Geometric ergodicity for dissipative particle dynamics*
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Abstract

Dissipative particle dynamics is a system of stochastic differential equations modelling
complex fluid flows. We consider the problem of N particles evolving on the one dimensional
periodic domain of length L and, if the density of particles is large, prove geometric convergence
to a unique invariant measure. The proof uses minorization and drift arguments, but allows
elements of the drift and diffusion matrix to have compact support where hypoellipticity
arguments are not directly available.
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1 Introduction

Dissipative particle dynamics (DPD) was first proposed by Hoogerbrugge and Koelman [6] as a
method for the mesoscopic simulation of complex fluids. The model describes the evolution of
(gi,p;)) € REx R? for i = 1,..., N, the positions and velocities of a set of mesoscopic objects
describing a group of atoms or fluid molecules, by a system of stochastic differential equations
(SDEs). Much has been written on DPD in the physics literature [5, 4, 7, 11, 14, 1], but few papers
have considered the mathematical analysis of DPD. The purpose of this paper is to study the long
time behavior of DPD and prove under suitable hypothesis that the system is ergodic. One of the
main features of DPD is that particles interact only at short range. This is very convenient for
computer simulations, as fewer pair interactions are evaluated, but makes the study of ergodicity
difficult. The diffusion is not uniformly elliptic nor hypoelliptic for all initial data. The main work
of this paper is to establish conditions that imply geometric ergodicity in one dimension (d = 1).
We are unable at this time to discuss ergodicity in the physically interesting cases of d = 2, 3, but
we believe this thorough analysis of the d = 1 case offers some insight into the general case.

We describe the setting of our results on DPD formally. We work on a periodic spatial domain,
so that particle positions g; live in the periodic interval 7 = [0, L]. Relative positions and velocities
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are denoted by ¢;; = ¢; — ¢; and p;; = p; — p;. The (¢;, p;) satisfy the SDE

dg; =p; dt,

N N
0
dpi=— aij=—V(layl) dt =4 > - WP(lai )y dt
ot O j=Liti (L.1)

+o Z W (|qi5]) dBi; (0),

=15

where initial values should be specified for ¢;,p; at t = 0. The (;;(¢) are independent Brownian
motions for i < j and (;;(t) = —f;;(t) so that momentum is conserved. The matrix a;; is symmetric,
with each a;; > 0. The functions V, WP W [0,00) — R.

We assume that (1.1) defines a strong Markov process x(t) = (q1,. .., qn,P1,--.,pn) o0 S with
start value y € S, where

N N
1 e
S = {(ql,...,qN,pl,...,pN) e TV xRY: qui:& Zpi:O, pij| + |5 >01f27éj},
i=1

i=1

some ¢ € 7. The total linear momentum ) . p; is conserved, and it is convenient to assume that
> pi = 0, which implies the average position of the particles always equals ¢. Further, we exclude
degenerate states where two particles are identical p;; = ¢;; = 0. For initial data y in S, the
probability of reaching a degenerate state is zero and we may assume that x(t) is S valued. Even
with this assumption, the conservative term may have jump discontinuities at ¢;; = 0 for 7 # j.
Well defined solutions are available when ¢;; = 0 as long as p;; # 0. See [12] for more details.

We malke use of the following assumptions on V', W%, and WP. Denote the support of a function
W:[0,00) — R by supp(W) = {r € [0,00): W(r) # 0}.

Assumption 1.1 (i) WP(r) = W (r)?, and W and V are C* on (0,7.), some r. > 0.
(ii) supp(WT) = supp(V) = [0,7.). and the limit of V'(r)/WT(r) as r — r. is finite.
(iii) WP(0) = 1.

These assumptions are sufficiently broad to include the following example, used in the early pa-
pers [5] on DPD: for a cut off distance r, > 0, W#(r) = WP ()2 V(r) = WP(r), and

1—7/r)% 0<r<nr,

W)= LT s (1.2
0, otherwise.

We state the main result. Let p denote the vector (p,...,pn) of particle velocities and |p|s =

P+ +p3)V2

Theorem 1.2 Suppose that Assumption 1.1 holds. Suppose that L < Nr. and o,v > 0. The
solution x(t) of (1.1) with start value y € S is geometrically ergodic: there exist a unique invariant
probability measure w on S such that, for some constants k, K > 0,

[Eg(x(t) — m(g)] < K(1+|pla)e™,

for ally = (q1,---,qn,Dp1,---,0n) € S, all measurable function g : S — R with |g| < (1 + |p|3),
where w(g) = [ gdm.



The key assumption is that the density of particles N/L > 1/r.. For y = (q1,...,qn,P1,---,PN)s
define

1 & 1 &
H(y) = 5 ZP? T3 Z ai;V (|gi1)- (1.3)
i=1 i =Li]

Then, if WP(r) = WE(r)2, Espaiiol and Warren [3] show that the density

p(y) = exp ( - KETH (y)>

defines an invariant measure, where o2 = 2vkgT, kg is Boltzmann’s constant, and T is the equi-
librium temperature.

The organization of this paper is the following. In Section 2, we give some preliminary definitions
and review the theory of geometric ergodicity. The key is the minorization and Lyapunov-Foster
drift condition developed in Meyn-Tweedie [9]. In Sections 3-4, we prove that these conditions
hold for DPD. In Section 5, we give the proof of Theorem 1.2. Finally in the Appendix, we
provide technical Lemmas, which we need in Sections 3-4. We suppose that Assumption 1.1 holds
throughout.

2 Preliminaries

Let (2, P, F) be the probability space. Let F; be the o-algebra of all events up to time ¢. Consider
a Markov process z(t) on a state space (S, B(S5)), where B(S) denotes the Borel o-algebra on S.
Denote P;(y, A) the transition probability:

Py, A) =P(z(t) € Alz(0) =y), VyeS, VA e B(S5).

There are two fundamental assumptions which imply geometric ergodicity, see Meyn and Tweedie
[9] or for a development of this theory for Langevin systems see Mattingly, Stuart, and Higham [8].

Assumption 2.1 (minorization condition) For a compact set C C S, there exist T,n > 0 and
a probability measure v on S with v(C') > 0 such that

Pr(y, A) > nv(A), Vye C, VA€ B(S).

Assumption 2.2 (drift condition) There existV : S — [1,00) measurable and some time T > 0
such that, for a compact set C C S and some a, 3 > 0,

EV(z(T))] = V(y) < —aV(y) + flc(y), Yz(0) =y €S,
where 1¢ is the indicator function on the set C.

Theorem 2.3 Assume that Assumptions 2.1 and 2.2 hold for a compact set C' = {ye S: V() <
V'}, some V> 0. Then x(t) is V-geometrically ergodic: there exists a unique invariant probability
measure 7 such that, for some constants k, K > 0,

[Eg(x(t) — n(g)] < EV(y)e™, Va(0)=ye€S,

for all measurable function g : S — R with |g| < V.
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Proof [9, Theorem 16.0.1] or [8, Theorem 2.5]. QED

The proof of Theorem 1.2 is based on Theorem 2.3.
Before closing this preliminaries section, we recall a generalisation of the Hormander Theorem
that provides existence and smoothness of the density of a killed diffusion process, used to prove

Assumption 2.1. For a C*° domain D C RP, consider the process Z(t) that satisfies the following
Ito SDE in D

dr = Xo(x)dt + ZX )W (¢ 2(0) € D (2.1)

and is killed on the boundary of D, where X; : R? — R? for i = 0,1, ..., m. Here each W'(t) is an
independent one dimensional Brownian motion. Define the Lie bracket [X;, X;| = DX; X;—DX, Xj,
where DX, : R?P — RP*? is the Fréchet derivative of X;.

