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Abstract

In this report we consider a difference analogue of the “data assimilation problem” for
delay differential equations (DDEs) presented in the first part (Numerical Analysis Report
No. 431). The problem consists of finding an initial function that gives rise to a solution of a
discretized DDE, which is a close fit to observed data. A réle for adjoint equations and fun-
damental solutions in the discrete case is established, and related discrete integral equations
(summation equations) are obtained.

Keywords Discrete delay differential equations, initial function, discrete adjoint equations,
identification problem, data assimilation, discrete fundamental matrices, regularization pa-

rameter.
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1 Introduction

Let us consider an n-dimensional system of linear delay differential equations (DDEs) with time-

dependent coefficients, of the form

dz_it) — A)y(t) — B(t)y(t — ) = f(t), forte€l0,T], (1.1a)

subject to

y(t) = p(t), for te[—,0]. (1.1b)

Here, 7 is a prescribed positive constant (the “lag”), we suppose
y(t), f(t), p(t) € R, A(t), B(t) € R™",

and these functions will be assumed to be continuous on [0,7]. The solution y(t) depends (in
particular) upon the initial function ¢(t); y(t) = y(p;t). The problem that we address is related
to the identification of ¢(t) given 7, f(t), A(t), and B(t), and knowing y(¢;t); we shall here study

a discrete analogue but we address the continuous problem, briefly, in order to set the scene.

1.1 The continuous data assimilation problem

For the continuous identification problem [8], we introduced the functional

0 T
527(0) =5 [ e =20 e+ 5100 -20) P+ 20 -30) | +5 [ utesn) -5 as
et 0

(1.2)

(in which a, 8,7 > 0 and y(p;0) = ¢(0)) and @ = $(t) and ¥ = F(t) are the given functions and

where y(y;t) satisfies (1.1). The function @(t) contains information about an expected form of
©(t). The function J(¢) is based on observations of the solution.

The data assimilation problem (as the identification problem is called) can be formulated as

follows:

Definition 1.1 Let F C PC[—7,0] denote a smoothness class of bounded functions on [—,0].

Then the corresponding data assimilation problem for the identification of ¢ reads as follows.

Define by y(p;t) the solution of (1.1) with initial function ¢. Find p. € F, such
Y(px; t) minimizes S27(p) over F:

s = argmin 557 (), (1.3)
where S5 () is defined by (1.2) in terms of y(p;t).

This formulation embodies parameters o > and § > 0, v > 0, which (when positive) are “regu-

larization parameters” (see [9], for example)!.

1Similar problems have been discussed for ODEs and PDEs, see [1, 2, 3, 11, 14]), in particular for the discrete
analogue, see [13]). A functional of the type (1.2) was considered, for example, in [12]. For discussion of related
questions for DDEs see [4, 5, 6, 10, 15].
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1.2 The scope of this report

This report is related to Numerical Analysis Report No.431 [8], in which we considered the con-
tinuous case of the data assimilation problem as posed above. In the present report, we analyze a
discrete analogue of the problem presented.

We shall proceed as follows. We first use a stepsize h to introduce a discrete version of the data
assimilation problem, along with h-dependent discrete functionals (*S%:7(¢), etc.) that simulate
the functional S#7(p) used in [8]. Conditions for a minimum of #S87(@) are explored through
an analysis of its first variation " P#7((), and an iterative technique for obtaining the minimum
is written down. In order to explore the properties of this iteration, it is convenient to relate it to
an iterative algorithm for the solution of a discretized integral equation (a summation equation),
for which the properties of the “kernel” can be obtained?. It is this analysis that is reflected
in the precise choice of "S8Y(). The final half of the report consists of a report of numerical

experiments that demonstrate the performance of the algorithm.

2 A discretized data assimilation problem

In practice, one might endeavour to obtain a discretized version of the data assimilation problem
in Definition 1.1 through the use of high-order approximate methods that adapt to any possible
discontinuities in the derivatives of the solution y(¢p;t). It proves rather difficult to analyze such
adaptive discretizations in a rigorous manner. We therefore adopt a more limited approach, in
order to gain insight.

For a stepsize h with 7 = Nh and T' = Kh, where N, K are both integers, we introduce ¢,, = nh
(ne€e{=N,1-N,...,-1,0,1,...,K}) and define a uniform grid with step size h,

—T=t_yn<ti_n<...t.1<0=t)<t1 <... <ty <typ1 <...<tg=T.

We introduce a discretized equation that results from application of an Fuler formula to (1.1).

Given the grid above, the explicit Euler equations, for the DDE in (1.1), read
Unt1 — Un — hAnUn — hBpyn—n = hfy, for n € {0,1,...,K —1}. (2.1a)

Here 3, = y(p;t,), B, = B(nh), A, = A(nh), f, = f(nh), ¢, = p(nh). The solution is subject

to the initial condition

Un = Pp, for — N <n<0. (2.1b)
Let us also introduce a discrete analogue of the objective function (1.2). One possibility is the
form
ah — 42 2
Z lpn — @(ta)II* + Z lGn — F(tn)II” + —||<P0 — Pt 0)“ 5”170 -¥(®)]"- (2.2

This discretization is associated with the left-hand (explicit) Euler rule applied to the integrals

that define (1.2), and at this stage it is not transparent that this is a convenient or appropriate

2 A linear summation equation is simply a set of linear algebraic equations and the “kernel” is derived from the

coefficient matrix.
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discretization. At this stage, alternatives possibilities are, perhaps,

0

%S i B + Zuyn DI+ 2 lg —2)]* + Ligo 50", (230)
n=1-N

or
leson— nlI” + Znyn— wlI? + —||900— (t)]|* + 2 ldo = 3tto)||”.  (2:3b)

For flexibility of approach, we generalize (2.2) by introducing a suitable set of integers {p, q,, s},

and the notation
J:={p,q,7, 8} U{e, 3,7} (2.4)

and write
h
"S5 (n) = 5 anon n)lI3 + Znyn w13+ —||<P0— ()5 + 3 150 =3t 5 (2:5)

The expression (2.2) arises from *S5(ip,,) on taking
p=—-N,qg=-1,r=0,ands =K —1, (2.6)

but we gain some flexibility if we introduce J with more general {p,q,r,s}. For example, the
implicit (right-hand) Euler quadrature (2.3a) correspondstop = 1— N, ¢= 0,r = 1 and

s = K. We anticipate the results of our analysis by introducing the notation

W50 = 1S (pn) = 5 Z 16n—@(tn) I3+ Znyn I+ 20—(t0) [+ L 30 ~51t0)]:
(2.7)
which corresponds to the choice J in which

p= —N,¢q= —1,r= 0, and s = K. (2.8)

Prima facie, this is not the most natural choice but will be suggested by the analysis.
For further analysis we shall need to write down a discrete analogue of the adjoint of (1.1); this

we shall regard as an adjoint for (2.1).
Definition 2.1 (a) Given functions p™ (t) and T (t) € R**™ (fort € [0,T] and for t € [T, T + 7]
respectively, the corresponding formal adjoint for (1.1) is

dzT (t)
dt

+2T(A{) + 2Tt +1)B(t+71) =p'(t), forte[0,T], (2.9a)
subject to
2T (t) =T (t), forte [T, T+ 7] (2.9b)
with a solution zT (t) € R1*™.,
(b) A discrete analogue of the adjoint equation (2.9) corresponding to (2.1), is

Er =&+ B Anpr + hEL v By + hpl, n=0,1,.. K -1, (2.10a)
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subject to

i’ =0, n=K,...,K + N. (2.10b)
We shall refer to (2.9a) as a “formal adjoint equation” for (1.1a) and (2.10a) as a “formal discrete
adjoint equation” for (2.1).

