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Abstract

Structured real canonical forms for matrices in R" " that are symmetric or
skew-symmetric about the anti-diagonal as well as the main diagonal are pre-
serted, and Jacobi algorithms for solving the complete eigenproblemfor three of
thesefour classesof matrices are developed. Basedon the direct solution of 4 4
subproblemsconstructed via quaternions, the algorithms calculate structured or-
thogonal basesfor the invariant subspacesof the assaiated matrix. In addition
to preserving structure, these methods are inherertly parallelizable, numerically
stable, and show asymptotic quadratic corvergence.
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1 Intro duction

The numerical solution of structured eigenproblemss often called for in practical ap-
plications. In this paper we focus on four typesof doubly structured real matrices |
those that have symmetry or skew-symmetry about the anti-diagonal as well as the
main diagonal. Instanceswhere sudh matrices arise include the cortrol of medanical
and electrical vibrations, wherethe eigervaluesand eigervectors of Gram matricesthat
are symmetric about both diagonalsplay a fundamertal role [23].
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In addition to presening doubly structured real canonicalformsfor thesefour classes
of matrices, we dewelop structure-preservingJacobi algorithms to solwve the eigenprob-
lem for three of these classes. A noteworthy advantage of these methods is that the
rich eigenstructureof the initial matrix is not obscuredby rounding errors during the
computation. Sud algorithms also exhibit greater numerical stability, and are likely
to be strongly badkward stable [25. Storagerequiremers are appreciably lowered by
working with a truncated form of the matrix. Becauseour algorithms are Jacobi-like,
they are readily adaptable for parallel implemertation.

2 Automorphism groups, Lie and Jordan algebras

A number of important classe®f realmatricescanbepro tably viewedasoperatorsasso-
ciated with a non-degeneratdilinear form h; i onR". (Complex bilinear or sesquilinear
formsyield correspnding complex classesf matrices.)

G=1fG2R" ": hGx;Gyi = hx;yi; 8x;y2 R"g (2.1a)
L=fA2R" ": bAX;yi = hx;Ayi; 8x;y2 R"g (2.1b)
J=fA2R" ": bAX;yi = Ix;Ayi; 8x;y2 R"g (2.1¢)

It followsthat G is a multiplicativ e group, L is a subspacegclosedunder the Lie bracket
dened by [A;B] = AB BA, and J is a subspaceclosedunder the Jordan product
de ned by fA;Bg= 3(AB + BA). We will referto G, L, and J asthe automorphism
group, Lie algebraand Jordan algebra, respectively, of the bilinear form h; i. For our
purposes,the most signi cant relationship between these three algebraic structures is
that L and J are invariant under similarities by matricesin G.

Prop osition 2.1. For any non-degeneate bilinear form on R",
A2L;G2G) G!AG2L; A2J)G2G) G'AG2J
Proof. SupposeA 2 L; G2 G. Thenfor all x;y 2 R",

hG A Gx; yi = GG 'AGx; Gyi by (2.1a)
= hGx; A QGyi by (2.1b)
= hG 'Gx; G AGyi by (2.1a)
= x; G AGyi
Thus G *AG 2 L. The secondassertionis proved in a similar manner. ]
h i
Two familiar bilinear forms, h; yi = xTy and hx;yi = xTJy wheredpy = § 6,

giverise to well-known (G; L;J) triples, asnoted in Table 2.1. Lessfamiliar, perhaps,is
the triple assa@iated with the form hx;yi = x"R, y whereR, isthe n n matrix with
1's on the antidiagonal, and 0's elsewhere:

R, & .. (2.2)



Letting pS(n) denotethe Jordan algebraof this bilinear form, we seefrom (2.1c), that
pS(n) =fA2R" " : ATR, = R,Ag=fA2R" " : (R,A)"T = R,AQ: (2.3)

It follows that matricesin pS(n) are symmetric about the anti-diagonal; they are
often called the persymmetric matrices. Similarly, the Lie algebraconsistsof matrices
that are skew-symmetricabout the anti-diagonal,

pK(nN)=fA2R" " : ATR, = R,Ag=fA2R" " : (R\A)T = R,Ag (2.4)

called, by analogy the perskew-symmetricmatrices. On the other hand, the automor-
phism group doesnot appear to have beenspeci cally named. Yielding to whimsy, we
will referto this G asthe perplectic group:

Pn)=fP2R" " : PTR,P = R,Q: (2.5)

Note that P(n) isisomorphicasa groupto the real pseudo-orthogonafjroup O(d3e; b3c),
although the matricesin thesetwo groupsare quite di erent.

Bilinear Form | Automorphism  Group Lie Algebra Jordan Algebra
hx; yi G L J
hyi = xTy Orthogonals Skew-symmetrics Symmetrics
hx; yi = xTJopy Symplectics Hamiltonians Skew-Hamiltonians
hx;yi = xTRpy Perplectics Perskew-symmetrics Persymmetrics

Table 2.1: Examplesof structured matrices assaiated with somebilinear forms

2.1 Flip operator

Following Reid [23] we de ne the \ip" operation ( )F, whosee ect is to transposea
matrix acrossits anti-diagonal:

De nition  2.2. AF = RATR

One can verify that ipping is the adjoint with respect to the bilinear form hx; yi =
x"R, y; that is, for any A 2 R" " we have

hAX; yi = hx; AFyi; 8x;y2 R" (2.6)
Consequetly the following properties of the ip operation are not surprising:

(BF)F = B; (AB)F = BFAF; BF)Y =B Hf =B F: (2.7)



It now follows immediately from (2.3), (2.4), and (2.5), or directly from (2.1) using the
characterization of ( )F asan adjoint, that

A is persymmetric, AF = A; (2.8a)
A is perslew-symmetric, AF = A; (2.8b)
A isperplectc, AF=A L (2.8¢)

The following proposition uses(2.8c) to determine when a 2n  2n block-upper-
triangular matrix is perplectic.

Prop osition 2.3. LetB;C;X 2 R" ". Then[B X ]is perplectici C=B F andBXF
is perskew-symmetric.

Proof. With A = [B X ], wehave AF = C X Then AF = A 1

0 BF
AAF = B X CF XF _ BCF BXF+ XBF _ I O
0 C 0 BF 0 CBF 0 I
B and C must be invertible, sinceany perplectic matrix is invertible. Equating corre-
sponding blocksyieldsC = B F andBXF = XBF = (BXF)F. O

Analogously onecanshow that [2 2]is perplectici C =B F andBF X is perskew-
symmetric. Interesting special casesinclude the block-diagonal perplectics,[8 2] with
C = B F, and the perplectic shears,[, X ] with X perskew-symmetric?

The condition that BX F be perskew-symmetriccan also be expressecdas

BXF+XxBF=0, xXxfFBF= B X , B XFf= B X;

that is, B X is perskew-symmetric. It is of interest to compareProposition 2.3 with
analogousresults for symplectic block-upper-triangular matrices usedin [9, 11]. There
it is shown that

BX] issymplectic , C=B T and B !X is symmetric

with specialcaseghe block-diagonalsymplectics,[§ 2]with C = B T, andthe symplec-
tic shears[{ X ] with X symmetric. Theseconcreteexamplesillustrate that, by cortrast
with the orthogonal groups, the perplectic and symplectic groupsare not compact.

