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A note on Halanay-type stability results
for the /—Maruyama method for
stochastic delay differential equations®.

Christopher T. H. Baker! and Evelyn Buckwar?

Abstract
Using an approach that has its origins in work of Halanay, we con-
sider stability in mean square of numerical solutions obtained from the

0—-Maruyama discretization of a test stochastic delay differential equation
dX(t) ={f(t)—aX@)+LX(t—7)}dt+{g(t)+n X(@t)+pX(t—7)} dW(t)

interpreted in the It6 sense, where W (t) denotes a Wiener process (white
noise).

Our objective in this report is limited to demonstrating that we may
use techniques advanced in a recent report by Baker and Buckwar to
obtain criteria for asymptotic and exponential stability, in mean square,

for the solutions of a recurrence
Xnt1—Xn = 0{ far1—ahXns1+BhXnt1-n }+(1—0){ fo—ahXn+BhXn_n}

where &, € N(0,1) (&, is normally distributed with zero mean and vari-
ance unity). This is the #-Maruyama formula; recognizable cases arise

from taking § = 0, § = % or 6 = 1; for convenience we assume 6 € [0, 1].

KEYWORDS: 6-Maruyama scheme (asymptotic, exponential) stability
stochastic delay differential equations stochastic difference equations

multiplicative noise Halanay-type inequalities .
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1 Introduction

This work is a natural extension of the work of Baker & Buckwar [2, 3]. A
limited familiarity with the related literature is assumed in order to avoid un-
necessary repetition of basic work. We shall indicate how results for stability of
solutions obtained from a §—Mauruyama method applied to a linear stochastic
delay differential equation (SDDE), that serves as a test equation, can be de-
rived. The use of such a test equation is commonplace in numerical analysis;
for deterministic delay differential equations (DDDEs) see [6] and the extensive
references there; for stochastic ordinary differential equations (SODES) see, e.g.,
[9, 13]; for SDDES see [2, 7]. Here, we are prepared to accept without discussion
that such simple equations generate a test-bed for obtaining insight.

We employ a strategy presented for stability analysis in [3], where we illus-
trated the investigation of numerical stability by examining the Euler-Maruyama
method. As we remarked in [3], the technique for analyzing stability that we
illustrated by reference to the Euler-Maruyama method can also be applied to
some other methods, including some that are semi-implicit (i.e. drift-implicit).
This remark is liable to be overlooked by readers and it is the authors’ hope
that, by providing further details here, this oversight will be less likely.

Irrespective of that, the results provided here are new, and have intrinsic
interest even though the objectives we adopt are limited: We shall develop the
investigation further elsewhere, and analyze stability in certain contexts where

alternative approaches apparently cannot be applied.

1.1 The test equation

With tg, a, 8,1, p € R and 7 > 0, the test problem considered here reads

AX(t) = {f(t)—aX()+8 X(t—7)}tdt+ (1.1a)
+Hg@) +n X(¢) + pX([E—7)} dW () (t > to),

X(t) = ‘I)(t), ted, J:= [to -7, t()]. (].].b)

Notation 1.1 We assume the standard mathematical infrastructure and no-
tation [2, 8], notably: (i) W(t) denotes a standard Wiener process; (ii) The
expectation of a stochastic variable U is written E(U). (iti) ® : Jx Q - R

satisfies E(sup,cy |®(t)|?) < oo; almost all sample paths are continuous and
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®(t) is independent of the o-algebra generated by W(t); (iv) for t € [to, 00),
X(t) = X(t,®) denotes a stochastic process that “satisfies the stochastic delay
differential equation (1.1a)” in the sense that

t

¢ ¢
X@], = [ {f0) X (@r8X (s}t [ {90o) +nX (prX (s=r)}aW (o),

(1.2)
where the last integral is an Ité integral. (v) The conditions assumed are such
that ® generates a unique strong solution X (t) = X (®;t) with E({X (®;1)}?) <

oo for bounded t.
The general discussion in [3] was presented in terms of an equation
¢ ¢
X@)=X(to)+ | F(s,X(s),X(s—7))ds+ [ G(s,X(s),X(s—7))dW(s). (1.3)

to to

Eqn. (1.1a) is a linear inhomogeneous SDDE on ¢y < ¢t < 00, and we use this
equation as a test equation for the discussion of stability and (on applying a
numerical method) numerical stability. The functions f(t) and g(¢) that give the
inhomogeneous terms in (1.1a) satisfy conditions consistent with those normally
assumed for F' and G; as a detail, their presence implies that the null function
(X (t) =0 for t > —7) may not be a solution.