Remark 2.1 We obtain (2.10) from (2.9) by using the backward Euler formula (“backward” for

increasing t).

3 The discretized minimization problem

In this section we formulate a discrete analogue of the problem of identifying an optimal initial
function. We are concerned to find the minimum of (2.5) over the space F” of mesh functions
defined on points, say nh%:_ n» Where h =T7/N.

In order to find the minimum we need to find its first variation (compare [8]). To write down

hS, (@n + 51/3,1) we need an expression for §, (@, + &¥,) and we have it in the following lemma.

Lemma 3.1 Write . .
Lhy(t) — Ynt+1 — Yn _

h Angn - Bn?jn—N

and
Mhy(t) = ¢, (for n=r—N,...,7).

By virtue of the linearity of L" and M",

Gn(@n +€n) = Gn(Bn) + e2a(Vn), (3.1)

where %, (1Y) satisfies
Lhz(t) =0 (fort,=nh, n=r,r+1,...,s), s>r and (3.2a)
M"2(t) =, (fort,=nh, n=r—N,...,r). (3.2b)

Here A, = A(nh), B, = B(nh), 4, = y(nh), $, = @(nh).

The perturbed objective function %S5 (@ + €¢) has the form

q s
hE (= 7 _ ah ~ 7 ~ 2z h ~ s _ o 2, h
S3( +e) = 5 ngp |Pn + e¥n — @nllz + 2 WZ::T Gn + €20 — F(ta)ll53 + "0, (3-3a)
where
ht By ~ 7 ~ 2 Vs~ ~ ~ 2
s'o = §||<Po +eho — @(to)||, + §||yo(</30) +ez0 — J(to)|5- (3.3b)
We may write (3.3) in the form
"$3(p +ed) = "557(@) + e {"Pa(3,9) } + 2 {"Qa(h) }, (3.4)
where . s
"Pa(3,0) = ah S [0 — PalTPn + b S [ — Fta)) 20 + "o (3.52)

n=p n=r
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with
"po = B[G0 — B(to)]” Po + 7 [o(B0) — 7(t0)] " Zo- (3.5b)
Further,
h~”0‘hq”2hs~2ﬁ~27~2
Q3(¥) = - > il + 2 > llzal3 + 5 ollz + 5 l1Zoll>- (3.6)
n=p n=r

Then, we can state the following result.

Theorem 3.1 A function ¢ defined on [—7,0] minimizes "Sy(p) for @ € F" if and only if "P5 (@, 1))
vanishes for all ( € F", where 7 = 3(¢)) satisfies (3.2).

3.1 A formula for the first variation

In this section, our objective is to obtain a representation of

in terms of the functions ¢ and . We employ a representation of "Py obtained using a discrete

analogue of the adjoint equation. Let us consider (compare (2.10a))
5:5_1 = :?:5 + ha":ZAn + h:?:Z_H\,BnJrN + h[gn(Pn) = F,], n=r—1,r,...,s, (3.7a)

with
#'=0, n=s,...,5+N. (3.7b)
(If, for example, r = 0, (3.7a) defines a value #_1.)

For appropriate r and s this is a discrete version of the adjoint equation appearing in [8, p.4],

discretized using the implicit Euler formula . We can write (3.5a) in the form
B T L o 1T =
Py = B[go — §(to)] " wo + 7 [Fo(@0) — F(to)] Zo+

ah > (B~ Ba) " + > ( @7 | — 7Yz, —hiT AnZn — haT, N BrinZn )
—_———

n=p n=r

J1 T2
e Using (A.3) we can write J; as

s s
_ ~T ~T ~ ~T T T (5 5
T = E :(xn—l - xn)zﬂ = =Ty 241 +Tp_12r + E Tn (zn+1 - zﬂ)'

n=r n=r

e
o For the term J, we have Jo = h 3 &L, \Bninin =

n=r
s r4+N-—1 s+N
hY & Bpin-n—h Y & Buin-n+h »_ & Bpin_n.
n=r n=r n=s+1

~~

T3
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We can write the term 73 in the form

r+N-—-1
Js=h Y & Bpinn=h Z &1\ NBniNZn.
n=r n=r—N

Therefore, (3.5a) has the form

r—1
_ p0+h2[ ] ¢n+h Z SL"n+NBn+NZn+CL" 1% — T zs+1+
n=r—N

s s+N
A <2n+1 — %y — hApZ, — hBuZuon) —h Y. T Buia_n.
n=r n=s+1

Let Z, satisfy

2n+1 - 'gn - hAnén - thzan = 0; upon n =7,7r + 1; s S,

with
2n=15n, n=r—N,...,r.

(Compare [8, pp.7-8].) Taking into account (3.7), we obtain

- po+h2[ B0)] S & Barin + 50

n=r—N

which is independent of our choice of s.
Now, from (3.7),

5 =37 + hit Ay + h35 N By n + h[i:(@n) — 7,)-

Therefore,

r—1

="po +h Z { —&n }¢n +h Y NBainnt

n=r—N

('if(l + hAT‘) + h'i'z+NBr+N + h[gr((ﬁn) - ?r])z;r
We now set, as in (2.6),
pZT—N,q:T—l, (38)

and leave s undefined, and the above applies to "Py. Thus, we have

n=r—N

(.f:Z(l + hAr) + hi'Z—i-NBr-i-N + h[?jr(‘ﬁn) - /yr])";r

Since the term "po depends on function values at ¢t = 0 it is convenient to set » = 0. Then, we

have

=h Z ( n)]T+'%Z+NBn+N)¢n+
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(2o — (o))" +1[fio(@n) = 7(t0)] " + &7 (1 + hAo) + hk B + hljo(@n) — Fol” ). (3.9)

The first variation must be zero for all ) in F", therefore we obtain the following result.

Lemma 3.2 A function * defined on [—7,0] which minimizes "Sy(p) for ¢ € F" satisfies the
equations

@y — Pn) + &5, NBayn =0, n=-N,...,—1, (3.10a)

#g (1 + hAo) + hay By + B[po — (to)] + (v + h)[Jo — y(to)]T =0, n=0. (3.10b)

4 A discrete integral equation (or summation equation)

In this section we derive a discrete integral equation (a “summation® equation”) for the initial
function that minimizes %Sy (with choice of J in which p= —N, ¢=—1, r =0 and s = K). The
equivalence allows us to analyze the properties of the iterative algorithm.

