
Lecture 5

Walks, Trails, Paths and
Connectedness

Reading: Some of the material in this lecture comes from Section 1.2 of

Dieter Jungnickel (2013), Graphs, Networks and Algorithms, 4th edition,
which is available online via SpringerLink.

If you are at the university, either physically or via the VPN, you can download the
chapters of this book as PDFs.

Several of the examples in the previous lectures—for example two of the sub-
graphs in Figure 2.7 and the graph in Figure 1.12—consist of two or more “pieces”.
If one thinks about the definition of a graph as a pair of sets, these multiple pieces
don’t present any mathematical problem, but it proves useful to have precise vocab-
ulary to discuss them.

5.1 Walks, trails and paths
The first definition we need involves a sequence of edges

(e1, e2, . . . , eL) (5.1)

Note that some edges may appear more than once.

Definition 5.1. A sequence of edges such as the one in Eqn (5.1) is a walk in a
graph G(V,E) if there exists a corresponding sequence of vertices

(v0, v1, . . . , vL). (5.2)

such that ej = (vj−1, vj) ∈ E. Note that the vertices don’t have to be distinct. A
walk for which v0 = vL is a closed walk.

This definition makes sense in both directed and undirected graphs and in the latter
case corresponds to a path that goes along the edges in the sense of the arrows that
represent them.
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The walk specified by the edge sequence

(e1, e2, e3, e4) = ((1, 2), (2, 3), (3, 1), (1, 5))

has corresponding vertex sequence

(v0, v1, v2, v3, v4) = (1, 2, 3, 1, 5),

while the vertex sequence
(v0, v1, v2, v3) = (1, 2, 3, 1) corresponds to a closed
walk.

Figure 5.1: Two examples of walks.

Definition 5.2. The length of a walk is the number of edges in the sequence. For
the walk in Eqn. 5.1 the length is thus L.

It’ll prove useful to define two more constrained sorts of walk:

Definition 5.3. A trail is a walk in which all the edges ej are distinct and a closed
trail is a closed walk that is also a trail.

Definition 5.4. A path is a trail in which all the vertices in the sequence in
Eqn (5.2) are distinct.

Definition 5.5. A cycle is a closed trail in which all the vertices are distinct, except
for the first and last, which are identical.

Remark 5.6. In an undirected graph a cycle is a subgraph isomorphic to one of the
cycle graphs Cn and must include at least three edges, but in directed graphs and
multigraphs it is possible to have a cycle with just two edges.

Remark 5.7. As the three terms walk, trail and path mean very similar things in
ordinary speech, it can be hard to keep their graph-theoretic definitions straight, even
though they make useful distinctions. The following observations may help:

• All trails are walks and all paths are trails. In set-theoretic notation:

Walks ⊇ Trails ⊇ Paths

• There are trails that aren’t paths: see Figure 5.2.

5.2 Connectedness
We want to be able to say that two vertices are connected if we can get from one
to the other by moving along the edges of the graph. Here’s a definition that builds
on the terms defined in the previous section:
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Figure 5.2: The walk specified by the vertex sequence (a, b, c, d, e, b, f) is a trail as
all the edges are distinct, but it’s not a path as the vertex b is visited twice.

Definition 5.8. In a graph G(V,E), two vertices a and b are said to be connected
if there is a walk given by a vertex sequence (v0, . . . , vL) where v0 = a and vL = b.
Additionally, we will say that a vertex is connected to itself.

Definition 5.9. A graph in which each pair of vertices is connected is a connected
graph.

See Figure 5.3 for an example of a connected graph and another that is not con-
nected.
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Figure 5.3: The graph at left is connected, but the one at right is not, because
there is no walk connecting the shaded vertices labelled a and b.

Once we have the definitions above, it’s possible to make a precise definition of
the “pieces” of a graph. It depends on the notion of an equivalence relation, which
you should have met earlier your studies.