3 Perplectic orthogonals

Sinceorthogonal matrices are perfectly conditioned, and perplectic similarities presene
structure, perplectic orthogonal similarity transformations are ideal tools for the nu-
merical solution of persymmetric and perskew-symmetriceigenproblems.From (2.5) it
follows that the perplectic orthogonal group, which we denoteby PO(n), is given by

PO(n) = fP 2 O(n) j RnP = PRyQ; (3.1)

1t canbe shown that every 2n  2n block-upper-triangular perplectic matrix [8 £ 1canbe uniquely
expressedas the product of a block-diagonal perplectic and a perplectic shear. The analogousfactor-
ization for block-upper-triangular symplectics was mertioned in [9], [11].
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where O(n) is the n  n orthogonal group. Alternativ ely, one may characterize PO(n)
asthe set of all certrosymmetric orthogonal matrices.

Eadch perplectic orthogonal group PO(n) is a Lie group, sothe dimensionof PO(n)
asa manifold is the sameasthe vector spacedimensionof its correspnding Lie algebra,
the n  n skew-symmetric persymmetric matrices. These dimensionsare recordedin
Table 3.1 along with the dimensionsof the full orthogonal groupsfor comparison. Note
the O-dimensionaliy of PO(2); this group cortains only four elemens, 1,, R,.

n 2 3 45 n(even) n (odd)
dmPO(N) [0 1 2 4 ... in(n 2) (n 1)
dmO(n) |1 3 6 10 ... 3n(n 1) In(n 1)

Table 3.1: Dimensionsof PO(n) and O(n)

Another basic property of PO(n) is its lack of connectedness.This cortrasts with
the symplectic orthogonal groups SpQ(2n), which are always connected. SincePO(n)
is isomorphicto O(d3e) O(b3c), it follows that it has four connectedcomponerts.
Concretedescriptionsof thesefour componerts whenn = 3, 4 are givenin Appendix B.

The reasonto raisethe connectednesgssuehereis that our algorithms achieve their
goalsusing only the matricesin PO, (n), the connectedcomponert of PO(n) that con-
tains the identity matrix 1,. This componert is always a normal subgroup of PO(n)
comprisedonly of rotations (orthogonal matricesU with detU = 1). The exclusive useof
PO, (n) means\far-from-identit y" transformations are avoided, which in turn promotes
good convergencebehavior of our algorithms.

4 Role of the quaternions

As hasbeenpointed out in the caseof real Hamiltonian and skew-Hamiltonian matrices
[3], [10], a structure preservingJacobialgorithm basedon 2 2 subproblemss hampered
by the fact that many of the o -diagonal elemeits are inaccessibldo direct annihilation.
For any 2 2 basedJacobialgorithm for persymmetricor perskew-symmetricmatrices,
the problemis even moreacute: with PO(2) = f 1,; R.g, therearee ectivelyno2 2
structure preservingsimilarities with which to transform the matrix.

Following the strategy usedin [10], [17], thesedi culties can be overcomeby using
guaternions to construct simple closedform, real solutions to real doubly-structured
4 4 eigenproblemsand then building Jacobi algorithms for the correspndingn n
eigenproblemausing these4 4 solutionsasa base.

The n n skew-symmetricperskew-symmetriccase howewer, presers an additional
challenge: whenn = 4, such a matrix is already in canonicalform, sinceno perplectic

2In [15] the group SpO(2n) is shown to be the cortin uousimage of the complex unitary group U(n),
which is known to be connected.



orthogonal similarity can reduceit further. A structure preservingJacobi algorithm
for these\doubly skewed" matrices must necessarilybe basedon the solution of larger
subproblems,and this remainsan open problem.

4.1 The quaternion tensor square H H

The connectionbetweenthe quaternions
H=fg=o+qi+q+ak: @aee2R i°=j*=Kk=ijk= Ig

and4 4realmatriceshasbeenexploited before[1(], [12], [17]. In particular, the algebra
isomorphismbetweenR* 4 and the quaterniontensorH H was usedin [17] to shov
that real 4 4 symmetric and skew-symmetric matrices have a corveniert quaternion
characterization, and againin [10] to dewelop a quaternion represetation for real4 4
Hamiltonian and skew-Hamiltonian matrices. Since we will use this isomorphism to
characterizereal4 4 persymmetricand perskew-symmetricmatrices,a brief description
of it is included here.

For eadh (p;q) 2 H H, let f (p;g) 2 R* # denotethe matrix represemation of the
real linear map on H de ned by v 7! pvg, using the standard basisf1;i; j;kg. Here
g denotesthe conjugateqy, i ) k. Themapf : H H! R* #is clearly
bilinear, and consequetly inducesa unique linear map :H H! R* 4 sud that

(P 9 = f(p;0).
From the de nition of it follows that

2 3
Po P P2 P3

2 3
O
(p 1)= Pr Po Ps pzé; 1 CI)=§ $
&

é: 4.1
&> P2 P P (4.1)

Ps P2 P1 Po

2EeER
2ELE L
SRS Sl

It canbe shavn that is anisomorphismof algebras[2], [21]. The tensor multiplication
rule (a b(a® ) = (aa® bW then implies that the matricesin (4.1) comnute, and
their productis (p @). From (4.1) it alsofollows that

® H=(FE 1N @ =(@ 9" (4.2)

Sinceconjugationin H H is determined by extendingthe rulep qg= p qlinearly
to allof H H, weseethat presenesmorethan the algebrastructure: conjugationin
H H correspnds,via , to transmpsein R* 4.

By the usual abuseof notation, we will usep qto stand for the matrix (p 0),
both to simplify notation and to emphasizethe identi cation of H H with R* 4.

4.2 Rotations of R3 and R*

The correspndencebetweengeneralrotations of R® and R* and the algebraof quater-
nions goes badk to Hamilton and Cayley [4], [5], [13]. Briey put in the languageof
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section 4.1, every elemen of SO(4) can be expressedas x Yy, where x and y are
guaternions of unit length. This meansthat the map q 7! xqy can be interpreted as
a rotation of R*. Similarly, every elemen of SO(3) can be realizedasx x for some
unit quaternion x. In this casethe map q 7! xgx keepsthe real part of q invari-
ant, and can be interpreted as a rotation acting on the subspaceof pure quaternions,
P=fpii+ poj + psk : pi;p2ips 2 Rg= R

There is a useful and direct relation betweenthe coordinates of a unit quaternion
X = X+ X1i + Xp] + X3k and the geometryof the assaiated rotation x x 2 SO(3).

Prop osition 4.1. Letx be a unit quaternion. Thenx x 2 SO(3) is a rotation with axis
alongthe vector given by the pure quaternion part, (X1;Xz;X3), and angle determined
by the real part, Xxo = coq =2).

Proof. See,for example,[6], [22). O

The following proposition, adaptedfrom [12] and usedin [10], will be usefulin section
5.

Prop osition 4.2. Supmsea, b2 P are nonzepo pure quaternionssuchthat jbg ba6 0
(equivalently, suchthat agaj 6 b3ly), and let x be the unit quaternion

_ jbg ba _ jbja ba
jjbg baj  jjbjaj baj’

(4.3)

Thenx x 2 SQ(3) rotatesa into alignmentwith b. Furthermore, if a and b are linearly
independent, and x is chosenasin (4.3), thenx x is the smalest anglerotation that
sendsa into alignmentwith b.