Theorem 2.4 Suppose that (i) the domain D is non-characteristic: if n is the normal to 0D at
x € 0D then X;(x) -n # 0 for somei € {1,...,m} and (it) DX; are C* smooth from R? — RP*P
and

Xi, o, Xom, [Xo, X4, -+, [Xo, X

span RP for each y € D. Then, the solution T(t) of (2.1) has a jointly continuous density function.

Proof Cattiaux [2]. QED

Notation By K and k we denote positive constants independent of the functions and parameters

concerned, but not necessarily the same at different occurrences. When necessary for clarity we

distinguish constants by subscripts. For any = (q1,...,qn, p1,---,0n) € TV xRN, we will denote
2|00 = 1212?](\/“%‘ pil}

and denote |z, the Euclidean norm of a vector z € R?*" and |%]; the trace norm for matrix

¥ e R2NX%N(N—1);7 ie., |X|2 = trace(XTX). Denote by Bs(y) the || - ||o open ball of radius §

centered at y and Bj(y) the closure of this ball.

3 Minorization condition

We will prove the minorization condition for a variety of compact subsets. This is built up in stages
first by considering compact sets C' where every particle is subject to noise in the case N = 3. This
makes it possible to steer the trajectories to a given point in C' and gain Assumption 2.1. In Section
3.1, we prove

Theorem 3.1 Let N = 3. There ezists a y € M = SN {|qi2| < re,|qu3] < e} and a § > 0 such
that the minorization condition holds for the process x(t) on the set C' = Bs(ij) (closed ball of radius
0 with centre 7).

To prove geometric ergodicity for L > 2r., it is necessary to deal with degenerate states where
particles may be too separated to be influenced by noise.

Theorem 3.2 Let N = 3. The minorization condition holds for the process x(t) for any compact
subset C" of M' = SN {|qj| <re: somei##j}.



To prove this (Section 3.2), we show how to steer a trajectory starting at an initial data y € M’
(where only one pair of particles need be close together) into M. If the probability of entering M
is sufficient, Theorem 3.1 can be applied to gain the minorization condition.

We develop the results for N = 3 in full detail to illustrate how to deal with initial conditions
where particles may not be initially influenced by noise. The argument can be extended to N > 3
to gain the following theorem by controlling the trajectory through stages, with ever more particles
being influenced by noise until we arrive in the situation where |g; ;41| < 7. for i =1,..., N — 1,
similar to Theorem 3.1. We do not present the proof.

Theorem 3.3 For N > 2 particles, the minorization condition holds for the process x(t) for any
compact subset of SN {|qi;| < re: some i # j}.

To develop these proofs, it is convenient to write (1.1) as the following abstract SDE:

dx = f(x)dt + X(x)dW(t), x(0)=wy, (3.1)
where
q1 4!
_ gn _ PN
= | @ a2V (lal) = WPy |
PN =2 ian ani oV (langl) =7 X250 WP (law; o

W = (512, o BN, Basy o Bany - >ﬁN—1,N)T S R%N(N_l)a and

@) < IN(N—
E([[’) _ ( O—(x) ) ER2N sN(N 1),

where O € RV*2NWV=1) ig the zero matrix, and o(z) € RN 2NV-1) i a matrix whose elements
depend on x. One can write o(x) explicitly, for example, when N = 3,

oW (q12) oW (qu3) 0
o(x)=| —oWHh(gn) 0 oW (go3) e R3S,
0 _UWR(Q?A) _UWR(Q32)

3.1 Proof of Theorem 3.1

The classical statement of Hormander’s Theorem requires smoothness of coefficients on the whole
domain (for example, [10]). The drift and diffusion functions in (1.1) are not C'*°, and in par-
ticular the conservative term has a jump discontinuity. We will exploit Theorem 2.4, a version
of Hormander’s Theorem for killed diffusion processes, on a domain D where the coefficients are
smooth. The obvious candidate for D is

Soo = {(qla -5 4qnN, D1, - - '>pN) S S: ‘qu‘ < T and qij 7é 0 fOI' { #]}
This domain fails the non-characteristic condition, as the normal to the boundary of S, may be
orthogonal to all the p directions. To gain a non-characteristic domain, define

1 1
D:{xGSoo:‘pij|> n i%j},

\Qij| |7e — qij|’
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in which case the boundary of the domain always varies with p and the noise pushes across the
boundary.
In this subsection, N = 3. Consider a 4 € S, and a § > 0 such that Bss(ij) C D.

Lemma 3.4 For eachY € Bs(yj) and Ty > 0, there exists U € C'([0, T1], R?) such that the solution
X(t) of

IO, XO)=Y

satisfies X (T1) =y and X (t ) € Bys(y) fort €[0,T1].
Proof By Lemma A.3, we can construct continuously differentiable X (t) = (Q(¢),Q’(¢)) and

Q = (Q1,...,Q3) such that X(0) =Y, X(T1) =y, and X (t) € Bas(y) for 0 <t < T). Writing the
equations in detail with Qz’j = Qz — qu Pz'j = PZ — f)j, and U = (Ulg, U13, U23),

0ty = =3 ay UQD arp (10,1 Py + oW R(QuDUL () + oW R(Qu UL (), (32)

J#1 96

" 8V(|Q2J|) D R / R /

H(t) = _ZQQJTQQ — YW Z(1Q251) Poj — oW (|Qa1 ) U1a(t) + oW (|Qas]) Uss(t),  (3.3)
i#2
= =) ag—— oVt |Q3J — WP (1Q35]) Psj — oW H(|Qs1 ) UT3(t) — oW (|Qsa] ) Uss (1).  (3.4)
J#3

As X (t) € S, all the terms are well defined (especially the term in V') and, by Assumption 1.1(ii),
WHE(|Qu2l) # 0, WH(|Q13]) # 0. To get Uy, from (3.2)-(3.4), we first define U; by choosing arbitrary
Uy € C(]0,T1], R) and then solve U], and Uj, from (3.3) and (3.4). Equation (3.2) will hold because
X (t) € S. The control U’ so constructed is continuous and therefore U € C*([0,T1],R?).  QED

Lemma 3.5 Let z(t) be the process x(t) killed on the boundary of D. Let ]?t(y, A) be the transition
probability for the killed process & for initial y € D and A C D. Let C' = Bs(y). Then,

(i) Py, Bs(y)) > 0 for ally € C.

(ii) Pi(y, A) possesses a jointly continuous density p,(y, x).

