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Abstract

Structured real canonical forms for matrices in Rn� n that are symmetric or
skew-symmetric about the anti-diagonal as well as the main diagonal are pre-
sented, and Jacobi algorithms for solving the complete eigenproblemfor three of
thesefour classesof matrices are developed. Basedon the direct solution of 4 � 4
subproblemsconstructed via quaternions, the algorithms calculate structured or-
thogonal basesfor the invariant subspacesof the associated matrix. In addition
to preserving structure, these methods are inherently parallelizable, numerically
stable, and show asymptotic quadratic convergence.
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1 In tro duction

The numerical solution of structured eigenproblemsis often called for in practical ap-
plications. In this paper we focus on four types of doubly structured real matrices |
those that have symmetry or skew-symmetry about the anti-diagonal as well as the
main diagonal. Instanceswhere such matrices arise include the control of mechanical
and electrical vibrations, wherethe eigenvaluesand eigenvectorsof Gram matrices that
are symmetric about both diagonalsplay a fundamental role [23].
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In addition to presenting doubly structured real canonicalforms for thesefour classes
of matrices, we develop structure-preservingJacobi algorithms to solve the eigenprob-
lem for three of these classes. A noteworthy advantage of these methods is that the
rich eigenstructureof the initial matrix is not obscuredby rounding errors during the
computation. Such algorithms also exhibit greater numerical stabilit y, and are likely
to be strongly backward stable [25]. Storagerequirements are appreciably lowered by
working with a truncated form of the matrix. Becauseour algorithms are Jacobi-like,
they are readily adaptable for parallel implementation.

2 Automorphism groups, Lie and Jordan algebras

A number of important classesof realmatricescanbepro�tably viewedasoperatorsasso-
ciated with a non-degeneratebilinear form h�; �i on Rn . (Complex bilinear or sesquilinear
forms yield corresponding complexclassesof matrices.)

G = f G 2 Rn� n : hGx; Gyi = hx; yi ; 8x; y 2 Rng (2.1a)

L = f A 2 Rn� n : hAx; yi = �h x; Ayi ; 8x; y 2 Rng (2.1b)

J = f A 2 Rn� n : hAx; yi = hx; Ayi ; 8x; y 2 Rng (2.1c)

It follows that G is a multiplicativ e group, L is a subspace,closedunder the Lie bracket
de�ned by [A; B ] = AB � BA, and J is a subspaceclosedunder the Jordan product
de�ned by f A; Bg = 1

2(AB + BA). We will refer to G, L, and J as the automorphism
group, Lie algebraand Jordan algebra, respectively, of the bilinear form h�; �i . For our
purposes,the most signi�cant relationship between these three algebraic structures is
that L and J are invariant under similarities by matrices in G.

Prop osition 2.1. For any non-degenerate bilinear form on Rn ,

A 2 L; G 2 G ) G� 1A G 2 L ; A 2 J; G 2 G ) G� 1A G 2 J:

Proof. SupposeA 2 L; G 2 G. Then for all x; y 2 Rn ,

hG� 1A Gx; yi = hG G� 1A Gx; Gyi by (2.1a)

= hGx; � A Gyi by (2.1b)

= hG� 1Gx; � G� 1A Gyi by (2.1a)

= hx; � G� 1A Gyi

Thus G� 1AG 2 L. The secondassertionis proved in a similar manner.

Two familiar bilinear forms, hx; yi = xT y and hx; yi = xT J2py whereJ2p =
h

0 I p
� I p 0

i
,

give rise to well-known (G; L; J) triples, asnoted in Table 2.1. Lessfamiliar, perhaps,is
the triple associated with the form hx; yi = xT Rn y whereRn is the n � n matrix with
1's on the antidiagonal, and 0's elsewhere:

Rn
def==

�
1...

1

�
: (2.2)
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Letting pS(n) denotethe Jordan algebraof this bilinear form, we seefrom (2.1c), that

pS(n) = f A 2 Rn� n : AT Rn = RnAg = f A 2 Rn� n : (RnA)T = RnAg: (2.3)

It follows that matrices in pS(n) are symmetric about the anti-diagonal; they are
often called the persymmetric matrices. Similarly, the Lie algebraconsistsof matrices
that are skew-symmetricabout the anti-diagonal,

pK(n) = f A 2 Rn� n : AT Rn = � RnAg = f A 2 Rn� n : (RnA)T = � RnAg (2.4)

called, by analogy, the perskew-symmetricmatrices. On the other hand, the automor-
phism group doesnot appear to have beenspeci�cally named. Yielding to whimsy, we
will refer to this G as the perplectic group:

P(n) = f P 2 Rn� n : PT RnP = Rng: (2.5)

Note that P(n) is isomorphicasa groupto the real pseudo-orthogonalgroupO(dn
2 e; bn

2 c),
although the matrices in thesetwo groupsare quite di�eren t.

Bilinear Form Automorphism Group Lie Algebra Jordan Algebra
hx; yi G L J

hx; yi = xT y Orthogonals Skew-symmetrics Symmetrics

hx; yi = xT J2py Symplectics Hamiltonians Skew-Hamiltonians

hx; yi = xT Rn y Perplectics Perskew-symmetrics Persymmetrics

Table 2.1: Examplesof structured matrices associated with somebilinear forms

2.1 Flip operator

Following Reid [23] we de�ne the \
ip" operation ( )F , whosee�ect is to transposea
matrix acrossits anti-diagonal:

De�nition 2.2. AF := RAT R

One can verify that 
ipping is the adjoint with respect to the bilinear form hx; yi =
xT Rn y; that is, for any A 2 Rn� n we have

hAx; yi = hx; AF yi ; 8 x; y 2 Rn : (2.6)

Consequently the following properties of the 
ip operation are not surprising:

(B F )F = B; (AB )F = B F AF ; (B F )� 1 = (B � 1)F = B � F : (2.7)

3



It now follows immediately from (2.3), (2.4), and (2.5), or directly from (2.1) using the
characterization of (�)F as an adjoint, that

A is persymmetric , AF = A; (2.8a)

A is perskew-symmetric , AF = � A; (2.8b)

A is perplectic , AF = A � 1: (2.8c)

The following proposition uses(2.8c) to determine when a 2n � 2n block-upper-
triangular matrix is perplectic.

Prop osition 2.3. Let B ; C; X 2 Rn� n . Then [ B X
0 C ] is perplectic i� C = B � F and BX F

is perskew-symmetric.

Proof. With A = [ B X
0 C ], we have AF =

�
CF X F

0 B F

�
. Then AF = A � 1 i�

AA F =
�

B X
0 C

� �
CF X F

0 B F

�
=

�
BCF BX F + X B F

0 CB F

�
=

�
I 0
0 I

�
:

B and C must be invertible, sinceany perplectic matrix is invertible. Equating corre-
sponding blocks yields C = B � F and BX F = � X B F = � (BX F )F .

Analogously, onecanshow that [ B 0
X C ] is perplectic i� C = B � F and B F X is perskew-

symmetric. Interesting special casesinclude the block-diagonal perplectics, [ B 0
0 C ] with

C = B � F , and the perplectic shears,[ I X
0 I ] with X perskew-symmetric.1

The condition that BX F be perskew-symmetriccan alsobe expressedas

BX F + X B F = 0 , X F B � F = � B � 1X , (B � 1X )F = � B � 1X ;

that is, B � 1X is perskew-symmetric. It is of interest to compareProposition 2.3 with
analogousresults for symplectic block-upper-triangular matrices usedin [9, 11]. There
it is shown that

[ B X
0 C ] is symplectic , C = B � T and B � 1X is symmetric;

with specialcasesthe block-diagonalsymplectics,[ B 0
0 C ] with C = B � T , and the symplec-

tic shears,[ I X
0 I ] with X symmetric. Theseconcreteexamplesillustrate that, by contrast

with the orthogonal groups,the perplectic and symplectic groupsare not compact.