4.3 4 4 perplectic rotations

Let P 2 SO(4). Then P can be expressedasx y wherex, y are unit quaternions. If

P is alsoperplectic, then by (3.1), P comnuteswith R, =] i. Hence
P2P@)\ SO4) ., (x G 1H=0G iHx V)
, X yi=jx iy

, (X =jxandyi=1iy)or (xj = jxandyi= 1iy):

The rst alternative implies x 2 spanfl;jg andy 2 sparf1;ig, while the secondim-
pliesx 2 sparfi; kg andy 2 sparfj;kg. Thesetwo alternatives correspnd to the two
connectedcomponerts of 4 4 perplectic rotations, with the rst alternative describing
PO, (4), the connectedcomponert cortaining the identity. This quaternion parametriza-
tion

PO (4) = fx y:jxj=jyj=1 x2sparfljg y2 sparfligg; (4.4)

together with the geometric characterization given in the following proposition will be
usedto construct structure preservingtransformations for the algorithms in this paper.
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Prop osition 4.3. LetX, y be unit quaternionssuchthat x y 2 PO, (4). Then the axes
of the 3-dimensionalrotationsx x andy vy lie alongj = (0; 1; 0) andi = (1; O; 0)
respectively.

Proof. Whenx y 2 PO, (4), Proposition 4.1togetherwith (4.4) imply that the anglesof
both rotations canbefreely chosen,but their axesmust lie alongj andi, respectively. [J

4.4 Similarities by rotations

By usingquaternions,the computation of rotational similarities in R* 4 becomedractable.
This wasusedto advantagein [10], [17], and will onceagain be exploited here.

Let a, b2 H begiven. If x; y areunit quaternions,then the product (x y)(a b(X
y) 2 H H represets asimilarity transformationon (a b) 2 R* 4by (x y) 2 SO4).
On the other hand,

(x y)a b(x y)=(xax) (y): (4.5)

By Section 4.2, this meansthat the pure quaternion part of a is rotated by the 3-
dimensionalrotation x  x, while an independen rotation, y y 2 SQ(3) rotates the
pure quaternion part of b. Sinceewery elemen of H H is a real linear conbination of
terms of the form a b, the e ect of a similarity by x y 2 SO(4) can be reducedto
the action of a pair of independen 3-dimensionalrotations.

4.5 Simultaneous splittings

When viewed in R* 4 via the isomorphism , the standard basisB = f1 1;1

i; ik j;k  kgofH H wasshowvn in [10], [17], to consistof matrices that are
symmetric or skew-symmetricas well as Hamiltonian or skew-Hamiltonian. Something
even moreremarkableis true. Eadh of thesesixteenmatricesis alsoeither persymmetric
or perskew-symmetric. Thus the quaternion basis simultaneously exhibits no lessthan
three direct sum decompsitionsof R* 4into J L :

f Symmetricg f Skew-symmetricg
f Skew-Hamiltoniang f Hamiltoniansg
f Persymmetricg f Perslew-symmetricg

This is shavn in Tables4.1-4.3. For the matrix represemation of the quaternion basis,
seeAppendix A.

An elegan explanation for why B has this simultaneous splitting property can be
outlined asfollows:

The corresppndencebetween conjugation and transpose explains why ead basis
elemen is either symmetric or skew-symmetric. For example,k | is its own
conjugate,sothe matrix (k j) must be symmetric.



1 i j Kk 1 i k 1 i j k
1S K K K 1/W W H W 1| pS pK pS pS
i |K S S S i|lH H W H i | pS pK pS pS
j K S S S j|H H W H j |pK pS pK pK
k K S S S kl H H wW H k | pS pK pS pS

S = Symmetric W = Skew{Hamiltonian pS = Persymmetric
K = Skewsymmetric H = Hamiltonian pK = Perskew{symmetric
Table4.1: Table 4.2: Table 4.3:

Premultiplication by J,,, the matrix that givesriseto the symplecticbilinear form,
is a bijection that turns symmetric matrices into Hamiltonian onesand skew-
symmetric matrices into skew-Hamiltonian ones. Similarly, the bijection given
by premultiplication by R,, the matrix assaiated with the perplectic bilinear
form, turns symmetric matrices into persymmetric matrices and skew-symmetric
matricesinto perskew-symmetricones.

Up to sign, B is closedunder multiplication. This is trivial to verify in H H.
Now by a fortuitous concordancepoth J4 and R4 belongto B, sinced; =1 |,

and R; = j i. Hencethe e ect of premultiplication by R4 or J4 is merely to
permute (up to sign) the elemens of B. For example,sincek | is symmetric, and
Rak jJ)=(G i)k j)=jk i =1 k,it followsthati Kk ispersymmetric.

Thus one of the reasonswhy all three families of structures are simultaneously re-
ected in B is that the matricesl 4;J4 and R4 that de ne the underlying bilinear forms
arethemseheselemerts of B. This suggestghe possibility of further extensions:ead of
the sixteen quaternion basiselemens could be usedto de ne a non-degenerateilinear
form on R?, thus giving rise to sixteen (G;L;J) triples on R* 4, which might then be
extendedin someway to triples of structured n n matrices. Howewer, these sixteen
bilinear forms on R* are not all distinct. In fact, they fall into exactly three equivalence
classes.The bilinear form de ned by |4 isin a classby itself. The other nine symmetric
matricesin B give rise to bilinear forms that are all equivalert to hx;yi = xTR,y. The
remaining six skew-symmetric matrices in B de ne forms that are ead equivalert to
h;yi = xTJ,sy. Thus the three (G;L;J) triples de ned in Table 2.1 are essetially the
only oneswith quaternion ties.

4.6 Quaternion dictionary

Using Tables4.1 and 4.3, quaternion represemations of structured classesof matrices
relevant to this work canbe constructed;thesearelisted in Table4.4. For easyreference,
the represemation for rotations and perplectic rotations deweloped in sections4.2 and
4.3 are alsoincluded in the table. For represemations of symmetric or skew-symmetric
Hamiltonian and skew-Hamiltonian matrices, the interestedreaderis referredto [10].



Table 4.4: Quaternion dictionary for somestructured 4 4 matrices
2R, p,gr2P

Diagonal @a n+ (@ i+ G H+ (k k)
Symmetric 1 D+p i+qg j+r k
Skew-symmetric p 1+1 q

2R, p, g r 2sparfi;kg; s2 sparfj;kg

Persymmetric @ D+ (G )+p j+g k+r 1+1 s
Symmetric persymmetric @ H+ (G H+p j+qg k
Skew-symmetric persymmetric r 1+1 s
Perskew-symmetric r-i+j s+ (@A i)+ ( 1
Symmetric perskew-symmetric r i+j s
Skew-symmetric perskew-symmetric @ n+ (¢ 1
Xj=Jyi=1 x,y2H
Rotation Xy
Perplectic rotation X Yy, Xx2sparfl;jg, y2 sparfl;ig;

or x 2 sparfi; kg, y 2 sparfj; kg

We now specify the quaternion parametersfor eat of the six types of structured
4 4 matrices listed in the secondgroup of Table 4.4. This is donein terms of the
matrix ertries by using the matrix form of the basisB givenin Appendix A.

fA=[an]= (1 1D+ ( i)+p j+qg k+r 1+1 sisad 4real
persymmetricmatrix, then the scalars , 2 R, and the pure quaternion parametersp,
g, r 2 sparfi; kg, s 2 sparfj;kg; are given by

= 3(a11 + az) (4.6a)
= %(314 + a3+ agy + agy) (4.6b)
P=[P1;P2;Pal = [3( @+ @+ as asn); 0 3(ax + aw)] (4.6¢)
0= [oh; ;] = [3(a1s+ @a1); O; 3(aur  az2)] (4.6d)
r=[ro;rars] = [3(820 a12); 0 7( @4 s+ ag + au)] (4.6e)
S=[s1;52;83] = [0; 2(aus @s1); 3(aus @+ ap aw)l: (4.61)

The correspnding calculation for a4 4 real perskew-symmetricmatrix A = [ay] =

roi+j) s+ (1 i)+ ( 1) yieldsewensimpler equationsfor the scalars ,
2 R and the pure quaternionsr 2 sparfi; kg; s 2 sparfj; kg.