Proof

(i) Consider y € C. By Lemma 3.4 with Y = y, we can construct a path X (¢) and control U(t)
connecting y to y and guarantee that the ¢ neighbourhood of the path remains in Bss(%).
Lemma A.1 does not apply directly to our problem, as f is not Lipschitz. Consider a globally
Lipschitz f that equals f on C' and has Lipschitz constant K and let & solve

b= f(2)dt+2(@)dW (),  #(0)=y.
By Lemma A.1,
sup [2(t) = X(O)h < K(_sup [W(s) = Uls)]a).

0<t<Ty 0<s<Tq



Let € = §/K. If supg<,<q, [W(s) — U(s)|2 < ¢, the killed process Z = 2 on [0,77] as & does
not leave Bss(y). In particular, Z(t) will reach the set Bs(y) from y with positive probability,
since the Wiener measure of any event

sup |W(s)—U(s)|2 <e.

0<s<T1
is positive; see Stroock [13, Theorem 4.20)].
(ii) We wish to apply Theorem 2.4. Because Z(t) € S for all ¢t > 0,

prApe+ps=0 3(a+e+ae)="L
Therefore, (1.1) is equivalent to the following

3
dz = Xo(2)dt + Y Xi(z) dW'(¢), (3.5)
i=1
where
a2 P2
g3 Y25
— X, = 3.6
© p2 |’ o(2) =Y is0 W2V (a2 ]) = 7 22 WP (lags)pey | (3:6)
D3 —2#3 a3ja_%v(|QSjD —72#3 WD(‘Q?)ijgj
and
0 0 0
0 0 0
Xi(z2) = Xo(z) = . Xs(2) =
=1 o (g |0 0 0 =1 oWz
0 —oWH(|ga1) —oW"(|gsa)
For any start value y € C, we find that X, Xs, [V, X1], [V, X5] span R*. In fact,
oW (|gan ) 0
0 w
[Y, Xl] — X ’ D/, X2] — o >'E|q31|) 7
* *

where x denotes some different functions, which implies that {X;, Xy, [V, Xi], [Y, X2]} span
R, since WP (|gi1]) > 0 as |qi1| = |¢i—q| < refori = 2,3 and y € C using Assumption 1.1(ii).

We chose D to be non-characterisitc. Theorem 2.4 provides existence of a smooth density, as
required.

QED

Proof [of Theorem 3.1] By standard arguments, see [9, 8], the reachability and smoothness con-

ditions established in Lemma 3.5 imply the minorization condition. In particular, we can find a
measure v with v(C') > 0 for the killed process Z such that for some n > 0

By, A) >nv(A), yeC,AeB(S),

where C' = Bs(). For A C C and y € C, P,(y, A) > P,(y, A), as trajectories for the killed process
that reach A at time ¢ must also be trajectories for (1.1). We conclude that

By, A) =2 nw(A),  yeC, AecB(S),
and that C' obeys minorization condition for (1.1). QED



3.2 Proof of Theorem 3.2

Before making a Girsanov transformation, we work on DPD without the conservative terms, equa-
tion (3.7), which contains only Lipschitz terms.

Lemma 3.6 For any iy € So and any Y € M’ with N = 3 and any Ty > 0, we can construct

X(t) = (Q(t),...,Qn (1), Pi(1), ..., Px(t))
with X (0) =Y and X(Ty) = § and a control U € C([0,T],R3) such that

dQ;
:Pi7
dt )
3.7
dt =7 Z w Ql] +0 Z W ng)

J=Lj#i j=1,j#i

Proof Write Y = (q1,...,43,p1,--- ,pg) Let P3 = p3 and Q3 = Q3(T3), where Q3(t) is the straight
line with @Q3(0) = ¢3 with slope Q%5(0) = p3. We have

Qs—%

Qs(t) = Qs + T

(t—Tp). (3.8)

For i = 1,2, choose Q;, P; such that
Q1+ Q2+ Q3 =3¢,
P+ P+ P;=0,
Q1 — Q2| <7, |Q1— Q3] <o,

which is possible though not unique. Let Y = (Q1,Q2,Qs, Py, Py, P;) and note Y € M. This choice
of Y depends on Y and may not equal .
We first construct X such that (3.7) holds and X (0) = Y and X(T})

(Q(t),Q'(t)) and Q(t) = (Q1(t), ..., Qs(t)) for 0 <t < Ty. If X (t) satisfies (3.7 )_
1)+ Q1) +Q5(t) =0, 0<t<Tp.

Since Q3(t) is a straight line, we have

Y. Set X(t) =
h

1) +Q51t) =0, 0<t<T.

Combining Q3(t) defined in (3.8) with Q;(t), ¢ = 1,2 constructed by Lemma A.4, we find that the
following holds for ¢ = 1,2,3 and 0 <t < Ty

Qi(0) = @, Qi(0) = pi, (3.9)
Qi(Ty) = Qi QiTy) = P, (3.10)
[Qu2()] = [Q1(t) — Q2(1)] <7, (3.11)
1) +Q5(t) = (3.12)
1)+ Qs(t) + Q3(t) =0 (3.13)

The paths so constructed are illustrated in Figure 3.2.
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Figure 1: Paths Qi(t),Q2(t),Qs(t) for Y = (1.1,1.4,2.6,-9.9,10,—0.1) and Y =
(0.95,1.65, 2.5, —10,10.1, —0.1),

Now we claim that there exist U = (Uja, Uiz, Uaz) € C*([0, To], R?) such that (3.7) holds; i.e.,

(1) ==y Y WP(Qu) Py + o WH(1Qua)) UL, + oW (|Qus ) U, (3.14)
i1

5(t) = =y Y WP(1Qu]) Poy — oW (|Qu ) Uty + oW (|Qas]) U, (3.15)
i#2

5(t) = —72 WD(\Q?»J‘DP?»J‘ - UWR(|Q31DU{3 - UWR(|Q32|)U§3‘ (3.16)
i#3

We can choose continuous functions U3 and Uss satisfying

oWH(|Qa|)U1y = — yWP(|Qs1]) Py,
UWR(|Q32|)U§3 = - VWD(|Q32DP32‘

The first equation defines U7, if |Qs1] < 7. and we set Uj; = 0 otherwise, so that Uy, is continuous
by Assumption 1.1(i). Similarly, the second equation defines Us; € C(]0, 73], R). Finally, U, can
be computed from (3.14) or (3.15), since |Q12(¢)| < r. and therefore WE(|Q2(¢)]) # 0 in [0, T3]
using Assumption 1.1(ii). The two equations are consistent by (3.12). For our choice of U, each of
(3.14)—(3.16) holds; the last equation by use of (3.13), and U € C([0,Ty], R?).

To complete the proof, we need to connect Y to §. This can be done as in Lemma 3.6. The
construction of a control in this case is simpler, as we can remain in M, where each particle is

influenced by noise. QED

Lemma 3.7 For every compact C C M' and T > 0, there exists n > 0 such that Pr(y, Bs(y)) > n
forally e C.



