
® @([(MBS)FM 0 ]*[Gms 0 D (56)
Here, e1 < --- < gy and ky < --- < k, are positive integers, o are real numbers, j3;

are complex nonreal numbers, and F,,, Gy, are the m x m matrices given by (2.5) and
(5.3).

The form (5.5) is uniquely determined by A+AB up to a combination of the following
permutations: a permutation of the blocks

0 0 F,
A0 0 0 | +Go, J=1,...,p
F, 0 0

i

a permutation of the blocks
(A +ay) Fy; + Gy, j=1,...,q;

a permutation of the blocks

Fy, + AGy;, jg=1,...,r1;

and a permutation of the blocks

(A+ B;) Fm, 0 }+[ij 0} (G=1,...,s)

with possible replacement of B; by Bj within each such block.

An alternate form can be obtained instead of (5.5) in which the m x m symmet-

0 Gn

ric matrix G,, of (5.4) is used in place of G, and | ~ 0 ] is used in place of

0 Gn
Gn O
marks after Theorem 6.1 in the next section for more detail).

G

] . The verification of the alternate form is left to the reader (see the re-
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6 Pairs of hermitian matrices: canonical form
under congruence

Congruence transformations are, of course, more restrictive than those of strict equiva-
lence. So it is to be expected that the canonical forms that can be attained (for square
pencils) will be more complex. It is surprising that, in fact, these canonical forms are
more complex in only one respect: the introduction of a so-called “sign-characteristic”
associated with the real (and infinite) eigenvalues. The block structures achieved using
congruence are just those of Theorem 5.1. In the following statement new parameters
0 and 7 are associated with the eigenvalue at infinity and the finite real eigenvalues,
respectively.

Theorem 6.1 Every hermitian matriz pencil A+ AB is congruent to a hermitian ma-
triz pencil of the form

0 0 F, 0 0 F,
Ouxu ® |[A] 0 0 0 [ +Goi|®--@®(A]| 0 0 0 | +Gopps
F., 0 0 F, 0 0

& 61 (Fy, + A\Gi,) @ -+ ® 6, (Fi, + M\Gy,)
& m(A+or)Fry +Ge) @ ®n, (A + ag) Fy, + Gy,)

° (Lm0 [+ )

ol ST )

Here, g1 < --- < ¢, and ky < --- <k, are positive integers, o are real numbers, B; are
complex nonreal numbers, 01,...,0;,M1,...,1n, are signs, each equal to +1 or —1, and
F,, is the sip matriz (5.3).

The form (6.1) is uniquely determined by A+ AB up to a combination of permuta-
tions of the following types: a permutation of the blocks

0 0 F,
)\ 0 0 0 +G25j+1; .7: 1727“'Jp;
F, 0 0

a permutation of the blocks

a permutation of the blocks

n](()\+a])Ffj+G€J)a .7:1a7Qa
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and a permutation of the blocks

0 (A+ Bj) Fm, L 0 G
(A+ B5) Fm, 0 Gm; 0

with possible replacement of 3; by BJ- within each such block.

This theorem has a long history including a series of papers (that appeared more
or less simultaneously) by Trott [53], Turnbull [54], Ingraham and Wegner [22], [58],
[21], and Williamson [59]. It was rediscovered later and generalized in many ways. We
mention here just two more early works by Williamson [61] and Dieudonne [8]. An
extensive bibliography is given in [52].

The sequence of signs {01, ...,0,;m1,...,7n,} appearing here is called the sign char-
acteristic of the hermitian matrix pencil A + AB.
_ An alternate version of Theorem 6.1 is obtained, just as for Theorem 5.1, by using
G, in (6.1) in the place of G, and

éga (i)a ] in place of [Cga %0‘ ] (B # B).

Again, the full verification of the alternative version is left to the reader, and we only
indicate the following relevant easily verifiable equalities:

0 0 F, 0 0 F B
F25+1 )\ 0 0 0 + G25_|_1 == )\ 0 0 0 + GQ€+1 F26_|_1;
F,. 0 0 F. 0 0

ot 2125
:([(A+06)Fm )+ a émDFm e

G, O
We also indicate an explicit congruence of the block (6.2) to the analogous block in
which f3; is replaced by ;. Denoting the block (6.2) by Kom,(53;), we have:

I, I, -
[ Iz] OJ :|K2mj (Bj) [ Ir(jzj O] :| = K2mj (ﬁ]) .

The complete proof of Theorem 6.1 is rather long and will be given in the next two
sections. Here we deduce some immediate corollaries by comparing Theorems 6.1 and
5.1. It will be confirmed in Section 9 that similar results hold for real symmetric pencils
under real congruence.
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Corollary 6.2 The strict equivalence class of a hermitian matriz pencil A+ B, where
A= A* B = B* € C"*", contains only a finite number of congruence classes of A+ A\B.
In fact, the number m of these congruence classes is bounded above by a constant C(n)
that depends on n only, namely,

C(n) =max|[(s1 +1)...(sp +1)], (6.3)
where the mazimum is taken over all possible distinct positive integers mq, ..., m, and
all possible positive integers si,...,s, such that

symy + -+ + spmy, = n. (6.4)

Moreover, the bound (6.3) for m is achieved.

For example, C(5) = 8. If equality (6.4) is considered without the requirement that
my, - .., m, be distinct, then it is easy to see that the maximum of (s; +1)...(s, + 1)
is attained when all the m,’s and all the s,’s are equal to 1. Thus, C(n) < 2.

Corollary 6.3 The following properties are equivalent for a hermitian matriz pencil
A+ AB:

(1) Every hermitian matriz pencil which is strictly equivalent to A+ AB is also con-
gruent to A+ A\B;

(2) The Jordan parts of A+ AB and of B+ AA have no real eigenvalues.

(3)
rank (A + AB) =rank B for all real \.

(4)
In(A+ AB) =1In(B) for all real ).

Proof. In view of Theorems 6.1 and 4.1, we may use the form (6.1) in place of
A+ AB. It follows from (6.1) that (1) holds if and only if the parts

01 (Fi, + AGr,) @ -+ - @ 6, (Fy, + AGy,)

and
m (A +a1) Fy +Ge) @ @1, (A + ag) Fy, + Ge,)
are absent in (6.1). By inspection, this is equivalent to property (3), and by definition
of the Jordan parts of A+ AB and of B + \A, this is also equivalent to (2).
It remains to prove that (3) is equivalent to (4). Clearly, (4) implies (3). The reverse

implication follows easily by using (4.2) and Theorem 4.3.
O

If X € C"*" then by applying Theorem 6.1 to the pencil A + AB, where A and
B are hermitian matrices such that X = A + ¢B, the following canonical form under
congruence is obtained:

17



Corollary 6.4 FEvery matric X € C"™ " is congruent to a matriz of the form (6.1),
where X is replaced by i. The form (6.1) (with A replaced by i) is unique up to a
combination of permutations as described in Theorem 6.1.