According to §3 we should introduce a method for determining the optimal initial function. The

objective function has the natural form when we set
s=K (4.1)

n (2.4). Following the discussion in the section §3.1 and from the result of Lemma 3.2 we can

consider the system of equations of finding the initial function (, which minimizes %S;y. We have

%“T_%—Angn—Bngn,szn n=01,...,K -1, (4.22)
Gn = @n, n=—N,...,0, (4.2b)

i'Z: 53571 ~T ~T ~ (5 =17
—— 5 " TadAn — T N Brin = hlgn(Pn) —¥al" (4.2¢)
#''=0, n=K,...,K+ N, (4.2d)
&(Pn — Pn) + Bl NEnyn =0, n=—N,...,—1, (4.2¢)
[T+ hAo]" &0 + hBNEN + hl[fio($n) — Fol + "po =0, n =0. (4.2f)

In the next section we shall establish a discrete integral equation (or “summation equation”) for
the optimal initial function using formulae for solutions of the equations (4.2a) and (4.2c), and
the additional equations (4.2e) and (4.2f) for the initial function.

4.1 The discrete integral equation in terms of fundamental matrices

Let us consider the discrete version of the adjoint equation (4.2c). According to [7, pp.14-15], we

may write the solution of the adjoint equation (4.2c) in the form

F=h S [ 5l T m, ),
m=k+1

3The summation equation is an analogue of the integral equation obtained in the continuous case in [8, pp.15-16].
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where
0 m—
Y (m,00{I +hAo}go+h Y Y(m,l+N)Bingi+h Z
I=—N =0
(This is a solution of the discrete DDE written in terms of fundamental matrices, see [7, pp.13-14].)

Thus, we can write

m—1

T =h Z [ mO{I+hA0}goo+hZle+N)Bl+N<pl+hZlefl] Y (m, k)
m=k+1 I=—N =0

K ~
—h > [FalTY (m, k).

m=k+1

Therefore, for K = 0 we have

0
T =h z [ m, 0) {I+hA0}<,oo+h Py Y (m,l + N)Biyn @i+

(4.3)
m—1 _ T K . ~
+h Y V(0] Y(m,0) = h 3 [§,]77 (m,0),
=0 m=1
for k=N,
s ~ 0
#h=h > [Fn0{I+hdo}go+h 3 V(m,l+N)Bindgi+
m=N I=—N
i (4.4)
m—1 _ T K . ~
+h Y Ym0 fi| YmN)=h 3 [7,]7V (m. ),
=0 m=1
fork=n+ N,
s ~ [V
v =h > [V.0{T+hAe}go+h 3 V(m,l+N)Bunéi+
m=n+N+1 I=—N
N B (4.5)
h'y Vm, l)f,] Vimn+N)—h >[5V (mn+N).
=0 m=n+N+1
According to (4.2e), @, satisfies the discrete equation
a(;bn + ['(Z'5+NBH+N]T = a(ﬁn (fOI‘ n= _N7 R _1)' (46)
Using (4.5), we can write the latter equation for @,, in the form
s _ 0 _ T _ T
agn+ b Y [Y(m, 0){I +hAo}go+h> ¥(m,i+ N)B,+N¢l] Y (m,n+ N)Bnyn | =
m=n+N+1 I=—N
s m—1 T T
_ lh 3 [hz Y (m, 1) f — ym] Y (m,n+ N)Bnin (4.7)
m=n+N+1 =0

For ¢y we have

(8 + 7+ h)Igo + hBLan + [T +hAo]"Zo = (ah + B)o + (7 + W)F- (48)
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Therefore, using (4.3) and (4.4), we obtain from (4.8)

s 0 T

Z[ m, 0){I +hAc}go +h Y ¥ (m 1+N)B,+N<p,] Y (m, 0){I + hAg}|+
m=1 lI=—N

(B+y+h)po +h

T

s _ 0 _ T _
h2 l Z [Y(m, 0){.[ + hAo}(ﬁo +h Z Y(m, l+ N)Bl—i-N(ﬁle Y(m, N)BN
m=N+1 [=—N

m—1 T

[h 3 Ym0 fi - y—m] S (m, 0){1 + hAo}
=0

8

BIGo+ (v+h)IFy—h Y

m=1

T

h Z l[hmz:llefl ]T?(m,N)BN

m=N+1 =0

Finally, collecting similar terms, we obtain

(B+v+h)Ig +h Z [I + hAg)TY T (m,0)Y (m, 0)[I + hAo]@o+

m=1

W2 > [T+ hA "Y' (m,0)Y (m, N)Bygo + h* Y BRY™(m,N)Y (m,0)[I + hA]@o+
m=1 m=N+1
s . -1
> BRY"(m,N)Y(m,N)Bn@o + h’ Z I+ kA "Y' (m, 0)Y (m, 1 + N) B n i+
m=N+1 m=1l=—N

s —1
r > " BRYT(m,N)Y(m,l+ N)Bi n@i =

m=N+1[=—N

m—1

BIgo + (v + h) Iy, —h Z[I+ hATY T (m,0) (h Y (m ) +
m=1 =0

s _ m—1 _

> BYY"(m,N) (h > Y(m,D)fi —%) :
m=N+1 =0
Let us define
My (m,0) = Y (m,0)[I + hA4] and Mg(m,N) = hY (m,N)By. (4.9)

Then, taking into account that ¥ (m, N) = 0 when m < N we can write the formula for @, in the

form

DG+ Y ( M m,0)+ MEm, N) ) Mp(m,l+ N)g = F*($,3,f),  (4.10)
m=1[=—N
where

hDPY = (B4 +h)+h Z ( MZ(m,0) + ME(m, N) ) ( Ma(m,0) + Mg(m,N) )

m=1
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and

m— 1
FPY3,3,f) = BIgo + (v + W) I3, — h Z ( M7%(m,0) + M (m,N) ) <h ) .
m=1 =0
Thus, if we substitute @y from (4.10) into (4.7) we obtain a “discrete integral equation” for @:

—1

Py + Z Z MB m n+N)MB(m I+ N)gi+
m=1]l=—N

—1

—hZMB m, n+N) (Ma(m, 0)+Mp(m, N)) ["D?] IZ ) (MZ (3, 0)+ME (j, N)) M (j, 1+N) @1+

h Z Mg (m,n+ N)( Ma(m,0) + Mp(m,N) )["D*"] ' F?(3,5, f=

m=1
s m—1
aPu—h > Mg(m,mm(hZ?(m,l)fl—ym), n=-N,..., -1,
m=n+N-+1 =0
and for @q:
Go = —[*DP"]” hz Z (MA m, 0)+ ME (m, N) )MB(m,l+N)¢l+[”D5’7] LR85, £).

m=1[=—N

(4.11)

Thus, we can state the following results:

Theorem 4.1 A function @, which minimize hSB V(@) for p € Fh satisfies the summation equation

—1

G + 2 h}Cﬂww hGBY(n)  for n=—N,—1, (4.12)
I=—N
and
s
go=-["D*"n Y Z (MA (m,0) + ME (m, N) )MB(m,l+N)¢z+ "D 3,5, )
m=1[]=—N
Here,