1.2 The /—Maruyama equations

Suppose that Nh = 7 where N € N. The Maruyama-type #-method for (1.1),

using a step h = 7/N, generates the recurrence

Xpi1—Xn = hfl+0{—ahX, 1+8hXni1 n}+ (1 —0){—ahX,+BhX, n}
+(gn + n‘/ﬁjzn + M\/E)Zvn—N) éns (1'43')

where &, € N(0,1) and we use the shorthand notation
8 i=0fni1(1—6)fn. (1.4b)

Eqn (1.4a) is a “drift-implicit” formula that (if h is not an “exceptional value”

— i.e., provided 1 4 fah # 0) generates the sequence {)?n}nzl, when given

X ¢=®(to —¢h) for £ € J where J :={0,1,--- ,N}. (1.4¢)
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Notation 1.2 To indicate the dependence on ® we write X, = X,(®) and our

definition of stability relates to perturbations

86Xy = 68X (B) 1= 68X, (B + 60) — 6X,, (D), (1.5)
that arise from perturbations d®(to —Lh) (for £ € J ) in the initial data. (A dif-
ferent class of definitions correspond to persistent perturbations — perturbations

in the inhomogeneous terms (e.g., in {fn}).)

2 Exponential stability of solutions by a Halanay-
type technique

There is a variety of approaches to the investigation of stability; each has its
merits or demerits. Halanay [8] presented a technique for examining the stability
of solutions of DDDEs which was adapted to a discussion of difference equations
by Tang, in his thesis [14] and in a number of related publications (e.g., [4, 5]).
Baker and Buckwar [3] progressed the Halanay-type theory by applying it to
establish conditions for p-th moment exponential stability of solutions of SDDEs

and certain discretized versions.

2.1 Stability definitions

Our definitions of stability, asymptotic stability, and exponential stability of
solutions in mean-square of solutions of (1.1) are consistent with the usual def-
initions to be found in the literature; cf. [3], or [11]; they are the analogues
of the definitions of (asymptotic, exponential) stability of solutions of stochas-
tic recurrence relations or difference equations. However, the general stability
definitions associated with (1.3) and its discretization can be simplified when

considering (1.1), (1.4), and we take some advantage of this simplification below.

Definition 2.1 (Mean-square stability and related concepts) A solution of (1.4)
is said to be

(a) stable in mean-square if, for each € > 0, there exists a value &t > 0 such
that E(|8X,,|?) < & for n € N, whenever E(sup,,c 7 | 8 (t,)|?) < &*;

(b) asymptotically stable in mean-square if it is stable in mean-square and
E(|6X,|%) = 0 as n — oo, whenever E(suppc s | 6 (t,)|?) is bounded;

(¢) exponentially mean-square stable (with exponent v} ) if it is stable in the
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mean-square and if, given 6% > 0, there exist a finite C > 0, and a value V,J[ >0
such that, whenever E(sup,¢ 7 | 6®(t,)|*) < T,
E(|6X,|?) < Cexp{—vj' (t, —to)} for all n sufficiently large.

The definitions of stability for the analytical solution X (®;t) of (1.1) are nat-
ural analogues of these. Thus, exponential stability is defined, where dX (¢) :=
X(®+6P;t) — X(®;1), as follows:

Definition 2.2 The solution X (®;t) of the problem (1.1) is exponentially mean-
square stable (with exponent v ) if it is stable in the mean-square and if, given
8t > 0, there exist a finite C > 0 and a value 1/,JLr > 0 such that, whenever
E(supscs | 0®(2)[%) < 6t

E(|6X ()|?) < Cexp{—vT(t —to)} for all t sufficiently large.