7 Proof of Theorem 6.1: existence

The existence of the form (6.1) will be proved here by taking advantage of Theorem
5.1. The uniqueness property will be established in the next section.

We state a well-known result on solutions of linear matrix equations that will be
used in the proof. The result applies in both the real and the complex cases.

Theorem 7.1 Let A and B be matrices of sizes m X m and n X n, respectively. Then

the matriz equation
AX -XB=0 (7.1)

has only the trivial solution X = Opxy, if and only if o(A) No(B) = 0.

For a proof see, for example, [31, Chapter 12], where the complex case is considered.
However, if A and B are real matrices then, since the equation (7.1) is linear, it follows
that (7.1) has only the trivial solution over the reals if and only if it has only the trivial
solution over the complexes.

Let A + AB be a hermitian matrix pencil. By Theorem 5.1, there exist invertible
matrices P and () such that

where Ay + ABy is the canonical form of (5.6). Replacing A + AB by the congruent
pencil (Q*)™'(A + AB)Q™', it may be assumed without loss of generality that Q = I.
Then the equalities A = A*, B = B* imply

PA() = A()P*, PB() = B()P* (73)
Therefore, for every polynomial f(\) with real coefficients we also have
f(P)Ao = Ao(f(P))", f(P)Bo= By(f(P))". (7.4)

The argument now proceeds in several steps depending on the nature of the spec-
trum of P. An important role is played by a critical lemma attributed by Thompson
to Hua [20], and which appears below as Lemma 7.2.

Case 1 P has only one distinct eigenvalue.

18



It will be shown that this eigenvalue is necessarily real (unless both A and B are
equal to zero, in which case Theorem 6.1 is trivial). Indeed, assuming Ay # 0, we have

.10 0
Ay=U [0 Y]U

for some unitary U and invertible hermitian Y. Letting Py := UPU* = { ?1 ?2 ] ,
21 I
where Py, has the same size as Y, the equality PAg = Ay P* becomes

Py Pro 0 0]_100 Py Py
[Pgl PQQ] [0 Y}_[O Y} [P{“2 P2*2]'

This equality implies P15 = 0 and PyY = Y Pj,. In particular, the eigenvalues of Py are
also eigenvalues of P, and hence P, has only one distinct eigenvalue. But the equality
PyY =Y Pj, means that Py, is similar to Pso. It follows from the Jordan form for Py,
that the nonreal eigenvalues of Py, must arise in complex conjugate pairs. Thus, as Py
has precisely one distinct eigenvalue, it must be real - and the same is true for P.

Assume first that the eigenvalue of P is positive. Let (A — )", v > 0, be the char-
acteristic polynomial of P~!'. By Lemma 7.2 (below) there exists a polynomial f,())
with real coefficients such that A = (f,()))? (mod(A —7)"). Then P~ = (f,(P1))?

and since P! itself is a polynomial of P with real coefficients, P~ = (f(P))? for some
polynomial f(\) with real coefficients. Let R = f(P), and use (7.4) to obtain

R(A+ AB)R* = RP(Ay+ ABy)R* = RP(Ao+ ABy)(f(P))*
= f(P)Pf(P)(A¢+ ABy) = Ay + ABy, (7.5)
and the existence of (6.1) follows.
Now assume that the eigenvalue of P is negative. Then, arguing as in the preceding

paragraph, it is found that (—P)~! = (f(—P))? for some polynomial f()\) with real
coefficients. As in (7.5) it follows that

R(A+ AB)R* = —(Ay + \By),

where R = f(—P). Thus, to complete the proof of existence of the form (6.1) in Case
1, it remains to show that each of the blocks

0 0 F;
Zi=X]| 0 0 0 |+ Gops (7.6)
F, 0 0
and A+ B)F G
_ 0 + B)Fy, 0 m
O PR T TSP
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is congruent to its negative. This is easily seen because, for the block (7.7) we have

I, 0 I, 0 ]_
[0 —Im}ZQ[o —Im]__Z2’

and for the block (7.6) we have

[Io 0 }Zl[%’ 0 ]:—Zl. (7.8)

“de+1 —de41

Case 2 P has exactly two distinct eigenvalues, and they are complex conjugates of each
other.

Let o # & be the eigenvalues of P~!. If w is the maximum of the algebraic mul-
tiplicities of o and @&, then P~! satisfies g(P~!) = 0, where g(\) = (A — a)(A — &@))¥.
Using Lemma 7.2 , we find a polynomial g,(A\) with real coefficients such that A =
(gw(N)?(mod g())). Then P! = (g,(P 1)) Since P is itself a matrix root of a
polynomial with real coefficients, namely, g(P) = 0, where

g = (A=A = (@),

it follows that P! is also a polynomial of P with real coefficients. Now argue as in
Case 1 (when the eigenvalue of P is positive).

Case 3 All other possibilities (not covered in Cases 1 and 2).

In this case, using the complex Jordan form of Theorem 2.1, P can be written in
the form

P, 0
P .
P=S . S, (7.9)
0 P,
where S is invertible and Py, ..., P, are matrices of sizes ny Xn, ..., n, Xn,, respectively,
such that B
Aeo(P)= A¢o(P;) forj#i, (7.10)

(i.e. any conjugate pair is confined to just one block, P;). We also have r > 2 (the
situations when r = 1 are covered in cases 1 and 2). Substituting (7.9) in the equality
A+ AB = P(Ap + ABy), we obtain

(Pl@---® P 1Y) (A+ AB) = Ay + \B,, (7.11)
where
A=S5TA(S*)™Y, B=ST'B(S*)7", Ay=S5"TAy(S)"", By=S"'By(S*)".
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Partition the matrix A :

A= Myl

ij=1"

where M;; is of the size n; x n;. Since A and go are hermitian, (7.11) implies
P M;; = My(P7)~

In view of (7.10),
o(PT)No((P)™) =0 for i#j.

Now by Theorem 7.1 we have M;; =0 (i # j). In other words,

A:Mll@...GBMM«.
Similarly, B= N1 & ...® N,,, where N;; is of size n; X n;.

Now induction is used on the size of the pencil A + AB to complete the proof that
every hermitian matrix pencil is congruent to a pencil of the form (6.1); the basis of
induction, when A and B are scalars, is trivially verified. Indeed, by the induction
hypothesis, each pencil My + AN;; is congruent to a pencil of the form (6.1), and
therefore the same is true for

A+ AB = (M1 + AN1) & ... ® (M, + AN,,).
This completes the proof of existence of the form (6.1).

