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Abstract

In this report, which is the first of two related reports, we consider the “data assimilation
problem” for delay differential equations. This problem consists of finding an initial function
that gives rise to a solution which is a close fit to observed data. A rdle for adjoint equa-
tions and fundamental solutions is established, and related integral equations are obtained. In

the second report a discrete analogue of the results obtained in the first part will be presented.
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1 The nature of the problem

1.1 Modelling issues

Studies have been undertaken, in the context of the mathematical modelling of biological data
(see §1.6), of the problem of determining a parametrized retarded differential equation, along with
the corresponding initial function, such that the solution is a good fit to an observed function.
The underlying question, “Given the solution, what was the problem?” has been addressed by
others (e.g. [24]). Our approach to answering this question is computational, and relies upon
the numerical solution of various retarded differential equations (differential equations with time
lag) and the minimization of an objective function associated with the solutions. However, some

interesting analysis arises in this exercise, and part of this is presented below.

1.2 Analysis
Let us consider an n-dimensional system of linear delay differential equations (DDEs) with time-
dependent coefficients, of the form

d?;—(tt) —A(t)y(t) — B(t)y(t — 1) = f(t), forte0,T], (1.1a)

subject to

y(t) = p(t) for t € [-,0]. (1.1b)

Here
y(t), f(t), o(t) € R, A(t), B(t) € R*™",

T is a prescribed positive constant (the “lag”), and these functions will be assumed to be continuous
on [0,T]. We shall find it convenient to suppose that T' > 7. The solution of (1.1) is dependent
on the function ¢ in (1.1b), and when y(t) = ¢(t) (for t € [-7,0]) we can therefore write

y(t) = y(p;t) (for t € [-7,T)). (1.2)

Remark 1.1 If B(t) does not vanish for t € [0,T] then the functions y(p1;t) and y(p2;t) differ
when the functions g1 and o differ, and ¢ is uniquely determined if y(p;t) is given on [0, 7].

The problem addressed here involves the determination (given prescribed 7 > 0, A(t), B(t), f(t))
of an initial function ¢(t), chosen from some class F of functions defined on [—7, 0], such that the
solution y(y;t) of the given retarded equation is a “best” approximation to an observed function.
Throughout, we suppose F C PC[—7,0]), so that the initial function is required to be piecewise

continuous with finite jumps at points of discontinuity. We shall emphasize the case where
p € F, where F := {¢ € C[-7,0) with bounded ¢(0)} (1.3a)

A, B, f €C[0,TY. (1.3b)

The initial function ¢(t) is determined by minimization of a quadratic functional (given below)

involving the deviation of y(y;t) from the observed function.



The problem as formulated is shown, using the adjoint equations with deviating arguments, to
be equivalent to the solution of a Fredholm integral equation (see §1.4). This can be of a type
which is generally recognized as ill-posed, and the effect of regularization parameters is established.
Extensions to nonlinear equations are proposed, these once studied elsewere.

Our results here extend those for “data assimilation problems” in ordinary and partial differ-
ential equations (cf. [20] and related works). Since inverse problems are frequently ill-posed, the
connection with integral equations of the first kind (and their regularization to integral equations of
the second kind) is unsurprising. Moreover, the rdle of adjoint equations in variation-of-constants
formulae can be found in the literature, but our results appear to be new and the theory provides

insight into practical methods.

1.3 Details of the identification problem
We suppose that we are given functions @, ¥, such that
p(t) for t € [-7,0], and F(¢) for t € [0,T] (1.4)
and we seek that initial function 4 which, in a sense that we make precise,
e deviates little from @ on [—7,0] yet

e gives rise to a solution y(t) = y(p,;t) which is a good approximation to ¥ (y(t) = ¥(t)) on
[0, 7).

We introduce the functional
0 1 T
527(0) = 5 [ 0 -@@| d+5 |0 -0+ 2 lwies0) ~50|+ 5 [ (st 560 as
0

—T

(1.5)
(in which «, 8,7 > 0 and y(p; 0) = ¢(0)) and $ = $(t) and where y(p; t) satisfies (1.1). We intend
the value v (introduced to provide some flexibility in the formulation) to assume the value 0 or 1.

We can now formulate the data assimilation problem as follows:

Definition 1.1 Let F C PC[—7,0] denote a smoothness class of bounded functions on [—,0].

Then the corresponding data assimilation problem for the identification of ¢ reads as follows.
Find a function o, € F, such that y(py;t) satisfies (1.1) and

By — 1 Byy
Sa (@*)_glelgl_.sa (90): (16)

where S27 () is defined by (1.5).

This formulation embodies parameters a > and § > 0, v > 0, which (when positive) are
“regularization parameters” (see [11], for example). This applies, in particular, to «. Thus, if we
introduce an abstract operator A such that y(¢;t) = Ap(t) we have

T

$9°) = 2 [ 1ot~ o0t + 3 [ 40— 500t

0



(which is of the form associated with Tikhonov regularization [26] for recovery of (t) from Ap(t) =
5(¢t)). Clearly, v, (t) depends on these parameters «, 3, .

We consider an idealized situation where the functions J(¢) and @(¢) are supposed to be unam-
biguously defined, but in practice y(t) is usually defined by a priori observational data which is

subject to noise. The choice of $(t) is, roughly speaking, determined by modelling conditions.

Remark 1.2 (a) The relative weight of ¢ and ¥ in our criterion is governed by the choice of the
parameters o, B,y > 0 in S?7(p). Referring ahead to Remark 1.8 the parameter «, if non-zero,
will be seen to be a “regularization parameter”.