= 3(a12 @) (4.72)
= 3( a3+ az) (4.70)
r=1[r;rars] = [F(a + a2); 0, 3(aws+ as)] (4.7c)
S=[s1;52,8] = [0; 3(a11  @); 3(aw2+ @)l: (4.7d)

Next, the four doubly structured classesare handled by specializing (4.6) { (4.7).
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Type A: Symmetric Persymmetric

= 3(an + a) (4.82)
= 3(aus + ap) (4.8b)
P= [P P2ips] = [3( s+ @3); 0; aus] (4.8c)
0= [on; ;6] = [aus; O; 3(a11  @22): (4.8d)
Type B: Skew-symmetricPersymmetric
r=[rrars] = [ a0 3(aws + azs)] (4.9a)
S= [s1;52:S3] = [0 aus; 2(aua @) : (4.9b)

Type C: Symmetric perskew-symmetric

r=[ry;rars] = [3(a+ a); 0;  ags] (4.10a)
S=[s1;52;83] = [0; 3(anr  @z); awl: (4.10b)

Type D: Skew-symmetricperskew-symmetric:

= apo = a3 (411)

5 Doubly structured 4 4 eigenproblems

Canonical forms via structure preservingsimilarities are now deweloped in closedform
for 4 4 matricesof Type A, B, and C. This is done by reinterpreting thesequestions
insideH H as 3-dimensionalgeometricproblems.

For a matrix A of Type D, it can be showvn that no 4 4 perplectic orthogonal
similarity canreduceA to a more condensedorm. Indeedif oneusesW 2 PO, (4), then
WAW T = A. This can be seenby using (4.5) with a b replacedby the quaternion
represemation of a Type D matrix asgivenin Table 4.4:

xy) @ )+ (G HE y= @ yy+ xx D= @ H+ ( 1) (61

The last equality in (5.1) follows from (4.4). Other similarities from PO(4) can change
A, but only in trivial ways: interchanging the rolesof , , or changing their signs.
Consequetly a Jacobialgorithm for n  n skew-symmetricperskew-symmetricmatrices
cannot be basedon 4 4 structured subproblems. Larger subproblemswould needto
be solved; nding closedform structure-preservingsolutions for these remains under
investigation.

5.1 4 4 symmetric persymmetric

Given a symmetric persymmetricmatrix A = (1 1)+ ( i)+p j+qg k2
R* 4, to what extert can A be reducedto a simpler form by the similarity WAW T
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whenW = x y 2 PO(4)? It is clearthat the term (1 1) is invariant under all
similarities. Converting the secondterm to matrix form yields (j i) = Ry4. Since
every W 2 PO(4) comnuteswith Ry, the secondterm will alsoremainuna ected. Thus
the reducedform of A will in generalhave terms on the main diagonal as well as the
antidiagonal, and we concludethat A may be reduced,at best, to an \X-form" that will
inherit the double symmetry of A:

2 2 (5.2)

A matrix in this form will have eigervaluesgivenby ; ;and > ». Now for the
purposeof calculating a W that reducesA to X-form, we may assumewithout loss of
generality that A= p | +qg k. Thuswe have

WAW T = (xpX  yjy) + (xax  yky):

Recall from Table 4.4 that p, g 2 sparfi; kg. The X-form of (5.2) would be acieved
by taking y = 1 and rotating the pure quaternionsp and q to multiples of i and k,
respectively. But p and q are a ected only by the rotation x  x, which in generalcan
align either pwith i, orqwith  k, but not both. To overcomethis di cult y we modify
a strategy rst usedin [17] for generalsymmetric matrices.

De ne a vector spaceisomorphism :P P! RS2 3 asthe unique linear extension
of the map that sendsa b to the rank onematrix ab’ 2 R® 3. Then we get

A - J + T
(A) Eez ges 3
0O pp @
=40 0 0°
0 p3 &
2 32 3¢ 2 32 3¢
U1 0 Uqo 0
= 14 0 54V115 + 24 0 54V125 by SVvD (53)
Uoq Vo1 U2o V22
= (U vit U V),
where ujz Uy T and Vi Vo T, i = 1, 2, are respectively the left and right singular

vectorscorrespnding to the singular values ; > Oof (pEd)2R? 2

Since isanisomorphismwehaveA=p j+qgq k= 1(up wvi)+ (U vy).
Becauseu;, u, are orthogonal and lie in the i-k plane, a 3-dimensionalrotation x X
with axis alongj that alignsu; with k must alsoalign u, with i. Similarly, sincevy,
Vv, are orthogonal vectorsin the j -k plane,arotation y y with axis alongi that aligns
vy with k will align v, with  j. By Proposition 4.1, the unit quaternionsx, y must lie
in sparf1;j g and sparf 1;ig respectively. ThenW = (x 1)(1 y)=x y will bein
PO, (4) by (4.4), and

WAWT = (xusiX  ywviy) + 2(xuzX  ywvoy) = 1(k k) o(i |)
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is in X-form. Furthermore, sinceu; and v, are the singular vectorscorrespnding to the
largest singular value 1, most of the \w eight" of A hasbeensert to the main diagonal
(represerted hereby k k), while the anti-diagonal (represeed hereby i j) carries
the \secondary" weigh.

An X-form can alsobe adiieved by choosingx y sothat u; is alignedwith i, and
vy with |, e ectively reversingthe roles of the main diagonaland the anti-diagonal.

To calculate the unit quaternion x, use (4.3) with a = uy, b = k; the computation
of y is similar, this time with a = v;, and b= k. The matrix formsofx land1l vy
can then be computed from (4.1); the product of thesetwo commuting matrices yields
W. Obsene that to determineW, it su ces to nd just onesingular vector pair u, vs,
ofa2 2 matrix. In practise, one calculatesthe singular vectors correspnding to the
largest singular value.

The computation of W involvesthe terms = 1+ uy; and = 1+ v,. Thus
subtractive cancellation can occur when uy; or V,; is negative, that is, when u; =
Uiil + Uxk or vi = vyy) + vk require rotations by obtuse anglesto bring them into
alignmernt with k. By replacingu;, by u; and/or v; by v; as needed,cancellation
can be avoided, and the rotation angleswill now be lessthan 90 (seeProposition 4.2).
The computation of W is given in the following algorithm, which hasbeenarrangedfor
clarity, rather than optimality.