3 Perplectic orthogonals

Sinceorthogonal matricesare perfectly conditioned, and perplectic similarities preserve
structure, perplectic orthogonal similarit y transformations are ideal tools for the nu-
merical solution of persymmetric and perskew-symmetriceigenproblems.From (2.5) it
follows that the perplectic orthogonal group, which we denoteby PO(n), is given by

PO(n) = f P 2 O(n) j RnP = PRng; (3.1)
1It can be shown that every 2n � 2n block-upper-triangular perplectic matrix [ B X

0 C ] can be uniquely
expressedas the product of a block-diagonal perplectic and a perplectic shear. The analogousfactor-
ization for block-upper-triangular symplectics was mentioned in [9], [11].
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whereO(n) is the n � n orthogonal group. Alternativ ely, one may characterizePO(n)
as the set of all centrosymmetric orthogonal matrices.

Each perplectic orthogonal group PO(n) is a Lie group, so the dimensionof PO(n)
asa manifold is the sameasthe vector spacedimensionof its corresponding Lie algebra,
the n � n skew-symmetric persymmetric matrices. These dimensionsare recordedin
Table 3.1 along with the dimensionsof the full orthogonal groupsfor comparison.Note
the 0-dimensionality of PO(2); this group contains only four elements, � I 2, � R2.

n 2 3 4 5 : : : n(even) n (odd)

dim PO(n) 0 1 2 4 . . . 1
4n(n � 2) 1

4(n � 1)2

dim O(n) 1 3 6 10 . . . 1
2n(n � 1) 1

2n(n � 1)

Table 3.1: Dimensionsof PO(n) and O(n)

Another basic property of PO(n) is its lack of connectedness.This contrasts with
the symplectic orthogonal groupsSpO(2n), which are always connected2. SincePO(n)
is isomorphic to O(dn

2 e) � O(bn
2 c), it follows that it has four connectedcomponents.

Concretedescriptionsof thesefour components whenn = 3, 4 are given in Appendix B.
The reasonto raisethe connectednessissuehereis that our algorithms achieve their

goalsusing only the matrices in POI (n), the connectedcomponent of PO(n) that con-
tains the identit y matrix I n . This component is always a normal subgroup of PO(n)
comprisedonly of rotations (orthogonalmatricesU with detU = 1). The exclusiveuseof
POI (n) means\far-from-identit y" transformations are avoided, which in turn promotes
good convergencebehavior of our algorithms.

4 Role of the quaternions

As hasbeenpointed out in the caseof real Hamiltonian and skew-Hamiltonian matrices
[3], [10], a structure preservingJacobialgorithm basedon 2� 2 subproblemsis hampered
by the fact that many of the o�-diagonal elements are inaccessibleto direct annihilation.
For any 2 � 2 basedJacobi algorithm for persymmetricor perskew-symmetricmatrices,
the problem is evenmoreacute: with PO(2) = f� I 2; � R2g, there aree�ectiv ely no 2� 2
structure preservingsimilarities with which to transform the matrix.

Following the strategy usedin [10], [17], thesedi�culties can be overcomeby using
quaternions to construct simple closedform, real solutions to real doubly-structured
4 � 4 eigenproblems,and then building Jacobi algorithms for the corresponding n � n
eigenproblemsusing these4 � 4 solutions as a base.

The n � n skew-symmetricperskew-symmetriccase,however, presents an additional
challenge: when n = 4, such a matrix is already in canonical form, sinceno perplectic

2In [15] the group SpO(2n) is shown to be the continuous imageof the complex unitary group U(n),
which is known to be connected.
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orthogonal similarit y can reduce it further. A structure preserving Jacobi algorithm
for these\doubly skewed" matrices must necessarilybe basedon the solution of larger
subproblems,and this remainsan open problem.

4.1 The quaternion tensor square H 
 H

The connectionbetweenthe quaternions

H = f q = q0 + q1i + q2j + q3k : q0; q1; q2; q3 2 R; i 2 = j 2 = k2 = ij k = � 1g

and 4� 4 real matriceshasbeenexploitedbefore[10], [12], [17]. In particular, the algebra
isomorphismbetweenR4� 4 and the quaternion tensor H 
 H was used in [17] to show
that real 4 � 4 symmetric and skew-symmetricmatrices have a convenient quaternion
characterization, and again in [10] to develop a quaternion representation for real 4 � 4
Hamiltonian and skew-Hamiltonian matrices. Since we will use this isomorphism to
characterizereal 4� 4 persymmetricand perskew-symmetricmatrices,a brief description
of it is included here.

For each (p;q) 2 H � H, let f (p;q) 2 R4� 4 denote the matrix representation of the
real linear map on H de�ned by v 7! pvq, using the standard basis f 1; i; j ; kg. Here
q denotesthe conjugate q0 � q1i � q2j � q3k. The map f : H � H ! R4� 4 is clearly
bilinear, and consequently inducesa unique linear map � : H 
 H ! R4� 4 such that
� (p 
 q) = f (p;q).

From the de�nition of � it follows that

� (p 
 1) =

2

6
6
4

p0 � p1 � p2 � p3

p1 p0 � p3 p2

p2 p3 p0 � p1

p3 � p2 p1 p0

3

7
7
5 ; � (1 
 q) =

2

6
6
4

q0 q1 q2 q3

� q1 q0 � q3 q2

� q2 q3 q0 � q1

� q3 � q2 q1 q0

3

7
7
5 : (4.1)

It canbe shown that � is an isomorphismof algebras[2], [21]. The tensormultiplication
rule (a 
 b)(a0 
 b0) = (aa0 
 bb0) then implies that the matrices in (4.1) commute, and
their product is � (p 
 q). From (4.1) it also follows that

� (p 
 1) = (� (p 
 1))T ; � (1 
 q) = (� (1 
 q))T : (4.2)

Sinceconjugation in H 
 H is determined by extending the rule p 
 q = p 
 q linearly
to all of H 
 H, we seethat � preservesmore than the algebrastructure: conjugation in
H 
 H corresponds, via � , to transposein R4� 4.

By the usual abuseof notation, we will usep 
 q to stand for the matrix � (p 
 q),
both to simplify notation and to emphasizethe identi�cation of H 
 H with R4� 4.

4.2 Rotations of R3 and R4

The correspondencebetweengeneralrotations of R3 and R4 and the algebraof quater-
nions goes back to Hamilton and Cayley [4], [5], [13]. Brie
y put in the languageof
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section 4.1, every element of SO(4) can be expressedas x 
 y, where x and y are
quaternions of unit length. This meansthat the map q 7! xqy can be interpreted as
a rotation of R4. Similarly, every element of SO(3) can be realized as x 
 x for some
unit quaternion x. In this casethe map q 7! xqx keepsthe real part of q invari-
ant, and can be interpreted as a rotation acting on the subspaceof pure quaternions,
P = f p1i + p2j + p3k : p1; p2; p3 2 Rg �= R3.

There is a useful and direct relation between the coordinates of a unit quaternion
x = x0 + x1i + x2j + x3k and the geometryof the associated rotation x 
 x 2 SO(3).

Prop osition 4.1. Let x be a unit quaternion. Then x
 x 2 SO(3) is a rotation with axis
along the vector given by the pure quaternion part, (x1; x2; x3), and angle � determined
by the real part, x0 = cos(� =2).

Proof. See,for example,[6], [22].

The following proposition, adaptedfrom [12] and usedin [10], will beusefulin section
5.

Prop osition 4.2. Supposea, b2 P are nonzero pure quaternionssuchthat jbaj � ba6= 0
(equivalently, suchthat a=jaj 6= � b=jbj), and let x be the unit quaternion

x =
jbaj � ba

j jbaj � baj
=

jbj jaj � ba
j jbj jaj � ba j

: (4.3)

Then x 
 x 2 SO(3) rotatesa into alignment with b. Furthermore, if a and b are linearly
independent, and x is chosenas in (4.3), then x 
 x is the smallest anglerotation that
sendsa into alignment with b.

