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Abstract

A numerical method for a class of It6 stochastic differential equations with a finite delay term
is introduced. The method is based on the forward Euler approximation and is parameterised by
its time step. Weak convergence with respect to a class of smooth test functionals is established by
using the infinite dimensional version of the Kolmogorov equation. With regularity assumptions on
coefficients and initial data, the rate of convergence is shown to be proportional to the time step.
Some computations are presented to demonstrate the rate of convergence.

This is an updated and corrected version of [6].
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1 Introduction

Consider stochastic differential delay equations on R¢ of the form

4y (1) :[/O alds)Y (1 + ) + (Y (1)] dt +b(Y (1)) AW (1),
. (1.1)

Y(0) =Ys, Y(s)=Yp(s) for —7 < s <0,

for initial conditions Y5 € R? and Yp € C([—7, 0], R%), where a(-) is a d x d matrix valued measure on
[-7,0], f(:): R® — R% b(-): R — R4 and W(-) is a Brownian motion on R¢ with covariance I.
The delay is 7, which should be finite and positive. The equation should be interpreted in the sense of
Ito.

We now define the forward Euler method for (1.1). Denote the floor function by |[¢], which equals

the greatest integer less than or equal to ¢. Let

0
a; :=/ a(ds)l[mt,(i_,_l)m)(sL 1= —LT/AH,...,—L

-7

where 1p;, ;,y(s) is the d x d identity matrix on [t;,%2) and is zero otherwise. Let AS, be independent
and normally distributed with mean zero and variance Atl. Generate approximations Y,, to Y (nAt)
forn=1,2,... by

-1

Vi1 — Y = [ S aiVa ot f(Yn)} At + b(Y;)ABy, (1.2)
i=—|r/At)

with initial conditions Y; = Yp (iAt) for i = —|7/At],...,—1 and Yy = Y.

*Humboldt-Universitdt zu Berlin, Institut fiir Mathematik, Bereich Stochastik, Unter den Linden 6, 10099 Berlin,

buckwar@mathematik.hu-berlin.de.
TDepartment of Mathematics, Manchester ~ Univeristy, Oxford  Road, Manchester  M13  9PL,

shardlow@maths.man.ac.uk. This work was supported in part by the Nuffield Foundation NUF-NAL-00.



In a series of papers, strong approximation methods for stochastic differential delay equations were
considered by C. and M. Tudor [25, 26, 27, 28, 29]. Recently this topic has gained more attention, see
[1], [2], [14], and [16]. The theory gives convergence rates of order At'/? for the forward Euler method,
which is optimal, and applies to delay equations more general than (1.1). The aim of this work is to
understand the weak convergence properties of the forward Euler method for (1.1). The theoretical
grounding developed for the Euler method in this paper should make it possible to understand higher
order weak approximation methods for stochastic differential delay equations. There are two basic
approaches to achieving this goal. As developed in [15, 17] for SDEs, we can look for higher order
methods. The drawback is the difficulty in implementing higher order methods for practical problems.
The second approach is to use Richardson extrapolation based on a lower order numerical method such
as forward Euler. An understanding of the behaviour of the error as developed in [24] (where the error
in weak approximation is expanded in At power series) is needed to justify this rigorously. We leave
these issues as open problems.

We now describe the hypothesis needed for our weak convergence analysis. The hypothesis are more

restrictive than those needed for strong convergence, but give better convergence rates.

Hypothesis 1.1 (i) Suppose that f: R? — R% is four times continuously differentiable with f’, f”,
1", " bounded. Suppose that b: R* — R%*? is bounded with four bounded derivatives.

(ii) Suppose that a(ds) has a C* density a : [-7,0] — R.

For an integer p > 4, introduce the spaces G, of test functions ¢: R? — R that are four times
continuously differentiable and satisfy ||qb(”)(h)||L(Ran7R) < K(1+ ||n]|}a"), for b € R? and some
constant K, for n =0,1,2,3,4 (|| - | z(rm,r) is the standard norm induced on linear operators from R
to R by the Euclidean norm). In one dimension, this space is sufficiently general to include polynomials.

For = (Ys,Yp)T, write ||lz]| = (|Ys|%a + ||YD||%2([_770]7R(1))1/2. For a continuous function
Yp: [-7,0] — R%, let

Yp(t) = Yp(t d
Yol = sup_ 220 -Y0(0]n
—r<t,t'<0 [t — |

Theorem 1.2 Let Hypothesis 1.1 hold. Consider Ys € R% and a Lipschitz function Yp : [—7,0] — RY.
Let Y (t) (respectively, Y,) denote the solution of (1.1) (resp., (1.2)) corresponding to initial data
r=(Ys,Yp)T. For T >0 and ¢ € G,, p > 4, there exists a constant K, > 0 such that

E(Y () — Eé(Yw)| < K.A, NAt=T
and a constant K independent of the initial data such that
Ky < K1+ [|2]”) + K@+ [|l2]P~ )] YDl ip- (1.3)

This is the main result of the present paper. The theorem makes a number of assumptions on the
regularity of the problem. Compared to the results available for SDEs, the hypothesis on f, b, and
¢ come as no surprise as four derivatives are required to derive the analogous result for SDEs. The
assumptions can be relaxed for SDEs under a non-degeneracy assumption on the noise by use of the
Malliavin calculus [4], but such techniques are not used in this paper. The assumption on the delay
term is more restrictive and excludes the important case of discrete delays, a(ds) = > d.,(ds).

The main motivation for considering weak approximations is the computation of the expectation
of functionals of the solutions of equation (1.1). This problem arises for example in stochastic finance
theory for the fair pricing of options. The standard model there is that of Black and Scholes. Recently,
though, several papers have appeared, where the authors propose generalisations of this model by
including (some part of) the history of the evolution of the price of the security. Equation (1.1) fits
into the framework of [7, Remark 2.3] and is similar to the model in [13]. Optimal harvesting strategies
are considered in [10]; equation (1.1) is a special case of the type of equations investigated. Another

purpose for weak approximations is the computation of Lyapunov exponents of systems described by



stochastic functional differential equations. Lyapunov exponents for stochastic functional differential
equations have been considered in [19, 20, 12]; equation (1.1) fits into the class of equations treated.
The use of weak approximations for computing Lyapunov exponents has been suggested by Milstein
and Tretyakov in [18].

The proof of our main theorem is built by developing the delay equation (1.1) as a stochastic evolu-
tion equation on an infinite dimensional space in order to achieve a Markov process and a Kolmogorov
equation. We review the theory in §2 for (1.1) and develop the numerical method on this space in §3.
Two corollaries of the It6 calculus are established in §4 concerning certain functionals of the solutions.
The Kolmogorov equation is introduced in §5 and developed for the regularised delay equation. It
is important to establish sufficient time and spatial regularity of v*(¢,z) := E¢(Y*(t)), where Y*(t)
is a regularised version of the solution of (1.1) for initial data = := (Ys,Yp)?, and the terms in the
Kolmogorov equation, to apply again the It6 formula. To gain the necessary regularity, Hypothesis 1.1
(ii) was introduced. The proof of Theorem 1.2 is completed in §6.

The convergence of weak approximations has been established for many numerical approximations of
SDEs by looking at the Kolmogorov equation. The argument given in this paper follows closely [15] and
appeared first in [23]. The difference in the present case is the introduction of a delay term. A similar
technique has been applied to study weak approximation of a linear stochastic heat equation [22].

The Kolmogorov equation is difficult for evolution equations forced by a Wiener process. The
drift term in the underlying evolution equation frequently involve a differential operator A which is
unbounded. Further, the covariance of the Wiener process may involve an infinite number of non-
trivial eigenvalues. In our case, the Kolmogorov equation is simplified as there are only finitely many
noise terms and the operator A has a nice structure. Though A is unbounded, we can take advantage
of A being bounded in its first component. To do this, we have taken a particularly simple space of
test functions by working over averages at the current time and keeping the test functions independent
of the delay. The averages of these test functions carry no information about the correlation between

the state variable over the delay interval, but are a natural space of functions to use in this situation.