(b) The parameters o, B and v should be non-negative. The first two parameters are factors
of terms involving a function p(t) that may be taken as an expectation of the form of the true
initial function. If a or B are chosen to be very large, the influence of p(t) will dominate, and
one’s erpectation will be realized at the expense of fitting the data. However, if § = v = 0
and p(t) vanishes, we shall be seeking a minimum norm solution familiar in classical methods of

regularization: S27(p) then becomes

Sule) = [ letlPat+3 [ lueit) - 50| ar a7

(c) In the expression

0
2 [lle) - oo dt + 2000 - 50|

0
the terms involving B may be regarded as a modification of the integral term [ Hcp(t) - cﬁ(t)”zdt

to provide a Stieltjes integral. If a« = 0, f > 0 then B has the appearance of a regularization
parameter. The term involving v has a similar réle to that involving B, but is included to take
account of the fact that 3(0) may be an observed value, unrelated to ¢(0).

In practical applications, F(t) may be given only for a discrete set of arguments {t;} C [0,T]. A
dense extension for t € [0,T] should then be considered; this could be recoverable numerically by
a process that may itself involve some form of regularization. As a further complication, the data

may be subject to observational errors or may embody the results of more than one observation.

1.4 Our results in brief

We show below that the optimal initial function ¢, satisfies a coupled set of delay equations (see
(2.9)), involving “adjoint equations”, and we give an iterative technique for obtaining successive
approximations ¢, to px. We show that the function ¢, identified by our chosen formulation
is associated with the solution of a Fredholm integral equation and the iteration we propose is
related to an iterative solution of the integral equation. Our discussion establishes a connection

with a regularization method due to Lavrent’ev [14].



Theorem 1.1 For appropriate g(t), Kg~(t,s) and vo(8,7), the function ¢, (t) solving the data
assimilation problem satisfies equations of the form

0
apu)+ [ Kpolt,s)pu(s)ds = g(t), for t € [-7,0), (18)

i ©+(0) = 0(8,7)-

In (1.8), the kernel Kg (t,s) is self-adjoint (Kg(t,s) = Kg’v(s,t)) and positive-definite.

Remark 1.3 If a > 0 then equation (1.8) is a Fredholm equation of the second kind, and if a = 0
it is a Fredholm equation of the first kind. The positive-definiteness of the kernel implies that the
equation of the second kind (o > 0) is uniquely solvable. However, Fredholm equations of the first
kind (a = 0) are ill-posed. For this reason, the introduction of a > 0 is said to regularize the

problem.

The above theorem is derived through the use of an adjoint differential equation with a deviating
argument. (The link with a variation of parameters formula based upon the fundamental solution
is exploited.) We shall show properties of the kernel Kp_,(t,0) using the fundamental matrix
solution for a delay differential equation. The iteration that yields successive ¢, is related to the
integral equations in (1.8). We shall prove the convergence of the described iteration algorithm,

based upon properties of the kernel.

1.5 Continuity issues

In discussing a DDE of the form (1.1), where the condition (1.1b) is defined to the left of [0,T],
the term derivative is interpreted on [0,7) as a right-hand derivative when a two-sided derivative
does not exist, and ‘differentiable’ signifies the existence of a right-hand derivative.

In order to justify the following analysis (in particular, the application of integration by parts),
we need to be aware of the continuity properties of solutions of DDEs of the form (1.1) when
F is as defined in (1.3a). In what follows, we shall assume (1.3) unless otherwise stated, and
in consequence integration by parts will be valid wherever we need it in the discussion that
follows. The existence of a unique differentiable solution y(t), for ¢ € [0,7] is guaranteed if
o(t) is continuous for —7 < t < 0 and, for arbitrary 7' > 0, y(-) has a continuous derivative (cf.
Bellman & Cooke [9, pp. 52 & 73]) on the interval [0,T] provided that f(¢) is continuous (as
assumed).

A similar discussion applies to the propagation of discontinuities in an equation with deviating

arguments of the form

S T AW T ¢+ B+ ) = 0, for t€[0.7), (1.92)

or, equivalently, _dw® _ A" (w(t) — B"(t + ")w(t + 1) = g(t), for t € [0,T], with w(t),

g(t) € RP*1 ) A(t), B(t) € R™*" and subject to

w(t) = ¢(t), forte[T,T+r] (1.9b)



The final condition (1.9b) holds to the right of [0,7] and, if required, the derivative in (1.9a) is
interpreted on (0,7 as a left-hand derivative. An example of (1.9) arises in (3.2), below. It is
convenient at this point to note that by a change of variables (s =t — 7), (1.9) can be re-written
in the same form as (1.1), namely a linear DDE for a function w related to w with an initial
function related to ¢ and left-hand derivatives in (1.9a) become right-hand derivatives in the DDE

formulation.

Remark 1.4 The solutions of neutral delay differential equations (NDDEs) generally inherit
stronger discontinuities, and extensions to NDDFEs therefore require a refinement of the integration

by parts.

1.6 Additional remarks

Remark 1.5 Results that relate to (1.1) will be pertinent when extending the discussion to systems

of non-linear equations such as

y'® = (ty®,ut-7)) (orte0,1)) (1.10a)

with
y(t) = p(t) (fort e [—T,0]). (1.10b)

Remark 1.6 Note that we concentrate on the identification of the initial function ¢(t), it being
assumed that the DDE is known. For discussions of parameter estimation for DDEs, in particular
in the context of cell dynamics, see Baker, Bocharov & Paul [{], Baker, Bocharov, Paul, & Rihan
[5], and [6], and the references therein. In addition to DDEs, both ordinary differential equations
(ODEs) and parabolic partial differential equations (PPDEs) arise in the modeling of cell popula-
tions. Similar so-called — (see [1, 2, 19, 20, 23]) data assimilation problems' have been discussed
for ODEs, see [19], and PPDEs, see [1, 2, 20]; the present work fills a gap in the discussion of
DDEs.