4.3 4� 4 perplectic rotations

Let P 2 SO(4). Then P can be expressedas x 
 y wherex, y are unit quaternions. If
P is alsoperplectic, then by (3.1), P commutes with R4 = j 
 i . Hence

P 2 P(4) \ SO(4) , (x 
 y)( j 
 i ) = (j 
 i )(x 
 y)

, xj 
 yi = j x 
 iy

, (xj = j x and yi = iy ) or (xj = � j x and yi = � iy ):

The �rst alternative implies x 2 spanf 1; j g and y 2 spanf 1; ig, while the secondim-
plies x 2 spanf i; kg and y 2 spanf j ; kg. Thesetwo alternativescorrespond to the two
connectedcomponents of 4 � 4 perplectic rotations, with the �rst alternative describing
POI (4), the connectedcomponent containing the identit y. This quaternionparametriza-
tion

POI (4) = f x 
 y : jxj = jyj = 1; x 2 spanf 1; j g; y 2 spanf 1; igg; (4.4)

together with the geometriccharacterization given in the following proposition will be
usedto construct structure preservingtransformations for the algorithms in this paper.
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Prop osition 4.3. Let x, y be unit quaternionssuchthat x 
 y 2 POI (4). Then the axes
of the 3-dimensionalrotations x 
 x and y 
 y lie along j = (0; 1; 0) and i = (1; 0; 0)
respectively.

Proof. When x
 y 2 POI (4), Proposition 4.1togetherwith (4.4) imply that the anglesof
both rotations canbefreelychosen,but their axesmust lie alongj and i , respectively.

4.4 Similarities by rotations

By usingquaternions,the computation of rotational similarities in R4� 4 becomestractable.
This was usedto advantage in [10], [17], and will onceagain be exploited here.

Let a, b2 H begiven. If x; y areunit quaternions,then the product (x 
 y)(a
 b)(x 

y) 2 H 
 H represents a similarit y transformation on � (a
 b) 2 R4� 4 by � (x
 y) 2 SO(4).
On the other hand,

(x 
 y)(a 
 b)(x 
 y) = (xax) 
 (yby): (4.5)

By Section 4.2, this means that the pure quaternion part of a is rotated by the 3-
dimensionalrotation x 
 x, while an independent rotation, y 
 y 2 SO(3) rotates the
pure quaternion part of b. Sinceevery element of H 
 H is a real linear combination of
terms of the form a 
 b, the e�ect of a similarit y by x 
 y 2 SO(4) can be reducedto
the action of a pair of independent 3-dimensionalrotations.

4.5 Simultaneous splittings

When viewed in R4� 4 via the isomorphism � , the standard basis B = f 1 
 1; 1 

i; : : : ; k 
 j ; k 
 kg of H 
 H was shown in [10], [17], to consist of matrices that are
symmetric or skew-symmetricas well as Hamiltonian or skew-Hamiltonian. Something
even moreremarkable is true. Each of thesesixteenmatricesis alsoeither persymmetric
or perskew-symmetric. Thus the quaternion basissimultaneously exhibits no lessthan
three direct sum decompositions of R4� 4 into J � L :

f Symmetricsg � f Skew-symmetricsg

f Skew-Hamiltoniansg � f Hamiltoniansg

f Persymmetricsg � f Perskew-symmetricsg

This is shown in Tables4.1-4.3. For the matrix representation of the quaternion basis,
seeAppendix A.

An elegant explanation for why B has this simultaneous splitting property can be
outlined as follows:

� The correspondencebetweenconjugation and transposeexplains why each basis
element is either symmetric or skew-symmetric. For example, k 
 j is its own
conjugate,so the matrix � (k 
 j ) must be symmetric.
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 1 i j k
1 S K K K
i K S S S
j K S S S
k K S S S

S = Symmetric
K = Skewsymmetric

Table 4.1:


 1 i j k
1 W W H W
i H H W H
j H H W H
k H H W H

W = Skew{Hamiltonian
H = Hamiltonian

Table 4.2:


 1 i j k
1 pS pK pS pS
i pS pK pS pS
j pK pS pK pK
k pS pK pS pS

pS = Persymmetric
pK = Perskew{symmetric

Table 4.3:

� Premultiplication by J2n , the matrix that givesriseto the symplecticbilinear form,
is a bijection that turns symmetric matrices into Hamiltonian ones and skew-
symmetric matrices into skew-Hamiltonian ones. Similarly, the bijection given
by premultiplication by Rn , the matrix associated with the perplectic bilinear
form, turns symmetric matrices into persymmetric matrices and skew-symmetric
matrices into perskew-symmetricones.

� Up to sign, B is closedunder multiplication. This is trivial to verify in H 
 H.
Now by a fortuitous concordance,both J4 and R4 belong to B, sinceJ4 = 1 
 j ,
and R4 = j 
 i . Hencethe e�ect of premultiplication by R4 or J4 is merely to
permute (up to sign) the elements of B. For example,sincek 
 j is symmetric, and
R4(k 
 j ) = (j 
 i )(k 
 j ) = j k 
 ij = i 
 k, it follows that i 
 k is persymmetric.

Thus one of the reasonswhy all three families of structures are simultaneously re-

ected in B is that the matrices I 4; J4 and R4 that de�ne the underlying bilinear forms
are themselveselements of B. This suggeststhe possibility of further extensions:each of
the sixteenquaternion basiselements could be usedto de�ne a non-degeneratebilinear
form on R4, thus giving rise to sixteen (G; L; J) triples on R4� 4, which might then be
extendedin someway to triples of structured n � n matrices. However, thesesixteen
bilinear forms on R4 are not all distinct. In fact, they fall into exactly three equivalence
classes.The bilinear form de�ned by I 4 is in a classby itself. The other nine symmetric
matrices in B give rise to bilinear forms that are all equivalent to hx; yi = xT R4 y. The
remaining six skew-symmetric matrices in B de�ne forms that are each equivalent to
hx; yi = xT J4 y. Thus the three (G; L; J) triples de�ned in Table 2.1 are essentially the
only oneswith quaternion ties.

4.6 Quaternion dictionary

Using Tables4.1 and 4.3, quaternion representations of structured classesof matrices
relevant to this work canbeconstructed;theseare listed in Table4.4. For easyreference,
the representation for rotations and perplectic rotations developed in sections4.2 and
4.3 are also included in the table. For representations of symmetric or skew-symmetric
Hamiltonian and skew-Hamiltonian matrices, the interestedreaderis referredto [10].
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Table 4.4: Quaternion dictionary for somestructured 4 � 4 matrices
� , � , 
 , � 2 R, p, q, r 2 P

Diagonal � (1 
 1) + � (i 
 i ) + 
 (j 
 j ) + � (k 
 k)
Symmetric � (1 
 1) + p 
 i + q 
 j + r 
 k
Skew-symmetric p 
 1 + 1 
 q

� , � 2 R, p, q, r 2 spanf i; kg; s 2 spanf j ; kg
Persymmetric � (1 
 1) + � (j 
 i ) + p 
 j + q 
 k + r 
 1 + 1 
 s
Symmetric persymmetric � (1 
 1) + � (j 
 i ) + p 
 j + q 
 k
Skew-symmetric persymmetric r 
 1 + 1 
 s
Perskew-symmetric r 
 i + j 
 s + � (1 
 i ) + � (j 
 1)
Symmetric perskew-symmetric r 
 i + j 
 s
Skew-symmetric perskew-symmetric � (1 
 i ) + � (j 
 1)

jxj = jyj = 1, x, y 2 H
Rotation x 
 y
Perplectic rotation x 
 y; x 2 spanf 1; j g, y 2 spanf 1; ig ;

or x 2 spanf i; kg, y 2 spanf j ; kg

We now specify the quaternion parametersfor each of the six types of structured
4 � 4 matrices listed in the secondgroup of Table 4.4. This is done in terms of the
matrix entries by using the matrix form of the basisB given in Appendix A.

If A = [a`m ] = � (1 
 1) + � (j 
 i ) + p 
 j + q 
 k + r 
 1 + 1 
 s is a 4 � 4 real
persymmetricmatrix, then the scalars� , � 2 R, and the pure quaternion parametersp,
q, r 2 spanf i; kg, s 2 spanf j ; kg; are given by

� = 1
2(a11 + a22) (4.6a)

� = 1
4 (a14 + a23 + a32 + a41) (4.6b)

p = [p1; p2; p3] = [ 1
4(� a14 + a23 + a32 � a41); 0; 1

2(a21 + a12) ] (4.6c)

q = [q1; q2; q3] = [ 1
2(a13 + a31); 0; 1

2(a11 � a22) ] (4.6d)

r = [r1; r2; r3] = [ 1
2(a21 � a12); 0; 1

4(� a14 � a23 + a32 + a41) ] (4.6e)

s = [s1; s2; s3] = [ 0; 1
2(a13 � a31); 1

4(a14 � a23 + a32 � a41) ]: (4.6f)

The corresponding calculation for a 4 � 4 real perskew-symmetricmatrix A = [a`m ] =
r 
 i + j 
 s + � (1 
 i ) + � (j 
 1) yields even simpler equationsfor the scalars� ,
� 2 R and the pure quaternionsr 2 spanf i; kg; s 2 spanf j ; kg.