The restriction of the definitions to deterministic problems will be clear to the

reader. For additional comments, see Appendix A.

2.2 A discrete inequality of Halanay type
We shall appeal to some results employed in [3], to which we refer for proofs.
Lemma 2.1 Denote by Ry (¢; a,b) the polynomial in C:

RN((; a,b) == ¢V — (1 —ah)¢N —bh (a,b€ RN €N), (2.1a)

where h = 7/N > 0. If0 < Br < ap and 0 < aph < 1, the polynomial
RN (¢ an,Br) has a single positive zero C,f where

Ghe (L= (an—Bu)h,1), if BL>0, and (F =1—aph, if B, =0; (2.1b)
further, (= exp(—vjh) where 0 < vji < ap,.

Theorem 2.1 Suppose, for some fixed integer N > 0, that t,, = to + nh for

some h > 0 and {v,}*°y is a sequence of positive numbers that satisfies, where

0<Brh<apandd<aph<l, (2.2a)
the relation Vi1 — ¥
% < —apv, + B Ifnea}wnH forneN (2.2b)

with N =0 if B, =0. Thenv, < {manej ’l)g} exp{—u;f(tn—to)} where VZ_ >0

is the value occurring in Lemma 2.1.
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Theorem 2.1 (see [3]) is similar in spirit to a result obtained by Halanay [8] in the
context of DDDEs. The form of the result 0 < 1/,Jlr < ayp, explains the presence
of the scaling factor 1/h in (2.2b) — so that “2#,—= is then an approximation

to a derivative — although «j; may depend upon h.

3 Deterministic insight
Results for deterministic problems yield insight. Consider the DDDE
#'(t) = f(t) — ax(t) + Ba(t —7) (o, B ER). (3.1)

A necessary and sufficient condition for exponential stability of solutions of (3.1)
is that the zeros of the function Q(¢; a,8,7) := ( — a — fexp(—(7) lie in the
left half-plane (i.e., () < —v™T for some v+ > 0); a sufficient condition is

18] < —a.
With Nh =7 where N € N, the §—method for the DDDE (3.1) reads
Tpyr—2p = hfl —ah{0z, 1 +(1-0)z,} + {0z 1N+ (1—0)z,_n}. (3.2)

Perturbing {z(}¢c 7, we find the consequent perturbations {dz},>1 satisfy

1+(1-68)ah Bho (1-0)8h
= n n — 75 n— b .
02n+1 1+ 6ah v 1+ ah05m +1-NF 1+ ahf In-N (3:3)
for n > 0. For h > 0 we define
1-(1-68)ah Bhé (1-6)8h
— — P = 4
@ 1+ 6ah and o1 1+ahg’ & 1+ ahb (34)

Now, éz2,, — d22 can be expressed ({Qo + 1}z + 010Zpnr1-N + gzxn_N) x
({QO —1}0zp + 0102 11-N + .diarn_N); we deduce that

6mi+1 — 622 = {05 — 1} 622 + 20001 02n6Ty N1 + 20002 6T,0Tn N  (3.5)

+20102 0Tpt1-NOTn_n + 0} 6721 _N + 03 0T5_N-
If uv # 0, |suv| < 2{v? + s?u?}, with equality if, and only if, s = v/u. Thus

2
wv| = inf e (0 00 1 v+ 2%} < L U——}—ruz for all » € (0,00). Then,
E(a )23 2 r

. 1
loros0z ;0| < @{rﬂc&nj + E&xi} for arbitrary rj; € (0,00), (3.6)
J
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with equality for some 7. From (3.5) and (3.6) we obtain the inequality
6x2 4 —6x2 < (3.7
(6 =1 622 + loooa {5642 + 7623y 1} + lowa {1,002 + 1623y}
Horoal{ 601y + "85 )+ 6} 0y + 03 08,
for arbitrary r,7',r" € (0,00). Hence,