Definition 5.10. A relation ∼ on a set S is an equivalence relation if it is:

reflexive: a ∼ a for all a ∈ S;

symmetric: a ∼ b ⇒ b ∼ a for all a, b ∈ S;

transitive: a ∼ b and b ∼ c ⇒ a ∼ c for all a, b, c ∈ S.

The main use of an equivalence relation on S is that it decomposes S into a collection
of disjoint equivalence classes. That is, we can write

S =
∪
j

Sj

where Sj ∩ Sk = ∅ if j ̸= k and a ∼ b if and only if a, b ∈ Sj for some j.
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5.2.1 Connectedness in undirected graphs
The key idea is that “is-connected-to” is an equivalence relation on the vertex set of
a graph. To see this, we need only check the three properties:

reflexive: This is true by definition, and is the main reason why we say that a
vertex is always connected to itself.

symmetric: If there is a walk from a to b then we can simply reverse the corre-
sponding sequence of edges to get a walk from b to a.

transitive: Suppose a is connected to b, so that the graph contains a walk corre-
sponding to some vertex sequence

(a = u0, u1, . . . , uL1−1, uL1 = b)

that connects a to b. If there is also a walk from b to c given by some vertex
sequence

(b = v0, v1, . . . , vL2−1, vL2 = c)

then we can get a walk from a to c by tracing over the two walks listed above,
one after the other. That is, there is a walk from a to c given by the vertex
sequence

(a, u1, . . . , uL1−1, b, v1, . . . , vL2−1, c) .

We have shown that if a is connected to b and b is connected to c, then a is
connected to c and this is precisely what it means for “is-connected-to” to be
a transitive relation.

The process of traversing one walk after another, as we did in the proof of the
transitive property, is sometimes called concatenation of walks.

Definition 5.11. In an undirected graph G(V,E) a connected component is a
subgraph induced by an equivalence class under the relation “is-connected-to” on V .

The disjointness of equivalence classes means that each vertex belongs to exactly one
connected component and so we will sometimes talk about the connected component
of a vertex.

5.2.2 Connectedness in directed graphs
In directed graphs “is-connected-to” isn’t an equivalence relation because it’s not
symmetric. That is, even if we know that there’s a walk from some vertex a to
another vertex b, we have no guarantee that there’s a walk from b to a: Figure 5.4
provides an example. None the less, there is an analogue of a connected component
in a directed graph that’s captured by the following definitions:

Definition 5.12. In a directed graph G(V,E) a vertex b is said to be accessible
or reachable from another vertex a if G contains a walk from a to b. Additionally,
we’ll say that all vertices are accessible (or reachable) from themselves.
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Figure 5.4: In a directed graph it’s possible to have a walk from vertex a to vertex
b without having a walk from b to a, as in the digraph at left. In the digraph at right
there are walks from u to v and from v to u so this pair is strongly connected.

Definition 5.13. Two vertices a and b in a directed graph are strongly connected
if b is accessible from a and a is accessible from b. Additionally, we regard a vertex
as strongly connected to itself.

With these definitions it’s easy to show (see the Problem Sets) that “is-strongly-
connected-to” is an equivalence relation on the vertex set of a directed graph and so
the vertex set decomposes into a disjoint union of strongly connected components.
This prompts the following definition:

Definition 5.14. A directed graph G(V,E) is strongly connected if every pair of
its vertices is strongly connected. Equivalently, a digraph is strongly connected if it
contains exactly one strongly connected component.

Finally, there’s one other notion of connectedness applicable to directed graphs,
weak connectedness:

Definition 5.15. A directed graph G(V,E) is weakly connected if, when one
converts all its edges to undirected ones, it becomes a connected, undirected graph.

Figure 5.5 illustrates the difference between strongly and weakly connected graphs.
Finally, I’d like to introduce a piece of notation for the graph that one gets by
ignoring the directedness of the edges in a digraph:

Definition 5.16. If G(V,E) is a directed multigraph then |G| is the undirected
multigraph produced by ignoring the directedness of the edges. Note that if both the
directed edges (a, b) and (b, a) are present in a digraph G(V,E), then two parallel
copies of the undirected edge (a, b) appear in |G|.