Remark 1.7 It may be remarked that (1.1) can be transformed into a problem in which (t)
vanishes by changing f(t) on the interval [0,7] by adding B(t)e(t — 7) when t € [0,7]. With
z(t) = y(t) — p(t), when —7 <t < T, we can re-write system (1.1) in the form

dz(t)
dt

— A(t)z(t) — B(t)z(t — ) = fo(t), forte[0,T],
subject to
z(t)=0 forte[—1,0],

where
fot) = f(t) + B{t)p(t —7), when 0 <t <71, and fo(t) = f(t), whent > 1.

In consequence, the problem of identifying an initial function o(t) can be reformulated as the

problem of identifying an inhomogeneous term fo(t).

IThe term “data assimilation” appears to have originated in model identification in problems in meteorology
[18, 21, 22].



2 The optimization problem

Let us consider the basic data assimilation problem (outlined in Section 1). Recall that the

function in (1.5) is

9 T
527(0) =5 [ et =20 Pdt+ 5o -3+ Fute: ) -5+ [ It t)=560)| e
- ’ 2.1)
2.1 Condition for a minimum

In order to consider the minimum of the functional (2.1), we analyze? S5 (¢ +¢ev). If ¢, € F
provides a minimum of the functional S%7(p), we have S27(p,) < S%7(ps + €¢), where ¢ is
a real parameter and 1) is an arbitrary function in the linear space F. We note S27(p) > 0,
and S27(p + ev) is a quadratic in e. To write down S27(¢p, + €1)) we need an expression for

y(px + €1;t), and we have it in the following result.

Lemma 2.1 Write

Ly(t) :==y'(t) = A()y(t) — B(t)y(t — 1) (for t €[0,T]), and My(t) = y(t) (for t € [-7,0]).

By virtue of the linearity of L and M,

y(ox + 3 t) = y(pust) +e2(; t) (2.2)
where 2(t) = z(; 1) satisfies
Lat) =0 (fort €[0,T]) and Mz(t)=(t) (fort € [-7,0]), (2.3)
that is,
WD _ AWt - Bzt -1 = 0, forte[0.T], (242)
z(;t) = (t), fort € [—7,0), and z(¢h;0) = ¢(0). (2.4b)

The condition z(y;t) = ¥(t), for t € [—7,0] is expressed as z(y;t) = ¢(t), for t € [-7,0), and
z(1;0) = 9(0) in order to emphasize the possibility that ¢(0—) may not equal ¢(0). The function
z(1); t) vanishes if and only if 1(¢) vanishes.

We can write
SE(p +evp) =

0
& [1lett) + 00 - p(0) 1Pt + Slo0) + 0(0) - GO+
T —T

3 [ Iweit) + ex(0s0) = 5(OIPdt + ] ly(:0) + e2(50) = FO)IP
0

2We note the relationship with optimal control problems [3] when we regard the function ¢ as a control, but

shall not pursue the details here.



We obtain
SE(p + &) = SE7(p) + ePE7 (0, 9) + £2Q57 (), (2.6a)

where
1) = a / {o(t) T (t)dt+ (2.6b)

T

/{y(% t) =3O} 2(;t)dt + B{e(0) — $(0)}T ¥(0) +{y(¥; 0) = F(0)}" 2(4; 0);

0

0 T
Q2w =5 [Iw@de+ ;5 [le@slde+ SO + 207 (269
-7 0

We observe that in the latter expressions we have z(1;0) = 1(0). We obtain the following result.

Lemma 2.2 If

I (e, 9) = fo{so ST {w(t) — G(t)}dt + %Of{y(w; t) = (O {y(¥st) - 3(t)}dt + o

+2{p(0) = B(0)}" {1(0) — B(0)} + Z{y(;0) — F(0)}" {y(); 0) — 7(0)},
then Sﬂ’”(cp) = JE7(p, ), and PE7(p, ) = JE(p,¢0) 4+ JEV (¢, ) = 2J57(p,4). Finally,

QB (4 %{J p+ep,p+e)}, and Q57 () > 0 and Q57 (¢) = 0 if and only if p =0
on [—7', ]

Remark 2.1 P57 (p,4) is the Gateauz derivative of S5Y(p) in the direction 1:

Byy _ qByy
i Sa (@ +ev) = 557 ()

e—0 3

= P27 (p,9). (2.8)

At the local minimum of the functional (2.1) this derivative must be zero for all solutions z(w;t)
of the equation (2.4), where z(w;t) = w(t) when t € [—7,0]. In fact, the form of S57(yp) in
(2.7) establishes that we obtain a global minimum for a function g, (which is unique given that

Q57 () = 0 if and only if v = 0) such that P2 (p.,v) vanishes for all admissible functions
Y e F.

We have the following result.

Theorem 2.1 A function ¢, (t) defined on [—7,0] minimizes S5 (p) in (2.1) for ¢ € F if and
only if P57(p,%) in (2.6b) vanishes for all 1) € F, where z = z(¢;t) satisfies (2.2).

2.2 A method for finding the optimal ¢,

We propose a method to obtain the initial function ¢, € F which minimizes S%7(¢) on F.

This method comprises the solution of a set of coupled equations, written in the form

dl;_it) — A(t)y(t) — Bt)y(t —7) = f(t), forte]0,T], (2.92)




y(t) = pu(t) fort e [-7,0), y(0)=p.(0), (2.9b)

- dx;t(t) — 2" ()A{) — 2" (t+7)B(t +7) = [y(ps;t) —F()]", fort €[0,T], (2.9¢)
' (t) =0, forte[T,T+7], (2.9d)

a(ps(t) — @) + [Bt + )] z(t+71) =0 fort € [-T,0), (2.9¢)

2(0) + B{p«(0) = &(0)} + 1{p«(0) = ¥(0)} = 0. (2.9f)

Remark 2.2 If equation (2.9¢) were to hold for t € [—T,0Q] then the equation for t = 0 would have
the form ap,(0) + [z7 (7)B(T)[" = a$(0). Equation (2.9f) defines ©.(0) if B+~ # 0.