Algorithm 1 (4 4 symmetric persymmetric). Given a symmetric persymmetric

matrix A 2 R* 4, this algorithm computesa real perplectic orthogonal matrix W 2
PO, (4) suchthat WAW T is in X-form asin (5.2).

p= 1(as @) ap T % from (4.8c)

= a3 3(au1 a) T % from (4.8d)

U V =svd p ¢

U= U1 Uy % Uy = Upii + Upk, asin (5.3)
V= Vi1 Vo1 % Vy = Vi1 + VK asin (5.3)

% Changesignto avoid cancellationin computation of ,
if uyy <O then u= u endif
if v,y <0 then v= v endif

=&t Uz g =+ Vy
= a2_2; = p12_ 3
0 U1 0
_ 1§ 0 0 Ullé 0 _
Wy = — Uy O 0 W, =x 1
2 0 u; O 3
viiz O 0
_ 1§ Vi1 0 0 Z . _
0 0 Vi1
W = W, W, %WAW T is now in X-form

13



5.2 4 4 skew-symmetric persymmetric

A skew-symmetricpersymmetric matrix in R* 4isofthe formA=r 1+ 1 swhere
r 2 sparfi; kg and s 2 sparfj;kg. Consequetly one canchoosea rotation x X with
axis alongj that alignsr with k, and an independert rotation y y with axis alongi
that alignss with k. Then W = x y 2 PO, (4) by (4.4), and

WAWT = xrx 1+ 1 ysy
:gjk 1+jsjil k

3
0 0 0 isiirj
_ 0 0O js jrj 0O é
‘§ 0 jsi + jrj 0 0 o &4
j Sj+jrj 0 0 0

To calculate the unit quaternion x, use(4.3) with a = r, b= k; the computation of
y is similar, this time with a= s, and b= k. The matrix formsof x 1and1l Yy can
then be computedfrom (4.1); the product of thesetwo comnuting matricesyields W.

The computation of W involvesthe terms = krk, + r, and = ksk, + s,. Thus
subtractive cancellationcan occur whenr, or s; is negative, that is, whenr = rji + ryk,
or s = s;j + Spk require rotations by obtuse anglesto bring them into alignmert with
k. By replacingr by r and/or s by s asneeded,cancellationcan be avoided, and
the rotation angleswill now be lessthan 90 (seeProposition 4.2). The computation of
W is given in the following algorithm, which has beenarrangedfor clarity, rather than
optimality.
Algorithm 2 (4 4 skew-symmetric persymmetric). Given a skew-symmetrigper-
symmetric matrix A 2 R* 4, this algorithm computesa real perplectic orthogonal matrix
W 2 PO, (4) suchthat WAW T is in anti-diagonal canonical form asin (5.4).

r = adjo %(a14 + 8.23) % from (493.)
S= a3 %(314 a.23) % from (49b)
% Changesign to avoid cancellationin computation of ,
if ro<0 then r= r endif
if s, <0 then s= s endif
= krky + 15, ; = ksk, + s
=k rip ky =k sg ke
0 rnp 0
W= = ° 512 %W, = x 1
0O ri, O
2 3
s; O 0
w=1§ s 0 f;lé %W, =1 y
0 0 S;
W = W, W, %WAW T is now in canonicalform asin (5.4)
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53 4 4 symmetric perskew-symmetric

If A2 R* 4is symmetric perskew-symmetric,thenA =r i+j swherer 2 sparfi; kg
and s 2 sparfj; kg. Choosea unit quaternionx sothat the rotation x x hasaxis along
j, and xrX is a multiple of i. Similarly choosea rotation y y with axis alongi that
sendss to a multiple of j. SettingW = x vy, we seefrom (4.4) that W 2 PO, (4), and

WAWT = xrX i+] ysy = jrji i+jsjj |

2. 3

jri+jsj 0 0 0
0 jrj jsi 0 0 Z
0 0 j rj+jsj 0 ' (5-5)
0 0 0 jrji s

To calculate the unit quaternion x, use(4.3) with a = r, b= i; the computation of
y is similar, this time with a= s, and b= j. The matrix formsof x land1l 1y can
then be computedfrom (4.1); the product of thesetwo commuting matricesyields W.

The computation of W involvesthe terms = krk, + ry and = ksk, + s;. Thus
subtractive cancellationcan occur whenr, or s; is negative, that is, whenr = rqi + ryk,
or s = s;j + Spk require rotations by obtuse anglesto bring them into alignmert with
i, ], respectively. By replacingr by r and/or s by s asneeded,cancellationcanbe
avoided, and the rotation angleswill now be lessthan 90 (seeProposition 4.2). The
computation of W is given in the following algorithm, which has been arranged for
clarity, rather than optimality.

Algorithm 3 (4 4 symmetric perskew-symmetric). Given a symmetric perskew-
symmetric matrix A 2 R* 4, this algorithm computesa real perplectic orthogonal matrix
W 2 PO, (4) suchthat WAW T is in diagonal canonical form asin (5.5).

r= I(au+ an) as % from (4.10a)
s= 2(aur ap) ap % from (4.10Db)
% Changesign to avoid cancellationin computation of
if ry<0 then r= r endif
if s;<0 then s= s endif
= krko+ rq; = ksk, + s
=k 2r2 kz; =k 3 So k2
0 rr O
sziroz . 0 rgé %W, = x 1
0 ) 0
2 3
So 0 0
1
Wy=—§SC§ . Sozé %W, =1 vy
0 0 So
W = W, W, % WAW T is now in canonicalform asin (5.5)
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6 Doubly structured 3 3 eigenproblems

As we shall seein section8, whenn is odd, Jacobialgorithms for n  n matricesin the
classexonsideredin this paper alsorequire the solutionto 3 3 eigenproblems.

6.1 PO(3)

Rather than working via the quaternion characterization of SO(3), a usefulparametriza-
tion of PO(3) that exhibits its four connectedcomponerts can be obtained directly
from (3.1). Two of these componerts form the intersection of PO(3) with the group
of rotations SO(3). Our algorithms will only use matrices from PO, (3), the connected
componert cortaining the identity, given by

8 3 9
< 1 051 25 c 1 =
PO, (3) = W( )— ~4 25 pZC P25 : ¢ = cos ;s=sin; 2[02)
' c+1 ’

(6.1)
This restriction to PO, (3) ensures,just asin the 4 4 case,that \far-from-identit y"
rotations are avoided in our algorithms. Details of the derivation of (6.1) as well as
parametrizations for the other three connectedcomponerts of PO(3) are given in Ap-
pendix B.

6.2 3 3symmetric persymmetric

Given a nonzerosymmetric persymmetric matrix A = , we want W 2 PO, (3)

sothat the (1;2) elemen of WAW T is zerced out. Becausesud a similarity presenes
symmetry aswell as persymmetry, we will then have
h [
WAWT = o 2 0 : (6.2)

Using the parametrization W = W( ) givenin (6.1) and setting the (1;2) elemen of
WAW T to zeroyields

L ( )es+ (2 s9) =0
This equationis analogousto the onethat arisesin the solution of the 2 2 symmetric
eigenproblemfor the standard Jacobimethod (seee.g.,[26, p.350]),and it canbe solved
for (c;s) in exactly the sameway. Let

3 b
b= -~ and t= —p——:
+ 1+ 1+
Then taking
(9= p——0:ct 6.3)
1+ 12

in (6.1) givesaW = W/( ) that achievesthe desiredform (6.2).
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Algorithm 4 (3 3 symmetric persymmetric). Given a symmetric persymmetric
matrix A 2 R3 3, this algorithm computesW 2 PO, (3) suchthat WAW T is in canonical
form asin (6.2).