1.1 Notation

We will work on the space H := R? x Ly([—7,0],R?) with norm

1(Xs, Xp)l := (1 Xsl|Ra + 1 X017, ((—r0)r0)) "
which consists of the state variable and delay function. If X = (Xg,Xp)T, let 7gX := Xg and
7mpX := Xp. The norm of a continuous linear operator between normed vector spaces Hy to Hs is
denoted by || - || £(#, )~ Let

Rd

X, i= s X | e + H /OT a(ds)wDX(s)H

Then |- |, is a well defined semi-norm on H and, for a constant K, |X|, < K||X||, all X € H. Further
define H' := R? x Loo([~7,0], R%) with

X = max{||rs X |re, |70 X |2 (-rop ey}, X € H'. (1.4)

For an orthonormal basis e; of R?, a Hilbert space H; with norm || - ||z,, and B € £(R%, H}), define

the Hilbert-Schmidt norm .

1812 g sy = S I1Beill3,-

i=1
Let LY(R? Hy) equal the space £(R?, H;) taken with the Hilbert-Schmidt norm. Throughout the
paper, we will make use of a generic constant K, which will be independent of the time interval [0, T],
the initial data x, and k, the parameter of the Yosida approximant Ay. Let § := At|s/At].



2 background

2.1 Stochastic Evolution Equations

For the analysis, it is convenient to present (1.1) as a stochastic evolution equation on the infinite

dimensional space H as follows. Consider

AX(t) = [AX(t) + F(X ()] dt+ BX(®) aw(t),  X(0) == (Ys,Yp)", (2.1)
where for X € H
POX) = (f@f()) B(X) = (b(wSX)>

and A is a densely defined linear operator with domain D(A),
D(A) = {(XS,XD)T eR? x W2([~7,0]; RY): Xp is absolutely continuous, Xp(0) = XS}

and for X € D(A)
0o C 0
axe (L )x ox ::/ a(ds) X p(s).

ai —T
For further details see [8, p. 123] and [5, 11]. The evolution equation (2.1) has a unique mild solution
subject to Lipschitz conditions on f and b. That is, we can find X (¢; ), an adapted H valued process
such that

t t
X(t;x) = S(@t)x +/ S(t—s)F(X(s;2)) ds +/ S(t—s)B(X(s;z)) dW (s),
0 0
where S(t) is the semigroup with generator A. The solution X (¢; z) corresponds to the solution of (1.1),

in the sense that mg X (¢;2) = Y'(¢). The process X (¢;z) is a Markov process [9].

2.2 Ito Calculus

For reference, we state two basic results of the It6 calculus on infinite dimensional spaces. Let A(t) be
a H valued predictable process, Bochner integrable on [0, 7). Let B(t) be an LY(R<, H) valued process

such that f(f ||B(s)||%g( ds is finite almost surely. Consider X (¢) such that

R4, H)
dX () = A(t) dt + B(t) dW (1),

where W () is a Wiener process on R with covariance I. The next two results are dealt with by [8].

Theorem 2.1 (Ité6 Formula) Consider a function ®: [0,T]x H — R.. Suppose that ® and its partial
derivatives @y, O, Py are uniformly continuous on bounded subsets of [0,T] x H. For 0 <t < T,

almost surely,
d(t, X (t)) = ®(0, X(0)) +/0 D,.(s, X (s))B(s) dW(s)
+/ { @005, X () + @, X (5) A(s) + § Tr @ (s, X (5)B(s)B(5)" | ds,
0
where (for an orthonormal basis e; of RY)
Tr @, (s, X (s))B(s)B(s)* = Z Doa(s, X(5))(B(s)e;, B(s)e;).
Lemma 2.2 The Ito Isometry:

EHLATB@>MV@M1:=[fEMB@n@gRamcw

The Burkholder-Davis-Gundy Inequality: for p > 0, there exists a constant c, with

qstA%@mw%HS%ﬂAﬂmm@Wﬂwf@

0<t<T



2.3 Regularity of solutions

Theorem 2.3 (dependence on initial condition) Let Hypothesis 1.1(i) hold. There exists a unique
mild solution X (t;x) of (2.1), which is four times continuously differentiable in the initial condition x
and whose derivatives are mild solutions of the corresponding variational equation (obtained by differ-
entiating (2.1) with respect to the initial condition). For T > 0, the solution X (t;x) of (2.1) obeys for
0<t<T
E|| X (t;2)||" <K(1+ [[=[")
(E[X () = X (52)*)"? <Ko = 2'||(1+ |J])-

Moreover the derivatives are bounded in the following sense: for h; € H fori=1,2,3,4,

(B X (85 2)ha |77 <K||hall,

(E[| Xoa(t;2) (ha, ha)|[P)VP <K ||hl| - [|holl,
(BJ| Xpaa (t; ) (b1, b2, ) [P) /P <K||ha| - |[ha]l - |[Bs]),
(Bl| Xpawa(t; ) (b1, ha, hg, ha) [P)YP <K[[ha ] - [|h2] - [|hs]] - [|hal-

Proof See Da Prato—Zabczyk [8] Theorem 9.4, which gives existence of the first and second derivatives

and shows for example that X, (¢;)h is a mild solution of the variational equation
t t
X, (t:2)h = S(t)h +/ St — $) (X (5:2)) X (51 2)h ds +/ S(t— $)Bo(X (5:2)) Xa (53 2)h dW (s).
0 0
Thus, using the Burkholder-Davis-Gundy inequality and Hypothesis 1.1(i),

¢ ¢
B|| X, (6 2)h|? <K]|h|” + K/ B X, (s: 2)h||” ds + KE[/ 11X (5 )] ds}p/g
0 0
(using (fot é(s) ds)P < K(fot ¢(s)P ds) for p > 1)

t t
<K|A + K [ BIX (s ol ds+ KB[ [ (X (sahlP) ds].
0 0

This leads to the quoted bounds on E|| X, (¢;z)h||?. The higher order derivatives are understood by
writing the appropriate variational equation. The bound is uniform in x because of the boundedness
of the derivatives of f and b in Hypothesis 1.1. QED

Corollary 2.4 Let Hypothesis 1.1(1) hold. Consider ¢ € G, for p > 4 and let v(t,z) = E¢(rs X (t; z)).
The function v and its derivatives vy, Uiz, Voze, 0Nd Vppre are uniformly continuous in x on bounded
subsets of RT x H. For0<t<T,

v(t, z)] < K(1+ [[«]|”)

and
||Uz”L(H,R), HUm”c(meR)a H'UIMCHE(HXHXHJ{)’ ||Uzzmz||£(H><H><H><H7R)

are all bounded by K (1 + ||z||P~1) on the interval [0, T)].

Proof Clearly, |v(t,z)] < KE(1 + || X (¢;2)||?) < K(1 + ||z||P) from Theorem 2.3. Similar estimates
follow for vy, Vi, Voge, and Uzz., given the estimates on X, X0, Xppo and Xypp, in Theorem 2.3 and
the hypothesis on ¢.

To argue for uniform continuity, consider data z, 2’ with ||z||, ||2’|| < M and choose € > 0. Choose
R sufficiently large that P(|| X (¢;z)|| < R, 0 <t <T) >1—e. Then, as ¢ is locally Lipschitz, for a

constant K,

o(t, @) —v(t,2')] <eK (1 + [|2]|”) + Kr(B[ X (t;2) — X (;2')[|*)"/*
<eK(1+ MP) + Kr(1+ M)|z —2'].



This can be made arbitrarily small by choosing e small (viz. R large) and then ||z — z'|| small, and
implies uniform continuity of v(¢,x) in z on bounded subsets of RT x H. The argument extends to
Vg, Vzz, Vppe, aNd Ugpee given the continuity in the initial condition of X, X,., etc. described in
Theorem 2.3. QED

2.4 Yosida approximations

The operator A is unbounded due to the differential operator in the second component. We will
frequently approximate A by its Yosida approximant Aj (defined shortly). By use of the Yosida
approximant, we find strong solutions of an SDE that converge to the mild solutions of (2.1) and that
yield to the It formula. For a review of these ideas, see [21, 8].