In the process of determining ¢, (t) we also determine the corresponding y(¢x;t) and ' (@y;t).
We shall show that the solution of (2.9) does provide a minimum. The method suggested for

the solution of (2.9) is based upon the following iteration:

Definition 2.1 (An iteration for finding the optimal initial function)

dygt(t) — A@)yn(t) = Btyn(t — 1) = f(2), for t € [0,T], (2.10a)

Yn(t) = @n(t) fort € [-7,0), yn(0) =pn(0), (2.10b)

—% — 2, (A®) — 2t + 7)B(t + 1) = [yn(pn; t) =3B,  for t € [0,T7, (2.10¢c)
() =0, forte[T,T+ 7], (2.10d)

Pnt1(t) = @n(t) + 6n(alpn(t) = @(t) + [Bt + )] zn(t +7)) fort € [-7,0), (2.10e)
Pn+1(0) = @n(0) + 5, { (B +7)¢n(0) + 2,(0) — BH(0) — 17(0) }, (2.10f)

forn=0,1,2,... and {§;}, {05} are appropriately chosen scalars. What is proposed is to find the

solution of (2.9) using the following procedure:

e Choose a starting approzimation for the initial function (po(s), s € [-1,0]).
e Forn=20,1,...,N, where the choice of N yields appropriate accuracy:
1.) Obtain the solution y, = yn(t) of the original problem (2.10a) for ¢ = n(s).
2.) Obtain the solution x!, = z! (t) of the adjoint problem (2.10c) with known right-hand
side yn(t) — J(t) when t € [0,T] with the condition z! (s) =0, s € [T,T + ).
3.) Find the next iterate p,11(s) using equations (2.10e) and (2.10f).

We shall establish that if we allow N to tend to infinity, this iteration converges to give @, for a
feasible range of values of @ and §. Our convergence result (see Theorem 3.3) follows very simply

from the fact that the solution of (2.9) satisfies an integral equation of the form

0
aput) + [ Ksn(ts)pu(s)ds = g(t), (2.11)

—T

for t € [-7,0), in which K ,(t,s) and g(t) = g5+ (t) are given in detail in (3.13 ). The proposed

iteration is related to this integral equation (see (3.32), below).



3 The underlying theory

The theoretical discussion of our method depends upon aspects of the theory of DDEs and of

integral equations.

3.1 A role for the adjoint equation

We shall obtain an equivalent formulation of the problem (1.6), based upon adjoint equations.
This will provide an alternative characterization to that of Theorem 2.1. The purpose of this
approach is to derive (2.9) and (2.10) in order to solve the “data assimilation problem” (1.6).
The results presented here arise, in effect, due to the relation between the fundamental solution,

certain adjoint problems, and variation of parameters formulae [7].

Lemma 3.1 Let y = y(p;t) be a solution of the problem (1.1) and let z = z(;t) be a solution of
the homogeneous problem (2.4). Then the first variation of the functional S5 (¢) can be represented

0
in the form P57 (p, 1) = / {afip(t) - 3] + 4" (¢ + Bt +7)} v(D)at+

{2(0) + BLp(0) ~ B(0)] +1lu(p:0) ~ 5(0)]} ¥(0) (3.1)
where x7 (t) € R is the solution (z" (t) = 2" (p;t)) of the problem
T
O T A@) o )BT = ) ~FOT, forte DT, (320)

2 () =0, forte[T,T+r]. (3.2b)

Equations (3.2) correspond to an adjoint problem, with a special forcing term y(yp;t) — F(t)-

Remark 3.1 If required, the derivative in (3.2a) is interpreted as the left-hand derivative. The
derivative of the function ' (t) satisfying (3.2) inherits from y(p;t) —F(t) any jump discontinuities
at points in [0,T]; if y(p;t) — J(t) is continuous (in particular if y(t) satisfies (1.1) where f €
C[0,T] and u € C[—7,0]) then &aT (t) is continuous on [0,T)].

Proof. For P%7(p,1) we have

0
P (p,0) = @ /[w(t) = @I (t)dt + Blw(0) = BO)]" (0) +[y(¢; 0) = FO) 2(; 0)+

T
{ / (=~ - o' (HA(t) — 2" (t+7)B(t + 7)) 2(; t)dt}
0

=a /[w(t) — GO (t)dt + Blp(0) — FO)]" %(0) +~[y(p; 0) = FO) 2(; 0)+

-7
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T
_/de
N

term () term (4¢) term (4i7)

—/xT(t)A(t / T4+ 1B+ 1)2(it)dt.  (3.3)

7 vl

~ ~ ~~

vl

Using integration by parts, we can write the term () in (3.3) (involving the derivative) as

—a' (t)2(;1)

T T T
+/ 2 (® dz(ffft) dt = 2" (0)9(0) + / a (t)dz(dzi;t) dt,
0 0 J

since ' (T) = 0 and 2(3,0+) = 4(0). If, in the term (iii) (involving z' (t + 7)), we substitute
t + 7 = s and take into account that z" (t) = 0 for ¢ € [T, T + 7], we obtain

[ (44 B+ )stust)d = | ()B()a(vss — 7)ds
j z2(;8 — T)ds — _} 2" (s + 7)B(s + 1) (s)ds.
Finally, we can rewrite the first variation in the form
(e, 9) = a/[w Wb(t)dt+a" (0)2(4;0)+Blp(0) ~B(O0)]" $(0)+1y(¢; 0)~F(O)T 2(;0)
+ [a @+ 0B+ e+ [0 (% — A(t)2(;t) — B#)z(,t - T)> dt.