= , = —pi
At a3 axp 1+ 1+
1 1 _
cC= p—; W, = p— Ct %S:pZ\NZ
1+ t2 2
wp = 3(c+1); wy=3(c 1)
2 3
W; W, W3
W=4 w, ¢ wp
W3 W, Wq
6.3 3 3 skew-symmetric persymmetric
0
Given a nonzeroskew-symmetric persymmetric matrix A = 0 - we want W 2

PO, (3) sothat the (1;2) elemen of WAW T is zerced out. Becauseof the presenation
of double structure, we will then have

WAWT = 0 g9 (6.4)
Proceedingasin section6.2 leadsto ¢ p% s = 0. Among the two options for (c;s)
satisfying this condition, the choice
1 S P_
(c;s) = P | j;(sign ) 2 (6.5)
+2 2
correspndsto using the small anglefor in the expressionW = W( ) givenin (6.1),

thus making W ascloseto the identity as possible.

Algorithm 5 (3 3 skew-symmetric persymmetric). Given a skew-symmetrigper-
symmetric matrix A 2 R3 3, this algorithm computesW 2 PO, (3) suchthat WAW T is
in canonical form asin (6.4).

= a3, = ap
=k kz
c= = ; W, = = %s = p§W2
if <O
c= ¢C, Wy = Wy
endif
Wy = é(C"‘ 1); W3 %(C 1)
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6.4 3 3symmetric perskew-symmetric

. . . . 0
Given a nonzerosymmetric perskew-symmetric matrix A = . ° , we want W 2

PO, (3) sothat h i
WAWT = 000 : (6.6)

oo o

0
0
Sinceboth perslkew-symmetry and symmetry are automatically presened by any sim-
ilarity with W 2 PO, (3), we only needto ensurethat the (1;2) elemen of WAW " is
zero. This leadsto the samecondition asin section6.3, that is, we needto choosethe
parametersc, sin W = W( ) sothat ¢ el s= 0. Consequetly c, s chosenasin

2
(6.5) yields W 2 PO, (3) ascloseto the idertity as possible.

Algorithm 6 (3 3 symmetric perskew-symmetric). Given a symmetric perskew-
symmetric matrix A 2 R3 3, this algorithm computesW 2 PO, (3) suchthat WAW T is
canonical form asin (6.6).

= a1, = a2
= k k2
c= = ; W, = = %s:p§w2
if <O
c= C,; Wo =  W»
endif
wi = i(c+ 1); w33= (c 1)

Wiy Wy W3
W=4 w, ¢ w?
Ws; W, W

7  Perplectic orthogonal canonical forms

To build Jacobialgorithms fromthe 4 4and3 3 solutionsdescribedin sections5 and
6, we needwell-de ned targets, that is, n  n structured canonicalforms at which to
aim our algorithms. The following theorem descritesthe canonicalforms achievable by
perplectic orthogonal (i.e. structure-preserving)similarities for ead of the four classes
of doubly-structured matrices under consideration.

Theorem 7.1. LetA2 R" M,

(a) If A is symmetricand persymmetricthenthere existsa perplectic-orthogonalmatrix
P suchthat P AP is in structured \X-form", that is

ala Obzbl
2
PlAP:§O @@ 0%; (7.1)



which is both symmetric and persymmetric.

(b) If A is skew-symmetricand persymmetric, then there existsa perplectic-orthogonal
matrix P suchthat P AP is antidiagonal and skew-symmetric that is,

2 3

-a
P AP :§ 0 Z: (7.2)
2 0

(c) If A is symmetric and perskew-symmetricthen there existsa perplectic-orthogonal
matrix P suchthat P AP is diagonaland perskew-symmetricthat is,

2 3
a

b
P AP = g O@@-b_aZ: (7.3)

(d) If A is skew-symmetriand perskew-symmetrichenthere existsa perplectic-orthogonal
matrix P suchthat P AP hasthe following \block X-form",

2 3
A B
1A2 0 5, 1

PiaP=80 % 0% (7.4)

B> 0@ A;
Bi A

whee A; and B are2 2 real matricesof theform % % and ¢ § , respec-
tively, and
8
E : ifn O mod4;
=0 ifn 1 mod 4
Z= 5[,188] i ifn 2 mod 4
:
0

ch ifn 3 mod4:
cO

Since similarity by P preservesstructure, the black X-form givenby (7.4) is both
skew-symmetricand perskew-symmetric.

The result of part(a) cannotbe improved, asthe matrix A = | + R demonstrates:it
is symmetric and persymmetric,and imperviousto any perplectic orthogonal similarity.
The result of part(d) is alsothe bestthat can be adchieved: by the discussionaccompa-
nying (5.1), the 4 4 skew-symmetricperskew-symmetricmatrices Aéi BA‘i cannot be
reducedfurther. The main impetus for conjecturing the canonicalforms givenin Theo-

rem 7.1 comesfrom the quaternion solution in the casewhenn = 4. For a proof of the
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generalcase,see[16]. Complex canonicalforms for various classesof doubly structured
matrices in C" " have beendiscussedin [1], [20]. Howewer, the real canonical forms
given by Theorem 7.1 cannot be readily derived from the resultsin [1], [20].

The next section preseis structure-preserving Jacobi algorithms to adhieve the
canonicalforms in (7.1)-(7.3). As was remarked earlier, a consequenc®f (5.1) is that
a Jacobialgorithm for doubly skewed matrices cannot be built using4 4 subproblems
asa basis. Finding a structure-preservingalgorithm to achieve the canonicalform given
in (7.4) remainsan open problem.

8 Sweep design

For a Jacobialgorithm to have a good rate of corvergenceo the desiredcanonicalform,
it is essetial that every elemen of the n  n matrix be part of a target subproblemat
leastonceduring a sweep,whether the sweepis cyclic or quasi-cyclic. There are se\eral
ways to designa sequenegmf structured subproblemsthat give rise to suc sweeps.

B x C
Let A = 4yT z'™S 2 R" " have symmetry or skew-symmetry about the main
D w E

diagonal as well as the anti-diagonal. HereB, C, D, E 2 R™ ™, wherem = b3c. If n
isodd, thenx,y, z, w2 R™ and 2 R; otherwisethesevariablesare absen.

First note that an o -diagonal elemen a; chosenfrom the m m block B uniquely
determinesa 4 4 principal submatrix A4fi; j ] that is centrosymmetrially emiedded in
A; this meansthat A4[i; j] is locatedin rows and columnsi, j,n j+l1andn i+ 1:

2 3
aii aij ‘ ai;n j+1 a1';n i+1
.. g & Qn j+1 Aon i+l
A4[I;j] = E . (8.1)
An j+15i On j+1j] An j+1;n j+1 Gn j+ln i+l
An i+1;i 9n i+l An i+1:n j+1  9n i+l;n i+l

Centrosymmetrically embeddedsubmatricesinherit both structuresfrom the parert ma-
trix A | symmetry or skew-symmetrytogetherwith persymmetryor perskew-symmetry
Furthermore, whenn is even, any cyclic or quasi-cyclicsweepof the block B consistingof
2 2 principal submatriceswill generatea correspnding cyclic (respectively quasi-cyclic)
sweepof A, comprisedertirely of 4 4 certrosymmetrically embeddedsubproblems.An
illustration whenn = 8 is givenin Figure 8.1 using a row-cyclic sweepfor B. The ertry
denotedby determinesthe position of the rest of the elemerts in the current target
subproblem. Theseare represeted by heary bullets. Obsene that ewery ertry of A is
part of a target submatrix during the courseof the sweep,and that this property will
hold for any choiceofa2 2 basedcyclic or quasi-cyclicsweeppattern for B. Animated
views, in various formats, of a row-cyclic sweepon a 12 12 matrix can be found at
http://www.cscamm.umd.edu/~ddunlavy/perplectic.html