� = 1
2(a12 � a21) (4.7a)

� = 1
2(� a13 + a31) (4.7b)

r = [r1; r2; r3] = [ 1
2(a11 + a22); 0; � 1

2(a13 + a31) ] (4.7c)

s = [s1; s2; s3] = [ 0; 1
2(a11 � a22); � 1

2(a12 + a21) ]: (4.7d)

Next, the four doubly structured classesare handledby specializing (4.6) { (4.7).

10



Type A: Symmetric Persymmetric

� = 1
2(a11 + a22) (4.8a)

� = 1
2(a14 + a23) (4.8b)

p = [p1; p2; p3] = [ 1
2(� a14 + a23); 0; a12 ] (4.8c)

q = [q1; q2; q3] = [ a13; 0; 1
2(a11 � a22) ]: (4.8d)

Type B: Skew-symmetricPersymmetric

r = [r1; r2; r3] = [ � a12; 0; � 1
2(a14 + a23) ] (4.9a)

s = [s1; s2; s3] = [ 0; a13; 1
2(a14 � a23) ]: (4.9b)

Type C: Symmetric perskew-symmetric

r = [r1; r2; r3] = [ 1
2(a11 + a22); 0; � a13 ] (4.10a)

s = [s1; s2; s3] = [ 0; 1
2(a11 � a22); � a12 ]: (4.10b)

Type D: Skew-symmetricperskew-symmetric:

� = a12 � = a13 (4.11)

5 Doubly structured 4� 4 eigenproblems

Canonical forms via structure preservingsimilarities are now developed in closedform
for 4 � 4 matrices of Type A, B, and C. This is doneby reinterpreting thesequestions
inside H 
 H as 3-dimensionalgeometricproblems.

For a matrix A of Type D, it can be shown that no 4 � 4 perplectic orthogonal
similarit y can reduceA to a morecondensedform. Indeedif oneusesW 2 POI (4), then
WAW T = A. This can be seenby using (4.5) with a 
 b replacedby the quaternion
representation of a Type D matrix as given in Table 4.4:

(x 
 y)
�
� (1
 i ) + � (j 
 1)

�
(x 
 y) = � (1
 yiy) + � (xj x 
 1) = � (1
 i ) + � (j 
 1): (5.1)

The last equality in (5.1) follows from (4.4). Other similarities from PO(4) can change
A, but only in trivial ways: interchanging the roles of � , � , or changing their signs.
Consequently a Jacobialgorithm for n � n skew-symmetricperskew-symmetricmatrices
cannot be basedon 4 � 4 structured subproblems. Larger subproblemswould needto
be solved; �nding closedform structure-preservingsolutions for these remains under
investigation.

5.1 4 � 4 symmetric persymmetric

Given a symmetric persymmetric matrix A = � (1 
 1) + � (j 
 i ) + p 
 j + q 
 k 2
R4� 4, to what extent can A be reduced to a simpler form by the similarit y WAW T
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when W = x 
 y 2 PO(4)? It is clear that the term � (1 
 1) is invariant under all
similarities. Converting the secondterm to matrix form yields � (j 
 i ) = � R4. Since
every W 2 PO(4) commuteswith R4, the secondterm will alsoremain una�ected. Thus
the reducedform of A will in generalhave terms on the main diagonal as well as the
antidiagonal, and we concludethat A may be reduced,at best, to an \X-form" that will
inherit the double symmetry of A:

"
� 1 � 1

� 2 � 2
� 2 � 2

� 1 � 1

#

(5.2)

A matrix in this form will have eigenvaluesgiven by � 1 � � 1 and � 2 � � 2. Now for the
purposeof calculating a W that reducesA to X-form, we may assumewithout lossof
generality that A = p 
 j + q 
 k. Thus we have

WAW T = (xpx 
 yj y) + (xqx 
 yky):

Recall from Table 4.4 that p, q 2 spanf i; kg. The X-form of (5.2) would be achieved
by taking y = 1 and rotating the pure quaternions p and q to multiples of i and k,
respectively. But p and q are a�ected only by the rotation x 
 x, which in generalcan
align either p with � i , or q with � k, but not both. To overcomethis di�cult y wemodify
a strategy �rst usedin [17] for generalsymmetric matrices.

De�ne a vector spaceisomorphism : P 
 P ! R3� 3 as the unique linear extension
of the map that sendsa 
 b to the rank onematrix abT 2 R3� 3. Then we get

 (A) = peT
2 + qeT

3

=

2

4
0 p1 q1

0 0 0
0 p3 q3

3

5

= � 1

2

4
u11

0
u21

3

5

2

4
0

v11

v21

3

5

T

+ � 2

2

4
u12

0
u22

3

5

2

4
0

v12

v22

3

5

T

by SVD (5.3)

=  (� 1u1 
 v1 + � 2u2 
 v2);

where
�
u1i u2i

� T
and

�
v1i v2i

� T
, i = 1, 2, are respectively the left and right singular

vectorscorresponding to the singular values� 1 � � 2 � 0 of ( p1 q1
p3 q3 ) 2 R2� 2.

Since is an isomorphism,we have A = p 
 j + q 
 k = � 1(u1 
 v1) + � 2(u2 
 v2).
Becauseu1, u2 are orthogonal and lie in the i -k plane, a 3-dimensionalrotation x 
 x
with axis along j that aligns u1 with k must also align u2 with � i . Similarly, sincev1,
v2 are orthogonal vectorsin the j -k plane, a rotation y 
 y with axis along i that aligns
v1 with k will align v2 with � j . By Proposition 4.1, the unit quaternionsx, y must lie
in spanf 1; j g and spanf 1; ig respectively. Then W = (x 
 1)(1 
 y) = x 
 y will be in
POI (4) by (4.4), and

WAW T = � 1(xu1x 
 yv1y) + � 2(xu2x 
 yv2y) = � 1(k 
 k) � � 2(i 
 j )

12



is in X-form. Furthermore, sinceu1 and v1 are the singular vectorscorresponding to the
largest singular value � 1, most of the \w eight" of A hasbeensent to the main diagonal
(represented here by k 
 k), while the anti-diagonal (represented hereby i 
 j ) carries
the \secondary" weight.

An X-form can also be achieved by choosingx 
 y so that u1 is aligned with i , and
v1 with j , e�ectiv ely reversingthe rolesof the main diagonaland the anti-diagonal.

To calculate the unit quaternion x, use(4.3) with a = u1, b = k; the computation
of y is similar, this time with a = v1, and b = k. The matrix forms of x 
 1 and 1 
 y
can then be computed from (4.1); the product of thesetwo commuting matrices yields
W. Observe that to determineW, it su�ces to �nd just onesingular vector pair u1, v1,
of a 2 � 2 matrix. In practise, one calculatesthe singular vectorscorresponding to the
largest singular value.

The computation of W involves the terms 
 = 1 + u21 and � = 1 + v21. Thus
subtractive cancellation can occur when u21 or v21 is negative, that is, when u1 =
u11i + u21k or v1 = v11j + v21k require rotations by obtuse anglesto bring them into
alignment with k. By replacing u1 by � u1 and/or v1 by � v1 as needed,cancellation
can be avoided, and the rotation angleswill now be lessthan 90� (seeProposition 4.2).
The computation of W is given in the following algorithm, which hasbeenarrangedfor
clarity, rather than optimalit y.