The function z(v;t) satisfies the homogeneous equation (2.4). For P27 (i, 1) we therefore obtain

the expression in (3.1) and our lemma, follows.

S7.5(p +ev) =857 (p (/ {alp(t) = G +a' (t+7)B(t +7)}p(t)dt+
(3.4)

(" (0) + Blie(0) — GO + [y (w3 0) = FO) )¢(0)> +e2Q57(¥).

and since y(p;0) = ¢(0), we have established the following theorem.

Theorem 3.1 A function ¢, (t) defined on [—7,0] minimizes S57(p) for ¢ € F where F =
C[-7,0) N {p|p(0) is bounded} if, where =™ satisfies (2.2),

/ {afp [+ 4" (t +7)B(t +7)}(t)dt =0 (3.5a)

for all ¢ € C[—-1,0), and

{27 (0) + Blp(0) = BO)]" +[(0) = F(0)]" }»(0) = 0. (3.5b)

If we consider the problem of minimizing over a subset F,, of F, we obtain the analogous results
with F replaced in F,.

11



3.2 A role for fundamental solutions

Consider a linear delay differential equation of the form

()

o~ A®y) - Byt —7) = f(t), fortel0,T], (3.6a)

with initial condition

y(t) =) fort e [-7,0]. (3.6b)
We introduce (see [12, pp. 359-363], [13, pp. 148-150]) the fundamental solution for (3.6).

Definition 3.1 Let Y (s,t) be a solution of the equation

HED | V(s,0)A() +Y (s +70)Bls+7) =0, fors<t, (3.72)
which satisfies
t
Yis,={ O frt<s (3.7b)
I, for s=t.

The function U(t,s) = Y (s,t) is called the fundamental matrix (or fundamental solution.

Lemma 3.2 The solution of the system (3.6) is given by

y(t) = Y (0, 1) /Ys+TnB@+T d&+/Y (3.8)

-7

For related results, see [7]. One may see that the essential structure in (3.8) is that

y(e, f31) = y(t) = Y(0,1)p(0) + Fe(t) + V£ (t) (3.9a)

where F is a Fredholm integral operator defined on F and V is a Volterra integral operator defined

on C[0,T]. Hence, also, the solution of the homogeneous problem with initial function ¢ is
z2(;t) = 2(t) = Y(0,t)¥(0) + Foo(t). (3.9b)

Remark 3.2 The function U(t,s) in Definition 3.1 satisfies, for t > s,

oU(t, s)
ot

—AMU(t,8) — BOU(t —1,5) = 0, (3.10)

with the initial conditions U(t,s) =0 for s —7<t<s, U(t,s) =1 for t =s.
(For a proof, see Hale[13, pp. 148-151].) We note that U(t,s) is the fundamental solution (see
[12, 13, 17]) for a problem of the form

—%Juyﬂﬂnmn—fu+ﬂ3@+ﬂ=¢nﬁmemJL (3.11a)

2" (t) =o' (t) for t € [T, T + 7). (3.11b)

12



Lemma 3.3 The solution of (3.11) is expressible as

T4+7 T
2" (t) =" (TU(T,t) + / o' (8)B(s)U(s — T, t)ds +/gT (s)U(s,t)ds.
T i

It follows that for the adjoint equation (3.2) we have an expression for the solution z' (¢) in

T+
terms of U(s,t). Since ' (T) and [ 2" (s)B(s)U(s — 7,t)ds vanish, we find:
T

Corollary 3.1 The solution x' (t) of (3.2) is given by

T
7 (0 = [ leis) 7T Uls,0ds, (312)
t
where U(s,t) is the fundamental solution.
3.3 An integral equation for the optimal initial function ¢,
We shall establish the following theorem.
Theorem 3.2 Fort € [—7,0),
0
apu(t) + | Kpy(t,s)ex(s)ds = g(t), (3.13)
in which
T
Kon(t9) = [ B+ W+ Yis +7,0B(s + r)de+
E=t+71
(3.14a)
T T
= [ [ BT e T YO.0D, 0.0 V(s + 7B + s
E=t+1 u=s+7

and

T
02" (t) = ap(t) — / [B(t+ D' [Y (¢ +7,8)] Y (0,5)D5, Fo($(0), 3, f)ds+
t+7

t+71 0

with symmetric and positive-definite constant matriz

T

Dpy = B+ + [ O8IV ©0,5)ds.
0

T s
- /[B(HT)]T [Y(t+ 78] (/Y(&S)f(&)d&—?(S)

(3.14b)

>d5

(3.14¢)
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Additionally, ¢,(0) satisfies a relation

0
Dp 02 (0) = BF(0) +715(0) + / Y (s +7,6)B(s + 1)p(s)déds—

TS

:lx_\h]

T

/ V(0,8 ( / Y (€, ) (€)dE — y(s)> ds, (3.15)
0

0

Remark 3.3 It is easy to show that the constant matriz Dg  is symmetric, positive-definite (and
therefore has an inverse). Consider J (t,s) f[Y (t, O Y (s, &)d¢ we have T (t,s) = T (s,t), and
therefore Dg = (8 +v)I + J(0,0) = DT,7 By definition

T T T
u' (t Y (0,s)ds u(t u' (1)[Y (0, )] Y (0, s)u(t)dsdt > 0 (3.16)
[0 fruarvum o [

for some u(t), and 8 > 0, v > 0 so we have (Dﬁﬁu,u) > 0. Thus the positive semi-definiteness
of Dg, is obtained. Since Y (0,s) is a solution of the equation (3.7a) we can conclude from (3.16)
that (Dg,,u,u) = 0 implies uw = 0. The existence of Dﬁ_}v follows.