When n is odd, a sweepwill involve certrosymmetrically embedded3 3 targets as
well as4 4ones.A 3 3target Aj[i] is determinedby a singleelemen a; chosenfrom
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Figure 8.1: Row-cyclic structured sweep,n = 8

the m m block B, and always involves elements from x, w, y', z", and the certer
elemenn = an+1m+1:
2 3
Qi Ai:m +1 Ain i+l
Asli] = 4 Am+1 ;i Am+1:m+1 Am+1n i+l S: (8.2)
an i+1;i an i+1;m+1 an i+1l;n i+l

Animated views, in various formats, of a row-cyclic sweepon a 13 13 matrix can

be found at http://www.cscamm.umd.edu/~ddunlavy/perplectic.html . Figure 8.2
illustrates sud a sweepfor n = 7; ertries in locations correspnding to x;y; z";w'™ and
are depicted by

Once a target submatrix of A hasbeenidentied, W 2 PO, (4) or W 2 PO, (3) is
constructed using the appropriate algorithm from section5.1,5.2 or 5.3, or section6.2,
6.3 or 6.4. Certrosymmetrically embeddingW into |, yields a matrix in PO, (n).

A Jacobialgorithm built on theseideasis illustrated in Algorithm 7 for a symmetric
persymmetricmatrix A, usinga row-cyclic ordering. Sincein this caseA is beingdriven
to X-form asin (7.1),

S
H,—

o (A)= aﬁ whereS=f(i;j):1 i;j n;j6i;j6n i+1g
(lj)2s

is usedas a measureof the deviation from the desiredcanonicalform.

Figure 8.3 depicts a slide shav of Algorithm 7 running on a 12 12 symmetric
persymmetricmatrix. A snapshotof the matrix istakenafter ead iteration, that is, after
eah 4 4 similarity transformation. Eadh row of snapshotsshowsthe progressionduring
a sweep. In this case,the algorithm terminates after 5 sweeps. Movies of Algorithm 7
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Figure 8.2: Row-cyclic structured sweep,n = 7

le-15 le-10 le-5 1

Figure 8.3: Algorithm 7 running ona 12 12 symmetric persymmetric matrix

running on 12 12 and 32 32 symmetric persymmetric matrices can be downloaded
from http://www.cscamm.umd.edu/~ddunlavy/perplectic.html

Algorithm 7 (Row-cyclic Jacobi for symmetric persymmetric matrices). Given
a symmetric persymmetric matrix A 2 R" ", and a toleranee tol > 0, this algo-
rithm overwrites A with its approximate canonical form PAP T whee P 2 PO, (n) and
o (PAPT) < tolkAkg. The matrix P is also compute.

P=1,; = tol KAk ; m = bn=2c
while o (A) >
fori=1m 1
forj =i+ 1:m

UseAlgorithm 1to nd W 2 R* # sudh that A4[i; j] is in X-form
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P=1,; Blijl=wW

A = PAPT
P=Pbp
endfor

if n is odd then
UseAlgorithm 4to nd W 2 R® 2 sud that Aj[i] is in X-form

B=1,; Bfi]=wW
A= PaAPT
P=bp

endif

endfor
if n is odd then
UseAlgorithm 4to nd W 2 R® 3 sud that As[m]isin X-form

P=1,; Bm=w
A = PAPT
P=Pp
endif
endwhile % A is now in canonicalform asin (7.1)

Parallelizable Jacobi orderingsin the 2 2 setting (seefor example[7], [8], [14], [19],
[19], [24]) onthe m m block B yield correspnding parallelizable structure-preserving
sweepsfor the n  n matrix A. Finally we note that sincethe double structure of the
n n matrix is always presened, both storagerequiremens and operation courts can
be lowered by roughly a factor of four.

9 Numerical Results

We presernt a brief set of numerical experimerts to demonstratethe e ectivenessof our
algorithms. All computations were done using MATLAB Version5.3.0on a Sun Ultra
5 with IEEE double-precisionarithmetic and madine precision = 2:2204 10 16: As
stopping criteria we choserelo (A) < tol, whererelo (A) = o (A)=kAkg. Hereo (A)
is the appropriate o -diagonal norm for the structure under consideration,kAkg is the
Frobeniusnorm of A, and tol = KkAKg.

algorithms wererun on 100random 2n  2n structured matrices with ertries normally
distributed with meanzero( = 0) and varianceone( = 1). The tests were repeated
for matriceswith ertries uniformly distributed onthe interval [ 1; 1] with no signi cant
di erences in the results. The results are reported in Figures9.1-9.2and Tables9.1-9.3
and discussedoelow.

The methods always converged,and the o -norm always decreasednonotonically.
The cornvergencerate was initially linear, but asymptotically quadratic. This is
shown in Figure 9.1 usinga sample200 200matrix from ead of the three classes.
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Figure 9.1: Typical corvergencebehavior of 200 200 matrices
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Figure 9.2: Averagenumber of sweepsfor corvergencefor 2n  2n matrices

It wasexperimentally obsened that the number of sweepsneededfor corvergence
depends only on matrix size: the standard deviation of the average number of

sweepswas consistettly very low | between O and 0.52. Figure 9.2 suggests
that roughly O(logn) sweepssu ce. This leadsto an a priori stopping criterion,

which is an important considerationon parallel architectures: a stopping criteria

that dependson global knowledge of the matrix elemerts would undermine the

advantage gainedby parallelism.

As the matrices are always either symmetric or skew-symmetric, all eigervalues
have condition number equalto 1, are all real or pure imaginary, and can be easily
sorted and comparedwith the eigervalues computed by matlab 's eig function.
The maximum relative error, releig = maxjj [ 115 9] was of the order
10 3 asshown in the last column of Tables9.1-9.3.

The computed perplectic orthogonal transformations P from which the eigervec-
tors or invariant subspacesan be obtained were both perplectic as well as or-
thogonal to within 6:3 10 !4, as measuredby kPTRP Rk and kPTP 1k
in Tables9.1-9.3. Since perplectic orthogonal matrices are certrosymmetric (see
section 3), the deviation from certrosymmetric block structure [V rUr ] Canbe
measuredby block = kP(1:n;1:n) RP(n+ 1:2n;n+ 1:2n)Rkg + KP(1 :
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2n | sweeps relo kPTRP Rkg | kPTP ke block releig

50| 7:22 | 404 10 16 1:40 10 1:42 10 ** | 303 10 *® | 329 10 *
100 | 802 | 466 10 ¢ 298 10 300 10 *# | 455 10 % | 102 10 '3
150 | 827 | 409 10 *® | 450 10 * 452 10 ** | 576 10 ¥ | 147 10 13
200| 884 | 199 10 1 6:22 10 4 6:25 10 * | 677 10 | 1:09 10 B

Table9.1: 2n  2n symmetric persymmetric matrices

2n | sweeps relo kPTRP Rke | KPTP Ikg block releig

50| 710 |1:02 10| 979 10 | 995 10 | 301 10 15| 330 10
100| 802 | 127 10| 199 10 | 201 10 * |455 10 ** | 606 10 4
150 | 814 | 316 10| 275 10 | 2278 10 ¥ | 568 10 ° | 860 10 4
200| 854 |618 10| 382 10 | 384 10 | 669 10 5| 1:30 10 18

Table9.2: 2n  2n symmetric perskew-symmetricmatrices

2n | sweeps relo kPTRP Rkg | kPTP ke block releig

50| 7:84 | 103 10 1 1:.08 10 1:10 10 ** | 318 10 ' | 1.68 10 *
100| 867 | 225 10 *° 225 10 4 227 10 ¥ | 477 10 ¥ | 822 10 ™
150 | 905 | 252 10| 321 10 324 10 ¥ | 600 10 ¥ | 7.05 10 4
200 | 928 | 444 10 | 426 104 428 10 ** | 703 10 ¥ | 111 1013

Table9.3: 2n  2n skew-symmetricpersymmetric matrices

n;n+1:2n) RP(n+ 1:2n;1:n)Rkg; both terms in this sum had about the
samesize. Note that eigervectors computed by matlab 's eig function cannot be
directly comparedto the perplectic basesobtained by our algorithms.