522, -6
%< — A% 02 + B* maxoal , (7 ={0,1,--,N}),  (38)

where, for arbitrary positive numbers {r,r'} we may set

1
AE; = AEL(,r’,’,l) — _E{Q(Z) —1+ |QOTQI |QOQ2|} (39&)
and (setting r' = 1)
1
Bj, = Bj(r,") = 3 {|lover|r + |eogzlr’ + (lo1| + [e2])*}- (3.9b)
(Note that AEL and B,.; are functions of h and are O(1) as h — 0.) We deduce:

Theorem 3.1 For the deterministic case, the recurrence (3.2) is exponentially

stable if for any choice of positive r,r', the values in (3.9) satisfy the conditions
hAf € (0,1) and 0 < BY < A",

For further comment see Appendix B.

4 Simulation of stability of X(®;¢) via that of
X, (®).

It is natural to ask to what extent the stability of {X,(®)} corresponds to the
stability of the true solution X (®;t) that it is assumed to approximate. For
(1.1) we have the following result (see, e.g., [3]).

Theorem 4.1 (i) Every solution of (1.1) is exponentially mean-square stable
when |B] < o — {|n|®> + |u|?}. (i) If p = O then every solution of (1.1) is

ezponentially mean-square stable when |B] < o — §|n|?.

For additional comment see Appendix C. We seek an analogue of Theorem 4.1

for stability of the numerical solutions. To analyze mean-square stability we
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first derive a relationship between the expectations {E(6X2)}. The objective is

to derive a suitable relationship

(Y., ;) — E(AX5) < —anhE(aX.) + ﬂhhmaxE(dX D (41

There are various ways of obtaining such a relationship. To commence, we

establish the following lemma.

Lemma 4.1 Provided that 1+ 6ah # 0,

8X ni1 = (00 + @0&n) X + 01 X np1-n + (02 + @26n) X o, (4.2a)
where 1— (1—6)ah 05h (1-0)8h
—(1-8a _
= T T 0ah " T 116ah’ T 1+6ah (43)
B
T T 0ah’ T T+ 6ok (4.30)
. L > _  —ah o
Proof: From (1.4a), we derive the relatlonﬁnﬂ - X, —fden +
h ~ ~ h =
B {ngn+1—N+ (1—0)(5Xn_N}+{ K X, + AV 0X N}gn

1+ fah 1+abh " " 1+6ah
Lemma 4.2
2

E(dX,.,,) — E(6X,) = {od — 1 + w3} E(3X,)+

+20002E(0X 1 8X ) + 20001 E( X 0X g1 -n)+
+{e} + @BYE(aT,_y) + GFE(8T, 1 ).
Proof: The expression {0X ;1 — 6X 5 }{0X n41 + 6X,,} can be written
{(00 + 1+ @0&n) X, + 010X p 11— + (02 + @2&n) X o N } X

{(00 —1+ @0&n) X + 010X n11 N + (02 + w2bn) X, NI}

A moment’s calculation shows that this relation is of the form

fﬁfm 0K, = {ao+a16n+0262 }X,, +{b)+ b1+ 52 }AX X 1 n+ {56'+
Y6 +BUE2 16X 0%y e+ ¢, Ent b2} R oy e+ et LE2}0K oy
with b, = ¢| = ¢4 = 0. (Here, the coefficients a; etc. are functions of {g;}

and {w;} and hence of o, 3,n,u, and h.) Since 8X, and & (& € N(0,1))
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are independent for r < n, we have E(£,0X,8X,) = 0, and E(fﬁ&?ﬂfs) =
E(6X,8X,),if —N <r,s <n (r,s € N). Thus, we arrive at a relation
~2 ~2 52
E(0X, 1) — E(8X,,) = {ao + a2} E(6X,)+ (4.5)
~2 ~2
+{co + S }E(8X,,_N) + GE(8X 11 _n)-

Evaluating the coefficients in (4.5) we establish the lemma.