The Yosida approximant Ay := kAR(k: A) = k*R(k: A) — kI, where the resolvent R(k: A) :=
(kI — A)~!. A simple calculation shows that

(0 Ck(RI—4)"1\ 0
(o i)

where P, X = h, the solution on [—7, 0] of
kXp = kh — %h, for h(0) = s X. (2.3)

Define S, (t) = e”** and S(t) = e“?, the semigroups generated by A, and A. The following properties
hold.

Proposition 2.5 (Yosida approximants) (i) Ayh — Ah for h € D(A) as k — oo.

(ii) Sk(t)h — S(t)h as k — oo for h € H and Sy(t) is bounded in L(H, H) uniformly in k. Moreover,
ISk(t)h — Se(t)h|| < K||Axh — Aeh|| for k,0=1,2,... and 0 <t <T.

(iii) s Ay is an operator from H to R® uniformly bounded in k. Further msArh converges in R?
for every h € H to a limit, which we denote by mgAh. In practice, for ¢ € G, this means
@' (ms X)mwg Ah is well defined as the limit of ¢'(mgX)mwsArh.

(iv) For X € H, |PxX||1,((—r0,r?) < K[| X|| and for X € H',
1P XN oo (=700, ) < max{||7s X |lge, 7D XL ([—7,0,R%) }-

Proof The first two properties are standard results from Cy semigroups (see §1.5 of [21]). The third
property follows from property (i), if |75 Ak||z(z,re) is bounded. But ms Ay = CPg, a product of two
operators, both of which are bounded for k large.

To understand the fourth property, one can show that

0 2rknTt k272
_ 000000 q] 2 v . 2
P (COS(QT(]{}S/T)) 4m2n? 4 k272 sin(2mns/7) + 47202 + k272 cos(2mns/7),
0 k*r? —2mknTt
=——%—5—5 5 sin(2 - 9 )
Py <sin(27rk$/7')> An2n2 + k22 sin(2mns/7) + Ry cos(2mns/T)

Note that the coefficients of the Fourier modes are less than one in magnitude. Hence by expanding X p
in Fourier series we can show that ||Pr(Xs, Xp)|| 1, ((—r0re) < K[|(Xs,Xp)|. For the Loo([-7,0],R%)

bound,

0
(PLX)(t) = / ket (np X)(s) ds + e¥rsX, -7 <t<0,

t
so that

0
[P0, <ImoX o [ R ds+ s X,

t

=lTpX | om0, m0) (1 =€) + 75 X |re,

which completes the proof as 0 < eF* < 1. QED



Lemma 2.6 Let Hypothesis 1.1(i) hold. Consider the mild solution X (t;x) of
dX = [AX + F(X)} dt + B(X) dW, X(0)=uz,
and the strong solution X*(t;x) of
dx* = [Akxk + F(Xk)] dt + B(X*®) dw, X*(0) = z. (2.4)

Then,
sup E|X(t;2) — X*(t;2)|P — 0, ask — oo.
0<t<T

Proof Proposition 7.5 [9]. QED

3 The numerical method on H

To perform the convergence analysis, we find an interpolant of the numerical solution Y,, in H that can
be represented as a stochastic integral. We carefully write down the regularisation steps to define the
interpolant rigorously. The main difficulty as before is working with the unbounded part of A.

We will denote the interpolant by X “(t;x) and will also consider a smoothed process X 2% (t; ).
Introduce W (t), an R? valued Wiener process with covariance I such that the increments generate
AB, in (1.2). Thus, W((n + 1)At) — W (nAt) = AB,,. Consider nAt <t < (n + 1)At and we remind
the reader of the notation § = At|s/At|, defined in Section 1.1. Then, define X! = (X&', X517 by

-1
X' Ba) =Y+ | Y auri+ V)| (= D)+ b(Ya) (W (1) = W(D))
i=—|7/At]
-1
=X§'Ea)+ [ Y aXp(Ba)iAn) + f(Xs(Ea)|(t 1)
i=—|7/At) (3.1)

+b(Xs( &) (W(t) - W(i))
Xsg(t+s;x), t+s5>0,
X5t z)(s) := ( ) —7<s<0.
Yp(t+s), —-T<t+s<0,
It is necessary to develop this equation as a well defined H valued stochastic integral. To simplify
calculations later on, we smooth out the delay term by using Py, as in (2.2) and writing for a continuous

function Xp: [-7,0] — R4
—1

CAtXD = Z CLiXD(iAt).
i=—|71/At]

The expression C21Py, is a well defined operator from H to R?. Introduce

~ 0 0
A= <0 %> (3.2)

and denote the Yosida approximation of A by Ay (in fact, Ay = 121[07 Pr]T). Let XAtk (t: 2) solve

- CAt N A
AX AR (1) = AkXAt”“(t;xH( . )PkXAt’k(t§x)+F(XAt’k(t§33)) dt 53)
3.3

+ B(XAUR(t ;) dW (), XALR(0; 2) = 2.

This equation admits a unique strong solution, which converges to X2t as described in the following
lemma. Notice that the effects of smoothing and applying the numerical method to A is that the
integral term acts on at the frozen function X (£; ) rather than X (¢;z); the time derivative is smoothed
as in (2.2).



Lemma 3.1 Let Hypothesis 1.1(i) hold. The solution X 2t¥(t;x) of (3.3) converges to the interpolant
XAt ) defined in (3.1) in the sense that

sup E| X2t x) — XA (1 2)]2 -0,  as k — oo.
0<t<T

Proof Note that X2t(t;x) is the mild solution of

5 CAt . .
dXAtx) =|AX Pt x) + ( 0 ) XA fx) + F(XAY(E ,x))} dt (3.4)
+B(XA(t;x)dW(t),  X2Y0;z) = . (3.5)
Now the result can be established as in Lemma 2.6. QED

For X € H, let

) —! ‘ NV

IXlae = (IXI+ Y2 AUPX(EANRa) (3.6)
i=—|71/At|

Lemma 3.2 Let Hypothesis 1.1(i)-(ii) hold. Suppose that © = (Ys,Yp), where Yp is a continuous
function on [—1,0]. Then, for each T > 0 and 2 < p < oo, there exists K > 0 such that

1/p
(Blx2 @ o)R,) "< K(1+ sw Vo(s)lne), O0<t<T, (3.7)
—7<s5<0

Further for any @ € L(H',R?) (recall the definition of H' in (1.4))

1/p
(Blox2 (ta)lp,) " < K1+ sw [Vp(s)lne), 0<t<T

—7<s<0
and
E|| XA0F (At ) — EXAUE (AL 2)||? <K At (3.8)
E[ QX2 (At;2) - EXAYF (At ) |[ja <K|Qllc(mr rey At (3.9)

For0<t<T and z,z’ € H and p > 2 and Q = CA'Py,
B[ QU4 (12) — X5 (t:0/) [ Hims (XA (1:2) — X (1:07)) ]

i (3.10)
<K [1Q8k()(@ — o) s + lIms (@ — ')|2].

Proof Recall that, Ay = k>R(k: A) — kI, where R(k: A) = (kI — A)~, or otherwise written

- -1x
R(k:A)X = W Xs )
k- 1Pp X

Hence, by Proposition 2.5(iv), |R(k: A)||£(H/7H/) < 1/k. Let Sy, denote the semigroup on H generated
by A. Because Sy (t) = e F ek Bk Dt e conclude that || Sy Oz my < K for0<t <T.
Let Wo(t) = Si(t)x and note that ||Uo(t)| s < K||z| s Let

_ CAt
W1(s) = Sk(s) . PrX A0 (5 2)
and note that under Hypothesis 1.1(ii)
191(s)]| rrr K[| CHPLX (35 2) e < KX (352) | ar-
Let Wy(s) = Si(s)F(X20%(3;2)) and note that

192(s)[ 7 <K (1 + [[ms X255 (35 2) || ra).