Lemma 7.2 Let p(\) be a real scalar polynomial having one of the forms p(\) =
A—a with a > 0, or p(A) = (A —a)(A — a) with a € C\ R. Then for every positive
integer m there exists a scalar polynomial fp,(N\) with real coefficients such that \ =

(fm(X)?(mod(p(A)™).
Proof. Form =1, we let fi(A) = v/a if p(A) = A — a, and
fi(N) = {lal + A} {2(|jal + Rea)} ™

if p(A) = (A —a)(A—a). Continue by induction on m. If f,,(A) has already been found,
then

A= fm(N)? + (N (p(A)™ (7.12)

for some real polynomial ¢(A). In particular, (7.12) implies that f,,(A) and p()) are
relatively prime. Therefore, there exist polynomials g(A) and h(\) with real coefficients
such that

29(A) fm(A) + H(A)p(A) = t(A).

Now set

frnri(X) = fn(A) + g(A) (p(X)™.
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8 Pairs of hermitian matrices: uniqueness of the
canonical form

We now prove the uniqueness of the form (6.1) under congruence. A lemma is to be
proved first which shows that congruence of two pencils implies congruence of corre-
sponding pairs of canonical blocks in (6.1).

Recall the definitions of singular and regular pencils made in Section 3. Thus, a
hermitian matrix pencil A+ AB is singular if det(A+ AB) = 0 and regular otherwise. A
stngular hermitian matrix pencil A+ AB is said to have finite indices if it is congruent
to a pencil of the form

P [ 0 0 F5j1
@BIrA] 0 00 0 | +Goyur |,
0

j=1 [ F, 0 J

so that only the first block-row of equation (6.1) appears.

Lemma 8.1 Let two hermitian matriz pencils be given in the form

m

Aj + AB1 = Oy ® (A1o + ABio) @ (A1 + ABu) & €D (A4, + AByj) (8.1)
=2
and
Ag 4+ ABy = 0y @ (Agg + AByg) @ (Ag1 + AByy) @ é(Azj + ABy;), (8.2)
=2
where Ayj + ABy; and Agj + ABy; are of the same size n; x nj (j =0,...,m), and in

addition have the following properties: Ao + AByo (kK = 1,2) are singular hermitian
matriz pencils with finite indices, the determinants of Ap1+ABy1 are non-zero constants,
and the determinants of Ax;+ABy; (kK =1,2;j =2,...m) are nonconstant polynomials
of A satisfying the following properties:

(1) the degree of det(Ay; + ABy;) is equal to nj (j =2,...,m);

(it) det(Ay; + AByj) = cjdet(Ag; + ABsj), j = 2,...,m, where ¢; are nonzero con-
stants.

(iii) Fork =1 and k = 2, det(Ayj, + AByj,) and det(Ag;, +AByj,) are relatively prime
for every pair of indices 2 < 71 < jo < m.

Assume also that Ay + ABy and Ay + ABs are congruent.  Then for each j =
0,1,...,m, the hermitian matriz pencils A1; + ABy; and Ay; + ABy; are congruent.
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Proof. Using the existence part of Theorem 6.1, we may partition A; + AB
differently (replacing, if necessary, Ay + ABy by a congruent hermitian matrix pencil)

0 0 F,
Ak +)\Bk - Ouxu@ /\ 0 0 0 +G251+1 b---D
F, 0 0
0 0 F,
A 0 0 O + G25p+1 ©® (Mkl + )\Nk) & (ng + )\ng), (83)
F.. 0 0

Ep

where M}, and N, are invertible; thus, My + ANy = Ag1 + ABy1 and

Mpo 4+ ANga = (Aka + ABya) @ (Aks + ABi3) @ - - - @ (Akm + ABim)

The uniqueness part of Theorem 6.1 guarantees that the indices u and €1, €9, ..., ¢, are
indeed the same for £ = 1 and for £ = 2. In particular, A;qg + ABjo and Agy + AByg are
congruent.
Let
T(A1 + AB)T* = Ay + A\B, (8.4)

for some invertible T. Rewrite (8.4) in the form

where S = (T*)™', and partition 7" and S conformably with (8.3):

p+2
1,j=0"

p+2
1,j=0"

T — [T(ij)] S = [S(ij)}

where T(°) and S are of the size uxu, T and S are of the size (2g;+1) x (25;+1)
fori =1,...,p, and T®P*+3#+3) and SP+3P+7) have the same size as My;+ANy; ( = 1,2).
Consider the blocks T®+t5™) m =1,... p; j =1,2. Form the partitions:

Tlotim) [VEtim ye+im)]
glptim)  — [y(p+j,m)Z(p+j,m)} ’

where V5™ and Y 5™ have ¢, columns. Equating the (p + 5, m) blocks in both
sides of (8.5), we obtain

0
0
F

.
Tot+im) [y n [ Fy,, 0

0
0 0 0 0} = (M + ANy;)S@tim),
0 0

m

Therefore ' _
yerim(o AF, |+ [F., 0]) = (My; + ANy;)Z®+im),
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or
/ (o+im) [F. 0= M2jz(p+j,m)’ Vv (p+im) 0 F. ]= NQJ-Z(PJrj,m)_ (8.6)

If j =1, then My, is invertible, and (8.6) gives
Vermig  F, ] = Ny My V™ [E, 0. (8.7)

Comparison of columns in both sides of (8.7), starting with the first column, leads to
the equality V3™ = (. If j = 2, then N, is invertible, and we obtain V®+im) = (
in a similar fashion.
Denote
K

Em

=[F., 0]+[0 XE.].
Now, since V#P+i™) =0, (j =1,2; m = 1,...,p), it is found that

(May + ANo1) © (Maz + AN3s)
T(p+1,0)* T(p+2,0)*
TE+1.0) TE+1L)  pe+1p+2) Te+L™ et
- [ T®+2,0) TP@+2,1)  plp+2,p+2) ] (A1 +AB)

T(p+1',p+2)* T (p+2,p+2)*

e 0 ylertm 0 K., 0 0
— £Lum=1| o yl+2m) K 0 Ue+im)*  r(p+2,m)”
+T ((Myy + ANy1) @ (Mys + AN1p)) T+, (8.8)

where
~ [ T+Lp+1)  plp+lp+2) ]

Tr= T@+2,p+1)  P(p+2,p+2)

The first sum in (8.8) is obviously zero, and since det((Ms; + ANa1) @ (Mag + ANgy))
is not identically zero, it follows that 7" is non-singular. In other words, the hermitian
matrix pencils

(M1 + AN11) @ (Mg + ANyp) and (Mo + ANy ) @ (Mag + ANgg)

are congruent.
We now return to the partitions (8.1) and (8.2). In view of the arguments made so
far, it may be assumed that the blocks 0,x, and Ay + AByo do not appear, i.e.

m

Ap+AB = P (Aky +ABy,), k=12 (8.9)
g=1
Write B B
T(A; + AB;) = (Ay + AB,)S (8.10)
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for some invertible matrix T, where S = T*_l, and partition T and S conformably with
(8.9):
SRS

2,j=1

4,j=1
Now (8.9) gives
ﬁjA1j = A2i§ij; Tz’jBIj = BQigz'j; t,j=1,...,q (8.11)