Proof Consider a W(t) = (512, ce ng)TLWhere Bl-j are independent Brownian motions under a
measure P (with expectations denoted by E). Consider x(t), the solution of

dq; =p; dt,

N B N n . (3.17)
dpi=—~ > WP(lgslpisdt+o D WH(|qyl) diiy (D),
j=1,j#i J=1,j#1

with initial data x(0) = y. For X (¢) and U(t) constructed in Lemma 3.6, Lemma A.1 yields

sup |z(t) — X (£)]s < K<|y—Y|2+ sup [ (s) —U(s)yz).

0<t<T 0<s<T

With e = §/2K, if |y — Y] < € and supg<,<7 [U(s) = W(s)|2 < €, then |2(T) — X(T)|, < 5. We
now translate this into a statement for the DPD system (1.1). Define 3;;(¢) by

) Qi IV (lgi(s))
dBi(t) = 05(t) dt +dBy(t),  Oy(s) = oWHR(lg(s)))  Oqi

0, otherwise.

|gi; ()] < e,

and W(t) = (Bi2,...,023)". Then W(t) is a Brownian motion under the measure P defined by
P(A) = E(14(W)Z;), where Z, = [[,_; Zi;(t) and

Z,(t) = exp { /0 0,(5) d@j(s)—% /0 teij(syds}.

Further under this measure, x(t) is a (weak) solution of DPD (1.1) and to complete the proof we
estimate the probability of supy<;cp [W(t) — U(t)|]z < € under P.
Clearly, 6;;(s) is bounded above Assumption 1.1(ii) and by the It6 Isometry

EH /0 t 0i5(s) d@j(s)ﬂ < %033& 7||V$(?)>‘th-

Let p. be a lower bound for p(SUPogtST |U(t) — W(t)| <€) and choose Z, suitably small that

T ~ 1 /T
P(/O 0(s) dB(s) — 5/0 0,(s)? ds >logZ*) >1—p./2

(using Chebyshev inequality). Hence, P(Zp > Z,) > 1—p,/2 and f)(SUPogth \U(t) = W ()]s <€) >
P+, which means that

P( sup |U(t) — W(t)| < 5) = E[ZTlsupOStST|U(t)—W(t)|2§e:| > Z,p«/2.

0<t<T

Therefore, 2(T") € Bs(y) with a positive probability, uniform over choice of initial data y € B.(Y).
By compactness of C, we can find a n > 0 such that Pr(y, Bs(y)) > n for all y € C. QED

Proof [of Theorem 3.2] By Theorem 3.1, there exist Ty, 1, > 0, C = Bs(%), some § > 0 and § € S,
and a probability measure v on S such that

PT1(Z>A)Z771V(A)7 VZ607 AGB(S)

10



By Lemma 3.7, we see that there exists 75 > 0 such that for some 1y > 0
PTQ(y,C) 2772? vye Cl?

since C' is a compact set. Thus we have, with T'= T} + Ty and y € C’,
PT(y7 A) = / PT2 (yv dZ)PTl (27 A)
S
> / PT2 (y7 dZ)PTl (Z7 A)
c

> w4) [ Pl dz)

= an(A>PT2 (y7 C)
> mipv(A) = nr(A).

The proof is complete. QFED

4 The drift condition

We prove the drift condition for V(y) = 1 + H(y), where H(y) is defined by (1.3). We use V; to
denote V(z(t)) and unless otherwise indicated p;, ¢;, etc. are evaluated at time ¢.

Theorem 4.1 Let z(t) = (q1,...,q9n,P1,---,Pn) denote the solution of (3.1) with initial data
z(0) =y € S. Then there exist T, «, 3 > 0 such that

EVr —V, < —aV, + 3, Yy € S. (41)

The proof will be built up from a series of Lemmas. The most important ones are included in this
section; the more technical are left to the Appendix. The basic identity that we exploit is

Lemma 4.2

d 1 &
EEVt =5 Z EWD(‘QUD(Uz - 'Yp?j)- (4.2)
ij=1i#j
For 3 = {N?0?,
EV, <V, + Gt (4.3)
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Proof Applying the It6 formula to - ZZ , P?, we have

G2) - Son(= 3w 5w

Jj= 1]752 j=1,j#i

+Zp (o S Wl )+ i(zzﬁ PHZmal) (4
L R Y Opiop; .
= Jj=1,5#1 2] 1
qZ
Z pzam Y 4] - Z piW P (lgi;|)pidt
1,j= lz;éj @i i,5=1,i#]
L
+o Z pz |QZ] dﬁzg Z(ZZT)zzdt
1,j=1,i#j i=1
=1+ I1T+1I1+1V.
OV (lgyl) 9V (Jgyl)
Note that, since 97 = 12 and p;; = —pii,
Jq; an ’ !
N N
1 IV (|gi;l) 1
I = Y Z 'pijaijTi]dt ~ Ty 4 Z 'Clz'jdv(|%‘j‘)a
1,5=1i#] ,j=1,i#]
where we use
dV(lgi;|) _ OVg;l) dgi , OV (I4isl) dg;
_ IV (layl) 9V (gyl)
- (pz _p])Tqi - puTqi-
Further we have
= =7 Z pz ‘QZJ pzydt __/7 Z ng |QZ] ngdt
1,j=1,i#j i,5=1,i#]
) . . N
Taking expectations of (4.4), we get, noting that EIT1 = 0 and (XX7); = 03775 . WHE(|gi])?,
N o4 T B
Ed<25p12> -3 Z ai; EdV(|qi;|) E Z pi;W ‘qw )pijdt (4.5)
=1 i,j=1,1#£] 1,j=1,i#j

2 N
g R 2

ij=1,i#]

Moving the first term of the right hand side to the left in (4.5), we obtain (4.2). The second

statement follows by integration and Assumption 1.1(i). The proof is complete.

QED

The main work is done in the next two lemmas. The difficulty in proving the drift condition
for DPD is that fast moving particles may not dissipate energy if they are separated from other
particles (|g;;| > r.). To guarantee dissipation, we look at times at which particles collide in the

following sense.

12



Definition 4.3 We say that two particles ¢ and j collide at time ¢ if ¢;(t) = ¢;(¢) and p;(¢) p;(t) < 0.

The behaviour of the energy can be seen in Figure 2 and Figure 3, when the H(z(t)) is seen to step
download at times of collision.

2r i
0 | | | | | | |
0 0.5 1 1.5 2 25 3 3.5 4
Time t
10 T e Eresoa
+ e

8 +++++++++ e
zor DDDDDDDDDDDDDDDDDDEEQDQQ?QQ?FDDDDDDDDDDDDDDDDDDDDDDDDDDE]
o i e T
= poooo-eeeeee o T e
g 4E£|DDDDDDDDDDD +++4'» b %fffﬁF
o ++++

4
ettt
T
2t ettt .
el
ettt
ettt
0 [ I ;¢+++++++w ! ! ! !
0 0.5 1 1.5 2 25 3 3.5 4
Time t

Figure 2: Plots of H(z(t)) and ¢;(t) for initial data (2,4,8,—3,1,2). Parameter values L = 10,
y=0=1,a;=0,r.=1, and WP defined by (1.2).

If fast moving particles collide, a drift condition of the following type is available.