For h € R%, let W3(s)h = Sy (s)B(X2*(5;z))h and note that
[Ws(s)hlla < K|[h]|Ra-

For —7 <r <0, let ¥3(s,7)h = 7p(¥3(s)h)(r) so that || Us(s,r)h|re < K|h|Ra-
Because || X ||at < K|| X || g7, we have ||Uo(¢)||ar < K||z|| g and

[01(s)]lar < KX G 0)lae [1W2(s)]ar < K1+ | X35 (35 2)] a0),
3US)ILY(Re,H) = 1Y, 3(8 T)ILY(R,Re) = 41
Ws(s)ll g <K, [Ws(sr)llrg <K
Note that
t - P
EH/ Ua(t — s) dW(s)‘
0 At

<KEH/Ot Us(t— s) dW(s)\\p+KE[i__§AtJ AtH/Ot Us(t — 5,iAl) dW(s)’Q r’/g

Rd

-1

t ) p/2 t ) 9 p/2
<KEB[ [ 10alt = g 5| +KE[ 30 At [ (e = 500 By o 5]
0 Y i=—[7/At] 0 Y

which is bounded uniformly in At and k. From the Variation of Constants formula for (3.3),
t t t -
XAUE (1, 2) =W (s) +/ Wit - 5) ds +/ U (t - ) ds +/ Wy (t — 5) IV (s),
0 0 0
we gain
Atk 1/p ' Atk
(Bl sa)la,) " <Kl + [ BIX G2 5,7 ds
0
t
+ [ KO @GR ) ds+ K,
0
and the Gronwall inequality implies that
1/2
(BIxX2*@al,) < K(lelw +1),  0<t<T. (3.11)

This certainly implies (3.7).
As Q € L(H',R?), wesee | QUo(s)|re < K||z]|a, [QU1(s)|lra < K[ X2 (5;2)]|ac, [|QP2(5)||ra <
K(1+ ||[rs XAt (3;1)||ga), and
[Q¥s(s)lLyra,rey < K.

We conclude using (3.11) that

p \1/p t
(B ox> o) " < Klellar + K [ (BIx4* ) ) ds

¢ . ¢ p/2\1/p
+ [ K+ @lrs X)) ) ds+ (B [ 1095t = 5.0 Eymons 45] )

<K(||zllmr +1).

We now deal with the final two statements. First, as

_ t CAt At At B
XAkt ) = Sk(t)x—i—/ Sk(t—s) < 0 ) Prx ds+ Sp(t—s)F(x) ds+ Si(t—s)B(x) dW (s)
0 0 0
for 0 <t < At, we have
At -
XAUR (At ) — EXAUFE (AL 2) = Sk(At — s)B(z) dW (s).

0



With Lemma 2.2, this implies (3.8)—(3.9). Second, note that

XAt’k(t;CE) _ XAt’k(t;x/)

0 At
:gk(t)(fﬂ — (El) —|—/t gk(t — 3) <CO ) Py |:XAt’k(§;(E) . XAt’k(§;£C/):| ds
At
+ ; gk(t —5) [F(XAt’k@;:v)) _ F(XAt’k(é;x/))} ds
At
[ Sult = 9) [BIXA(50) — BOXYAH(5307)) | a W (s),
0

Let Q = CAYPy; then

E|| QX0 (tx) — X2 (t52))) e < K| QSk(t) (@ — 2") R

t t
+ K/ E||Q(X A48 (32) — X2 (5;4")) IR ds + K/ El|ms (X205 (8;0) — X2 (3527)) IR ds
0 0

t
LK / B[ (XA (3 2) — XAUR(;2))| e ds.
0

Hence, using || X ||x = (||QX||2Rd + ||71'5X||2Rd)1/2 and ﬂ'sgk(t)a: =g,

t
E|| X2 (t2) — XAUR (a5 <K Sk(t) (@ —2') 1% + K/ E|| X2 (50) — XA (3 2)|1% ds
0

t
+ K/O B[ XA (3 1) — XAUR(3; )13 ds.
From which,
B XA (1) — XS (0|2 <K S0 — )%, 0<t<T.

This completes the proof.

QED

We next state properties of the interpolant and explain two lemmas that will be used to understand

the approximation of integrals with respect to the measure a. Let (-, -) denote the standard Euclidean

inner product and o(k~!) denote a real valued function that tends to zero as k — oc.

Lemma 3.3 Let Hypothesis 1.1(i)-(ii) hold. For 0 <t <T,
E||ms(X 298 (t ) — X208 (E )| <K (1 + [l2]])?At.

For —|7/At] <i# j < —1 and t +min(i, ) At > 0,

(i+1)At A A
I:= E[</ a(dr)mg (XA* (1 4+ rix) — XA 4+ 7 2)),
iAt

At
Proof The process X2%* solves (3.3) and hence satisfies
XAE( 2) — XAUR(f:x) = (St — 1) — 1) XAUE(E; )

+ /t Si(t —s) (CON> PeXAUE(1: 2) ds + /t Sp(t — s)F(XAU* (& x)) ds

+f St — ) BOXM (B 0) W (s),

(j+1)At A R
/ aldr)ms(XAR(E + i) — XAR(E + 7)) )| < K (1+ [|o)2A8,
J

(3.12)

(3.13)

where Sy is the semigroup with infinitesimal generator Ag. As mgSi(t)z = mgx and ||S’k|\5(H)H) is

bounded and |t — | < At, this implies (3.12).



Consider integers j < i with t + jAt > 0. Let F; be the o-algebra generated by {W(s): s < t}.
Because X20F( + jAt +7) for 0 < r < At is F;, o, measurable,

At
1-B[( / a(dr)msB[(XAH(E 4 A+ rsm) - XA 4+ it )| Froia
0

At
/ a(dr)ms (X AR+ jAL + 7 2) — XAR(E + AL x))ﬂ .
0
Now, almost surely,

E {Xm’k(f—k iAt+r;z) — XAt7k(f + iAt; x)‘fﬂmt]
N . T CAt .
=(Sp(r) — DX2U*(E +iAt; z) + / Si(r —s) . PeXAUF(E 4 iAtz) ds
0

+ / Si(r — s)F(XAYR(E +iAt; x)) ds.
0
Let X2t%(ty,t1;2) be the solution to (3.3) at time to with initial condition x at time #; for 0 < #; <
ty < T. Then, X2F(ty,0;2) = XA8F(ty, t1; XA0F(ty,0; x)) expresses the Markov property. Let

At
Tyt () := /0 a(dr)msE XAt’k(fz +rtx) — XAt’k(fz,tAl;x)‘f,gQ}

At r At r
:/ a(dr)/ CAYPL X ALK (Fy 11 x) ds +/ a(dr)/ s F (XA (ty, 115 1)) ds.
0 0 0 0
Let @ = CA*Py. From (3.10) and Hypothesis 1.1(ii), for 0 <ty —t; < T,
ITts0 () = Tty ()] SK[llQ(XAt’k(fz, fisa) = X80k (Ea, b;0")) || Ra AL
+ ||Ws(XAt’k(£2,£1;x) - XAt7k({2,{1; {EI))HRd Atﬂ
<K|| XA (Hy, 15 2) — XA (fy, 11;2) || 2 A

where |- [lx = (1Q - 4 + I7s - [}4)"/?. Now, from (3.10),

N 1/2
(BIrs 4 (2) = Ty (02 < K [I1Q8K(0)(x = 2') s + lims( — 2"} e ] 22

Consider the case At = t; < ty and let y = X24%(At,2) and y' = Ey. Then from (3.8)—(3.9) with
Q = CA'PuSi(t),
(E”th,h (y) - th,h (y/)”Q)l/Q < KAt5/2. (314)

We have, dropping two integrals which are easier to bound, |[I| < [Inara| + K (1 + ||z]|)2At* and