If + # 1, then Bs; is invertible, and (8.11) implies

ﬁjAlj = AQiB;ilTUBlj. (812)
If, in addition, j # 1, then B; is also invertible, and we obtain

ﬂjAljBl_jl = AQZBQ_ZIE] (813)
But

det(A] — Ay;Bi}') = det(Bj;') det(ABy; — Ay;) = tdet(B;') det(uBy; + Ayj),

where u = —), and similarly for det(\ — Ay;B,."). In view of the conditions (ii) and
(iii), AljB;jl and Ay B,;' have no common eigenvalues if i,j # 1 and i # j. Now in
view of (8.13) and Theorem 7.1 we obtain T;j =0fori,j #1andi#j. Let now i # 1
and j = 1. Then A;; is invertible, and (8.12) implies

Ty = AQiBz_ilTﬂBnAﬁl- (8.14)

Now
det(] + )\BllAl_ll) = det(All)_l det(A11 + )\Bll)

is a constant, therefore Bi; A} is nilpotent: (B3 A;}')" = 0 for some positive integer r.
Iterating the equality (8.14), we obtain

T = (AuiBy) T (BuAR) =0 (i # 1).

Similarly, it can be shown that Ti; = 0 for i # 1. Consequently, T is block diagonal.
This completes the proof of Lemma 8.1.
O
Return now to the proof of uniqueness in Theorem 6.1. Let A+ AB be a hermitian
matrix pencil which is congruent to two forms (6.1). The uniqueness part of Theorem
5.1 guarantees that apart from permutations of blocks, these two forms can possibly
differ only in the signs J; and 7. Lemma 8.1 allows us to reduce the proof to cases
when either only blocks of the form

@ 8; (Fi, + Gx,) (8.15)

j=1
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are present, or only the blocks of the form

énj (A + a)Fy, + ng) , a€R (8.16)

Jj=1

are present. Consider these two cases separately.

Start with the form (8.16). In this case it is assumed that A + AB is congruent to
(8.16), as well as to (8.16) with possibly different signs 7;. It is to be proved that, in
fact, the form

@ﬁ] ((/\—l-a)ng +ng) (8.17)

is obtained from (8.16) after a permutation of blocks. Write

r(@n 0o +60)) - (0 s +6)) s

J=1 j=1
where T is invertible, S = (T*) !, and partition

T = [Ty)! S =[S}

Gj=1"7 Gj=1"7
where T;; and S;; are ¢; x ¢;. Then
Tij (niFy,) = (WiFu)Si,
Tyj (n; (aFy + Gy)) = (nj (aFe + Gy,)) S,
and therefore
Ti;V; = ViTy, (8.18)

where

V; = (&Fei + Géi)ngl = Jgi(&).
Closer inspection of (8.18) shows that T;; has the form

or

T;; = [ 7(; } Gf 4 > ), (8.20)

where T}; is an upper triangular matrix of size min(¢;, £;) x min(¢;, £;) such that along
each diagonal of T}j which is parallel to the main diagonal all entries are equal. Per-
muting blocks in (8.16) if necessary, it can be assumed that the sizes ¢; are arranged
in nondecreasing order. Let u < v be indices such that

b <lyy1 =Llyro=---=40,<¥t; for 1<u, j>w.
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Now for u < i,k < v we have (here ¢;;, is the Kronecker symbol: d;; = 1 if i = k and
Sy =0if i #k) :

zknzFZ ZTZJ 77ng ZTZ] n]FE )TI:] +
j=1
q
Z Ty (niFe) )Ty + Y Tij(niFo, ) T3 (8.21)
j=u+1 j=v+1

In view of (8.20) the lower left corner in the first sum is zero. Using (8.19), it is easily
verified that the lower left corner in the third sum is also zero.
The lower left corner in the second sum in (8.21) is equal to

v
Z tijnites,

j=u+1

where ;; is the entry on the main diagonal of Tj;. Thus,

zknz - Z tzgnjtkj

j=u+1

It follows that
Tt @@ = il s (it @ ©m) (tllimsn) - (8:22)

Since the left hand side of (8.22) is invertible, the matrix [tik];},k:u +1 1s also invertible.
Now Theorem 4.1 guarantees that the two systems {7,41,...,7} and {fus1,..., 7}
have the same number of +1’s (and also the same number of —1’s). Thus, within each
set of blocks of equal size ¢;, the number of 7,’s which are equal to +1 (resp. to —1)
coincides with the number of 7);’s which are equal to +1 (resp. to —1). This shows that
(8.17) is indeed obtained from (8.16) after a permutation of blocks.

Finally, assume that A + AB is congruent to (8.15) with possibly different signs gj
Arguing as in the preceding case, we obtain the equalities

T,;(8;F,) = (0:Fi)Si, Ty (8;G;) = (8iGy,) Sij-

The proof that the form

@ 0; (ij + ij)
j=1
is obtained from (8.15) after a permutation of blocks, proceeds from now on in the
same way (letting o = 0) as the proof that (8.16) and (8.17) are the same up to a
permutation of blocks.
The proof of the uniqueness part of Theorem 6.1 is complete.
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9 Pairs of real symmetric matrices

The results of Section 5-8 have analogues for real symmetric matrix pencils A + AB.
Here, A and B are real symmetric n X n matrices. Mostly, the proofs are very similar
to the corresponding proofs of Sections 5—8. The results on canonical forms are stated
in this section, and the necessary changes in the proofs are indicated. Let us begin
with the canonical form under strict equivalence.

It will be helpful to introduce another standard 2m x 2m matrix

0 0 1 0 7]
0 0 -1
3 1 0

H2m: 0 -1
1 0 0
|0 -1 - 0 0

Clearly, Hy,, is real symmetric. It is easy to verify the following connection with real
Jordan blocks and sip matrices:

(9.1)

; Fo
(Mom + Jom(pp £ 1v)) Fopy = (A + p) Fopy + vHop + [ om—=2 0 :| '

0 02

Using this equality in place of (5.5), and arguing as in Section 5, we obtain the canonical
form under strict equivalence:

Theorem 9.1 Every real symmetric matriz pencil A + AB is strictly equivalent to a
real symmetric matriz pencil of the form

p [ 0 0 F,
Ouw @ E{A] 0 0 0 | +GCayn
S\ LE 0 o)
q

@ é (Fy, + AGy,) & @ (A +a))Fy, +Gy) &

j=1 j=1
: F 0
o2m,; —2
S @ (()‘ + :u‘j)F2mj + VjH2mj + |: ng 02 :|> ) (92)
]:
where 1 < -+ < g, and k; < --- < k, are positive integers, o are real numbers, and

Wi +iv; are nonreal numbers (p1;,v; € R).
The form (9.2) is uniquely determined by A+ AB up to a permutation of the blocks
A+ a;)Fy;, + Gy (j=1,...,q), and up to a permutation of the blocks

Fo, o 0 )
Ot 1) Fam, + vy, + | 207 0] = 10) 9.3
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with possible replacement of v; by —v; in each of the blocks (9.3).