B = Z ME(m,n+ N)Mp(m,l + N)—h > Y M (m,n+ N)PD*MM(j,1 + N),

m=1 m=1 j=1
hGB (n) = aPn— hz{ (m,n+N) (hmz Y (m, 1) fi=7,) =M (m,nt-N)"DP] T FP(3,3, ),
M(m,n+ N) = (M (m,0) + M (m, N) ) Mp(m,1 + N),
MDY = (B+y+h)T +h Z ( M5 (m,0) + Mg (m,N) )( Ma(m,0) + Mp(m,N) )

m=1

and

FPY(3,3,f) = ﬂ1900+(7+h)1y0—hz (MA m,0) + ME(m, N) ) <h Y(m
=0

._.
\/

m=1
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4.2 Properties of the discrete kernel

We can establish the properties of the of the discrete kernel by adapting the discussion for the
continuous case [8].
Let us consider the first variation of the functional (2.5) with the set of limits (3.8). Taking into

account (3.9), we can write

-1 s
hpg”y =ah Z (an - @n)wn +h Z[gn(‘ﬁn) - ’};n]zn +/ﬁg,'y) (4-13)
n=—N n=1
where pf = 9% _ (@0, o) + *pj - (Po, Vo o). (Observe that we replaced the term [fo(¢n) — )20

by the term *pj _.)
We can write (4.13) in the form

—1 —1 El s
hpg,'y =ah Z @nzpn —ah Z (ﬁnwn +h Z gn(@n)gn —h Z?’nfn +$gm
n=—N n=—N n=1 n=1

or, with an obvious notation,
PR = AIPYO(@,9) — ARPYO(B,4) + VIR (5,2) — VARG (7, 2) + B -

According to [7, pp.13-14] the solution of the discrete DDE can be written in terms of fundamental
matrices. Thus we have

0 n—1

jn =Y (n,0){I + hAo}go+h > Y(n,l+N)Bn@+hYy Y(n,)fy,
I=—N =0

and for the homogeneous equation

0
Zn =Y (n,0){I + hAo}o+h > Y(n,l+ N)Binijy.

I=—N
Using (4.9) we can write the above formulae as
B 0 B n—1 B
jn=Ma(n,00go+h Y _ Mp(n,l+N)gi+hY Y(n)fi (4.14)
I=—N =0
and
~ ~ 0 ~ ~
Zn = Ma(n,0)0 +h Y Mp(n,l+ N){i. (4.15)
I=—N

Thus, using (4.14) and (4.15) we can write V?Py°(j,3) =

s 0 0
B @IS (0, 00 La(m, 0000 + Y- Y @F K (n, 1+ N)Mp(n,m + N)dy+
n=1 I=—N m=—N

0 0
b @0 NE(n,0) s (n, 1+ N)by+h Y @F NG (n, 1+ N)Ha(n,0)do0 |+
I=—N I=—N
s n—1 0
+12 33 VT, l)flT{MA(n, 0o+ > ME(n,m+ N)@,},

n=1 [=0 m=—N
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or, in brief,
ViFs"(3,2) = 'Vl (8, 9) + *ViFg" (£,9).
Let us now consider the discrete bilinear form

hlpgﬁ(@a ":[}) = A?Pao’o ((ﬁa 1/;) + 1V’1’]5(?’0(¢, 1;) + 1EZ,7(9505 @ZO)

Lemma 4.1 The discrete bilinear form h’Pg”(cﬁ,'Lﬁ) is symmetric and positive definite
("PE (@, @) > 0 if {pn} #0) on Fr.

Proof. Let us write the term 'V/P"%(@,4) in the form

s 0 0
BY [Matm 000+ 3 Mg+ Mg [a(n, 000+ 3 Ms(n,l+ N)].

n=1 I=—N I=—N

where 1p% _ (¢o,%0) = &% (8 + 7 + h)I@o. Thus, for "P5($,1)) we have

hpBY (p,4) = ah Z ¢n¢n+hZ[MAn 0)@o + Z Mp(n, l+N)<Pl]T><

n=—N n=1

0

[4(n, 00 + S~ W, 1+ NYG] + Go(B+ 7 + B, (4.16)
I=—N

and it is straightforward from (4.16) that P8 (p,4) is symmetric and *P57(¢, @) > 0. The
Lemma is therefore established.

We shall now obtain a result concerning h}Cﬁ;] in Theorem 4.1. Collecting the similar terms in
(4.16) we obtain

—1 —1 —1

MPEY (1)) hz > > @ MEM, I+ N)Mp(n,m+ N)gm +ah Y & G+
n=11—N m=—N =~

hy i @F ME (n,1+N)[Ma(n,0)+ Mg(n, N)]@o + {hz i L [MZ (n,0) + ME(n, N)]x
n=1[=—N n=1[=—N

Mg(nal+N)¢l +S50 [(ﬂ+7+h)1+hz [MZ’(”;O) +M§(H,N)] [MA(TL,O) +MB(”7N)]]¢O

n=1
(4.17)
Now we consider the bilinear form #*P5:7(, $) with some particular @y, namely
—HPDP Y Z ( (n,0) + M (n, N))MB(n,l + N)@ (4.18a)

n=1]l=—N

with

MDBY = (B 4+ + ) +h Z ( M7 (m,0) + Mg (m,N) ) ( Ma(m,0) + Mp(m,N) ). (4.18b)

m=1
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For Tp, defined by (4.18a) the two last terms (within the parenthesis) in (4.17) vanish and we

have
-1 -1
WpBY (5, 4) = ah Z @ (le,_hz Z Z GEME(n, 1 + NYMg(n,m + N)@p+
I=—N n=11=—N m=—N

2YY Y Y G Vf (n, 1+ N) (4(n,0) + M (n, N)) [D"]

n=1k=1l=—N m=—-N
(M (k,0) + ME (k, N) M (k,m + N)@m

The expression for #P#7(5,4)) can be written in the form

hpBY (g, ) = alp, @) + "KL 3, @), (4.19)

k]

where P = Z T (n,1+ N)Mg(n,m+ N)+

—h Z Z ML (n, 1+ N) (Ma(n,0) + Mp(n, N)) ["D?7)~ (M (k,0) + ME (k, N)) Mp (k,m + N).
n=1k=1
(4.20)

Compare the discrete kernel from Theorem 4.1 and from (4.20) we can establish

Theorem 4.2 The discrete kernel thf,;? € R™ "™ jn Theorem 4.1 is symmetric and positive
semidefinite (X3 "KP Y G1@m > 0 if {G1} #0) on Fh.

Proof. Using Lemma 4.1 and taking into account (4.19), Theorem 4.2 is established.