Thard 3:E|:<Ft+iAt70(x)a /Oma(dr)/i

+jAt

t+jAt+r . B
rsB(XAUE(F 4 jAt: ) dW(s)>]

We consider the case £ 4+ jAt = 0; the general case is similar.
At r B
Thara = EKF(FJ‘)ALO(’I%/ a(dr)/ msB(z) dW(S)ﬂ
0 0
At r N
:E[<r(i_j)m7m(xm7k(m; z)) — F(i_j)AtyAt(EXAt’k(At;x)),/ a(dr)/ nsB(x) dW(s)ﬂ,
0 0

because for all h € H the average E(T'(;_j)a¢,a¢(h), fOAt a(dr) [y msB(x) dW (s)) = 0 by the indepen-

dent increment property. Now, from (3.14),

2
hard| < (EHF(ifj)At,At(XAt’k(At; ) = Tz jaearEXA0F (AL 36))HRd

><EH/ON aldr) /TTFSB(J:) dW(s)‘;)l/Q

0

gK(At5At3)l/2 = KAt

QED



Lemma 3.4 Let Hypothesis 1.1(i)-(ii) hold. Suppose that the delay function of the initial data is
Lipschitz, |YpllLip = |mpx|Lip < oo. Let a(s,r;x) = PpX24%(s;z)(r) — PpX A0k (s;2) (7). For
0<t<T and —7 <s<0 and for —|7/At| <i#j< -1,

(i+1)At 9 - X
EH/ a(dr)a(é,r;x)HRd <K(1+ |z + ||mpal Lip)At® + o(k™). (3.15)
1At

E[< [<i+1)m a(d’")a(faﬂx)v/(jﬂmt a(dr)oz(f,r;a:)>]

At jAt (3.16)

< K(L+ ||@l| + lmpa||pip) > At* + o(k™1).

Proof To prove the lemma, we interpret the inequalities in Lemma 3.3 for the delay function
7pXAtE(t, x)(-). For small time, the delay function carries information from the initial condition
as in (3.1). The Lipschitz assumptions on the initial delay function can be used to derive the required
estimates for small time. For larger time, the state variable translates into the delay function as de-
scribed by X&t(t + s;2) = X54(t;2)(s) for —7 < s < 0 and t + s > 0. If this statement held for the
smoothed process X2t* and Pj, = 7p, the lemma would follow immediately from Lemma 3.3 using

(i—‘rl)At 2 (i—‘rl)At 2
EH/ a(dr)oz(é,r;x)H SE[/ a(r)||la(s, r;x)||ra dr}
iAt Rd iAt

(i+1)At 2

SE[ sup Ha(é,r;x)HRd/ a(r) dr}
iAt<r<(i+1)At iAt

<K+ |2l + I mpalLip)*A® + o(k ™)

for (3.15).

By applying Proposition 2.5, P, — mp in L(H, Ly([-7,0],R%)). Now, from Lemma 3.1, we have
PpXAUE(t 2)(r) — X5t + r;x). The left hand side of both inequalities in the lemma are continuous
with respect to perturbation in Ls([—7,0],R%) of a(3,;2). Consequently, the introduction of the Py
term for mp introduces a small error that goes to zero as k goes to infinity, which accounts for the
o(k™1) term in the final result. QED

3.1 Derivatives in the flkh direction

We provide two lemmas giving boundedness of spatial derivatives of X¥(¢;z) in the direction Aph,

which are uniform in £ and improve on the bounds given in Theorem 2.3.

Lemma 3.5 Let Hypothesis 1.1(i)—(ii) hold and consider p > 2. For h,x € H, the following holds

(E sup ||7TSX£(t;a:)Akh||%d)l/p <K||h]- (3.17)
0<t<T

Proof Let 8" (t;2) ;= XE(t;2)h, where h € H. This is a strong solution of
deM" (1) = | Arg™" (t2) + Fx(Xk(t;x))ék’h(t;m)} dt + By (X" (t;2))6"" (t;2) dW (2),

with initial condition ¢¥"(0) = h. We are interested in fk’Akh(t;x), in this case the Variation of

Constants formula states
N B t -
fk’Akh(t;x) =Sk (t)Axh +/ Sk(t — S)Fz(Xk(s;x))ék’Akh(s;x) ds
0
t _
+ / Si(t — 8) By (X" (s;2))EH A" (s;2) dW (s).
0

We first look at Sk(t)flkh. As Ag and Sy commute and as, under Hypothesis 1.1(ii), the first

component of Ay, is bounded uniformly from H to R?, we see

75 Sk(t) Arhlra = |75 Ak Sk(t)h|lre < K|[Sk()h]],



for a constant K independent of k. Further,
s Sk () Arhllre < ||msSk(t) Arhllrae + 755k () (Ax — Ar)hlga-
Because Ay, — Ay, is bounded in £(H, H) uniformly in k, we conclude that
w5 Sk(t) Axhllra < K|Skl ce.m -
Together with the Burkholder-Davis-Gundy inequality, this gives

(B sup [ (s;2)|%.)"P
0<s<t

t _ p
< s KIS e b+ (B] [ ImsSit = )P0 () (5:2) 1 5]

0<s<t

1/p

+ K(E[/Ot' ISkt — S)Bf(Xk(S;x))ék"‘i’“h(s;x)||§ls dS]p/g)l/p

(using the boundedness of Fy, By, Sk(t), and p > 2)

v k,Aph P\ L/p v k,Ayh P p
<kpll+ (B swp [ mset o)l ds]) 4 K (B sup [ msg i s ds)
o<t’'<t Jo o<t'<t Jo

Thus,

i t i 1/p
(E sup H7r5§k’Akh(s;x)||%d)l/p < K||h]] +K/ (E sup ||7rs§k7A’“h(s’;x)||%d ) ds.
0

0<s<t 0<s'<s

By applying the Gronwall Lemma, for each 7" > 0, there exists K > 0 such that for each k

5 1/p
(B sup [Imse™  ta)llh,) < Klnl, 0<t<T. (3.18)
0<t<T

With this inequality in hand, the result (3.17) follows.
QED

Lemma 3.6 Let Hypothesis 1.1(i)—(i) hold and consider p > 2. For h,g € H and 0 <t < T,
(Ellms X5, (6 2) (b, Axg) ) ? < Klg|l |IA]].
Proof Denote X¥(t;2)h by €5 (t;2) and XE_(t;2)(h, g) by n*(9 (t;2). Then nk(nAr9) satisfies the
following variational equation:
U459 (1 )
= [ A (15) + P (XE (85 0)) (65 (5:2), €584 (85.2) + Fu(X*(6:2)) 0349 (.2)]| e
+ (Baa(XF(t52)) (€5 (152), €535 (1 ) + B (X5 (8 2))™ " 459) (1. 2)) dW (1),

where nk7(h’;‘k9) (0) = 0. Again the Variation of Constants formula yields a bound on ¥ (h:A4x9).

b (A9 (1 )

= [ Sult = ) (P (XM a5 € 512, €589 s12) + P (X (s 0049 (522 ) s

” /0 Sk(t—s) (Bm(X’“(S; 2))(€5R (53 ), €989 (55 2)) + By (X P (s5.2) ) (Ar9) (55 -’f)) dW (s).