10 Concluding remarks

We have presetted new structured canonicalforms for matrices that are symmetric or
skew-symmetric with respect to the main diagonal as well as the anti-diagonal, and
deweloped structure-preservingJacobi algorithms to compute theseforms in three out
of four cases.In the fourth case{ whenthe matrix is skew-symmetricwith respect to
both diagonals{ a structure preservingmethod to computethe correspnding canonical
form remainsan open problem.

In orderto e ectiv ely designstructure preservingtransformationsfor our algorithms,
explicit parametrizationsof the perplectic orthogonal groupsPO(3) and PO(4) werede-
veloped. Thesegroupsare disconnectedsoin orderto promote good convergencebehar-
ior, the algorithms were designedto accomplishtheir goalsusing only transformations
in the connectedcomponert of the identit y matrix.

In addition to preservingthe double structure in the parert matrix throughout the
computation, thesealgorithms are inherertly parallelizable and are experimertally ob-
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sened to be asymptotically quadratically corvergen. It is expected that the recen
analysisby Tisseur[25 of a related family of algorithms canalsobe appliedto this work
to show that thesemethods are not only badkward stable, but in fact strongly badkward
stable.

A The Quaternion Basis for R* 4

10006/%°01 006 %0010 %000 1
0O 1 0 02|61 0 O 02 §0 0 O 1Z 60 0 1 O
goo 1oZ§ooo 1?>§10002§o 1002
000 1| 0010 0100 1000
11 1 1 1 kK
01001/°121 000 %00012%0010
100 02|60 1 0 OZ 6O O 1 OZ BO 0 O 1
gooo 1é§oo 10!%&0 100251 oooé
0 010| 00071 1000 0100
i 1 i i ik
001 0/°00012%10020 %0100
O 0 0 17/g0 0 1 07 g0 1 0 O §1 0 0 OF
100 05/90 1 0 0010 40 0 0 1
o1 00| 1000 00071 0010
i1 P i ik
000 12/°0 0 10 %0100 %100 0
O 0 1 07/g0 0 0 g1 0 0 07 G0 1 0 OF
010 l41 0 0 000 140 0 1 o
1000 0100 0010 ©00GO0 1
k 1 k i kK j k k

B Parametrizations of PO(3)and PO(4)

Sincethe only 2 2 matricesthat are certrosymmetric and orthogonalare 1, and R,
PO(2) isadiscretegroupwith four connectedcomponerts. The explicit parametrizations
of PO(3) and PO(4) deweloped hereshow that ead of thesegroupsalsohasexactly four
connectedcomponerts.

B.1 PO(3)
Let W 2 PO(3). By (3.1), W is certrosymmetric and hencecan be expresseds
2 3
W = 4 5 :
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Using orthogonality we get

24 24 22 24 24 2 o) —
If =0,then =0and = 1. Thismeans[ ]2 PO(2), andhence[ ]is I, or
R,. Otherwise,
(+ ) if = ;
+ + =0 = = + = =
) (+) 9 A

2 + =0 %+ %+ =1 =) ((+ )P+2°%=1

Thuswe may write + = cos and = pl—isin , Wwhere 2 [0;2 ). Substituting for
in2 + 2=0yields4 = si® . Consequetly,
+ =cos =) 42 siP =4 cos =) = i(cos 1); = i(cos 1)

This gives us a parametrization of PO(3) that reveals this group has four connected
componerts, two of which consist of perplectic orthogonalswith positive determinart
(that is, perplectic orthogonal rotations). Using the abbreviationsc = cos , s = sin
the connectedcomponert cortaining the idertity is given by

8 2 p_ 3 9
< 1 ca_l 2s ¢ 1 =

PO, (3)= W()= 54 25 2 2s° ;where 2 [0;2 ) : (B.1)
) 1 2s c+1 '

Each W( ) represetts a rotation by angle about the axisthrough 1 0 1 T As

is the casefor the connectedcomponert of the idertity in any Lie group, PO, (3) is
a normal subgroup of PO(3). The other componert containing perplectic rotations is
parametrized by 2 D_ 3 2 3
1 (b—l 2s + 1 0O 0 1
~4%2s _2c  2s9=40 1 05W();
c+1 25 ¢ 1 1 0 0

while the two componerts cortaining perplectic orthogonalswith negative determinart
are given by

2

2 p_ 3 2 3
1 Gr1 2 g 1 1 0 0
~472s _2c 2s9=40 1 0OW();

2 c 1 p?s c+ 1 0 0 1
and 2 p_ 3 2 3
1 cp_l 2s ca_l 001
~4 "2 2 250 =40 1 0OW():
c+1 25 ¢ 1 100

Thusthesethree connectedcomponerts correspnd to left cosetsof the normal subgroup
PO, (3). Obsene that theseparametrizationsalsoshow that ead of the componerts of
PO(3) is homeomorphicto the circle S*.
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B.2 PO(4)

From section4.3 we have the quaternion parametrizations
n 0
PO, (4= u v:ju=jvy=2Lu2sparfl;jg,v2sparfl;ig

for the connectedcomponert cortaining the identity, and
n 0
U Vv:juj=jvj= 1,u2 sparfi; kg;v 2 sparfj;kg (B.2)

for the other connectedcomponert of PO(4) cortaining rotations. Writing u = cos +
(sin )j andv = cos + (sin )i whereO <2 andO < 2, we can write

W( ; )2 PO, (4) in matrix form as

W(; )= J V= u 1T v 39

cos 0 sin 0 cos sin 0 0

8 0 cos 0 sin Zg sin cos O 0 é

" 4sin 0 cos 0 0 0 cos sin
0 sin 0 cos 0 0 sin 3cos
COS CcOS Ccos sin sin cos sin sin

_g Ccos sin COS CO0S sin sin sin cos Z

~ 4 sin cos sin  sin COS CO0S Ccos sin
sin sin sin cos COS Sin COS CO0S

A perplectic rotation in the connectedcomponert given by (B.2) canthen be expressed
as
! 1
(k k) W(; )= 1 W( 5 )
1

There are two more connectedcomponerts of PO(4), cortaining matriceswith neg-

ative determinart. They are given by the parametrizations
1 1 0 1
?%1W(;); 10 W(3)
1

Once again, the connectedcomponert cortaining the identity is a normal subgroup of
PO(4); the parametrizationsfor the other three connectedcomponerts shav that they

are cosetsof PO, (4).
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