Remark 4.1 Theorem 4.1 and 4.2 are valid for arbitrary s. Earlier in our discussion (see §2) we
consider a few possible choices of s, which correspond to different ways of discretization of (1.2).
It is convenient at this stage to choose s = K to keep the order in the discretization of the DDEs,

even if we have order h error in the quadrature in (2.5).
5 A discrete iterative technique
To solve the “data assimilation problem” numerically we consider the iterative process associated

with (4.2).
~[7] ~[5]

% Ang — Bl = fo n=0,1,..., K1, (5.1a)
gl = gl n=—N,...,0, (5.1b)

T _ 570 .
‘T"l — T A, — 3T\ By = WG (@n) - 7,]7, (5.1c)
illl=0, n=K,...,K+N, (5.1d)
gt = gl + 6, (a(@l! - &n )+Bn+N$£ﬁ|-N)’ n=-N,...,-1, (5.1e)

Gt = G 4 61 {(B+~ + W)GH + (T +hA)TES - BGo — (v + W), ), (5.1f)
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to determine successive approximation to ¢, # and ¢ € F". The function ¢ obtained by the
iteration process (5.1) provides the minimum of the functional S#7(). Here, j is an iteration
index and we use the notation gj[rf], if[jl to emphasize that these are the solutions obtained by
some iterative method.
We shall establish the convergence of the iterative process (5.1) by studying the iteration
Slia1] al4 —1
M =gh— (aga[g] + 3 hKfnﬁga}“), n={-N,...,—2,—1}, (5.2)
I=—N
in which j is the iteration index.
This iteration is based upon the integral equation (4.12). In (5.2), "K lﬂn"y has been shown to be

symmetric and positive-definite; the corresponding discrete integral operator on Euclidean space
0
with the norm ||¢[|3 = > 7 is bounded, self-adjoint, and positive-definite. We state the
I=—N

following result.

Lemma 5.1 The iteration (5.2) is equivalent to the iteration (5.1); for a given @°, the two se-

quences {pl1} are identical.

Proof. From (5.1e), the functions defined by the iteration (5.1) satisfy the relation

gt — gl

5 =a(pll - 3,) + [Bn+N]Tx[TﬂFN, forn={-N,...,—-2,-1},
j

and we have shown in §4.1 that
. - . —1 .
(P = Pn) + Bl wly = ol + 3 "G~ Gn,
I=—N

so the result is immediate.

Theorem 5.1 (Convergence) Suppose p(" KP>7) is the spectral radius of the matriz-operator " K57
on LB[—7,0] having the kernel hKfn’W. Then, a sufficient condition for the iteration (5.1) to converge

in the mean-square norm is

2
5, < , I 5.3
= (a0 e o

Remark 5.1 All norms on finite-dimensional Euclidean space are equivalent, so the convergence

holds in any norms.

-1

Proof. We shall write "¢87¢, = ag,+ Y. "K["@ and the matrix-operator " £27 on Euclidean
I=—N

space with the norm || - ||2 inherits self-adjointness and (with a > 0) positive-definiteness from the

corresponding properties of the matrix-operator * K#7. For a sequence {4;} with §; > 0 for all 7,
we can write the iteration process (5.2) in the form
s+ _ 3l

I —Fn =g, el (5:4)
J
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Let @* be the solution of the equations "£373% = G,, and let us define e/t = Bt _ @r . Then,
according to (5.4), we have the relation
eIl = (I - §;e8m)ed
and .
gitt = f[([ — &;eBm)el. (5.5)

=0
The iteration (5.4) converges in the mean-square norm if ||g’||s — 0 as j — co. From (5.5) we

have ; ;
7l < || TL0 = 852 Ie%lle < TT |2 - o528 el
Thus, a sufficient condition fzo:roconvergence of this iterazt:i(z)n is
I —6;"e87 |, <9 <1, forall j (5.6)

Given the properties of "7 on chosen space, we have ||"€57||s = max, (the spectral radius
T
p("€87)), where {k, },>0 are the positive eigenvalues of "€57. Indeed, £, = a+ 3, where {3, },>¢
are the positive eigenvalues of "K#7. Then condition (5.6) becomes
max |1 — ;o — 053¢ < 1.
T

We have 1—8;a—6;7, € [L—d;a—8;p("KP),1-5;a) C (—1,1) provided 1—§;a—8;p("KP7) > —1
and Theorem 5.1 is established.

6 Computational results

In this section we present numerical results based upon iterative methods for the linear case (5.1).
We start by applying the results obtained in the above section to the simplest example: the

scalar linear delay differential equation with variable coefficients and zero right-hand side,

d:il—sft) —a(t)y(t) = b(t)y(t—7) =0, forte[0,T], (6.1a)
subject to
y(t) = p(t), forte[-7,0), y(0)=p0). (6.1b)

These equations are (1.1) with A(t) = a(t) € R and B(t) = b(t) € R.
The discrete problem now has the form (4.2) with A, replaced by a, € R and B, by b, € R.
The criteria we used for the termination of the iterative process (5.1) is the condition
It — ¥l 6.2)
125012
where e = 107 and || - ||2 is the norm

0 1/2
¥]l2 = A < > w?) : (6.3)
I=—N

The iteration (5.1) terminates when (6.2) is satisfies and we accept the approximation obtained
o = ¢V say, when N = N(a). In the presentation of the experiments, together with other

information, we plot i and compare it with “true” initial function @,.
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6.1 A remark on the observation data

Before discussing our numerical results in section §6.2, we explore some related question in section
§6.1.

According to §1 the “data assimilation problem” for the identification of the initial function
required the observation data. In practical application the observation data is given a priori.

In order to solve test problems we obtained “pseudo-observation” data by the following proce-
dure: we found the solution of y(p,;t) of the original delay differential equation (6.1) with initial
function @, numerically and took this solution as the “observation data” J(t). At this stage we can
also perturb the “observation data” by adding small randomly-generated noise. Then we assumed
that the initial function ¢(t) is unknown and using the iterative method (5.1) with some arbitrary

initial guess we determine the approximating mesh-function .

6.2 A solution with minimum norm

In our first set of experiments, we consider the case when @(¢t) = 0. In this case the functional
(1.2) has the form
0 . T
- a - Y - ~ 2 ~ (2
527@) =3 [ @it+ 10 -5O + 5 [ (st - 560 e
-7 0

This is the case where we are seeking the solution with minimum norm in L[—7,0].

Experiment 1
We start with a constant coefficient case and set a(t) = —1 and b(t) = —1. We solve the problem
on the interval [0,2] (T' = 27). We found the solution of the problem (6.1) numerically for
Px(t) = 2(0.5 + t)®, where t € [—1,0], and consider this solution as F(t). Then using the iterative
method (5.1) we solved the identification problem with initial guess $/®/ = 0. In the numerical
experiments described below, we took 64 points in the interval [-1,0] (7 = 1).