Thus, arguing as in the previous lemma,

i 1/p t i 1/p
(B[ sup w80 ssa) ] ) <k (B[ [ msg (si0) s I 8:0(s5 ) ]
0

0<s<t
_ t .
E/ (b Ak9) (s: 2 |12, dsD

1/p

|
(=l

+ K(E /Ot ||7TS§k’h(S;x)”%d||7Ts€k"‘ik9(s;x)||%d ds})l/p
(

roft 7 1/p
E / ||7rsnk7(h,Akg)(s;$)||%d dSD .
-Jo




Hence,

_ 1 N 1/p
(8 s s A slf) <K [ (B sup et ol et o) s

0<s<t 0<s/<t

1/p
—|—K/ (E sup |wsn®™ hA’“g)(s )% ) ds.
0

0<s’<s

Now, by Cauchy-Schwarz,

- 1/p 1/2p
(B sup [imse™" (ss2) B lIms€™39(s's)|[%a) " <(E sup |lmse(ss2) 3% )

0<s/<t 0<s'<t

1/2
< (B sup st Aa(sa)n)

0<s'<t

Apply the estimate on " in Lemma 2.3 and on fk’Akh in Lemma 3.5, to derive for 0 <¢ < T

1/p
(E sup ||7T577k (B, A"g)(t g;)|| )1/P <K ||h] |9l —|—K/ E sup ||7T577k (B g)(s x)||p ds) )
0<s<t 0<s’<s

Apply Gronwall’s inequality to complete the proof. QED

4 Corollaries of the Ito calculus

We formulate and prove two corollaries of the Itd calculus, concerning the time regularity for certain
functionals of solutions of a class of stochastic evolution equations.

The first corollary is set up for an abstract equation, but we have in mind
Z(t;x) = (X*(t; ), X5 (t; 2)h),
which obeys
dZ, = [Azl + F(Zl)} dt + B(Zy) dW(t), Z1(0) =

(4.1)
A7 = [AZg T Fw(zl)zg} dt + Bo(Z1)Z AW (1),  Z2(0) = h.

A similar equation can be written down for the second derivative X% (t;2)(h,g) involving four equa-

tions. Let H™ denote the product space H x H x --- x H (m times).

Corollary 4.1 Consider locally Lipschitz functions F; : H™ — H and B; : H™ — LY fori=1,...,m
such that F;(Z1,...,Zy) and Bi(Z1, ..., Zy) are independent of mpZ;. Suppose that there exists a

unique strong solution Z*(t;x) in H™ of
dzk = [A,ZF + Fi(z’f)} dt + B;(Z") dW,  ZF0) = 2F (). (4.2)
Suppose further that for some p > 2 and for each 0 <t <T andi=1,...,m, we have
E|Z} ()]} <K(1+ |z|”) (4.3)

and
B||F(Z*(Ga)? < KA+ |22 EIBi(Z* () |3s < K. (4.4)

Consider continuously differentiable G: H™ — R such that G(Z1,...,Zy) is independent of mpZ; and

the first derivatives G; and second derivatives G obey

G2 < K(1+3 ImsZilis ), 1Gu(2)] < K (143 ImsZelli?). (4.5)
=1

Let wk(t,z) := EG(Z*(t;x)). Then, w¥ is uniformly continuously differentiable in time on bounded
subsets of RT x H and, for a constant K independent of k,

wi(t,2)| < K(L+|z]P),  0<t<T.



Proof Let wk(t,z) := EG(Z*(t;z)). Because G is continuously differentiable and Z*(¢; x) is a strong

solution, the It6 formula implies that
m oo
wh(t, z) — w*(0,z) :EZ/ Gi(ZF (s;2)) (AR ZF (s; ) + Fi(ZF (s;2))) ds
i=170

—|—% Z E/O TrGij(Zk(s;a:))Bi(Zk(S;x))Bj(Zk(5§$))* ds.

ij=1

We attain limits from the dominated convergence theorem because, under (4.3) and (4.5),
t
ﬂ/lmﬂ@@m%ﬁwm+m#@m»thuwa%
0
¢
B| [ 110Gy (24(6) B2 s50) By (2 (5 )" | <K ¢ 1+ a7,
Thus,

wi(t,x) =E ) Gi(Z" (t;2))(ArZ] (t2) + Fi (2" (t;2)))
T (4.6)
+5 Y TeGy(Z24(t:2))Bi( 2" (t:0)) By (24 ()"
ij=1
With this expression, it is easy to derive the required growth bound on w¥(¢,z) in ||z|| uniform in
k — oo.

To establish uniform continuity of w (¢, ) with respect to time, consider
¢
Sk(t)a:—x:Ak/ Sk(s)x ds, x € H.
0
Hence,
[Sk(t)x — 2| <K|Akllemmlzl, 0<t<T.

It follows easily that Z is uniformly continuous in time in the following sense: for R,T > 0, there exists
Kk with
E|Zi(t;z) — Z;(t;2)|> < Kplt —t'|, 0<t,t' <T, || <R. (4.7)

We use here and below K} to denote a generic constant that is independent of the initial data = but
may diverge in the limit £ — oo. In the above inequality, the constant K} diverges because it depends
on || Ay

Fix R the radius of a ball in H and consider « € H with ||z|| < R. For any ¢ > 0, there exists L large
by (4.3) and the Chebyshev inequality so that if O := {||rsZ;(t;z)||ge < L,0 <t <T,i=1,...,m},
the probability P(Q) > 1 —4§. Consider the expectations defining w¥ in (4.6) split as a sum over O and
O¢. On the set O, we have that G;,G;;, F, B are all Lipschitz and the expectations in the difference
wl(t,2) — wF(t',2) may be bounded by K|t — t'|'/? using (4.7). By using (4.3), the expectations on
the set O° are bounded by §|wf (¢, )| < K (1+ RP). Thus to show uniform continuity on the bounded
subset of H of radius R, pick L large enough that K (1+ RP) < €¢/2 (a bound on the integral over O°).
Then, for [t — /| < €?/2K? and 0 < t,¢' < T,

jwi (8, 2) — wy (', 2)] < €/2+¢/2, if ||z] < R.

This gives uniform continuity of w} on bounded subsets of Rt x H. QED
The following lemma, gives an order At estimate on a functional of the numerical interpolant X 2%,
Lemma 4.2 Let Hypothesis 1.1(i)-(ii) hold. Consider the strong solution X% (t;x) of (3.8) under

the condition that F' is globally Lipschitz, that B is bounded, and that the initial data x = (Ys,Yp) where

Yp is continuous. Consider a function w: RY x H — R with one time and two spatial derivatives that



are uniformly continuous on bounded subsets of RT x H. Fiz p > 2. Further suppose, for 0 <t < T

and for a constant K, that

i t,2)] <KL+ 7). (48)
lwa(t @)l ecrrys Nwew (b, 2) | 2axmry K+ 2fP7), (4.9)

and that, for h € D(A) and some Q € L(H',R?),
jwa (t, ) Axh| < K(1+||z]P~1) [thl + | Qhlra |, (4.10)

Then,
‘E[w(s,XAt7k(s;x)) - w(é,XAt’k(é;a:))} ‘ <K, At, 0<s<T.

where the constant K, is independent of k but depends on x as follows

Ky S K1+ J2]P) + K1+ |z]P71)  sup . YD (s)|[Re-

—7<s<
Proof This is Lemma 14.1.6 of [15]. Apply the It6 formula to the strong solution X 2t*:
E [w(& XAtR (s 1)) — w(3, XAtk (5 x))}

:E[/ {wt(s',XAt7k(s';x))

CRIPLX AR (5 1)

—|—wz(s’,XAt’k(s’;x))([lkXAt’k(é;x) + < 0

) + F(X3(52)) )
+ L Trwg, (s, XAHR(s'; 2)) B(X Ak (5, a:))B(XAt’k(é;x))*} ds/]
Now using (4.8)—(4.10) with the boundedness of B and the Lipschitz property of F, we have
‘E [w(s, XAUK (g2 2)) — (3, XOUR(3; x))} \
=y TR X)) 4 K (14 XA ) [ [ XA ) |+ QXA (50
+ K14 | XA ()P (1 + [ X253 2)]) dS’}
< [ RO+ BIXAH ) + K [BIXA(6:0)]| + BIQX A 55
+ K (B XA (s/32) |20 D)2 [ (B XA (3;.2)[2)1/2 + (B QX A (5 2) )]
+ KB+ x5 2] B+ xas e ] e
By using Lemma 3.2, we have
‘E[w(s,XAt’k(s;x)) —w(8, XAk (3 a:))] ‘

SK[ L+ 2l + @+ [P~ + ] + SupollYD(S)lle)dS’-

—TSSS

As |s — §| < At, this completes the proof. QED

5 The Kolmogorov equation

We introduce the Kolmogorov equation for the regularised delay equation (2.4). The background theory
is developed in Da Prato and Zabczyk [8], where further references are also given. The Kolmogorov
equation is described in Theorem 5.1. We also discuss the regularity of the terms in the equation so

that the It6 formula applies to v(t,z) = E¢(rs X (¢;x)) and to the terms in the Kolmogorov equation.