4.1 Application of the general Halanay-type theory

The following theorem provides a delay-difference inequality and, using Theorem

2.1, a consequent condition for exponential mean-square stability.

Theorem 4.2 Given arbitrary positive numbers {r,r'}, set
An(r,r') = A (r,r),  Bu(r,r') = Bi(r,r') + (@) +@3)  (4.6)

where Ai (r,r'") and BEL(’I", ') are the values (8.9) occurring in the deterministic

case. Then
E(6%,,,) — E(6,)
_ 2 ~2
et A %= < —Ap E(6X,,)+ By, max E(0X,,_,), where J = {0,1,--- , N},

(4.7)
and a solution {X,,(®)} is exponentially stable in mean-square if, for any r, v €
(0,00), 0 < hAR(r,r") <1 and 0 < Bp(r,r') < Ap(r,r"); the exponential expo-
nent is then bounded by A(r,r').

We observe that the condition 0 < hAp(r,7') < 1 is the same condition

0<—{g§—1+M+M}<1
T r
that was required in the deterministic case in Theorem 3.1. It is clear that to
emulate the result || < —a + |n® + |uf?, with @ € (0,00) that holds in the
case of the test equation (1.1) (c¢f. Theorem 4.1 (7)) it is desirable that go — 0
as a — oo (rather than |gy] — 1 as @ — o0); i.e., an underlying L-stable
deterministic f-formula appears preferable to an A-stable one. However, an
L-stable formula can be “over-stable” (“stable when the DDE is unstable”).
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Appemdices

A Comments on stability

Remark A.1 Stability definitions are often (c¢f. [2]) provided in a form that
relate to the stability of a null solution, which would here require us to consider
the homogeneous case f(t) = g(t) = 0. (Our perturbations satisfy the homoge-
neous equation.) Note that to cast stability definitions in terms of behaviour of
solutions (rather than perturbations) is acceptable when addressing the stabil-
ity of null solutions but it carries a risk of misconceptions in other contexts, see
Remark C.1(a).

When discussing solutions of (1.1) and the associated difference equations (1.4),
exponential mean-square stability is equivalent to asymptotic mean-square sta-
bility and implies mean-square stability. Under the assumed conditions, all so-
lutions of (1.4a) have the same stability properties. For more general nonlinear
problems, different solutions can have different stability properties. a

B Stability of a finite-term recurrence

Remark B.1 If we suppose that « € R, 8 = 0and h > 0in (3.1), the —method
for 2'(t) = f(t) — ax(t) gives a recurrence Z,4+1 — p, = M{0fnt1+ (1= 0)fn} —
ah{0z, 41 + (1 — 0)z,}. The recurrence has a solution if 1+ fah # 0, and a
solution {z,} to the recurrence is “asymptotically and exponentially stable” if
Qo € (_15 1)

Remark B.2 We recognize
(14 6ah) ™ — (14 (1 - )ah)u™ + 68hyu + (1 — 6)5h

as the stability polynomial for the recurrence (3.2). The boundary locus method
permits the use of this stability polynomial to compute exact stability regions,
but we have proceeded by an alternative argument to demonstrate a different
technique that extends to other test equations. |

Remark B.3 In Theorem 3.1, for arbitrary D € (0, Ai), we can replace AE; and

B! in the condition by A% —D and B} +D. This is because 622 < maxsc 622_,.
O

C Comments on stability results

Remark C.1 (a) A solution of the inhomogeneous equation (1.1a) can be expo-
nentially unbounded in mean square and still exponentially mean square stable.
(b) Theorem 4.1 gives a sufficient but not a necessary condition; a proof appears
in [2]. (¢) In their discussion, in the special case n = 0, of the Euler-Maruyama
method for SDDEs, Cao et al. [7] consider (asymptotic) stability with the con-
ditions |8| < a— %|ul?, 7 = 0. (d) The case of asymptotic stability for 8 = p =0
(the non-delay case) is in [9]. O printed April 30, 2004