Algorithm 1 (4 � 4 symmetric persymmetric). Given a symmetric persymmetric
matrix A 2 R4� 4, this algorithm computes a real perplectic orthogonal matrix W 2
POI (4) suchthat WAW T is in X-form as in (5.2).

p =
�

1
2 (a23 � a14) a12

� T
% from (4.8c)

q =
�
a13

1
2 (a11 � a22)

� T
% from (4.8d)

�
U � V

�
:= svd

��
p q

��

u =
�
u11 u21

�
% u1 = u11i + u21k, as in (5.3)

v =
�
v11 v21

�
% v1 = v11j + v21k as in (5.3)

% Changesign to avoid cancellationin computation of � , �
if u21 < 0 then u = � u endif
if v21 < 0 then v = � v endif
� = 1 + u21 ; � = 1 + v21


 =
p

2� ; � =
p

2�

Wx =
1



2

6
6
4

� 0 u11 0
0 � 0 � u11

� u11 0 � 0
0 u11 0 �

3

7
7
5 % Wx = x 
 1

Wy =
1
�

2

6
6
4

� v11 0 0
� v11 � 0 0

0 0 � � v11

0 0 v11 �

3

7
7
5 % Wy = 1 
 y

W = WxWy % WAW T is now in X-form
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5.2 4 � 4 skew-symmetric persymmetric

A skew-symmetricpersymmetricmatrix in R4� 4 is of the form A = r 
 1+ 1 
 s where
r 2 spanf i; kg and s 2 spanf j ; kg. Consequently one can choosea rotation x 
 x with
axis along j that aligns r with k, and an independent rotation y 
 y with axis along i
that aligns s with k. Then W = x 
 y 2 POI (4) by (4.4), and

WAW T = xr x 
 1 + 1 
 ysy

= jr jk 
 1 + jsj1 
 k

=

2

6
6
4

0 0 0 jsj � jr j
0 0 �j sj � jr j 0
0 jsj + jr j 0 0

�j sj + jr j 0 0 0

3

7
7
5 : (5.4)

To calculate the unit quaternion x, use(4.3) with a = r , b = k; the computation of
y is similar, this time with a = s, and b = k. The matrix forms of x 
 1 and 1 
 y can
then be computed from (4.1); the product of thesetwo commuting matrices yields W.

The computation of W involves the terms � = krk2 + r2 and � = ksk2 + s2. Thus
subtractive cancellationcan occur when r 2 or s2 is negative, that is, when r = r 1i + r2k,
or s = s1j + s2k require rotations by obtuseanglesto bring them into alignment with
k. By replacing r by � r and/or s by � s as needed,cancellation can be avoided, and
the rotation angleswill now be lessthan 90� (seeProposition 4.2). The computation of
W is given in the following algorithm, which has beenarrangedfor clarity, rather than
optimalit y.

Algorithm 2 (4� 4 skew-symmetric persymmetric). Given a skew-symmetricper-
symmetric matrix A 2 R4� 4, this algorithm computesa real perplectic orthogonalmatrix
W 2 POI (4) suchthat WAW T is in anti-diagonal canonical form as in (5.4).

r =
�
� a12 � 1

2 (a14 + a23)
�

% from (4.9a)

s =
�
a13

1
2 (a14 � a23)

�
% from (4.9b)

% Changesign to avoid cancellationin computation of � , �
if r2 < 0 then r = � r endif
if s2 < 0 then s = � s endif
� = krk2 + r2 ; � = ksk2 + s2


 = k
�
r1 �

�
k2; � = k

�
s1 �

�
k2

Wx =
1



2

6
6
4

� 0 r1 0
0 � 0 � r1

� r1 0 � 0
0 r1 0 �

3

7
7
5 % Wx = x 
 1

Wy =
1
�

2

6
6
4

� s1 0 0
� s1 � 0 0

0 0 � � s1

0 0 s1 �

3

7
7
5 % Wy = 1 
 y

W = Wx Wy %WAW T is now in canonicalform as in (5.4)
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5.3 4 � 4 symmetric perskew-symmetric

If A 2 R4� 4 is symmetric perskew-symmetric,then A = r 
 i + j 
 s wherer 2 spanf i; kg
and s 2 spanf j ; kg. Choosea unit quaternion x sothat the rotation x 
 x hasaxis along
j , and xr x is a multiple of i . Similarly choosea rotation y 
 y with axis along i that
sendss to a multiple of j . Setting W = x 
 y, we seefrom (4.4) that W 2 POI (4), and

WAW T = xr x 
 i + j 
 ysy = jr ji 
 i + jsjj 
 j

=

2

6
6
4

jr j + jsj 0 0 0
0 jr j � jsj 0 0
0 0 �j r j + jsj 0
0 0 0 �j r j � jsj

3

7
7
5 : (5.5)

To calculate the unit quaternion x, use(4.3) with a = r , b = i ; the computation of
y is similar, this time with a = s, and b = j . The matrix forms of x 
 1 and 1 
 y can
then be computed from (4.1); the product of thesetwo commuting matrices yields W.

The computation of W involves the terms � = krk2 + r1 and � = ksk2 + s1. Thus
subtractive cancellationcan occur when r 1 or s1 is negative, that is, when r = r 1i + r2k,
or s = s1j + s2k require rotations by obtuseanglesto bring them into alignment with
i , j , respectively. By replacing r by � r and/or s by � s as needed,cancellationcan be
avoided, and the rotation angleswill now be lessthan 90� (seeProposition 4.2). The
computation of W is given in the following algorithm, which has been arranged for
clarity, rather than optimalit y.

Algorithm 3 (4� 4 symmetric perskew-symmetric). Given a symmetric perskew-
symmetric matrix A 2 R4� 4, this algorithm computesa real perplectic orthogonalmatrix
W 2 POI (4) suchthat WAW T is in diagonalcanonical form as in (5.5).

r =
�

1
2 (a11 + a22) � a13

�
% from (4.10a)

s =
�

1
2 (a11 � a22) � a12

�
% from (4.10b)

% Changesign to avoid cancellationin computation of � , �
if r1 < 0 then r = � r endif
if s1 < 0 then s = � s endif
� = krk2 + r1 ; � = ksk2 + s1


 = k
�
� r2

�
k2 ; � = k

�
� s2

�
k2

Wx =
1



2

6
6
4

� 0 � r2 0
0 � 0 r2

r2 0 � 0
0 � r2 0 �

3

7
7
5 % Wx = x 
 1

Wy =
1
�

2

6
6
4

� � s2 0 0
s2 � 0 0
0 0 � s2

0 0 � s2 �

3

7
7
5 % Wy = 1 
 y

W = Wx Wy % WAW T is now in canonicalform as in (5.5)
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6 Doubly structured 3 � 3 eigenproblems

As we shall seein section8, when n is odd, Jacobi algorithms for n � n matrices in the
classesconsideredin this paper also require the solution to 3 � 3 eigenproblems.

6.1 PO(3)

Rather than working via the quaternioncharacterizationof SO(3), a usefulparametriza-
tion of PO(3) that exhibits its four connectedcomponents can be obtained directly
from (3.1). Two of these components form the intersection of PO(3) with the group
of rotations SO(3). Our algorithms will only usematrices from POI (3), the connected
component containing the identit y, given by

POI (3) =

8
<

:
W(� ) =

1
2

2

4
c + 1

p
2s c � 1

�
p

2s 2c �
p

2s
c � 1

p
2s c + 1

3

5 : c = cos� ; s = sin� ; � 2 [0; 2� )

9
=

;
:

(6.1)
This restriction to POI (3) ensures,just as in the 4 � 4 case,that \far-from-identit y"
rotations are avoided in our algorithms. Details of the derivation of (6.1) as well as
parametrizations for the other three connectedcomponents of PO(3) are given in Ap-
pendix B.