Theorem 5.1 Let ¢ € G, for p > 4 and set v*(t,x) := E¢(rs X*(t;z)). Then v* satisfies for x € H
and 0 <t<T

oF(t,x) = i Tr oF (t,2)B(z)B(z)*| + vk (t, 2) Apz + ok (t, 2)F ().

The functional v* has two spatial derivatives and one time derivative, which are uniformly continuously
differentiable on bounded subsets of RT x H.

Proof Because Ay is a bounded operator, the Kolmogorov equation is a special case of that de-
rived in [8]. The spatial regularity is described in Corollary 2.4. To establish time regularity, apply
Corollary 4.1 with Z*(t;z) = X*(t; x). QED

Proposition 5.2 Let Hypothesis 1.1(i). Let v*(t,z) := E¢(rs X*(t;2)) where ¢ € G,, p > 4.

(i) Consider a function : H — H that is globally Lipschitz with two uniformly continuous deriva-
tives. Let wh(t, ) := v (t,z)(x). Then wF, wk, and wk, exist and are uniformly continuous on
bounded subsets of Rt x H such that, for a constant K independent of k, ||wF(t,z)|| is bounded
by K(1+||z||”) and

lwgt o)l erry,  Nlwie(t @)l crxmry < K1+ [l2]P7).

(ii) Consider a function V: H — L(RY, H) that is bounded with two uniformly continuous derivatives.
Let w(t, ) := Trvg, (t,z)¥(z)¥* (x). Then wF, w*, and wk, exist and are uniformly continuous
on bounded subsets of RY x H. For a constant K independent of k, |wF(t,z)|| is bounded by
K(1+|all?) and

lwi(t, a)llerrys  Nwha(t @)l ecrxmry < KA+ [lz]P71).

Proof The differentiability and bounds on the derivatives in x follow from the hypothesis on v, ¥
together with Corollary 2.4. To understand the time derivative, argue as follows:
(i) First note that v*(t,2) = E¢'(rs X*(t; x))ms X (t; ). Thus,

vk (t, 2)0(x) = B¢ (ms XF(t;2))ms X E(t )0 () = BG(ZF (t; @), Z (t; 0)),

where G(Z1, Z2) = ¢/ (n5Z1)T5 22, ZF(t;x) = X*(t;x), and ZE(t;x) = XE(t; 2)y(z).

Note that (ZF, ZF) satisfies (4.1) with h = ¢(x). The growth condition (4.3) is given by Theorem 2.3.
The drift and diffusion functions in (4.1) are locally Lipschitz and obey (4.4) by using the boundedness
of the derivatives given in Hypothesis 1.1(i). The regularity of the test functional G is easily derived
from the conditions on ¢. Hence, Corollary 4.1 applies in this situation. Thus, we conclude that
vk (t, )y () is uniformly continuously differentiable in time on bounded subsets of R* x H.

(ii) Similarly, for hy,he € H,

oF (t,2)(hy, ho) =BE¢" (ms X*(t;2)) (g X ¥ (t; 2)h1, mg X ¥ (t; 2) ho)
+ B¢ (ms X*(t;2))ms XE (t;2)(hy, ha).
Thus,
vl (6, 2) (W (2)ha, U(x)ha) =BE¢" (ms X* (t; 2)) (s X (t; 2) W (2)hy, 75 X 1 (t; ) U (2) ha)
+E¢ (mg X*(t;2))ms XE (£ 2) (¥ (2)he, U (x)hy).

Let e; be an orthonormal basis for R%, so that

d
Tr vy, (¢, 2) ¥ (2) " (z) =E [ D8 (s X (b)) (s Xi (8 2) W (2)es, ms X (12) W () es)

=1

+ ¢ (s X (t.2)) s X, (D(W (@)es, W(a)es) |

G(Zf (t; z) Z2z(t ), Z:n(t )

HM&



for G(Z1,Z2,73) := ¢ (1521) (1522, 75 Z2) + ¢ (Ts Z1)7s Z3 and Z¥(t;z) := X*(t; ) and
75 (tx) == X3 () U(a)es,  Zg;(ta) = Xg,(t2) (P(z)es, U(w)e;).

Again, it can be shown that the processes ZF, Zgi, ng)i and the test function G satisfy the hypothesis
of Corollary 4.1 (for each ¢, case m = 3). The sum is finite, which means regularity of EG(Z1, Z2 ;, Z3 ;)
for each i gives the same regularity for Tro¥ (¢, 2)U(z)¥*(z). QED

6 Proof of Theorem 1.2

The following argument gives weak convergence of order At of the forward Euler method. The argument
follows that of Kloeden-Platen [15], Theorem 14.1.5.

Proof (of Theorem 1.2) Consider v*(t,z) := E(¢(rs X*(T —t;x)) and
Lro(t,z) == vy(t,z) + i Tr Um(t,x)B(x)B(m)*} + vz (t, v) Az + vy (T, ) F ().

As in Theorem 5.1, we have that £Fv*(t,7) = 0 and that v* satisfies the hypothesis of It6’s formula.
Apply the Ito formula to the approximations X 2t* defined in (3.3):

(T, X AR (T 2)) — 0P (0, X205 (0; 2))
_ r k Atk . i ovALk, . Cat Atk A,
_E{/O {Uw(S,X (s,x))(AkX (s,w)—i—( 0 )”PkX (s,x))
+ 05 (s, X2VF(s;2) ) F(X 20 (8 2))
3T ok (s, XAE (53)) BOX A (3.2)) BOXAH (3:2))

+ ok (s, XAUE (s, ;v))} ds]

(subtracting off 0 = LFv* (s, XAV (s; 1))

—E| / i [0, (5, X3 (5.2) BOY A (8.2) B(X A (55.2)"
= L [0l (5, X3 (s.2)) BOXA (5:.2) BOY A (5.0))
+ 0k (5, XA (s;.2) ([C¥PL XA (312), 07 + F(XA(55) )
= (s, XA (52)) ([CPRX A (s532), 07 + F(X(5;2)) ) ds).

Define for hy,hy € H

wk(t, hy; ho) :==v"(t, h1)[CPrha, 0] + 0¥ (t, h1)F(hso)
wh (t, hi; hy) ==v"(t, h1)[CPrh1, 0T + v (t, hi)F(hy)
wh (¢, has he) =3 Tr(vE, (¢, h1) B(h1)B(h1)*)
wff(t,hl;hg) :%Tr(?]];w(t,hl)B(hQ)B(hQ)*).
Clearly,
E¢(ns X2 (T;2)) — E¢p(ns X*(T; ) = o (T, X2WH (T 2)) — 0F(0, X205 (0; 2))
and hence

‘E¢(7TSXA”“(T; 2)) — E¢(ms X* (T x))‘

T 4
g/ Z |Bwk (s, X20% (s;2); XAV (3, 2)) — Bwk (s, X2HF(5;x); XAU*(3;2))| ds (6.1)
0 =1 '

0

) ‘ /OT Bu, (5, X0 (5: ) ((O - C’At),PkXAt,k(é;x)> ds‘.