0 Fopo 0 02
alternative form of the canonical form can be obtained.
We say that two real symmetric n X n matrix pencils A; + AB; and Ay + AB, are
congruent over the real numbers, in short, R-congruent, if

Again, using Gy, in place of G, and [ 0 0 ] in place of [ Fom— 0 } an

P(Al + /\Bl)P* = A2 + /\B2
for some invertible real matrix P. The real analogue of Theorem 6.1 runs as follows:

Theorem 9.2 Fvery real symmetric matriz pencil A + AB is R-congruent to a real
symmetric matriz pencil of the form

p
O ® EP | A
j=1 j

@ ETB (6; (Fy, + AGy,)) & é (nj (A + o) Fi; + Gyy))

0 F.

J

0, O + G2sj+1
0

oo o

j=1
T F. 0
2m;—2
® G? ((A+uj) Fom,; + ViHop, + [ W 0, D , (9.4)
J:
where €;, kj, aj, pj + 1w are as in Theorem 9.1, and 61,...,0r,71,...,0q are signs +1

or —1.

The form (9.4) is uniquely determined by A+ AB up to a permutation of the blocks
d; (ij + /\ij) (j =1,...,7), a permutation of the blocks n; (A + o) Fy, + ng) ,
(7 =1,...,q9) and a permutation of the blocks

Fop.—o 0 .
()‘+/j’j)F2mj+VjH2mj+|: 201 2 02:| ]:1,-..,8,

with possible replacement of v; by —v; within each such block.

As with Theorem 6.1, the result of Theorem 9.2 has a long history. For the nonsin-
gular case, it was proved by Muth [41], and later by Trott [53]. In the general case it
was proved by Williamson [60]. Again, the result has been rediscovered and extended
in many ways, and the reader is referred to the extensive bibliography of [52].

Our proof of Theorem 9.2 follows the same pattern as that of Theorem 6.1. We
indicate below the changes that must be made to that argument.

The proof of existence of the form (9.4) is essentially the same as the proof used in
Section 7. The only differences are that now Theorem 9.1 is used instead of Theorem
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5.1 to obtain the formula (7.2) with real invertible matrices P and @; instead of Z, of
(7.7) consider

(9.5)

o
ZQm()\a M, 1/) = (A—}— /'[')F2m +vHy, + [ om—2 0 :|

0 02

of equation (9.1). (Here p, v are real and v # 0). It is found that

K 0 ... 0 KT 0o ... 0
0 K 0 KT 0
. .. 0 sz(/\, 2 V) : . : = _ZQTn(/\a , V):
0o o0 . K 0 0 ... KT

where K = [ _01 (1) } . Finally, the real Jordan form (Theorem 2.2) is used in place of
(7.8).

As for the proof of uniqueness of (9.4), the arguments of Section 8 are followed.
Note that Lemma 8.1 and its proof also hold for real symmetric matrix pencils (the
only difference is that now we use the existence part of Theorem 9.2 instead of the
existence part of Theorem 6.1). Once Lemma 8.1 is proved for real symmetric matrix
pencils, the proof of uniqueness of (9.4) is the same as in the proof in Section 8 (Theorem
9.1 is used in place of Theorem 5.1).

Note that the results of Corollaries 6.2 and 6.3 and their proofs extend verbatim to
the real case.

10 Simultaneous diagonalization

It is a well-known fact that if A and B are two hermitian matrices, and if one of them
is positive definite (or more generally, there is a positive definite linear combination of
A and B with real coefficients), then A and B are simultaneously diagonalizable by
congruence, i.e., there exist real diagonal matrices D; and D, such that the hermitian
pencil A+ A\B is congruent (R-congruent if both A and B are real) to D;+ADs. A proof
of this fact is given in several texts including Gantmacher and Krein [13], Gantmacher
[12], and Franklin [11]. The result is easily obtained by inspection of Theorems 6.1 and
9.2, and it generally fails if the positive definiteness hypothesis is omitted.

Theorems 6.1 and 9.2 lead to more refined results concerning simultaneous diago-
nalizability with the positive definiteness hypothesis relaxed.

Theorem 10.1 Let A, B € C™" be hermitian matrices. Assume that there exists a
linear combination

C =aA+ (B, a,B eR,
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such that C' is positive semidefinite, and
Ker (C) C Ker (A) N Ker (B). (10.1)

Then A and B are simultaneously diagonalizable by congruence or, if both A and B are
real, by R-congruence.

In particular, the hypotheses of Theorem 10.1 are satisfied if C' is positive definite.

Proof. Consider the complex case (the proof in the real case is virtually identical).
We may clearly assume that at least one of @ and (3 is nonzero (otherwise the theorem
is trivial). By interchanging the roles of A and B and scaling (if necessary) we may
assume that § = 1 and, furthermore, by replacing B with B + aA, we may further
assume that C' = B. Finally, take A + AB in the form (6.1). The condition that B is
positive semidefinite easily implies that

A4AB = 0yxy®01 (Fiy, + AGy,)®- - @0, (Fi, + MGy, )®diag (Atay, ..., \+ay), (10.2)

in the notation of Theorem 6.1, where k; < 2. If there is a term in (10.2) with &; = 2,
then Ker (B) is not contained in Ker (A), a contradiction with (10.1). Thus, we must
have all k; = 1, and the righthand side of (10.2) is diagonal.
O
The conditions of Theorem 10.1 are obviously not necessary for simultaneous diago-
nalization of a pair of hermitian matrices. A criterion for simultaneous diagonalization
is given by Rao and Mitra [47, Chapter 6]. Connections between simultaneous diag-
onalization and positive semidefinite linear combinations (a topic of the next section)
were also explored by Hestenes [18] and Au-Yeung [3].

11 Positive semidefinite linear combinations

If A and B are hermitian and there are real numbers a and 3, not both zero, such
that « A+ BB is positive semidefinite, we say that (A, B) admits a positive semidefinite
linear combination. Similarly, if there is a positive definite real linear combination of A
and B we say that (A, B) admits a positive definite linear combination. Theorem 10.1
concerns a role for this property in the study of simultaneous diagonalization. However,
these concepts arise more frequently and, in this section, Theorems 6.1 and 9.1 are used
in the discussion of several characterizations of these two properties (Theorems 11.1 and
11.3 in the semidefinite case which seem to be new, and Theorem 11.5 in the definite
case).

Theorem 11.1 Let A, B € C"*"™ be hermitian. Then the pair (A, B) admits a positive
semidefinite linear combination if and only if the following property holds:

(o) For any x € C" such that (Az,x) = (Bx,z) = 0, the two vectors Az and Bz
are R-linearly dependent.
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Other characterizations of the positive semidefinite linear combination property, and
an alternative proof of Theorem 11.1, are given by Cheung et al. ([7]), in the context
of selfadjoint operators on Hilbert spaces. See also Lancaster and Ye, [33].