Remark 3.4 If we define R(t,&) = [Y (0,6 Y (¢,£)B(t) and &(t,£) = Y (t,£)B(t), we may write
(3.14) in brief

T T T
KpH(t,s) = /[6(t+r,£)]TG(s+T,£)d£— / [R(t+7,6)] dé Dy, / R(s+, p)dp; (3.17a)
t+7 E=t+1 p=s+7
g57(t) = ap(t) — / [R(t+ 7, 5)]" D5 Fo(3(0), 7, f)ds+
T - . (3.17b)
/[6 t+7,s)" (/Y(g,s dé —3( )) ds
t+7 0

where

Fo(2(0),7, f) = 8%(0) + B5(0) — /[Y(O,S)]T (/Y(E, 5)f(§)d¢ —?(8)) ds,
0

Corollary 3.2 When a =0, we have
0
Kp . (t,8)px(s)ds = g27(t) for t € [-1,0). (3.18)

-7

where Kg - (t,5) and g5 (t) defined by (3.14).

The equation (3.13) is obtainable from (3.18) by applying Lavrent’ev’s method ([14, 25], [27
p. 89]) — which is sometimes called the “method of singular perturbation” [15, 25] — to (3.18).
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3.3.1 Properties of the kernel Kz ,(¢,s).

Since the function ¢ = ¢, (t) minimizes S27(¢) over the space F, we can write
P37 (p,4) =0, forall ¢ € F. (3.19)

From (2.6b) we have

T

PB(o,4) = o / {o(t) — BT w(t)dt + / {(p, £:) — 5(0)) 2(w; Hydt+

0

B{e(0) = B(0)}" 9(0) + v{y(¢; 0) = F(0)}" 2(1;0).
Clearly,

T

P2(p,4) = o / {o(t) - BT w(t)dt + / (o, ;1) — O 2(; )t =

0

0 T 0 T

—a [+ [ s - {a [ Ovwde+ [F @:00a).

-7 0 -7 0
Using the expressions for y(t) and z(t) associated with (3.9),

T

/{y(so,f;t) —F®)Y 2(; t)dt =

0

T

{ [ 0,000+ Fot0) + V1) - 501 0,11t} v0)+

0

[ {r 0000 + o) + V1) - 50} Fuo

Let us write P27(¢, 1) in the form

integrals with 9(¢) in the integrand integrals

A

N

)
PB(p, ) = °P2°(p,) + 'PL0(3,) + 2P ({V ] — }.9) + VP (o) + 'VPEU({V ] - 7))

/

~~ ~~

terms in ¢ terms in o terms in f&vy involving 1(0)
(3.20)
discrete terms: involving ¢(0) and (0); involving only 1(0)
-\ ——N—

+ °AR)? + 'ARPY + PAR(3,9)
R , N _
independent of 3, involving B and ~y

Let us now consider the bilinear form

PE(p,1) = "P2(p,4) + (VP () + AP + 1A ) 5(0) (3.21)
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Lemma 3.4 The bilinear form P57 (p,1) is symmetric and positive semidefinite (definite when
a>0)onF.

Proof. If we return to the detailed expression for °P9%(¢, ¥)), °VPI° (), PAPY° and 'APS" we

obtain the following expression for the bilinear form

T 0

PP (p,1h) = a/ ds+/// 8)[B(s+7)[" [V (s+7), 1] Y (u+7, t) B(u+7) (1) dudsdt+

0 —7—7

/ / & (8)[B(s + 1 [V (s + 7, )] Y (0, ) (0)dsdt+

T
S (0)(B +7)%(0) + / F OV (0, Y(0, ) (0)dt.
0

. (3.22)
/ & O)Y (0, )] V(s + 7, 8)B(s + 7)b(s)dsdt+

—T

It is easy to see from (3.22) that P27(p, 1)) = P57 (1, ). Now consider P27 (p, ). We can write
0

PEY(prp) = a / & ()p(s)ds + (B + )¢ (0)p(0)

—T

T
/[Y(O,t)go(O)+/Y(s+T, t)B(s+T)g0(s)ds]T [Y(O t)p /Y s+7,t)B(s+71)p(s)ds|dt > 0.
0

Thus, positive definiteness of the bilinear form P27 (¢, ) is obtained.

We can state the following result

Lemma 3.5 The kernel Kg,(t,s) defined by (3.17) is self-adjoint and positive semi-definite.

Proof. Since the bilinear form (3.21) is positive semidefinite for all p(0) we can pick some par-

ticular value of the function ¢ at ¢t = 0, namely, let

#(0) = —D;1 / / V(0,6 ¥ (s +7,6)B(s + 7)p(s)déds,

—7 s+7

and we define the bilinear form (3.22) after substitution of ¢(0) as 735*7(@, ¢). We have

T 0 0
ﬁg*’y(cp,@) :a/ ds+///<pT B(s+1)[" [V (s+7), 1] Y (u+7, ) B(u+7) (1) dudsdt—
0

—T —7

/(pT ($)[B(s+N [Y(s+7,1)] Y(0,1) Dﬁ'r/ / 0, Y (u+7,8) B+ 7)p(p)dédudsdt+

-7 —T pu+7
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{ / / D5} / / [Y(O,f)]TY(u+T,£)B(u+T)go(u)dfdu]T[Y(O,t)]TY(s+T,t)B(s+T)g0(s)dsdt+

T

0o T
22} [ [T vie+nmBe+ Po(t)dudt] (81 + Jr©.orvo,na)x

—7t+7 0

0o T
XDE}Y/ /[Y(0,§)]TY(8+T,£)B(s+r)¢(s)d§ds}

—7 s+7T

Let us consider last two terms in the expression for P2 (p, o) (within the figure parenthesis).
T

Taking into account that Dg., = (6 +v)I + /[Y(O, t)]" Y (0,t)dt we can write
0

T 0 0o T
[ [{oal [ [ wOor Yl Bt ryetdzdn) YO0 Y (57,0 B(s+)o(s)dsde+
0

-7 i

0o T 0o T
{51 [ [woulviesnmseneau) [ [ 50,07 Y(s+r,9B(+re()deds =0.