By definition of C and C?*, the modulus of the integrand of the last term is
<(Ellos(s; X20* (s32)) | 2 mr.m))

0 Atk Atk 2 \1/2

< (5] / a(dr) (P25 2)(r) — PS5 )|| )

The term E||vw(s;XAt’k(s;x))||2£ R is bounded by K'(1+ |lz||P~1) by using Corollary 2.4 and (3.7).
Let a(s,r;z) := Py XAk (s;2)(r) — P X2%(s;2)(7). Using this notation and assuming that 7 is an

integer multiple of At,

H/ a(dr)a(§,r; x)H d]
_ Z Z EK/(zH)At

i=—|7/At] j=— |7/ At) At

(j+1)At

a(dr)a(§,r; x),/ a(dr)a(s,r; x)>}

jAt
By the second part of Lemma 3.4, the cross terms (i # j) obey
(i+1)At (j+1)At
EK/ a(dr)a(é,r;x),/ a(dr)a(é,r;x)ﬂ
At jAt

K1+ 2] + lmpe|luip)* At* + o(k™1)

and by the first part of Lemma 3.4 and Hypothesis 1.1(ii) the diagonal terms

’L+1)At 2 3
B [ atnatra)|, <K+ ol + rpelu) A8 + ok ).

Consequently,

0 2
E[H/ﬁTa(dr)a(é,r;x)H ]

<K(1+ all + mpaluip)® (Lr/AtJAE + (Lr/At])PALY) +o(k™)
<K(1+ all + Impelluip) At + o(k™).

Thus the final term in (6.1) is bounded by K (1 + [|z||? + ||z||P~ |7 px||Lip) At + o(k~1).

We wish to apply Lemma 4.2 to show that each pair of terms in w; in (6.1) is order At. Because
s > 3, it is sufficient to apply the lemma to w®(t,z) = w¥(t,z;hy). We now verify the hypothesis of
Lemma 4.2.

We require that w®, wf, wk, wk, exist, be uniformly continuous on bounded subsets of R* x H,

x?

and obey the growth bounds (4.8)—(4.9) specified in Lemma 4.2. In each case, this is a consequence
of Proposition 5.2. Part (i) covers wf and wk, while part (ii) covers w§ and w}. To establish the
hypothesis of this proposition, we use the Lipschitz continuity of F, the boundedness of B, and the
continuity of [CPyh, 0] implied by Hypothesis 1.1(ii).

We further require that for some operator @ € £L(H',R%) that

Wi (t, @) Agh| < K(1+ [[2|P~") [[[All + | Qhllge|, for h € D(A).
We look at w¥(¢,z) = wh (¢, x;2) in detail; the others are similar. Note

(t a:)Akh =v (t m)[OPkAkh 0] (t x)Fy(x )Akh
+ wa(t7x)([c7)kxa 0] ,Akh) + 'wa(t,.??)(F(I),Akh).

Now, by Corollary 2.4,
[ok (t, 2)[CPLALR, 0] < K(1 + ||z]|P~Y)||CPrArh| ra-

Let W(t fo (PrArh)(s) ds; then CU’' = CPyAph. Using Hypothesis 1.1(ii),

P = [ a(s)W'(s) ds = [a(s)\I/(S)TiT - / ’ a'(5)¥(s) ds.

—T —T



Note that ¥ = P X*, where (rpX*)(t) = fg(ﬂ'DAkh)(S) ds = (Prh)(t) — (Prh)(0) and ¢ X* = 0.
Thus, using smoothness of the density a(s) and ||Pihl 1,7 0,1 < 2],
|CPeAhlrs <K[| (=) =0 ()|, + K9], om0

<K|Qhlgra + KI|A],
where Qh = (P X*)(—7). Notice that
1Qhra < K[| X" ||ar < K|l

and hence Q € L(H’,R%). We conclude that the first term in (6.2) is bounded by K (14 ||z||P~%) (||h]|+
| QhlIRa)- )

The second term vanishes because Fy(z)Ax = 0, using the fact that F' is independent of the delay
and the definition of A (see (3.2)).

For the third and fourth terms, write out the terms in v
and &) = 15 XE (t;2)(g,h) and Q = [CPyx,0]":

k

k . using the notations ¥9 = g XF(t;2)g

vk, (t,2)(Q, Axh) =E¢ (ms X" (t;2)) (652, €M) 4 By (s X (£ )+ (@ AxM)
vh (t,2)(F (), Agh) =E¢" (ms X" (t2)) (§7(), €h A1) + B (s X ¥ (1) (72 At

ky(h,Ak9)  There results a

Theorem 2.3 gives bounds on £%", Lemma 3.5 on £¥4x" and Lemma 3.6 on 7
bound on both terms of the form (1+||z||?~1)||k||. We conclude that the required bound on |w, (¢, ) A k|
holds.
Thus, Lemma 4.2 applies to the terms in the summation in (6.1), giving bounds of the form
K[l + [l2]” + (1 + [P~ sup . YD (s)llma|At.

—7<s<

In our case,

sup_ YD (s)[[re < ll2ll + 7I1YD | Lip-

—7<s<
Taking this observation with the bound for the last term in (6.1), we have a bound on the weak error
in the Yosida approximation of the form K,At + o(k~1!), where K, is described in (1.3).
We have shown that

|E¢(rs XA (T; 1)) — Bp(rs X*(T;2))| < K, At + o(k™1). (6.3)

Note that X*(t;z) — X (t;x) (resp., X24*(t;2) — X(¢;2)) almost surely by Lemma 2.6 (resp., 3.1)
and that E|¢(7sX*(t;z))| can be bounded uniformly in k by using the properties of ¢ with Theo-
rem 2.3 (resp., Lemma 3.2). Consequently, dominated convergence applies and E¢(rsX*(t;2)) —
E¢(rsX(t;z)) (resp., E¢p(ng X2 () — BEo(rs X2 (t;x))) as k — oo. Hence, taking the limit
in (6.3) as k — oo completes the proof.

QED

7 Numerical Experiments

We present results of numerical experiments corresponding to examples of (1.1). Our objective is to
illustrate the convergence of the weak Euler method with respect to decreasing step-size by computing
first moments, that is we compute E¢(Y (T")) for ¢(Y) =Y where Y (T') denotes a solution of (1.1).

Example 7.1 Consider
dY (t) = [/t Y(s) ds +exp(—1)Y(t)} dt 4 (o1 + 02 Y (2))dW (1), (7.1)

for t € [0,T] and Y (s) = exp(s) for —1 < s < 0 and W (¢) is a one dimensional Wiener process.



Let m(t) := EY (t) for t > 0. Then, m(t) satisfies the delay-integro-differential equation

t
m'(t) = / m(s) ds + exp(—1)m(t), (7.2)
t—1
with initial condition
m(s) = exp(s) for —1<s<0. (7.3)

Equation (7.2) subject to (7.3) has the solution m(t) = exp(t).
With a step-size At = T'/N and k = 7/At = 1/At, the weak Euler method takes the form

n—1
VAL = VA 4 At(exp(-1)YA 4 A DD VA + (01 + 0V AW, (7.4)
j=n—k
for n =0,...,N — 1 and with Y*" = exp(jAt) for j < 0. The AW, denote IID N(0, At) distributed
random variables approximating W ((n + 1)At) — W (nAt). We have used the composite explicit Euler
rule to approximate the integral. To illustrate the convergence of the method, we have simulated 30,000

sample trajectories with each of the step-sizes At = 273,274, .., 278 and computed the error
§®(T) = [BYS' — EY(T)| (7.5)

at the final time 7' = 2. In Figure 1, we have plotted log,(u2*(T)) versus log,(At).

2 T T T T T T 2

log,(u** ()

) 5
Iogz(A t)

% =
Iogz(A 1)

Figure 1: log, (u2t(T)) versus logy(At) for (7.1) with left: o7 = 0.2, 02 = 0, right: 07 = 0.0, 52 = 0.2 .

A well-known feature of weak approximation methods is that the Gaussian random numbers Ag,
can be replaced by simpler random variables A3, (see [15]). We have performed numerical experiments

with two-point distributed random variables with
P(AW, = +VAt) = 1.

In Figure 2 we present corresponding error-plots.
For illustration purposes we also include some trajectories in the following figure, the thick line
corresponds to m(t) = exp(t).

The computations follow the exposition in [3].
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