Lemma 4.4 Fiz p > 0. Suppose that particles 1 and 2 collide at time t = 0 (in the sense of
Definition 4.3) and that p3,(0) > uVy. There exist constants a, 3,0y > 0 such that if |y|s > 1 then

EVAt < (1 — OéAt)VO + ﬁAt, VAL € (O, 60/‘?;‘00] (46)
Proof By Lemma 4.2,

d R 1
SV =2 > EW(lgy))(0" =) < B — 7BV (lgr])pis;
i,j=11#]

where 3 = N20%/2. We shall show that, with some K,y > 0,

v
EWP(lqi2|)ply = %EV:, 0<t< K‘)ﬁ
Assuming this for the moment,

d

EEVt < B —aEV;, (4.8)
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+ F +
&0 - . o I
81 . m e . +++ DDDDE
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Figure 3: Plots of H(z(t)) and ¢;(t) for initial data (2, 4,8, —12,5,7) and parameters as in Figure 2.

for & = yy/2 and 0 <t < KoWo/|yl3,. Let £y = inf KoVy/|y|%, over y € S with |y|s > 1, which
is positive by definition of Vy. Integration of (4.8) over time At < {y/|y|s now implies (4.6). It
remains to show (4.7). Using Assumption 1.1(iii)

WD(‘QH (0) |)P12(0)2 > uVo.

By Lemma A.6 and using |y|, > 1, for some K > 1,

EW(|qi2))ply = WP (lq12(0)])p12(0)* — Kt[yl2, (4.9)
> Vo — 51V

for 0 <t < uVy/2K|yl3,. On the other hand, by the linear growth condition (4.3),
EVt < Vo + ﬁt < V() + ﬁ,uVo/Q (410)

for 0 <t < puVy/2. Note that ¢ < 1uVo/K|y|3, implies ¢ < pVy/2 since |y > 1 and K > 1. From
(4.9) and (4.10),
1
Pl
(1+6p/2)
and we get (4.7) with Ky = p/2K and 7o = /(24 Gpu). QED

The previous lemma only provides a drift condition under special circumstances, that two
particles with large energy are colliding, and this drift condition will not hold in general. We
may have to wait longer for fast moving particles to collide and dissipate energy. To describe this
process, we introduce t* to describe the maximum length of time needed for a fast moving particle

EWP (|qia(t))p1a(t)* > 1V > EV,

14



to collide and At to describe the length of time for which the collision will dissipate energy. To
make this precise for N particles, choose x € (0,1) and p > 0 such that

1+k 1 (1— k)2
< d == 4.11
"Tr=ov—1 M T 90 ReN (411)
Let ¢y be as in Lemma 4.4. Define
20 2L
At=-—="9 and = (4.12)
3lyloo(1 + K) (1= K)[Yls

and t; = i(t*+ At). If the particle has sufficient energy at ¢;, we show there is a significant chance of
a collision before t; + t* at which Lemma 4.4 applies. Crucially though both time intervals depend
on the initial data y, the ratio of At to t* is fixed and we can sum to achieve the drift condition
over a fixed time interval.

Lemma 4.5 Let T = Ty(k), where Ty(k) is given by Lemma A.5. Define N. := |T/(t* + At)],
where |t| denotes the largest integer less than t. There exists av, 3, R. > 0 such that for |y|e > R,

. 1
P((1=#)lyle < [0t < A+ Myl =100 Vo) = (4.13)
and fori=0,...,Ne =1, if (1 = £)[y|oo < |2(ti)|oc < (1 + K)|y|oo, then
E [vtmmi] < (1—a AV, + Bt + At). (4.14)

Proof By choosing |y|o > L, we can assume that |y|o = p1(0) without loss of generality. By
Lemma A.5, if |y|e > 1,

1
P( sup [2(t) = yloo < Klyloo = p2(0)) = 5. (4.15)
0<t<T
For sample paths z(t) that satisfy
sup |2(t) = yloo < kp1(0) (4.16)
0<t<T
we have (1 — k)|y|e < 2(t) < (14 K)|y|o and hence (4.13) holds as t; < T for i =1,..., N..
To develop (4.14), we show that

if (1 —K)|Y|eo < 12(0)]oo < (1 + K)|Y|loo. In this case, we do not assume x(0) = y. (4.17) implies
(4.14) by the Markov property if we prove (4.17) under this weaker condition on x(0).
Using the hypothesis on |2(0)| and Lemma A.5, we gain bounds on |z(t)|~ on the time interval

[0, T]: particularly, with probability at least 1/2, using (4.11),

1—

7_1)\9%0 (4.18)
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for 0 <t < T. Again assuming that p;(0) = |2(0)|» and using ps + - -+ 4+ py = —p1, we gain for
some particle j
p(0) _ ~(1—n)

N1 S N Ye<O

Under (4.18),

L= Ryl < I (0)] — s (6) — pa(O)] < pr(1)

< p1(0)] + Ip1(t) = p1(0)] < 5 (1 + K)y|oo- (4.19)

l\DIOJ

Thus, particle 1 approaches particle particle j with speed at least (1—x)|y|/2 and p;(¢)p;(t) < 0 on
[0,7]. As the maximum initial separation of the two particles is L and as t* = 2L/(1 — k)|y|ooc < T
for R. large, this yields a collision at a time 7. € (0,t*] with

1= Ryl

[2(7e)loe < [2(0)loo + [2(7e) = 2(0)]oe < (14 )yl + 5

by using (4.18). In particular,
4

L2 g e

Choose R, large enough that V(x) < |(p1(0),...,pn(0))|3 if |2|e > Re (possible by boundedness of
V). Then, V,, < N|z(7.)|% and

Y|

1

L .

9(1+k)2 ~ 91+ rK)2N ™

We have shown that pi;(7.) > pVy,, with p defined by (4.11), which is one of the conditions of
Lemma 4.4.

Let 7 > 0 be the smallest time such that particles i and j (some i, j) collide at time 7 with
[pi;(T)]* > pV; and

() < 2014+ Ryl

This is a stopping time. Let A denote the set where 7 < t*. Clearly 7 < 7. and the probability of
event A is bigger than 1/2. For samples in A, the strong Markov property and Lemma 4.4 imply

E [VHM?T} < (1— ALY, + BAL (4.20)

with At = 20/3(1 + K)|Y]co-
Outside the event A, we may not find a suitable collision in [0,¢*] and the best estimate is
provided by the linear growth condition (4.3):

E [V(T/\t*)+At|fT/\t*] < Vepee + BAL. (4.21)

Clearly,
E[V(T/\t*)+At|fT/\t*] = E[lAv(r/\t*)+At|f7—/\t*] + E[lA’V(T/\t*)+At|FT/\t*]‘
Using the two inequalities (4.20)—(4.21) and as A € Fp+,

E[V(W)w\fm] <141 — @AY, + 14 Vyne + BAL (4.22)
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By linear growth condition (4.3),
E [Vt*+m|f(mt*)+m] = Virntyrae + 5 [t* — (T A t*)]. (4.23)
Averaging from (4.22)—(4.23),
E [me\fm*} < 1Al — @A) Vopr, + 1aVipr, + 5 [t* + At — (T A t*)}
and

EViin: <E [1,4(1 - aAt)vW] +E [1A/Vw*} + 1 [(t* AL —E(r A t*)}

<EV, . — aALE [1AVW*} 43 [t* +At—E(r A t*)} .
Note that EV, np+ = E14V 0+ + E1 4V, a4+, which implies, by the Holder inequality, that
1/2
B[] 2 BV | - P2 [E02, ]
By Lemma A.8 and the optional stopping theorem, for some K > 0,
1/2 *
[EVEM*] < VyeKt

Thus,
E1 V0 > EV 0 — P(A) 2V

Further, by linear growth condition,
EV e <Vo + FE(T ALY).
Hence,
EViinr < EVpe — alM (va* - P(A')1/2voeKt*) + 5(t* + At —E(r A t*))
< (1 — aAt) (VO + BE(T A t*)) + P(ANYY 2V eft a At
+ 6(15* + At—E(r A t*))
= (1 — aAt/4)Vy + a AtV (P(A')l/%“* - 3/4) + Bt + Ab).