—Tt+7 —T s+7T
Hence, we have
0 < P2Y(p,0) = alp, ) + (Kp0,9), (3.23)
where
Ky = Koo (t,5) / Bt + D] [Vt + 7,6 V(s +7,6)B(s + r)de+
r T =T (3.24)
= [ [ BT e T YO.0D51 00 V(s + 7w Bl + s
E=t+7 u=s+7

Since ’Dgl7 is symmetric we can show, from (3.23) and (3.24), that ﬁg"y(go,@b) is symmetric and

Lemma 3.5 is established.

3.3.2 Equivalence to an integral equation for ¢

In this section we shall establish that the initial function which satisfies equations (3.5) also satisfies
the integral equation (3.13).

According to Corollary 3.1 we may write the solution of the adjoint problem (3.2) in the form

T
= [Wweis) - 56)T U t)ds. (3.25)
t
Using (3.8), we can write (3.25) as
T 0 8 T
0 = [{[yo.900 + [ Yie+noBE+De©de + [YiEs)1©de] ~FOT JUts,ds
h yé) }
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or
T

T
Jw:/kmmmm+/wuwmmeHW@@ U(s, t)ds+
t

T

T s
/ [/ &dé —y(s)| U(s,t)ds
(for t < T, and therefore
T
T(t+71) Y (&, 8)f(€)dE — (s )] U(s,t+7)ds+
-
T 0 T
+ / Y (0, 8)(0) + /Y(£ +71,8)B(£ + T)<p(§)d§] Ul(s,t+ 1)ds. (3.26)
t4+7 —T

By virtue of (2.9e), (t) satisfies
ap(t) + [& (t+7)B(t +7)]" = ad(t) fort e [-r,0).

Thus, using (3.26), we have

T

-
T 0
ap(t) + |:/ Y (0, s)p(0) + /Y(f +7,8)B( +1)p(&)dE| U(s,t+7)dsB(t + 7')] =
t+7 —T
t+7[ s T T
ap(t) - { [ |[veor©e-50| vet+nisbern| . tel-r0.
v (3.27)
From the expression for z' (t), we have
-
/ / Y(6,9)f(€)ds — 5(s)| U(s, 0)ds+
T 0 T
+/ [Y(O, $)p(0) + /Y(f +7,8)B(£+ 1)p(&)dE| Uf(s,0)ds. (3.28)
0 -7
Therefore, we can write ¢(0) as (see (2.9f))
(7 + B)¢(0) + [T (0)]" = BB(0) +75(0).
Here, using (3.28), we can write
T T T
B+p0) + | [ V(0 / Y(E+r,5)B(¢ + T)cp(f)d§] U(s,O)ds] -
’ - (3.29)

T
s T

T
BB(0) +5(0) - { / [ / Y (€,5)£(€)dE — 5(s)
0 0

18
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The latter equation allows us to eliminate ¢, (0) from (3.27) to obtain an integral equation for ..

Taking the transposes we can write (3.29) in the form

(B +7)p +/ (5,0)] ( (o)+/Y(5+7,S)B(5+7)¢(5)d5) ds =

( / 9)/()de —y(s)> ds.

0) ++¥(0

O\'ﬂ

Using the equivalence U(t, s) = Y (s,t) we obtain

T
(v+ﬂ)lw(0)+/[( STV (0, 5)p(0)ds = - / /[YOs Y (€4, 8) BE+r)p(€)deds+Fy (3(0),5, 1),
0

T 8
where Fy(3(0),3, f) = B3(0) + F7(0) — / V0, ( / Y (€, ) f(€)de — y(s)) ds. We may there-
0

0
fore write

T
Dg,(0) /
0

Using the equation (3.30), we may write (3.27) as

[Y(0,8)] Y (§ + 7,5)B(§ + 7)p(§)dEds + Fo(2(0), 7, f)- (3.30)

‘l‘\o

T 0
Oa,O(t)—/[B(t-l-T)]T [Y (t+7,8)] Y (0, 5) (D_l//[Y(O,u)]TY(ﬁ+T,M)B(€+T)90(§)d€du> ds+
0

—T

T
/ (Bt + 1) [V (¢ +7,5)] Y(0,5)D; 1 Fo(3(0), 3, )ds+
+7

/ / (Bt + ) [V (t +7,8) [ V(€ +7,8)BE +7)p(€)deds =

t+7 —7

t

ap(t) = [ B+l ¥(e+m o] ( [yeorei- y<s>> ds,
+7 0
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or

T

0
ap(t) + / / [Bt+ D' [Y(t+7,8)] Y(E+T,8)B(&+ 1)p(€)déds+

t+7 —T1

/ [B(t+ D] [Y(t+7,9)] Y(0,8)D5 L [Y (0, )] Y (€ + 7, u)B( + T)w(E)dﬁ}duds =

ap(t) — j [B(t+ D)"Y (¢t +7,8)[ Y (0,5)D5 . Fo($(0),3, f)ds+

/[Bt+7')] [V(t+T,8) /Yﬁ, &)dé —7(s) | ds.
o (3.31)

Remark 3.5 From the Definition 3.1 we have Y (£ + 7,u) = 0 for p < £ + 7. Therefore we may
change the lower limit in the third term in the equation (8.831) to uy =&+ 7.

We have derived (3.31) which is the required integral equation formulation and Theorem 3.2 is

now established.