5.3 Afterword: a useful proposition
As with the Handshaking Lemma in Lecture 1, I’d like to finish off a long run of
definitions by using them to formulate and prove a small, useful result.

Proposition 5.17 (Connected vertices are joined by a path). If two vertices a and
b are connected, so that there is a walk from a to b, then there is also a path from a
to b.
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Figure 5.5: The graph at the top is weakly connected, but not strongly connected,
while the one at the bottom is both weakly and strongly connected.

Proof of Proposition 5.17

To say that two vertices a and b in a graph G(V,E) are connected means that there
is a walk given by a vertex sequence

(v0, . . . , vL) (5.3)

where v0 = a and vL = b. There are two possibilities:

(i) all the vertices in the sequence are distinct;

(ii) some vertex or vertices appear more than once.

In the first case the walk is also a path and we are finished. In the second case
it is always possible to find a path from a to b by removing some edges from the
walk in Eqn. (5.3). This sort of “path surgery” is outlined below and illustrated in
Example 5.18.

We are free to assume that the set of repeated vertices doesn’t include a or b
as we can easily make this true by trimming some vertices off the two ends of the
sequence. To be concrete, we can define a new walk by first trimming off everything
before the last appearance of a—say that’s vj—to yield a walk specified by the
vertex sequence

(vj, . . . , vL)

and then, in that walk, remove everything that comes after the first appearance of
b—say that’s vk—so that we end up with a new walk

(a = v′0, . . . , v
′
L′ = b) = (vj, . . . , vk). (5.4)

To finish the proof we then need to deal with the case where the walk in (5.4),
which doesn’t contain any repeats of a or b, still contains repeats of one or more
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Figure 5.6: In the graph above the shaded vertices a and b are connected by the path
(a, r, s, u, v, b).

other vertices. Suppose that c ∈ V with c ̸= a, b is such a repeated vertex: we can
eliminate repeated visits to c by defining a new walk specified by the vertex sequence

(a = u0, . . . , uL′′ = b) = (v′0, . . . , v
′
j, v

′
k+1, . . . , v

′
L′) (5.5)

where v′j is the first appearance of c in the sequence at left in Eqn. (5.4) and v′k is
the last. There can only be finitely many repeated vertices in the original walk (5.3)
and so, by using the approach sketched above repeatedly, we can eliminate them all,
leaving a path from a to b. Very scrupulous students may wish to rewrite this proof
using induction on the number of repeated vertices.

Example 5.18 (Connected vertices are connected by a path). Consider the graph
is Figure 5.6. The vertices a and b are connected by the walk

(v0, . . . , v15) = (a, q, r, a, r, s, t, u, s, t, u, v, b, w, v, b)

which contains many repeated vertices. To trim it down to a path we start by
eliminating repeats of a and b using the approach from Eqn. (5.4), which amounts
to trimming off those vertices that are underlined in the vertex sequence above.

To see how this works, notice that the vertex a appears as v0 and v3 in the
original walk and we want v′0 = vj in (5.4) to be its last appearance, so we set
vj = v3. Similarly, b appears as v12 and v15 in the original walk and we want
v′L′ = vk to be b’s first appearance, so we set vk = v12. This leaves us with

(v′0, . . . , v
′
9) = (v3, . . . , v12)

= (a, r, s, t, u, s, t, u, v, b) (5.6)

Finally, we eliminate the remaining repeated vertices by applying the approach
from Eqn. (5.5) to the sequence (v′0, . . . , v

′
9). This amounts to chopping out the

sequence of vertices underlined in Eqn. (5.6). To follow the details, note that each
of the vertices s, t and u appears twice in (5.6). To eliminate, say, the repeated
appearances of s we should use (5.4) with uj = v′2 as the first appearance of s in
Eqn. (5.6) and uk = v′5 as the last. This leaves us with the new walk

(u0, . . . , u6) = (v′0, v
′
1, v

′
2, v

′
6, v

′
7, v

′
8, v

′
9) = (a, r, s, t, u, v, b)

which is a path connecting a to b.
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