As P(A') < 1, for sufficiently small ¢, we have P(A’)Y/2ef" —3/4 < 0. Hence, increasing R, if
necessary, we gain

EViiar < (1 — aAt/4)Vy + B(t" + At),
which shows (4.17). The proof of (4.14) is complete with a — «a/4. QED

Lemma 4.6 With At defined by (4.12) and N, := |T/(t* + At)|, there exists X\ > 0 such that

Aty Ne
<1 - QT> — exp(—aAT)  as |yl — 0.
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Proof Let A = At/(At + t*). For simplicity, suppose that N.(t* + At) = T. Then At = A\T/N.

and AL\ AT\
[0 ¢ (8% c
(1 - T) = (1 N ) — exp(—aAT),
as N, — oo, which is implied by the limit |y|. — oo by (4.12). QED

Lemma 4.7 There exists R.,T > 0 such that for |y|s > R. and N, = |T/(t* + At)]|

Aty Ne
EV,, < (1 - O‘T) Vo + Btw.. (4.24)

Proof From (4.14),
EV,, < (1 — aAt)V, + Bt.

We prove the following inductively:
EV, < (1 — aAt/4)*Vy + Bty

It is true for £ = 1. Let A denote the event (1 — K)|y|co < |2(tk)]oo < (1 + K)|Y|oo. By Lemma 4.5
and the linear growth condition (4.3), with w parameterising the sample,

E[Vtk+1 “Ftk] <

(1 — OZAt)Vtk + ﬁ(tlﬁ_l - tk), w e A,
Vtk + ﬁ(tk-i-l - tk’)a w e A

Average this inequality:
EVi., <E[Li(1 —aAt)V, |+ E[laVy, ]+ B(tksr — ti)
< EV,, — aAtE[14V,, | + B(trs1 — te)-

Note that
EV, <E[14V,] + P(A)’EV.]?

and by Lemma A.8
E[V]'? < Ve

Then,

EV,., <EV, — aAtEV, + P(A)Y* VX TaAt + Bty — ty)
< (1 — aAt/4)(1 — aAt/4)*Vy — 3aAt/4(1 — aAt/4)FV,
+ P(AYY2VeefTa At + B(tyir — ti)
= (1 — aAt/4)(1 — alAt/4)"V,

+aAtVy [ - 2(1 — a4 P(A')l/%KT] 4 Bl

Because P(A) > 1/2 and Lemma 4.6 holds, for sufficiently small At and T, we have —3(1 —
aAt/4)F 4+ P(A")/2eKT < 0. Consequently,

EV,, ., < (1—aAt/4)"V + Bty

18



Setting k = N, — 1, this leads to
EV,, < (1—aAt/4)NVy + Bty..
The proof is complete. QFED

Proof [of Theorem 4.1] Choose T, R., N. > 0 as in Lemma 4.7. Then,

EV,, < (1 _ O‘TN)NCVO + Btw..

By Lemma 4.6, for R, suitably large (and reducing A if necessary)
Aty Ne
(1 - O‘Tt) <1—a\T/2.
Hence, |y|e > R, implies
EV,, < (1-aAT/2)Vo + Btx,.
Using the linear growth condition (4.3), for |y|. > R,
EVr <EV,, +EB(T —ty.) < (1 — aXT/2)Vy + AT. (4.25)

We still need to consider the case for |y| < R.. Note that V(y) is continuous, which implies that
V(y) is bounded on |y|oo < Re; ie., [V(y)| < Ko for |y|eo < R.. With the linear growth condition,
this implies for |y|s < R.

EVr < Vo + 08T < (1 —aXT/2)Vy + (K5 + 6T). (4.26)
Finally, by (4.25) and (4.26), for any y € S,
EVr < (1 —a)T/2)V(y) + (BT + K»),
which completes the proof of Theorem 4.1. QED

5 Proof of Theorem 1.2

Proof [of Theorem 1.2] By Theorem 4.1, we see that there exist T, v, 5 > 0 such that
EVT - Vo S —OéV() + ﬁ,
which implies that

a Q Q
EVr -V, < —§V0 — §V(?/) + 8 < —§V0 + B1r(y),

where

F:{yES:V(y)S%}.

Since L < N r., we find that for all y € S at least one pair of particles are separated by a distance
less than 7. Thus, the set I' € M’ = {|¢;;| < r.: some i # j}. By Theorem 3.3, the minorization
condition holds for any compact subset of S N {|g12| < r.}. Therefore both the minorization
condition (Assumption 2.1) and drift condition (Assumption 2.2) are fulfilled for the compact set
I'. Applying Theorem 2.3, we see the process z(t) is geometrically ergodic with respect to V. As
V(y) < K(1+ |p|3), we have proved Theorem 1.2. QED
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A Appendix

A.1 Lemmas for §3

1
Lemma A.1 Suppose that U € C’l([O,T],REN(N_l)), that f and X are Lipschitz, that

dX

= = JX)+TOU®, X0 =Y

and that
dx = f(x)dt + X(x)dW (t), z(0) = y.

Then, for some K > 0,

sup |z(t) — X (£)]s < K<|y—Y|2+ sup [ (s) —U(s)yz).

0<t<T 0<s<T

Proof In integral form,

—y+/f ds+/ 5 (a(s)) AW (),

—y+/ F(X ds+/ S(X (s)) dU(s).

Hence, we have, noting that f, % are Lipschitz and U(t) is smooth,
|x(t) — X(t)[2
t
<y~ VIt [ 1fals) ~ FOX(s)ds
0

+ ’ /Ot S(x(s)) d(W(s) — U(s))’2 + ‘ /Ot (g(x(S)) — Z(X(s))) dU (s)

<ly—Yl|a+ K/Ot |z(s) — X (s)|2ds + ‘ /Ot Y(x(s))d(W(s) — U(s))) :

As ¥(z) only depends on position, which is continuous, integration by parts implies

[ st - ve)

Gronwall’s Lemma completes the proof. QFED

2

:‘E(x(t))(W(t) ~U(t)) - /0 (W(s) = U(s)) dX(x(s))
<K sup [W(s) = U(s)lo.