First we investigate how the convergence of the iteration method depends on the regularization
parameter . The number of iterations and the cpu time needed to obtain the required accuracy
€ = 1078 are given in the Table 1 for different . The figures for sf cpu time are unreliable because

the computer is not a dedicated computer, but this give some indication of the time.

a 1 0.5 0.2 0.1 0.01 0.001  0.0001 0

The number
of iterations | 432 690 1302 2068 9746 26205 36226 38176
cpu time
min:sec 0:0.05 0:0.08 0:0.18 0:0.27 0:1.47 0:11.19 0:26.97 0:30.93

Table 1: The number of iterations versus the regularization parameters «

Introducing the regularization parameter a leads to a solution ¢ = @V!(a), differing from the
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solution ¢,. We denote the relative error by the expression

n = 1Y = Bulle

[[@xl2

7

where @MV is the iterated solution found by (5.1) and || - || is the norm defined in (6.3). Table 2

gives the value of relative error for different a.

«a 1 0.5 0.2 0.1 0.01 0.001 0.0001 0
The relative
error R 0.894 0.851 0.751 0.646 0.294 0.088 0.043 0.038

Table 2: The value of the relative error versus the regularization parameter «

We see from Tables 1,2 that the introduction of a regularization parameter a speeds up the
convergence of the iterative method. This is one of the advantages of introducing the regularizer.
The disadvantage, as we can see from Table 2, is that the parameter o leads to an error in the
identified solution. ( The error decreases with «.)

The result of the above experiments are presented in Figures 1.

025 T T T T T T T T T 0.025 ‘E"m cunve “’m’““)"

0.015

-0.151 7 0.005
-0.2 4
0.25 L L
0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 o 0 0.9 08 07 06 05 04 03 02 o1 0
(a) The exact function @ (t) (solid line) and (b) The difference curve |@.(t) — VN1(2)]

the iterated function gWV1(t), N = 38176
Figure 1: An experiment with the parameter a = 0

Remark 6.1 The qualitative behaviour of GV () with respect to the regularization parameter o

is typical of that seen with other problems (having differing o(t) and differing @° ).

Experiment 2
To illustrate the last remark, let us consider a second experiment with “true” initial function
P«(t) = 10exp (1/(t(1 —¢))). The number of points in the initial interval is 64 and 7 = 1.

The results of this experiment are presented in Figure 2 and a summary in Table 3
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«10° Error curve |v(t)-u(t)|
T T T

T T
— Exact
lterate

(a) The exact function @4 (t) (solid line) and (b) The difference curve |@.(t) — aN1(2)],
the iterated function @V1(z) N =16434

Figure 2: An experiment with the parameter a = 0.001

«a 1 0.5 0.2 0.1 0.01 0.001 0.0001 0

N the number
of iterations 327 550 1172 2066 8127 16434 19058 19416
The relative
error R 0.862 0.776 0.642 0.543 0.207 0.036 0.012 0.01

Table 3: The number of iterations versus the regularization parameters o. Experiment 2.

The relative error decreases when the parameter o decreases.

Experiment 3
In the next series of experiments, we consider a variable coefficient case. In the experiments 3 the
“exact” initial function is @.(t) = 2(0.5 +t)®. The parameters are follows: a = 0, 3 =0, v = 1.

In the experiment presented in Figure 3 the coefficients of the equation (6.1) are

a(t) = —1 +sin (nt), b(t) = —2¢, where t € [0,4]. (6.4)
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Error curve |@,t)-¢V ()]

0.5 0.2
® ®©
Jojel
0***O®®®—®—®@@@®—®—® = — — 0.1
Q Exact
©
Guess
Iter. Approx
_05 " " L N t 0 t
-1 -08 -06 -04 -0.2 0 -1 -08 -06 -04 -0.2 0
1 Solutions. The exact (continuous line) and iterated approximation (+)
T T T T T

! " Solutions. Difference: Exact - iterated approximafion
0.5 —
0 Jx\—/\_t _ T I t
0 0.5 1 15 2 25 3 35 4

Number of iterations: 139374; programm run time: 0 min 8.99 sec.
Accuracy: 1e-06; No of init. points = 20

Parameters: o = O:QP“: 0, y=1

Relative error || ¢,— ] Il @, || =0.3233

Functional SPY: Start value 0.038046

Functional Sq‘ : Final value 4.7657e—-09

Figure 3: An experiments with a(t) and b(t) defined by (6.4)

Experiment 4
In the next experiments the coefficients are a(t) = —5t and b(t) = 5t and the results are presented

in Figure 4. Then initial function is that used in Experiment 3 and aa = 8 =+ = 0.

Error curve |@,(t)-¢\ ()]

0.5 0.1
®®
60
0»76@@@9@@@@@@@ = - - 0.05
Q ® O Exact
— Guess
+ lter. Approx
-0.5 t 0 t
-1 -08 -06 -04 -0.2 0 -1 -08 -06 -04 -0.2 0
0.4 - - - - T
‘ Solutions. The exact‘(contlnuous ‘Ime) and iterated approxw‘natlon (+) ‘
0.2 .
),
0 | | | | | | | t
0 0.5 1 15 2 25 3 35 4
15X 10°
' Solutions. Difference: Exact — iterated ap‘proximation‘
1m o
0.5 A
0 | | | | | o~ | t
0 0.5 1 15 2 25 3 35 4

Number of iterations: 111829; programm run time: 0 min 7.5 sec.
Accuracy: 9.9999e-07; No of init. points = 20

Parameters:a =0; B=0; y=1

Relative error || ,-¢™ |1/]] , || = 0.17399

Functional S(BX’V: the start value 0.0040865

Functional Sg"’: the final value 3.6048e—09

Figure 4: An experiments with a(t) = —5¢ and b(t) = 5¢
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6.3 A roéle for the function ¢

In this section we discuss the role for the function @(t). We shall present results, which may have

a practical significance.

Experiment 5

We start with the case when in (6.1) a(t) = —1 and b(t) = =1 and T = 2 (T = 27, 7 = 1).
In the first numerical experiments the “true” initial function is ¢, (t) = 1 — 16(¢ + 0.5)* and
@(t) = @ = 1.1. The number of points on the initial interval is 20 and the initial guess is @[% = 0.

The result of this experiment is shown in Figure 5

(b)a=0.1

— Exact
0 — - Expect
O lterate

Figure 5: The réle of ¢ for different a. (Experiment 5)

Experiment 6

In the next experiment suppose that we have some information about the initial function (its
general form, some coefficients, etc.) and want to improve this information. For example, we
know the general form of the initial function, but we need to correct some coefficients.

As an example, we consider the function

~ o2
= (255):
@(t) = o1 exp )
here, the structure is assumed but we suppose o1 and o2 unknown. Observe that we do not
estimate o1, o9 but compute the mesh values of on approximation ¢ to @,. The equation is that
considered in Experiment 5.
For the “true” initial function we take the following sets of the coefficients: o7 = 500, oo = 1.8

and for the function @ o1 = 10, o2 = 1. The number of initial points is 50 and 7 = 1. In the
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Table 4 we give a summary of the experiments. The exact initial function, the function @ and the

The parameter « 1 0.1 0.01 0.001
The number of iterations | 372 2415 10499 21598
cpu time (min:sec) 0:1.65 0:10.98 0:49.49 1:53.7
The relative error 0.471  0.365 0.006  0.002

Table 4: A summary of the experiment 6

iterated solution, which we accept as on approximation to ¢, are shown in the Figure 6.