For the proof of Theorem 11.1, it will be convenient to dispose of a particular case
first.

Lemma 11.2 Let A, B € C"*" be hermitian with block forms

_[D 0 [ o
A B

where Dy € CP*P and Dy € C7%Y are hermitian. If the property (o) is satisfied, then the
pair (A, B) admits a positive semidefinite linear combination.

Proof. Applying unitary similarity to each of D; and Dy, we may assume that
D; and D, are diagonal. The proof proceeds by induction on p and ¢q. The basis
of induction, i.e., p = 0 or ¢ = 0 is trivial (then £B is positive definite). The case
p = q =1 can be handled by elementary considerations, and we omit the details here.
Suppose at least one of p and ¢ is larger than 1; say p > 1. We may assume that
the largest eigenvalue of Dy, call it v, is in the top left corner of D;. Replace A with
A — «vB. This transformation does not change the property («) and the property of
having a (nontrivial) positive semidefinite linear combination. Then

Ojxi 0 0
A=| 0 D o |,
0 0 D,

where D is negative semidefinite. Applying the induction hypothesis to

~ .51 0 g I -1 0
A= ~ B = p
[ 0 Dy ] ’ [ 0 _Iq } ’

we see that there exist o, 8 € R not both zeros such that oA+ ﬁé is positive semidef-
inite. Since D; is negative semidefinite, it follows that g > 0. But then oA + B is
positive semidefinite as well.

O

Proof of Theorem 11.1. Assume aA + BB is positive semidefinite for some
a,f € R, not both zero. If (Az,z) = (Bz,z) = 0, then ((«¢A + B)z,z) = 0, and in
view of positive semidefiniteness of «A + BB we have (¢A + SB)z = 0. So the R-linear
dependence of Ax and Bz follows.

Conversely, assume that (a) holds. Without loss of generality it may be assumed
that the hermitian pencil A + AB has the form (6.1). Clearly, condition («) holds true
for every constituent diagonal block in the direct sum (6.1).
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Now consider whether condition («) holds for each of the possible diagonal blocks
in (6.1). Clearly, () holds for 0yy.

Let
0 F,
0 0
F, 0

0
A +A\B' =)\ 0 + Goey1
0
where F, is a sip matrix, and let x = e; € C”, the first unit coordinate vector. Then
(A'z,x) = (B'z,x) =0, but A’z and B’z are linearly independent. Thus, («) does not
hold for the pair (A’, B).
Let

A"+ AB'=Fy+ \Gy, or A4+ AB'=(A+a)F;+ Gy, (a€R).

Then, using the same x = e;, it will be shown that (a) does not hold for the pair
(A", B'), unless k < 2.
Let

0 A+ B)Fy + G,

A’+AB':{(A+B)Fm+Gm 0 ] BeC\R.

Then, using z = e; we see that (a) does not hold for (A’, B).
Next, consider the following four possibilities (11.1) - (11.4) for the pair (A4’, B'). It
will be proved that, in each of the four cases, the pair (A’, B') does not have property

(c):

, _[o1 1 a , 10 0
v=[a]esla 0] #=[o 0]es]s

A':[O 1]@[0 _1}, B’:H 8}@[_01 O}, a€R (112

|1« -1 -« , [0 1 0 -1
A_[Oz 0:|@|:—04 0 ]’ B_[l 0]@|:_1 0]’ aeR. (11.3)

1 a 1 8 , To1 0 1
e[ eTos[L 8] me[0 3es[? 1], wren ars
(11.4)
Now, in each of the four cases, a vector z € R* is formulated for which (Az,z) =
(Bz,z) =0, and Az, Bx are R-linearly independent:

—_

] , aeR.  (11.1)

e}

o

if (A’, B') are given by (11.1) or (11.4),

8
Il
— O = O
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and

[ e R

if (A’, B') are given by (11.2) or (11.3).
0

Using the above analysis and, if necessary, replacing (4, B) by (—A, —B), we see
that the pair (A, B) can be taken in one of the forms

A4 AB = Oyxu®01®-®6,0mA+a1)®- - D1 (A4 )

o ([l e et ] fh 2]wn

where ¢; and 7, are signs 1, and a;; € R, or

A+AB = 0uyxu®61 @ @6Dm A+ 1)@ D1y (A4 )

N SRR

where 0; and 7; are signs £1, and «;,y € R. Without loss of generality it may be
assumed that u = 0, i.e., the term 0,x, does not appear in (11.5) and (11.6).
Suppose first that (11.5) holds, and assume that at least one of the blocks n; (A + ;)

1 0 00
n; is —1, say 71 = —1, then we obtain a contradiction with the hypothesis that (A, B)
satisfies the property («), because the pair

and at least one of the blocks [ 01 } + A [ L0 ] are present. If one of the signs

-1

(A", B') = o , qER, (11.7)
0

o o

0
0
1

o = O
o = O
e O O

does not satisfy the property (a), as can be easily seen by considering the vector
z=[11 —q/2 }T. Indeed, (A'z,z) = (B'z,z) =0, but A'z = [ ¢ —g/2 1 ]T
and B'x = [ -1 10 ]T are linearly independent. Thus, all n; = 1. But then B is
positive semidefinite, and we are done in this case.

If no blocks 7; (A + ;) are present, then B is positive semidefinite, and it may be
assumed that no blocks [ (1) (1) } + A [ (1] 8 } are present. We may further assume
(adding if necessary a suitable scalar multiple of B to A), that all the «;’s are differ-
ent from zero. Now the result follows from Lemma 11.2 (with the roles of A and B
interchanged), upon applying a suitable diagonal congruence to A and B.
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Next, suppose that (11.6) holds. Then

B+ XNA—-9B) = X1 ®--- D Ao,
(m+Amar —my) @--- & (77q + )‘(77110‘11 - 77q7))

(Lol rlool)ee([val 2o )

(11.8)

©

This form can be easily reduced, after a suitable diagonal congruence, to (11.5), to
complete the proof.
O

The real analogue of Theorem 11.1 reads as follows:

Theorem 11.3 Let A, B € R™" be symmetric. Assume that the pencil A+ AB is not
R-congruent to a pencil of the form

v 01
ouxuea[M _V:|+/\<Ouxu69[1 0]), wv E€R,  v#O0, (11.9)

where u is a nonnegative integer. Then the pair (A, B) admits a positive semidefinite
linear combination if and only if the following property holds:

(o) For any x € R™ for which (Az,x) = (Bz,z) = 0, the two vectors Az and Bz
are R-linearly dependent.

In case A+ AB is R-congruent to a pencil of the form (11.9), one easily verifies that
(o) is satisfied, but the pair (A4, B) does not admit a (nontrivial) positive semidefinite
linear combination.