6.2 3 � 3 symmetric persymmetric

Given a nonzerosymmetric persymmetric matrix A =
�

� � 

� � �

 � �

�
, we want W 2 POI (3)

so that the (1; 2) element of WAW T is zeroed out. Becausesuch a similarit y preserves
symmetry as well as persymmetry, we will then have

WAW T =
h

� 0 �
0 � 0
� 0 �

i
: (6.2)

Using the parametrization W = W(� ) given in (6.1) and setting the (1; 2) element of
WAW T to zeroyields

1p
2

(� � � � 
 )cs+ � (c2 � s2) = 0:

This equation is analogousto the onethat arisesin the solution of the 2 � 2 symmetric
eigenproblemfor the standard Jacobimethod (seee.g.,[26, p.350]),and it can be solved
for (c;s) in exactly the sameway. Let

bt =
2
p

2�
� + 
 � �

and t =
bt

1 +
p

1 + bt2
:

Then taking

(c;s) =
�

1
p

1 + t2
; ct

�
(6.3)

in (6.1) givesa W = W(� ) that achievesthe desiredform (6.2).
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Algorithm 4 (3 � 3 symmetric persymmetric). Given a symmetric persymmetric
matrix A 2 R3� 3, this algorithm computesW 2 POI (3) suchthat WAW T is in canonical
form as in (6.2).

bt =
2
p

2a12

a11 + a13 � a22
; t =

bt

1 +
p

1 + bt2

c =
1

p
1 + t2

; w2 =
1

p
2

ct %s =
p

2w2

w1 = 1
2(c + 1) ; w3 = 1

2(c � 1)

W =

2

4
w1 w2 w3

� w2 c � w2

w3 w2 w1

3

5

6.3 3 � 3 skew-symmetric persymmetric

Given a nonzeroskew-symmetricpersymmetric matrix A =
�

0 � �
� � 0 �
� � � � 0

�
, we want W 2

POI (3) so that the (1; 2) element of WAW T is zeroed out. Becauseof the preservation
of double structure, we will then have

WAW T =
h 0 0 


0 0 0
� 
 0 0

i
: (6.4)

Proceedingas in section6.2 leadsto � c � 1p
2

� s = 0. Among the two options for (c;s)
satisfying this condition, the choice

(c;s) =
1

p
� 2 + 2� 2

�
j� j ; (sign� )

p
2 �

�
(6.5)

corresponds to using the small angle for � in the expressionW = W(� ) given in (6.1),
thus making W as closeto the identit y as possible.

Algorithm 5 (3� 3 skew-symmetric persymmetric). Given a skew-symmetricper-
symmetric matrix A 2 R3� 3, this algorithm computesW 2 POI (3) suchthat WAW T is
in canonical form as in (6.4).

� = a13 ; � = a12

� = k
�
� � �

�
k2

c = � =� ; w2 = � =� %s =
p

2w2

if � < 0
c = � c ; w2 = � w2

endif
w1 = 1

2(c + 1) ; w3 = 1
2(c � 1)

W =

2

4
w1 w2 w3

� w2 c � w2

w3 w2 w1

3

5
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6.4 3 � 3 symmetric perskew-symmetric

Given a nonzerosymmetric perskew-symmetricmatrix A =
�

� � 0
� 0 � �
0 � � � �

�
, we want W 2

POI (3) so that

WAW T =
h 
 0 0

0 0 0
0 0 � 


i
: (6.6)

Sinceboth perskew-symmetry and symmetry are automatically preserved by any sim-
ilarit y with W 2 POI (3), we only needto ensurethat the (1; 2) element of WAW T is
zero. This leadsto the samecondition as in section6.3, that is, we needto choosethe
parametersc, s in W = W(� ) so that � c � 1p

2
� s = 0. Consequently c, s chosenas in

(6.5) yields W 2 POI (3) as closeto the identit y as possible.

Algorithm 6 (3� 3 symmetric perskew-symmetric). Given a symmetric perskew-
symmetric matrix A 2 R3� 3, this algorithm computesW 2 POI (3) suchthat WAW T is
canonical form as in (6.6).

� = a11 ; � = a12

� = k
�
� � �

�
k2

c = � =� ; w2 = � =� %s =
p

2w2

if � < 0
c = � c ; w2 = � w2

endif
w1 = 1

2(c + 1) ; w3 = 1
2(c � 1)

W =

2

4
w1 w2 w3

� w2 c � w2

w3 w2 w1

3

5

7 Perplectic orthogonal canonical forms

To build Jacobialgorithms from the 4� 4 and 3� 3 solutionsdescribed in sections5 and
6, we needwell-de�ned targets, that is, n � n structured canonical forms at which to
aim our algorithms. The following theoremdescribesthe canonicalforms achievable by
perplectic orthogonal (i.e. structure-preserving)similarities for each of the four classes
of doubly-structured matrices under consideration.

Theorem 7.1. Let A 2 Rn� n .

(a) If A is symmetricandpersymmetricthen there existsa perplectic-orthogonalmatrix
P suchthat P � 1AP is in structured \X-form", that is

P � 1AP =

2

6
6
6
6
4

@
@�
�

0

0
0 0

a1
a2

a2
a1

b1
b2

b2
b1

3

7
7
7
7
5

; (7.1)
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which is both symmetric and persymmetric.

(b) If A is skew-symmetricand persymmetric, then there existsa perplectic-orthogonal
matrix P suchthat P � 1AP is antidiagonal and skew-symmetric,that is,

P � 1AP =

2

6
6
4 �

�

-a
-b

b
a 0

0
3

7
7
5 : (7.2)

(c) If A is symmetric and perskew-symmetric,then there existsa perplectic-orthogonal
matrix P suchthat P � 1AP is diagonaland perskew-symmetric,that is,

P � 1AP =

2

6
6
4

@
@

a
b

-b
-a

0

0

3

7
7
5 : (7.3)

(d) If A is skew-symmetricandperskew-symmetricthen there existsa perplectic-orthogonal
matrix P suchthat P � 1AP has the following \block X-form",

P � 1AP =

2

6
6
6
6
6
4

@

�

�

@

0

0
0 0

A1
A2

� A2
� A1

B1
B2

� B2
� B1

Z

3

7
7
7
7
7
5

; (7.4)

where A i and B i are 2 � 2 real matrices of the form
�

0 ai
� ai 0

�
and

�
bi 0
0 � bi

�
, respec-

tively, and

Z =

8
>>>><

>>>>:

; if n � 0 mod 4;

0 if n � 1 mod 4;

[ 0 0
0 0 ] if n � 2 mod 4;h
0 � c 0
c 0 c
0 � c 0

i
if n � 3 mod 4:

Since similarity by P preservesstructure, the block X-form given by (7.4) is both
skew-symmetricand perskew-symmetric.

The result of part(a) cannot be improved, as the matrix A = I + R demonstrates:it
is symmetric and persymmetric,and imperviousto any perplectic orthogonal similarit y.
The result of part(d) is also the best that can be achieved: by the discussionaccompa-
nying (5.1), the 4� 4 skew-symmetricperskew-symmetricmatrices

�
A i B i

� B i � A i

�
cannot be

reducedfurther. The main impetus for conjecturing the canonicalforms given in Theo-
rem 7.1 comesfrom the quaternion solution in the casewhen n = 4. For a proof of the
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generalcase,see[16]. Complex canonicalforms for various classesof doubly structured
matrices in Cn� n have been discussedin [1], [20]. However, the real canonical forms
given by Theorem7.1 cannot be readily derived from the results in [1], [20].

The next section presents structure-preserving Jacobi algorithms to achieve the
canonical forms in (7.1)-(7.3). As was remarked earlier, a consequenceof (5.1) is that
a Jacobi algorithm for doubly skewed matricescannot be built using 4 � 4 subproblems
asa basis. Finding a structure-preservingalgorithm to achieve the canonicalform given
in (7.4) remainsan open problem.

8 Sweep design

For a Jacobialgorithm to have a good rate of convergenceto the desiredcanonicalform,
it is essential that every element of the n � n matrix be part of a target subproblemat
least onceduring a sweep,whether the sweepis cyclic or quasi-cyclic. There are several
ways to designa sequenceof structured subproblemsthat give rise to such sweeps.