(@a=10 (b)a=0.1
0.5 0.5
— Exact
— — Expect
0.4 Iterate 0.4
0.3 0.3
0.2 0.2
0.1 0.1
ol—— 0 -
-1 -0.8 -06 -04 -0.2 ot -1 ot
(c)a=0.01 (d) a =0.001
0.6 0.6

-1 -08 -06 -04 -02 ot 1 -08 -06 -04 -0.2 ot

Figure 6: The réle of ¢ for different a. (Experiment 6)

As we see from these experiments the behaviour of the accepted iterate function depends on
the regularization parameter . When o = 1 the approximate solution is relatively close to the
function @; when a — 0 the accepted function becomes closer to the “true” initial function.

It can be shown, that in the case when the integral equation of the first kind (@ = 0) has a
unique solution, the resulting approximate solution is independent of the function . When there

is not a unique solution, the choice of § influences @, as a — 0.

6.4 A “coarse grid” strategy

In this section, we discuss a strategy that we can use to recover the initial function when the

function @ is not stated (the case a = 0, 8 = 0) or alternatively the case where we set ¢ = 0 for
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the want of something better. This is the case when the shape of the initial function cannot be
predicted from real observation or an understanding of the process itself.

To illustrate, we solve the identification problem for a problem with “true” initial function
Px(t) = 2(t + 0.5)* on the interval ¢+ € [—1,0] with 100 points. The coefficients of the delay
differential equation (6.1) are a(t) = 1, b(t) = 1. The results of the experiment (in which a =
B = 0) is shown in Figure 7. As we see in Figure 7, the error near both boundaries of the initial
interval (t = —1 and ¢ = 0) is significantly large than in the rest of interval for stepsize h = 0.01
(h =71/N, where N is a number of points on the initial interval [—1, 0]).

Here we suggest a possible way to “improve” the behaviour of the algorithm near the boundary
points by analyzing the discrete version of the identification problem. It is quite simple: we try
to use a coarser mesh on the initial interval (that is, a larger step h). However, too coarse a mesh

is also inappropriate.

Error curve |<p*(t)—(pN(t)|

0.2 0.015
O Exact
m 1 Guess
e |ter. Approx 0.01
0.005 \/X\
-1 -08 -06 -04 -02 0 -1 -08 -06 -04 -02 0
15
1 -
0.5
O LLLLL t
0
x10"
Solutions. Difference: Exact - iterated aﬁproximatién
21 4
0 /\/\Y\ | ! | | L t
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Number of iterations: 45905; programm run time: 0 min 5.72 sec.
Accuracy €: 9.9999e-07; No. of init. points = 100

Parameters:a =0; B=0; y=1

Relative error || o,-¢"V |J/]| @, || = 0.047027

Functional Sg'yz Start value 0.0078927

Functional SE’V: Final value 2.7879e-11

Figure 7: An experiment with 100 points on the initial interval and parameter a = 0

Remark 6.2 We offer some insight. As we know (see §4) the optimal control problem for recovery
of the initial function is equivalent to an integral equation of the second kind when o # 0, but if the
parameter o vanishes our problem is equivalent to an integral equation of the first kind. Farlier
in our discussion (see Lemma 3.2 and §4) we obtain an equivalent condition for a minimum
in the form (3.10). The formula (3.10b) depends on the step h, and the solution obtained is
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equivalent to that obtained by discretizing the integral equation. In the case of a first-kind integral
equation, there is a trade-off between improving the discretization error by selecting a small h and
the increased ill-conditioning (in the equations discretizing the integral equation) associated with
this small h. Roughly speaking, as h is reduced, the order of the system of discrete equations
increases, the number of singular values (the absolute values of the eigenvalues in the case the
kernel is symmetric) of the coefficient matriz increases, and their ratio (which reflects the ill-
conditioning) grows larger® This does not of itself explain why the approzimation is worse at the
interval end-points. To explain this requires an investigation of the singular vectors of the kernel
(of the eigenvectors where the kernel is symmetric), and there is a link here with the properties of
the kernel; further, the introduction of o # 0 again alleviates the problem. Non of this is obvious

because we do not compute thgf explicitly in our computation of .

Figure 7 demonstrates the behaviour of the solution obtained from (5.1) near boundary points
t = —7 and t = 0. To investigate this phenomenon, we decrease the number of points on the

initial interval to 5 and (using the same initial function) we obtain the following result:

02 . x 107 Error curve |cp*(t)—(pN(t)|

’ - Exact

= + Guess

e ter. Approx

2
0
t 0 t

-1 -08 -06 -04 -02 0 -1 -08 -06 -04 -02 0

1.5 T T

T T T T T T T
Solutions. The exact (continuous line) and iterated approximation (+) N

2
4 1 - [ I T ! . T
Solutions. Difference: Exact - iterated approximation
2 .
0 | | | | I | | I t
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Number of iterations: 10918; programm run time: 0 min 0.24 sec.
Accuracy €: 9.9965e-07; No. of init. points =5

Parameters:a =0; B=0; y=1

Relative error || o—¢™ [I/]| @, || = 0.002723

Functional Sg’y: Start value 0.20983

Functional Sg'y: Final value 2.1068e-10

Figure 8: An experiment with 5 points on the initial interval and parameter o = 0

In Table 5 we give summarize the results of our experiments with differing numbers of points
(equally distributed) in the initial interval, including the cases shown on Figures 7 and 8. Here
a=0,=0,vy=1.

4This problem is alleviated if a # 0.
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The number
of points 5 10 25 50 100
The number
of iterations | 10913 24751 40201 44272 111040
cpu time
min:sec 0:7.91 0:39.88 2:21.71 4:33.26 10:20.87
The relative
error 0.0027 0.0099 0.0309 0.0425  0.0470

Table 5: A summary of the experiment with different number of initial points

Compare this results we see that we obtain more accurate iterate solution for less number of
initial points. This leads us to the following method for solving the optimal control problem (when

the general form of the initial function is unknown):

1. Solve the optimal control problem with a few points and with the parameter a = 0 (the
number of points have to be sufficient to use an interpolation method).

2. Using an interpolation method and the points from step 1, construct a function @ to ap-
proximate the “true” initial function.

3. Increase the number of points in the initial interval and solve the optimal control problem

using non-zero parameter « and the function from step 2 as a function .