0<s<t

2

Lemma A.2 Let q,QQ € T and let p,P € R. Let Ty > 0 be arbitrary. Then, for any small
€ >0 (e < L), there exists a twice continuously differentiable function Q(t) such that

(i) Q(0) = ¢, Q(To) = Q, Q'(0) = p, and Q'(Tp) = P.

(i7) |Q(t) — ®(t)| < € on [0,Ty], where ®(t) is the straight line through (0,q) to (Ty, Q), ®(t) =
¢+ (Q — @)t/To.
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(i7i) min{p, P} < Q'(t) < max{p, P} for 0 <t <Tj.

Proof Here we only consider the special case, g = 0,Q) = 0,p =1, P = 1. The proof for general
case is the similar. In this case, we want to construct ((t) such that

Q(0) = Q(Tp) =0, (A1)
Q'(0) = Q'(To) =1, (A.2)
Q) — 2(t)| = Q@) — 0] = [Q(t)] < e. (A.3)

To do this, we first construct Q1(t),t € [0, €] such that

Q1(0) =0, Qi(e) =0, Q1(0)=1, Qi(e) =

In fact, by standard interpolation method, we obtain Q;(t) = t(t — €)3 /€3, which has extreme value
at point ¢t = ¢/4. Thus we have

Q:(t) < Ql(i) <e, 0<t<e,
Similarly we can construct Q2(t), t € [T — €, Tp] such that

Qa(To —€) = Q2(To) =0, Qy(To —€) =0, Qy(Tp) = 1.

For example,
1
Qo(t) = e_?»(t —To)(t—To+e€)?, Ty—e<t<T,

which has extreme value at point ¢t = Ty — €/4 so that

€
Q)] < |QuT - )| <
Define
Ql(t)> 0 S t S €,
Q(t): Oa EStSTO_E7
Qa(t), To—e<t<T.
Q(t) is twice continuously differentiable and satisfies (A.1)—(A.3) QED

Lemma A.3 For any y*,y € M with N = 3 and any Ty > 0, there ewists a twice continuously
differentiable function Q(t),0 < t < Ty, which satisfies, with X(t) = (Q(t),Q'(t)) and Q(t) =
(Ql(t)7 SRR Q3(t)))

X(0) = y, X(T) =y, (A.4)
1) +Q5(t) + Q5(t) = 0, (A.5)
Qu2(t)] = |Q1(t) = Q2(t)] < 7o, |Qua(t)] = |Q1(1) — Qa(t)] < 7 (A.6)

If ly—y*t| <6, some d >0, then we can assure that | X (t) —y™| <20 for 0 <t <Ty.
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Proof Write y™ = (Q7,Q5,Q4, Pt, Py, P;") where, by the definition of M,

QT—FQ;—FQ;—:‘%K? P1+P2+P3:O7
QreT, |QF —Q3]<re, |QF —Q3|<re

Write y = (g1, g2, 3, P1, P2, P3), so that

G +q@+qg =30, pi+p+p3=0,
G €T, |g—q|<re |g—ags| <re.

We shall find Q(t) = (Q1(t), Q2(t), @3(t)) such that (A.4)—(A.6) hold. As the first step, we construct
Qi(t),i = 1,2,3 which satisfy (A.4) and (A.6). Define

= . Q;r — 4 -
1

For any € > 0, by Lemma A.2, there exist twice continuously differentiable functions Q;(t) such
that

It is easy to see that Q;(t),7 = 1,2, 3 satisfy (A.4) and (A.6). (A.4) is clear and for (A.6) we have,
for sufficiently small € > 0,

|Q1(t) — Qa(t)] < |Qu(t) — D1(t)] + |1 (t) — Do(t)] + | Do (t) — Qa(t)]
< 26+ | Dy (t) — Dy (t)] < 7,

for 0 <t < Tj, where we used the fact that |<i>1(t) - ég(t)‘ < r. for 0 <t < T as the endpoints of
the two straight lines are separated by less than r.. Similarly, we can show that |Q1(t) —Qs(t)] < 7.
for 0 < ¢ < T and € small. This provides |y — y™| < ¢ implies that | X (t) — yT| < 20, if we take
€ <.

To guarantee that (A.5) also holds, we define

0t = Gu(t) - A +©23<t) +@s®)
We then claim that Q;(f) satisfy (A.4) (A.6). In fact, (A.4) follows by
Q.0) = G(0) - AOTRO GO (g9,
Qum) = g1y - LT LI LGT) (g m,) - g
Q0) = Qi) - LOFLO LD _ gr0) =,

23



and (A.6) follows by

|Q1(t) - Q2(t)‘ = |@1(t) - Q2(t)‘v |Q1(t) - Q?ﬁ)‘ = |@1(t) - Q3(t)‘,
and (A.5) follows as Q: (1) + Qa(t) + Qs(t) = 3. QED

Lemma A.4 Consider q;,Q; € T and p;, P, € R fori=1,2 such that

pL+p=P+P (Q1+Q2) — (1 + @) = (p1 + p2) T (A.8)
There exist twice continuously differentiable Q;(t),i = 1,2 for 0 <t < Ty such that
Qi(0) =g Qi(0) =pi, (A.9)
Qi(Ty) = Qi, Qi(Tr) =P, (A.10)
Q1(t) — Q2(D)] < e, (A.11)
1(t) +Q3(t) = 0. (A.12)

Proof We define the straight lines Q;(t) from (0, ¢;) to (T3, Q) for i = 1,2 by

Ty (A.13)

For any € > 0, by Lemma A.2, there exist twice continuously differentiable functions Q;(t) such
that

Qi(0) = g, Q;(O) = Di;
Qi(Tr) = Qi, QiT») =P,

As the end points of the two straight lines are less than r. apart, |®1(t) — ®o(t)| < 7. and for €
small

|Qi(t) = Q2(t)] <1, 0 <t < T
To guarantee that (A.12) also holds, we introduce Qi(t) = Qi(t) — Q(t) for i = 1,2, where for
Ly = 3(q1 + ¢2) and Ly = $(Q1 + Q1) and
(Qu(t) + Qa(2)) -t L
1 2 _ <L1 2 2 )

—1
2 T +T2

Q(t) =

Clearly, Q(0) = Q(T3) = 0 and under (A.8) Q'(0) = Q'(Ty) = 0. Now, it is easy to check that
(A.9)—(A.11) hold. Finally, (A.12) follows from

Q1) + 0alt) = 1@ (1) + Qalt) — Q) = b~ [ 22— 22

T, T,

t,

N[

for 0 < ¢ < Tp.
QED
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A.2 Lemmas for §4
Lemma A.5 Let |y|o > 1. For any k > 0, there exists Ty = Ty(k) such that

1
P( sup [at) = ylo < Klylec) = 5.
0<t<Typ

Proof By Lemma A.7, noting that the maximum norm and Euclidean norm are equivalent in
finite dimensional space, we have, with some Ty > 0, K > 0,

Elr(t) ~ Ba(t)%, < (5~ 1)(1+ [y). 0<t<T,

Define the S-valued martingale M (t) = z(t) — Ex(t). Doob’s martingale inequality yields, for any
Ty > 0,

4
R2lyl%

P( s (M) > Flole) € g BT € o (€7 = 1)1+ o),

0<t<Typ

Noting that the right hand side is convergent to 0 when 7 — 0 since |y| > 1, we can find suitable
To = To(k) such that

1
P( sup |[M(t)| > —\y\oo) <5 (A.14)
0<t<Typ
By Lemma A.7, we have
[Ba(t) = yloo < Bla(t) = yloe < (Bla(t) = y[2)"? < (¥ = 1) (1 4 Jylc).
Choosing Ty small enough, we have, since |y| > 1,
[Ea(t) — yloo < T+ yl) < Syl for0<t< T, (A.15)
Since
z(t) —y = z(t) — Ex(t) + Ex(t) — v,
we have, by (A.14) and (A.15),
1
P( sup [at) = yloo < Klylec) = 5,
0<t<Typ
which is (A.5). The proof is complete. QED

Lemma A.6 For T > 0, there exists a constant K > 0 such that for 0 <t <T
IEWP (lqi2())pia () = WP (lq12(0))pr2(0)]] < Kt (1 + Jyl2,).