Let A =

2

4
B x C
yT � zT

D w E

3

5 2 Rn� n have symmetry or skew-symmetry about the main

diagonal as well as the anti-diagonal. Here B, C, D, E 2 Rm� m , wherem = bn
2 c. If n

is odd, then x, y, z, w 2 Rm and � 2 R; otherwisethesevariablesare absent.
First note that an o�-diagonal element aij chosenfrom the m � m block B uniquely

determinesa 4 � 4 principal submatrix A4[i; j ] that is centrosymmetrically embedded in
A; this meansthat A4[i; j ] is located in rows and columnsi , j , n � j + 1 and n � i + 1:

A4[i; j ] =

2

6
6
6
4

aii aij ai;n � j +1 ai;n � i +1

aj i aj j aj ;n � j +1 aj ;n � i +1

an� j +1 ;i an� j +1 ;j an� j +1 ;n� j +1 an� j +1 ;n� i +1

an� i +1 ;i an� i +1 ;j an� i +1 ;n� j +1 an� i +1 ;n� i +1

3

7
7
7
5

: (8.1)

Centrosymmetrically embeddedsubmatricesinherit both structuresfrom the parent ma-
trix A | symmetryor skew-symmetrytogetherwith persymmetryor perskew-symmetry.
Furthermore, whenn is even,any cyclic or quasi-cyclicsweepof the block B consistingof
2� 2 principal submatriceswill generatea correspondingcyclic (respectively quasi-cyclic)
sweepof A, comprisedentirely of 4� 4 centrosymmetrically embeddedsubproblems.An
illustration when n = 8 is given in Figure 8.1 using a row-cyclic sweepfor B . The entry
denotedby � determinesthe position of the rest of the elements in the current target
subproblem. Theseare represented by heavy bullets. Observe that every entry of A is
part of a target submatrix during the courseof the sweep,and that this property will
hold for any choiceof a 2� 2 basedcyclic or quasi-cyclicsweeppattern for B . Animated
views, in various formats, of a row-cyclic sweep on a 12 � 12 matrix can be found at
http://www.cscamm.umd.edu/~ddunlavy/perplectic.html .

When n is odd, a sweepwill involve centrosymmetrically embedded3 � 3 targets as
well as4� 4 ones.A 3� 3 target A3[i ] is determinedby a singleelement aii chosenfrom
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Figure 8.1: Row-cyclic structured sweep,n = 8

the m � m block B, and always involves elements from x, w, yT , zT , and the center
element � = am+1 ;m+1 :

A3[i ] =

2

4
aii ai;m +1 ai;n � i +1

am+1 ;i am+1 ;m+1 am+1 ;n� i +1

an� i +1 ;i an� i +1 ;m+1 an� i +1 ;n� i +1

3

5 : (8.2)

Animated views, in various formats, of a row-cyclic sweep on a 13 � 13 matrix can
be found at http://www.cscamm.umd.edu/~ddunlavy/perplectic.html . Figure 8.2
illustrates such a sweepfor n = 7; entries in locations corresponding to x; y; zT ; wT and
� are depictedby � .

Once a target submatrix of A has been identi�ed, W 2 POI (4) or W 2 POI (3) is
constructedusing the appropriate algorithm from section5.1, 5.2 or 5.3, or section6.2,
6.3 or 6.4. Centrosymmetrically embedding W into I n yields a matrix in POI (n).

A Jacobialgorithm built on theseideasis illustrated in Algorithm 7 for a symmetric
persymmetricmatrix A, usinga row-cyclic ordering. Sincein this caseA is beingdriven
to X-form as in (7.1),

o� (A) =
s X

(i;j ) 2 S

a2
ij whereS = f (i; j ) : 1 � i; j � n; j 6= i; j 6= n � i + 1g

is usedas a measureof the deviation from the desiredcanonicalform.
Figure 8.3 depicts a slide show of Algorithm 7 running on a 12 � 12 symmetric

persymmetricmatrix. A snapshotof the matrix is takenafter each iteration, that is, after
each 4� 4 similarit y transformation. Each row of snapshotsshowsthe progressionduring
a sweep. In this case,the algorithm terminates after 5 sweeps. Movies of Algorithm 7
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Figure 8.2: Row-cyclic structured sweep,n = 7
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Figure 8.3: Algorithm 7 running on a 12� 12 symmetric persymmetricmatrix

running on 12� 12 and 32� 32 symmetric persymmetric matrices can be downloaded
from http://www.cscamm.umd.edu/~ddunlavy/perplectic.html .

Algorithm 7 (Ro w-cyclic Jacobi for symmetric persymmetric matrices). Given
a symmetric persymmetric matrix A 2 Rn� n , and a tolerance tol > 0, this algo-
rithm overwrites A with its approximate canonical form PAP T where P 2 POI (n) and
o� (PAP T ) < tolkAkF . The matrix P is also computed.

P = I n ; � = tol kAkF ; m = bn=2c
while o� (A) > �

for i = 1:m � 1
for j = i + 1:m

UseAlgorithm 1 to �nd W 2 R4� 4 such that A4[i; j ] is in X-form
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bP = I n ; bP4[i; j ] = W
A = bPA bPT

P = bPP
endfor
if n is odd then

UseAlgorithm 4 to �nd W 2 R3� 3 such that A3[i ] is in X-form
bP = I n ; bP3[i ] = W
A = bPA bPT

P = bPP
endif

endfor
if n is odd then

UseAlgorithm 4 to �nd W 2 R3� 3 such that A3[m] is in X-form
bP = I n ; bP3[m] = W
A = bPA bPT

P = bPP
endif

endwhile % A is now in canonicalform as in (7.1)

Parallelizable Jacobi orderings in the 2 � 2 setting (seefor example [7], [8], [14], [18],
[19], [24]) on the m � m block B yield corresponding parallelizablestructure-preserving
sweepsfor the n � n matrix A. Finally we note that sincethe double structure of the
n � n matrix is always preserved, both storagerequirements and operation counts can
be loweredby roughly a factor of four.

9 Numerical Results

We present a brief set of numerical experiments to demonstratethe e�ectiv enessof our
algorithms. All computations were done using MATLAB Version5.3.0 on a Sun Ultra
5 with IEEE double-precisionarithmetic and machine precision� = 2:2204� 10� 16: As
stopping criteria we choserelo� (A) < tol, whererelo� (A) = o� (A)=kAkF . Here o� (A)
is the appropriate o�-diagonal norm for the structure under consideration,kAkF is the
Frobeniusnorm of A, and tol = � kAkF .

For each of the three doubly-structured classes,and for each n = 20; 25; : : : ; 100,the
algorithms were run on 100 random 2n � 2n structured matrices with entries normally
distributed with meanzero (� = 0) and varianceone (� = 1). The tests were repeated
for matriceswith entries uniformly distributed on the interval [� 1; 1] with no signi�cant
di�erences in the results. The results are reported in Figures9.1-9.2and Tables9.1-9.3
and discussedbelow.

� The methods always converged,and the o�-norm always decreasedmonotonically.
The convergencerate was initially linear, but asymptotically quadratic. This is
shown in Figure 9.1usinga sample200� 200matrix from each of the three classes.
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Figure 9.1: Typical convergencebehavior of 200� 200matrices
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Figure 9.2: Averagenumber of sweepsfor convergencefor 2n � 2n matrices

� It wasexperimentally observed that the number of sweepsneededfor convergence
depends only on matrix size: the standard deviation of the averagenumber of
sweepswas consistently very low | between 0 and 0.52. Figure 9.2 suggests
that roughly O(log n) sweepssu�ce. This leadsto an a priori stopping criterion,
which is an important considerationon parallel architectures: a stopping criteria
that depends on global knowledgeof the matrix elements would undermine the
advantage gainedby parallelism.

� As the matrices are always either symmetric or skew-symmetric, all eigenvalues
have condition number equalto 1, are all real or pure imaginary, and can be easily
sorted and comparedwith the eigenvalues computed by matlab 's eig function.
The maximum relative error, releig = maxj j�

eig
j � � j ac

j j=j� eig
i j was of the order

10� 13 as shown in the last column of Tables9.1-9.3.