6.5 A jump at the initial point

Another problem, which arises for delay differential equation is the possibility of a jump in the
initial function at the initial point #; (in our case t; = 0). In section 4 we write the equivalent
formulation for the fist variation of the functional (1.2) and obtain two equations for the initial
function (4.2e) and (4.2f). Therefore, it is easy to see that we can extend the identification problem
to the case where the initial function has a jump. Let us consider the numerical experiment with
the “true” initial function in the form
N { VItt, te[-1,0), r=1
Pu(t) = (65)
2, t=0.
The parameters in this experiment are taken to be a = 0, 8 = 0, v = 1, the coefficients are
a(t) = —1 and b(t) = —1. The number of points on the initial interval is 20 and 7' = 4. The

results are shown in Figures 9.
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Figure 9: An experiment with the jump at the initial point when the exact initial function defined
by (6.5)

From the above figures we see, that results obtained for initial function with jump is similar to
that obtained for a continuous initial function.
In Figure 10 the “true” initial function is
1-16(t+05)4, te[-1,0), 7=1

Pu(t) = L5 i—o (6.6)
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Figure 10: An experiment with a jump at the initial point when the exact initial function defined
by (6.6)
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6.6 An experiment with perturbed data

In practice, data observed from physical experiments always has some noise. Therefore, to justify
our approach we need some numerical experiments where a perturbation is added to the “obser-
vation data”. To investigate the behaviour of the iterative method we add to our “observation
data” J(t) a noise on(t;), where n(t;) € NJ[0,1], t; = ih. Then we solve the identification problem
of finding the initial function with “new observation data” J(¢;) + on(t;). Here we use a scalar
factor o € R to obtain a sufficiently small noise (approximately 5% of the “observation data”).

One of the experiments with perturbed “observation data” is shown in Figure 11. In this
experiments the “true” initial function is @.(s) = 50exp1/(s(1 — s)), where s € [—1,0]. The
coeflicients of the equation (6.1) are a(t) = —2¢ and b = ¢, where t € [0, 4].

Thus, we can conclude that, in the current experiment and run on for sufficiently small noise,

the method allows us to recover an initial function with reasonable accuracy.

Error curve |g,(t)-¢V(®)|
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Number of iterations: 67264; programm run time: 0 min 3.69 sec.
Accuracy €: 1e—06; No. of init. points = 20

Parameters:a =0; B=0; y=1

Relative error || ,-¢™ |/]| @, || = 0.035218

Functional SP¥: Start value 0.00095784

Functional Sq“’: Final value 4.3309e-07

Figure 11: An experiment with perturbed “observation data”

6.7 Concluding remarks

Here we considered the identification problem through the example of a simple linear delay differ-
ential equations. The main experimental results are as follows.

If the regularization parameter « is equal to zero, the convergence rate of the method presented
(the Picard iteration) is very slow and the result quite inaccurate. This is supported by the
theoretical analysis provided in Chapter 3, where we stated that in the case @ = 0 we have to
solve an integral equation of the first kind.

The introduction of a regularization parameter a speeds up the convergence. This is the case

then we have to solve the integral equation of second kind with symmetric and positive-definite
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kernel. A disadvantage of introducing a regularization parameter lies in fact that an error, which

depend on a, is introduced to the solution. The error decreases with «, but, at the same time,

the number of iteration increases. The dependence on 8 and 7 is not so strong, compared with

the dependence upon a. In fact, when a@ = 0 and 8 and ~ are non-negative, we still have to solve

an integral equation of the first kind.

Numerical experiments also show that the iterative method proposed can be used to solve the

problem, when the initial function has a jump at the initial point. The behaviour of the algorithms

in this case is similar to that we have for continuous initial function.

References

[1]

[2]

[3]

[4]

[6]

[8]

[9]

[10]

Agoshkov, V. I. and Marchuk, G. I., On the solvability and numerical solution of data assim-
ilation problems, Russian J. Numer. Anal. Math. Modelling, 8, (1993), pp. 1-16,

Agoshkov, V. I., Parmuzin, E. 1., Shutyaev, V. P. and Bardos, C., Numerical analysis of
iterative algorithms for an inverse boundary transport problem, Math. Models Methods Appl.
Sci., Mathematical Models & Methods in Applied Sciences, 10, (2000), pp. 11-29,

Agoshkov, V. I. Optimal control methods in inverse problems and computational processes,
J. Inverse Ill-Posed Probl., 9, (2001), pp. 205-218.

Baker, C.T.H, Bocharov, G.A. and Paul, C.A.H., Mathematical Modelling of the Interleukin-2
T-Cell System: A Comparative Study of Approaches based on Ordinary and Delay Differential
Equations, J. of Theoretical Medicine, 2, (1997), pp. 117-128.

Baker, C.T.H, Bocharov, G.A. and Paul, C.A.H. and Rihan, F.A., Modelling and Analysis
of Time-Lags in Some Basic Patterns of Cell Proliferation, J. of Mathematical Biology, 37,
(1998), pp. 341-371.

Baker C.T.H, Bocharov G.A., Paul C.A.H. and Rihan F.A., Computational modelling with
functional differential equations: identification, selection, and sensitivity. Submitted for pub-

lication.

Baker C.T.H., Parmuzin E.I., A guided tour of VPF for continuous and discretized DDEs,
NA Report 430, MCCM, Manchester, England, September 2003.

Baker C.T.H., Parmuzin E.I, Identification of the initial function for delay differential equa-
tion: Part I: The continuous problem & an integral equation analysis, NA Report 431, MCCM,
Manchester, England, September 2003.

Engl, H. W., Hanke, M., and Neubauer, A., Regularization of inverse problems, Mathematics
and its Applications, 375. Kluwer Academic Publishers Group, Dordrecht, 1996. ISBN 0-
7923-4157-0

Kolmanovskii, V.B. and Shaikhet, L.E., Control of systems with aftereffect, AMS, Providence,
Rhode Island, 1996, ISBN 0-8218-0374-3.



C. T. H. Baker & E. I. Parmuzin 29

[11] Le Dimet, F.-X. and Talagrand, O., Variational algorithms for analysis and assimilation of
meteorological observations, Tellus, 38A, (1986), pp. 97-110.

[12] Marchuk G.I. and Zalesny V.B. A numerical technique for geophysical data assimilation prob-
lem using Pontryagin’s principle and splitting-up method, Russian J. Numer. Anal. Math.
Modelling, 8, no. 4, pp. 311-326

[13] Parmuzin, E. I. and Shutyaev, V. P., Numerical analysis of iterative methods for solving
evolution data assimilation problems, Russian J. Numer. Anal. Math. Modelling, 14, (1999),
pp- 275-289.

[14] Shutyaev, V., Control operators and iterative algorithms in variational data assimilation
problems, J. Inverse Ill-Posed Probl., 9, (2001), pp. 177-188.

[15] Verduyn Lunel, Sjoerd M. Parameter identifiability of differential delay equations. Int. J.
Adapt. Control Signal Process 15, No.6, 655-678 (2001).

A Appendix

A.1 Summation by parts formula
In order to obtain the equivalent form for the first variation of the objective function we need, at

some stage, the summation by parts formula. In the continuous case we have

—(uv) = u'v +uv'.

dt

A corresponding discrete version has the form

Un41Un41 — UpUp = (un—i-l - un)“n + Upt1 (Un—i-l - Un)- (A]-)
This leads us to
S S
D (tni1 = tn)vn = Us1Vsp1 — kK = D tUn1 (Vnt1 — vn). (A.2)

If we now take u, = z, and v, = Z,41 we obtain

8 8

Z (Tnt1 — Tn) Zng1 = Tep1Zspr — ThZr1 — Z Trg1 (Zng2 — Zng1)- (A.3)



