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TABLE 3.1
Sampling of structured matrices where J @[ . "j LA @{ P q] and R @ 3 ,...,3.
Space Bilinear Automorphism Gp. Jordan Algebra Lie Algebra
Form (z,y) {G:G MG= M} {§:8 M=MS} {K:K M=-MK}
Ty Real orthogonals Real Real
symmetric O(n, ) Symmetrics Skew-symmetrics
Ty Complex orthogonals Complex Complex
symmetric O(n, ) symmetrics skew-symmetrics
2 xz Jy Real symplectics Skew- Hamiltonians
skew-symm.  Sp(2n, ) Hamiltonians
2 xz Jy Complex symplectics J-skew- J-symmetric
skew-symm.  Sp(2n, ) symmetric
r Ry Real perplectics Persymmetrics Perskew-
symmetric P(n) symmetrics
T Xy Pseudo-orthogonals Pseudo Pseudo
symmetric O(p,q) symmetrics skew-symmetrics

Space Sesquilinear Automorphism Gp. Jordan Algebra Lie Algebra
Form (z,y) {G:G MG = M} {S:S M=MS} {K:K M=-MK}

Ty Unitaries Hermitian Skew-Hermitian
Hermitian U(n)

Xy Pseudo-unitaries Pseudo Pseudo
Hermitian U(p,q) Hermitian skew-Hermitian
2 xz Jy Conjugate symplectics  J-skew-Hermitian J-Hermitian

skew-Herm.  Sp (2n, )
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LEMMA 3.1. Let be nonsingular and 2 where 2 1. Define
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where s the vec-permutation matrix. Then
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Furthermore, if 2 , then the nonzero singular values of and
are equal to . .
Proof 6 2
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LEMMA 3.2. Let be nonsingular and 2 . Then
2
2
where s the vec-permutation matrix and are defined in Il and
/5 .
Proof. + /1
2
2
2: 4
2 9
2 1
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THEOREM 3.3. Let and the scalar function 2 Y
be absolutely convergent for all where 2 . Also, let and  denote
a Jordan algebra and a Lie algebra associated with a nondegenerate bilinear form
2 , where satisfies 2 and 2 where 2 1.
Then
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Fic. 3.1 Accuracy of estimates for structured condition mnumbers. (top) Mea-
sures Kt f X /K f,X for the 10000 examples in Ezperiment <;. (bottom) Measures

Kest f X /K f,X for the 10000 examples in Experiment 4 3.
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LEMMA 4.1. Let , where  is a Hermitian unitary matriz, satisfy

2

Let  have eigenvalues 1 with multiplicity & and 1 with multiplicity & Then
! 9 has & singular values in common with  and & zero singular values.

2
Also é has the other & singular values in common with  plus & zero
singular values.
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EXPERIMENT 4.2. Using normally distributed random variables with mean 0 and
variance 1, generate

Random Householder matriz such that 2 2)1 where is a random
vector in  >.
Random polynomial 2 *¢ 69 9*; 9 *, where the coefficients * are
randomly distributed.
Random . This is formed using random 3 3 and forming 2
9 .
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where 2 1 and  is the vec-permutation matriz.
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Two integers equal, two different. 2 ** - % 2 *,-* »
*ooox ! 21% 57 5D 2 * %

* % _ 22 2
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Two integers equal twice. 2 *r-.- 0 2 *--* O 2 * -
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* % _ _ 25 2
0**-- 25 9 2972 °?
* EoJ2r 0 9 20 2 1% 2 %2:
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THEOREM 4.4. Let , where  denotes the Jordan algebra relating to a
nondegenerate bilinear form 2 , where satisfies 2
and 2 for 2 1. Let the scalar function
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be absolutely convergent for all where 2 . Then
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LEMMA 4.5. Let be diagonalizable and have the eigendecomposition
211 !where 2 2 . Then the Kronecker form of the Fréchet derivative
of 1s also diagonalizable and has the eigendecomposition 2 O ! where
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EXPERIMENT 5.1. Using normally distributed random variables with mean 0 and
variance 1, generate

Random Householder matriz such that 2 2)1 where is a random
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THEOREM 5.2. Let , where  denotes the Lie algebra relating to a non-
degenerate bilinear form 2 , where satisfies 2 and
2 . Let the even scalar function
2y L
=0
be absolutely convergent for all where 2 . Then
2
Proof. 3 2 % 2



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 11, pp. 132-161, June 2004

1) &
* %
E &
2 1%
7 2 1%
3 %
* 7 6
1
5 1
H 7
! 1 H
%
% 92 92
2 1%
2 1* % ),
% 7
* 2
0 1% 2134 -"™ I 2
3 2 2
2
=0 skew
* %
& 5)%
" %
211 1 2 2
1
02 > !
=1 =0
21 1 * O
(GFD RN )
)1 3( 1)+ 2 i2.7
%
1 1
2 o

http:/math.technion.ac.ilfiic/ela

% 1%
2
29
2
51
%
5, 91
;
2
29 2
I 3 -
$ -
1
2 ! >
1
2
2 O
2 3
222
222

N =

%

91



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 11, pp. 132-161, June 2004

http:/math.technion.ac.ilfiic/ela

/0
C % o 0]
$ 1 1
H é 1. $
Q 2 1|: 3 ( D+ 3 ( D+
3 1+ ( D+
1 4 6 2 2 2 %
S+ 23 gy 7 Q
% 0] @]
' 2
) ( 1+ { 3 (14 4
%
3 e % % H
1 E
2 1
~ PR
)/ 2 3( 1)+ 2 i g
I <
% %
$ -
LEMMA 5.3. Let the scalar function 2>
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THEOREM 5.4. Let , where  denotes the Lie algebra relating to a nonde-
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2 for 2 1. Let the be either
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Bilinear form X e
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Sesquilinear form X €
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Matrix
class

Real
symmetrics

Real skew-
symmetrics

Real skew-
symimetrics

Matrix
class

TABLE 6.1
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Function Result
!
all K(f.X) =K (f,X)
) 3 (+)
all 30 < \/ 2
exp, sin,

cos and cosh K(f,X)=K (f,X)

all K(f,X)=K (f,X)
odd () is unbounded
even K(f,X)=K (f,X)
even K(f,X)=K (f,X)
Function Result
f
all K(f,X)=K (f,X)
all K(f,X)=K (f,X)
odd K(f,X)=K (f,X)
odd K(f,X)=K (f,X)
even K(f,X)=K (f,X)
even K(f,X)=K (f,X)

Summary of main results comparing unstructured and structured condition numbers. “all”
means all functions that can be written as a convergent power series.
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