Proof. Suppose the pair (A, B) satisfies the property («'). By Theorem 9.1 we
may assume that A + AB is given by the right-hand side of (9.2). As in the proof of

0 0 F_ -|
Theorem 11.1, we assume that u = 0, and verify that no blocks A { 0 O 0] +
F.. 0 0 J
J

Goc; 11 are present, no blocks 6;(Fy; + AGy,) with k; > 3 are present, and no blocks
;i (A + o) Fy; + Gy,) with £; > 3 are present. Furthermore, the pairs of blocks (11.1),
(11.2), (11.3), and (11.4), as well as their negatives, do not have property (¢/), and
therefore cannot be present in (9.2).

Consider the block

AI+)\BI:()\+,LL)F2m+VH2m+|:F2m_2 0 :|’

0o, (11.10)
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where p,v € R and v # 0. If m > 1, then for z = e; € R®™ we have (A'z,z) =
(B'z,z) =0 and A'z, B'z are linearly independent, a contradiction with property (o).
If we have a pair of blocks of the type (11.10) of size two,

0100 v om0 0

, 1000 A T VP B

B=looo1]" 470 0 w mw| (11.11)
0010 0 0 o —wo

then, assuming without loss of generality that ©4 < 0 < vy (see Theorem 9.2), and
letting p,q € R\ {0} be such that v1p? + 19¢? = 0, it can be verified that the vector
z=1[p 0 ¢ 0 ]T satisfies (A'z,z) = (B'z,r) = 0 and A’z and B’z are linearly
independent. Thus, a pair of blocks (11.11) cannot be present in (9.2).

Summarizing the above analysis, we see that the pair (A4, B) can be taken in one of
the forms

A+XAB = 610 @6 0m (A +a1) @ - ®n, (A + )

o ([1o] 2 [aa])ee (Vo] ]o0))
® ((A+p)Fr+vH,), (11.12)

where 0; and n; are signs 1, o, 4, v € R, and v # 0, or

A4+)XB = 60060 m A+) @ - @1y (A + )

o ([5 3]V a])ee (5 3] 0))
® ((A+mukFz+vH,), (11.13)

where ¢; and 7; are signs £1, o, 7, 4, ¥ € R, and v # 0. It may be assumed that the
block (A + u)Fy + vHy is present in (11.12) and (11.13), otherwise the argument can
be completed using the proof of Theorem 11.1.

To complete the proof it only remains to verify that the following four pairs of
matrices (A’, B') given by (11.14) - (11.17) below, do not have the property («/):

a 0 0 +1 0 0
A=|10wv p |, B=| 0 01/, a, i, v €R, v#£0, (11.14)
0 pu —v 0 10
[a 0 0 ] [0 0 0]
AI:[() vou o, B=1001]}, a,u,v €ER, v#0, a#0, (11.15)
0 u —l/J [O 1 OJ
01 0 O 1 000
;100 O p 0 00O
A = 00 v u | B' = 000 11" u,v€R, v#0, (11.16)
00 u —v 0010
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I v 0 0 0100
, |7y 00 0 , |1 000
A_ OOZ/ ,LL ’ B_ 0001’ ")/,,LL,VER,V;&O_ (1117)
00 p —v 0010

Consider (11.14) and (11.15) together, and let kK = £1 or k = 0 be the top left corner
of B'. Define the real numbers p and ¢ by

2o OTRH  i= L
14

Since the case k = o = 0 is excluded, at least one of the numbers p and ¢ is nonzero.
Furthermore,

(p+ qi)

2p¢+k=0, (P —)v+a—ku=0,

and therefore the vector z = [1 p ¢ }T satisfies (A'z,z) = (B'z,z) = 0. On the
other hand,

(0% K
Arz=| pv+qu |, Bz=|q
—qv + pp p

are linearly independent. For the pair (11.16), define p,q € R by (p+¢i)* = £ — i, and
verify using the vectorz =[1 0 p ¢ ]T that (o) does not hold for (11.16). For the
pair (11.17) we argue similarly using the vector z = [ 11 0pyg ]T, where p,q¢ € R
are defined by (p+¢i)? = 2u—1—2y)v~! — 2i.

O

Corollary 11.4 Let A, B € R™*"™ be symmetric matrices such that det (A+ AB) is not
identically zero, and n # 2. Then the pair (A, B) admits a positive semidefinite linear
combination if and only if the property (') holds.

The following result provides a criterion for the existence of a positive definite linear
combination. It was proved by Finsler [10] and later reproved many times using various
methods; by Au-Yeung [2], for example, and see the survey by Uhlig [56]. Note also
that the critical condition (11.18) appears in the definition of a class of operators in
spaces with indefinite inner product (generally of infinite dimension) known as Pesonen
operators, [42].

Theorem 11.5 (a) Let A, B € C"*" be hermitian. Then the pair (A, B) admits a
positive definite linear combination if and only if the following property holds:

(Az,z) = (Bz,z) =0, ze€C" = z =0. (11.18)

(b) Let A, B € R™™ be symmetric. Assume n # 2. Then the pair (A, B) admits a
positive definite linear combination if and only if the following property holds:

(Az,z) = (Bz,z) =0, z€R" = z = 0.
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A proof of Theorem 11.5 can be obtained using the canonical forms of Theorems 6.1
and 9.2. However, there is a much easier proof by Au-Yeung and Poon (in [4]). This
is based on the convexity property of the numerical range of the matrix A 4 4B in the
complex case, and on the convexity property of the real joint numerical range

W (A, B) := {((Az,z), (Bz,7)) €R* : z €R", |z =1}

in the real case (if n > 3). Convexity of the numerical ranges of complex matrices is
the celebrated Toeplitz-Hausdorff theorem. Convexity of real joint numerical ranges
for pairs of real symmetric matrices of sizes larger than 2 is also well-known. (This is
a result of Brinkman [6]; see also a paper of Marcus, [38]).

12 Canonical forms of H-selfadjoint matrices

Theorems 6.1 and 9.2 immediately lead to canonical forms for matrices which are
selfadjoint with respect to an indefinite inner product. This applies in both the real
and the complex cases. Attention is confined to non-degenerate inner products (when
H, below, is nonsingular).

First consider the complex case. If H is an invertible hermitian n X n matrix, then
an indefinite inner product [-, -] is defined in C" by

[z,y] = (Hz,y).

Recall that a matrix A € C™"*" is called selfadjoint with respect to the indefinite scalar
product [-, -], or, in short, is H-selfadjoint, if [Ax, y] = [z, Ay] for every z,y € C". It is
easily seen that A is H-selfadjoint if and only if HA = A*H = (HA)*. Thus, Theorem
6.1 can be applied to the hermitian pencil HA 4+ AH. Denoting the canonical form of
HA + \H under congruence by C; + ACy, we have

HA=5"C,S, H=S5"C)S
for some invertible matrix S. Solving for A, we obtain:
A=H'S*C,S=S1C,'C,S.