� The computed perplectic orthogonal transformations P from which the eigenvec-
tors or invariant subspacescan be obtained were both perplectic as well as or-
thogonal to within 6:3 � 10� 14, as measuredby kPT RP � Rk and kPT P � I k
in Tables9.1-9.3. Sinceperplectic orthogonal matrices are centrosymmetric (see
section3), the deviation from centrosymmetric block structure [ U V

RV R RUR ] can be
measuredby block = kP(1 : n; 1 : n) � RP(n + 1 : 2n; n + 1 : 2n)RkF + kP(1 :
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2n sweeps relo� kP T RP � RkF kPT P � I kF block releig

50 7:22 4:04� 10� 16 1:40� 10� 14 1:42� 10� 14 3:03� 10� 15 3:29� 10� 14

100 8:02 4:66� 10� 16 2:98� 10� 14 3:00� 10� 14 4:55� 10� 15 1:02� 10� 13

150 8:27 4:09� 10� 15 4:50� 10� 14 4:52� 10� 14 5:76� 10� 15 1:47� 10� 13

200 8:84 1:99� 10� 15 6:22� 10� 14 6:25� 10� 14 6:77� 10� 15 1:09� 10� 13

Table 9.1: 2n � 2n symmetric persymmetricmatrices

2n sweeps relo� kP T RP � RkF kPT P � I kF block releig

50 7:10 1:02� 10� 15 9:79� 10� 15 9:95� 10� 15 3:01� 10� 15 3:30� 10� 14

100 8:02 1:27� 10� 15 1:99� 10� 14 2:01� 10� 14 4:55� 10� 15 6:06� 10� 14

150 8:14 3:16� 10� 15 2:75� 10� 14 2:78� 10� 14 5:68� 10� 15 8:60� 10� 14

200 8:54 6:18� 10� 15 3:82� 10� 14 3:84� 10� 14 6:69� 10� 15 1:30� 10� 13

Table 9.2: 2n � 2n symmetric perskew-symmetricmatrices

2n sweeps relo� kP T RP � RkF kPT P � I kF block releig

50 7:84 1:03� 10� 15 1:08� 10� 14 1:10� 10� 14 3:18� 10� 15 1:68� 10� 14

100 8:67 2:25� 10� 15 2:25� 10� 14 2:27� 10� 14 4:77� 10� 15 8:22� 10� 14

150 9:05 2:52� 10� 15 3:21� 10� 14 3:24� 10� 14 6:00� 10� 15 7:05� 10� 14

200 9:28 4:44� 10� 15 4:26� 10� 14 4:28� 10� 14 7:03� 10� 15 1:11� 10� 13

Table 9.3: 2n � 2n skew-symmetricpersymmetricmatrices

n; n + 1 : 2n) � RP(n + 1 : 2n; 1 : n)RkF ; both terms in this sum had about the
samesize. Note that eigenvectorscomputedby matlab 's eig function cannot be
directly comparedto the perplectic basesobtained by our algorithms.

10 Concluding remarks

We have presented new structured canonical forms for matrices that are symmetric or
skew-symmetric with respect to the main diagonal as well as the anti-diagonal, and
developed structure-preservingJacobi algorithms to compute theseforms in three out
of four cases.In the fourth case{ when the matrix is skew-symmetricwith respect to
both diagonals{ a structure preservingmethod to computethe corresponding canonical
form remainsan open problem.

In order to e�ectiv ely designstructure preservingtransformationsfor our algorithms,
explicit parametrizationsof the perplectic orthogonalgroupsPO(3) and PO(4) werede-
veloped. Thesegroupsaredisconnected,soin order to promotegood convergencebehav-
ior, the algorithms were designedto accomplishtheir goalsusing only transformations
in the connectedcomponent of the identit y matrix.

In addition to preservingthe double structure in the parent matrix throughout the
computation, thesealgorithms are inherently parallelizableand are experimentally ob-
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served to be asymptotically quadratically convergent. It is expected that the recent
analysisby Tisseur[25] of a related family of algorithms canalsobe applied to this work
to show that thesemethods are not only backward stable,but in fact strongly backward
stable.

A The Quaternion Basis for R4� 4
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B Parametrizations of PO(3) and PO(4)

Sincethe only 2� 2 matricesthat arecentrosymmetric and orthogonalare � I 2 and � R2,
PO(2) is a discretegroupwith four connectedcomponents. The explicit parametrizations
of PO(3) and PO(4) developed hereshow that each of thesegroupsalsohasexactly four
connectedcomponents.

B.1 PO(3)

Let W 2 PO(3). By (3.1), W is centrosymmetric and hencecan be expressedas

W =

2

4
� � 

� � �

 � �

3

5 :
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Using orthogonality we get

� 2 + � 2 + 
 2 = � 2 + � 2 + 
 2 =) � = � �

If � = 0, then � = 0 and � = � 1. This means[ � 


 � ] 2 PO(2), and hence[ � 



 � ] is � I 2 or
� R2. Otherwise,

� � + � � + 
 � = 0 =) � � = � � (� + 
 ) =) � =

(
� (� + 
 ) if � = � ;

� + 
 if � = � �

2� 
 + � 2 = 0; � 2 + � 2 + 
 2 = 1 =) (� + 
 )2 + 2� 2 = 1:

Thus we may write � + 
 = cos� and � = 1p
2

sin� , where � 2 [0; 2� ). Substituting for
� in 2� 
 + � 2 = 0 yields 4� 
 = � sin2 � . Consequently,

� + 
 = cos� =) 4� 2 � sin2 � = 4� cos� =) � = 1
2(cos� � 1); 
 = 1

2(cos� � 1)

This gives us a parametrization of PO(3) that reveals this group has four connected
components, two of which consist of perplectic orthogonalswith positive determinant
(that is, perplectic orthogonal rotations). Using the abbreviations c = cos� , s = sin� ,
the connectedcomponent containing the identit y is given by

POI (3) =

8
<

:
W(� ) =

1
2

2

4
c + 1

p
2s c � 1

�
p

2s 2c �
p

2s
c � 1

p
2s c + 1

3

5 ; where� 2 [0; 2� )

9
=

;
: (B.1)

Each W(� ) represents a rotation by angle � about the axis through
�
1 0 � 1

� T
. As

is the casefor the connectedcomponent of the identit y in any Lie group, POI (3) is
a normal subgroup of PO(3). The other component containing perplectic rotations is
parametrizedby

1
2

2

4
c � 1

p
2s c + 1p

2s � 2c
p

2s
c + 1

p
2s c � 1

3

5 =
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0 0 1
0 � 1 0
1 0 0

3

5 W(� );

while the two components containing perplectic orthogonalswith negative determinant
are given by

1
2

2

4
c + 1

p
2s c � 1p

2s � 2c
p

2s
c � 1

p
2s c + 1

3

5 =

2

4
1 0 0
0 � 1 0
0 0 1

3

5 W(� );

and

1
2

2

4
c � 1

p
2s c + 1

�
p

2s 2c �
p

2s
c + 1

p
2s c � 1

3

5 =

2

4
0 0 1
0 1 0
1 0 0

3

5 W(� ):

Thus thesethree connectedcomponents correspond to left cosetsof the normal subgroup
POI (3). Observe that theseparametrizationsalsoshow that each of the components of
PO(3) is homeomorphicto the circle S1.
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B.2 PO(4)

From section4.3 we have the quaternion parametrizations

POI (4) =
n

u 
 v : juj = jvj = 1; u 2 spanf 1; j g; v 2 spanf 1; ig
o

for the connectedcomponent containing the identit y, and
n

u 
 v : juj = jvj = 1; u 2 spanf i; kg; v 2 spanf j ; kg
o

(B.2)

for the other connectedcomponent of PO(4) containing rotations. Writing u = cos� +
(sin � )j and v = cos� + (sin � )i where 0 � � < 2� and 0 � � < 2� , we can write
W(� ; � ) 2 POI (4) in matrix form as

W(� ; � ) = u 
 v = (u 
 1)(1 
 v)

=
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cos� cos� cos� sin� � sin� cos� sin� sin�
� cos� sin� cos� cos� sin� sin� sin� cos�
sin� cos� sin� sin� cos� cos� � cos� sin�
sin� sin� � sin� cos� cos� sin� cos� cos�

3

7
7
5 :

A perplectic rotation in the connectedcomponent given by (B.2) can then be expressed
as

(k 
 k) � W(� ; � ) =
�

1
� 1

� 1
1

�
W(� ; � ) :

There are two more connectedcomponents of PO(4), containing matrices with neg-
ative determinant. They are given by the parametrizations

� �
1

0 1
1 0

1

�
W(� ; � )

�
;

��
1

0 � 1
� 1 0

1

�
W(� ; � )

�
:

Once again, the connectedcomponent containing the identit y is a normal subgroupof
PO(4); the parametrizations for the other three connectedcomponents show that they
are cosetsof POI (4).
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