Remark 3.6 The solution ¢, (t) of (3.18) is unique in Lo[—7,0] and hence in Fy,. Using a similar
method to the one described above we can show that in finite dimensional subspace F,, of F the

integral equation has the form (3.13), where all functions are treated as functions from F,.

3.4 An iteration defining ¢, expressed via an integral equation

We shall consider the convergence of the iteration described in §2.2 by studying the iteration

t) — t
£t = en® _ g0(5) — (agnt) / Kt 5)pn(s)ds). (3:32)
n
This iteration is based upon the integral equation (3.13).It is, in a certain sense, linked to the
“method of sequential approximation” [14].
In (3.32), Kp,,(t,s) has been shown to be symmetric and positive-definite; the corresponding
integral operator on La[—7, 0] is bounded, self-adjoint, and positive-definite. We state the following

result.

Lemma 3.6 The iteration (3.32) is equivalent to the iteration (2.10) described in §2.2. (For a

given @, the two sequences {p,} are identical.)

Proof. From (2.10e), the functions defined by the iteration (2.1) satisfy the relation

%ﬂ‘@n(ﬂ = apn(t) — o(t)) + [B(t + T)]T zo(t+7) forte[-7,0)
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and we have shown in §3.3.2 that

0
alpn(t) = (1) + [B(t + 1) za(t +7) = apa(t) + / Kpy(t,8)pn(s)ds — g5 (1),

-7

so the result is immediate.

Theorem 3.3 (Convergence) Suppose p(Kg,,) is the spectral radius of the integral operator Kg

on Ly[—7,0] having the kernel Kg ,(t,s). Then, a sufficient condition for the iteration (2.10) in

Definition 2.1 to converge in the mean-square norm is
2

~ max (a, p(Kp,y))

, for all n. (3.33)

n

0
Proof. We shall write £87¢p(t) = ap(t) + [ Kp,,(t, s)p(s)ds and the operator £57 on Ly[—, 0]

-7

inherits self-adjointness and (with a > 0) positive-definiteness from the corresponding properties
of the integral operator Kz ,. For a sequence {0, } with é, > 0 for all n, we can write the iteration
process (3.32) in the form

%ﬂ‘%(ﬂ — g27(t) — 280, (1), (3.34)

Let ¢, be the solution of the equation £37¢, (t) = g(t) and let us define £,11 = @nt1 — @x. Then,
according to (3.34), we have the relation

Ent1 = (I — 5n£§’7)6n,

and
n

ens1 = [T = 6,287 )e0. (3.35)
=0

The iteration (3.34) converges in the mean-square norm if |le,|l2 — 0 as n = co. From (3.35) we

have " "
lentalle < | TL0 = 8a22)|| leolle < TT || = 80227 Icolle
=0 i=0

Thus, a sufficient condition for convergence of this iteration is
I — 6,857, <9 <1 forall n. (3.36)

Given the properties of £3+Y on La[—7, 0], we have ||£5"7||2 = max k, ( the spectral radius p(£2:7)),
T
where {k,},>0 are the positive eigenvalues of £87. Indeed, K, = a + »,, where {5¢:}r>0 are the

positive eigenvalues of K3 . Then condition (3.36) becomes
max |1 — dpa — dpsee| < 1.

We have 1—6,a—0p 3¢ € [1=0pa—0,p(Kp,,),1—0na) C (—1,1) provided 1—d,a—dnp(Kpz,) > —1
and Theorem 3.3 established.

Remark 3.7 In general, the explicit form of the kernel Kg(t,s) is unknown and we cannot

implement the iteration process for the integral equation itself; we use the iterative process (2.10).
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4 Extensions to nonlinear problems

In a later report, we consider a non-linear problem in the form

WO — 1ty),00 ), tel0,1] (4.12)

with an initial condition
y(t) = »(t), t€[-7,0]. (4.1b)

Observe that for a general nonlinear problem, various uniqueness conditions cannot be assumed.
In our later report, we shall extend our result from §2 and formulate a “data assimilation problem”
(1.6) for a nonlinear system (4.1). (The work is also to be reported in the PhD thesis of E.

Parmuzin.)
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A Appendix

Al An another proof of Lemma 3.1.
We can write the solution z(y,t) of this system (2.4) as in (3.8), where the last term vanishes
because z(¢,t) is a solution of the homogeneous problem. We have

0

2(t) =Y (0,t)(0) + /Y(s + 7,t)B(s + 7)1(s)ds. (A1)

-7

Let us consider the first variation of the functional S#7(y) (2.6b). When using (A.1) we obtain

P (p,) = /[w(t) — @O Y (®)dt + Blp(0) — F(0)]" $(0) + ~[y(p; 0) — F(0)] 4(0)+

. (4.2)
+/[y(90; t) =3O (Y(O,t)@b(o) + /Y(s +7,t)B(s +T)¢(S)d$) dt.
0 —T
Using (3.12) we can write the solution of the adjoint equation (3.2) in the form
T
70 = [les) =5 U s, 00ds. (A.3a)
t
Therefore, for t = 0 we have
T
7 0) = [loleis) = 76T U(s.0)ds, (A.3b)
0
andfort=t+71
T
T+ = [ eie) 3T Ulsst + 7)ds.
t+71
We may write 2" (t + 7) in the form
T t+7
) = [lulois) =IO Uls,t 4 1ids = [ [y(ess) =& s, + 7)ds.
0 0
Since we have U(s,t) = 0 for s < ¢, the last term vanishes and we have
T
Tt 47) = / (e; 5) — 5T Uls, t + 7)ds. (A.3¢)

0
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Thus, using (A.3b) and (A.3c), we may write (A.2) as

0 0

a /[go(t) — o[ p(t)dt + /:cT (s + 7)B(s + 7)1(s)ds+

—T —T

+ (" (0) + Blip(0) = FO +ly(p3 0) = O )(0).
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