Thus, the pair (C;'C}, Cy) can serve as the canonical form of (A, H) under the congru-
ence similarity: (A, H) — (S™*AS, S*HS) for some invertible matrix S € C"*". Note
that here H (and therefore S), is invertible. Note also that, in the notation of Theorem
6.1,

Ff;1 (aerj + ij) = Jy; (a)

and

0 F, 1" 0 BiFm, ] [ 0 Gu ]\ _[Im(B) 0
Fn, 0 BiFm, 0 Gm, 0 B 0 Im; (B;) |’

i.e. the canonical matrix C;'C) is simply the Jordan form of A. The following result
is obtained:
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Theorem 12.1 Let A € C™*™ be H-selfadjoint. Then there exists an invertible matrix
S € C"*™ such that

STHAS = Jp(an) @ - & Jy, (a)

o 1 _ DD s _ 12.1
0 (B 0 (B (2
S*HS =mFy & ®ngFo, ® Fopy ® - & Fop,, (12.2)
where o . . ., o are (not necessarily distinct) real numbers, B, . .., Bs are (not necessar-
ily distinct) complex numbers with positive imaginary parts, and ny,...,n, € {1,—1}.

The form (12.1), (12.2) is uniquely determined by A and H, up to a permuta-

tion of the blocks {Jgj (aj)}jzl and the same simultaneous permutation of the blocks

S
{nngj}q._l, and up to a permutation of the blocks { [ Tm; (B7) 0_ } } and the
J= 0 ij (/B]) j=1
same simultaneous permutation of the blocks {FQmJ- };:1 .
For the real case, Theorem 9.2 determines the canonical form of an H-selfadjoint
real matrix A (where H is an invertible real symmetric matrix) under real congruence

similarity.

Theorem 12.2 Let H € R™" be an invertible symmetric matriz, and let A € R"*™ be
H-selfadjoint. Then there exists an invertible real matriz S such that

STIAS = Ty (on) @ -+ @ Jy, () © Jomy (1 £ i11) B -+ D Jom, (s T iv),  (12.3)

SHS =mFy @ ® gk, @ Fom, @ -+ © Fom,, (12.4)

where aq, ..., a4 € Ry py £ivy, ..., pus v, are pairs of complex conjugate numbers with
positive vy, ..., Vs, and ny,...,n, € {1,—1}.

The form (12.3), (12.4) is uniquely determined by A and H, up to a permuta-
tion of pairs of blocks {(Jgj (ozj),nngj)}j.:l and up to a permutation of pairs of blocks

S

{(J2mj(ruj + iVj)’Fij)}j:1 :

Theorems 12.1 and 12.2 are key results in the theory and applications of linear
transformations that are selfadjoint with respect to an indefinite inner product. (See
the monograph of Krein [25] and the more recent books of Azizov et al. [1], Iohvidov
et al. [23], and Gohberg et al. [16], and, for the approach via canonical pairs, see the
works of Weierstrass [62], Kronecker [28], and Malcev [37]).

In view of its importance, particularly in the factorization theory of matrix polyno-
mials with hermitian coefficients (initiated in the works of Gohberg et al [14], and also
[15], [16]) and of symmetric rational matrix functions studied by Ran [44], the present
authors [29], and Ran and Rodman [45], [46]), a further basic result based on Theorem
12.1 is presented:
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Theorem 12.3 Let A € C™*" be H-selfadjoint. Then there exist:

(i) An A-invariant subspace My C C" of dimension In, (H) such that [z,z] > 0 for
every x € M ;

(ii) An A-invariant subspace M_ C C" of dimension In_(H) such that [z,z] <0 for
every x € M_.

Moreover, the subspaces M4y can be chosen so that all eigenvalues of the restric-
tion Anm, have nonnegative imaginary parts, or, alternatively, all eigenvalues of the
restriction A, have nonpositive imaginary parts.

This result is, in fact, a particular case of more general theorems originating with
Pontryagin [43]. They assert the existence of invariant maximal semidefinite subspaces
for certain classes of operators on infinite dimensional spaces with an indefinite inner
product. For more recent developments of this kind see the monographs of Azizov et
al. [1], and Iohvidov et al. [23].

Proof. The existence of M, as required in (i) will be proved, with the further
property that all eigenvalues of Ay, have nonnegative imaginary parts (the proofs of
the other parts of this theorem are analogous).

In view of Theorem 12.1 it may be assumed that A and H are given by the right
hand sides of (12.1) and of (12.2), respectively. From each block represented by a pair
(Jo; (), miFy;), (5 =1,...,q) select the first £;/2 unit coordinate vectors if £; is even,
and the first (£; 4+ n;)/2 unit coordinate vectors if ¢; is odd. Also select from each block

T (Br) 0 —
(|7, G ] Fm)e k=t

the first my, unit coordinate vectors. Denote the selected vectors (augmented by zero

blocks) by vy,...,v, € C*. Clearly, vy,...,v, are linearly independent, the subspace
spanned by wvy,...,v, is A-invariant, and Lemma 4.2 guarantees that p = In,(H).
Moreover, [v;, vx] = 0 for all pairs i,k = 1,...,p, unless i = k and v; corresponds to the

(¢; + n;)/2th unit coordinate vector in a block (Jy;(c;),n;Fy,;) with odd £;, in which
case [v;,v;] = 1. It follows that [z,z] > O for every z € Span{v,...,v,}. Thus, the

subspace M := Span{vi, ..., v,} satisfies all the requirements of Theorem 12.3.
O

For an invertible hermitian H € C"*"  a subspace N/ C C" is called H-nonnegative
(resp., H-nonpositive) if [z, 2] > 0 (resp., [z,z] < 0) for every € N. The maximal di-
mension of an H-nonnegative (resp., H-nonpositive) subspace is equal to In, (H) (resp.,
In, (H)). This fact can be proved by using the interlacing inequalities for eigenvalues
of hermitian matrices; the details are omitted and the reader is referred to Chapter
I.1 of [16], for example. Thus, the subspaces M and M_ of Theorem 12.3 are in
fact mazimal (by set theoretic inclusion) H-nonnegative and mazimal H-nonpositive,
respectively.
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13 Conclusions

Beginning with careful statements of the Jordan forms for real square matrices under
similarity, and of the Kronecker canonical forms for matrix pairs under strict equiv-
alence, a comprehensive review and analysis has been made of canonical forms for
hermitian matrix pairs under strict equivalence and under congruence transformations.
Careful attention has been paid to the distinct results applying to complex hermitian
pairs over C and to real symmetric pairs over R. Scattered contributions to the subject
have been synthesized in this work.

The analysis has also provided new insights into problems and methods of proof
concerning diagonalization of hermitian matrix pairs, and concerning the question of
when hermitian matrix pairs admit a positive semidefinite linear combination. Impor-
tant connections have also been made with matrix structures appearing in the analysis
of matrices which are selfadjoint in an indefinite inner product.
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