Proof Let o(z(t)) = WP(|qa(t)|)p3(t), where x(t) is the solution of the (1.1). By Itd’s formula,
do(x(t)) = dWP(|qia|)ply = Ids + [1ds + [11ds + IV ds,

where

D 2 D 2 D 2
I — a(W (‘Q12Dp12)pl + 8(W (‘Q12|)P12)p2 + 8(W (‘Q12|)1712>pg7
oq g g3
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and

~OWP(lqi2))pd,) Vlayl) D
I = apl [_Zalj a ZW |qu|)plj]

P

( |QI2| p12 (\CI2J D
+ W
0 %ﬁ o ;#2 qugl)pza]
( (|QI2| p12 (‘Qi’»] D
+ w
| - D TR (1951pas].
and )
D 2
=3 oW g€112|)p12) (S(x)dw),
i=1 Li
and

IV = 1 a(WD(‘qup%?)[a(x)a(x)T]ij.

2 i1 8])2'8])]'

After expectation and integration, we get

t t t
EW (gl ~ W2 (laraO))pra(0? <E| [ 1as| +B| [ 11as|+ E| [ 1vas)
0 0 0

o(WP (g2t )

We first consider E‘ f(f Ids B p1in I,

, we have, for one typical term

WD
E‘/ (lg12) p12>p1 ds’
oq

t
<KE/ p12|p1|ds<KE/(p1+p2)|p1|ds<K Elz(s). ds.

The other terms in I can be estimated similarly, thus we get

E)/Ot[ds) < K/OtEp;(s)\iods.

Next we consider E) fot 11 ds|, we have, for one typical term,

E‘ /Ot (WP (|gr2])p,)

) WD(|Q13|)2913 dS‘
P1

t t
§KE/ ‘p12||p13\d3§KE/ ‘pl_pQHPI_p?)‘dS
0 0

t t
gKE/ \x(s)ﬁods:f{/ El2(s)[2 ds.
0 0

The other terms in /1 can be estimated similarly, thus we get

t t
E)/ Udt) gK/ E|z(s)[2 ds.
0 0

26



It remains to consider E’ fot v dt’. Noting that, for one typical term in IV,

) ( P(lgral) p12

Bp10p3 )— WP \qlz\) ( (p1 —p2))| = [2WP(qu2)| < K.

The other terms are also bounded similarly, thus we get

t t
E‘/ IVds‘gK/ ds = Kt.
0 0

Together these estimates we get

t t
EW P (laal)p, ~ W2 (laaO))pra(0?] <K (t+ [ Bla(o)ds + [ Ela(s)l% ds)
0 0
SKt(1+yld), 0<t<T,

where we have used the fact that, with p = 2, 3,
Elz(t)[f, < K(1+yl%), 0<t<T.

Together these estimates complete the proof. QFED

Lemma A.7 Assume that x(t) is the solution of (3.1). For all Ty > 0, there exists K > 0 such
that, for 0 <t < Ty,
Elz(t) — Ba(t)l; < (e — 1) (1 +[y[3), (A.16)

and

Elz(t) — 2(0)[3 < (" = 1) (1 + [y[3). (A.17)
Proof We write the solution of (3.1) into integral form
/ Fals))ds + / (2 (s)) AW (s). (A.18)

Then,
z(t) — Ex(t) = /0 (f(a:(s)) — Ef(a:(s))) ds —l—/o Y(x(s)) dW (s).

Thus, by Cauchy-Schwartz inequality, 1to Isometry, and regularity of Y and 3,
E|z(t) — Ex(t)]; < 2L, E /Ot |f(x(s)) — Ef(x(s))]5 ds + 2E/ X(z(s))5 ds
<213 [ (21f(e() 3+ 2B ) ) ds + 28 [ [5(a(s) s
< ST,E /\f |2ds+2E/|E (5))2ds
gKE/O (14 |2(s)]2) ds.
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Here K denotes a generic constant independent of ¢t. To estimate the right hand side, note that by
(A.18)

Elz(t)[2 §2E|x(0)|§+2T0KE/O (1+|x(s)|§>ds+2KE/0 (14 |(s)[2) ds
< 2|x(o>|§+K/0 E(1 + |2(s)[2) ds.

Using Gronwall’s lemma, we get

E(|z(t)[3) < "1+ 12(0)[3), (A.19)
which implies that
t t
/ B(1 + |2(s)[2) ds < 2/ 5 (1 4 [2(0)[2) ds (A.20)
0 0
2
< ZeR(1+ fa(0)

Hence,
E|z(t) — Ex(t)]3 < ("' — 1) (1 + [z(0)[3),
which is (A.16) For (A.17), we see that, by (A.18) and (A.20),

Elu(t) — (0 )I2<2T0E/|f >|2ds+2E/\z $))I2ds

< KE/O (14 |(s)[2) ds
< (€™ = 1)1+ [2(0)[3)-

Together these estimates complete the proof. QED

Lemma A.8 Assume that x(t) is the solution of (3.1). Then, there exist K > 0 such that

1/2

[EV?]77 <V, 0<t<T. (A.21)

Proof For simplicity, we verify for V; = V(z(t)) = 1+ 3> p?. It is casily extended to include
the conservative terms, as they are bounded. Let g, = V2. Applying Itd formula and taking the
expectation, we get

By~ Bgo =5 | 2 2.0 (= 3 o5V llaal) = Wl ) ds

JFi

+ E/ Zaamapzapj

i,7=1

where

2 2792 " N ;
8 gt _ 3 Vt _ i(2vtp]) _ pzpyu J 7é 2, ‘ .
Op;Op;  OpOp;  Op; 2V +pipj, J=1.
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AsV(z) > 1, fori,j=1,2,--- /N,
N 1/2 1/
il S(ZP?) < KV,”" <KV,
=1

N
pipsj] <Ipi(pi — pj)| < K Y p} < KV,

=1

and
azgt

Op;Op;

<KV, <KV} 0<t<T.

Using these estimates and boundedness of W and %,

t
Egt—Egog/Egsds, 0<t<T,
0

which implies (A.21) by Gronwall’s lemma. QED
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