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1 Overview

The starting point for the ideas in this paper is a result of Kevin Burke
2, Prop 3.2.5] in the model theory of modules. This result establishes a
correspondence between syntactically defined “pp-imaginaries” and certain,
coherent, functors. Specifically, fix a ring R and let R-Mod be the cate-
gory of left R-modules and R-mod be the category of finitely presented left
R-modules. The category of additive functors R-mod — Ab is denoted
(R-mod, Ab) and is a Grothendieck abelian category. An object X in an
abelian category is said to be coherent if it is finitely generated (i.e. not a
directed union of proper subobjects) and if, whenever Y is another finitely
generated object and f : Y — X is a map, then ker f is also finitely gen-
erated. Burke’s result states that the full subcategory of coherent functors
coh(R-mod, Ab) is equivalent to Ivo Herzog’s category (R-Mod )4 (see [3])
which can be described as follows. The objects of (R-Mod)®*I" are pairs /v
where ¢ and ¢ are positive primitive (pp) formulas in the language of left
R-modules (in the same number of free variables), and where ¢» — ¢ on all
modules. The maps ¢/1) — ¢'/1 are given by (logical equivalence classes
of) pp-formulas p < ¢ x ¢’ which, on any module M, well-define functions
O(M)/p(M) — ¢'(M)/{'(M) on cosets. The category (R-Mod)®*It is a cat-
egory of “positive imaginaries” in the sense of model theory. Burke’s result
may be regarded as a means of translating between the languages of logic and
category theory in the context of modules, and has proved to be very useful
as a point of interaction between model theory and representation theory

(see [6]).



The paper [7] contains a new proof of a topos version of Burke’s result
which was originally obtained by Makkai and Reyes in [4, p. 269]. Start with
a locally finitely presented category C. This is the category of models of a
finitary limit theory T in a first order language L (by [1, 5.9]). The notion of
coherence in abelian categories defined above can be generalised to arbitrary
categories (with pullbacks) as follows: an object X is coherent if it is finitely
generated (f.g.) and, whenever Y is a f.g. object and f:Y — X is a map,
the object Y xx Y is also f.g. Let us denote the full subcategory of finitely
presented objects of C by fp C and the category of set-valued functors on
fp C by (fp C, Set). The Makkai-Reyes result states that the full subcategory
of coherent functors coh(fp C, Set) is equivalent to a category of “positive
imaginaries” T°%* which can be described as follows. The objects are pairs
of positive existential formulas (i.e. formulas built up from atomic formulas
using conjunction, disjunction and existential quantification) ¢/ where

T+ (0 C ¢ xp)A(0 defines an equivalence relation on ¢)

The maps ¢/0 — 1/n are given by (logical equivalence classes of) positive
existential formulas p such that

TF(pCpx)A (pdefines a function ¢/0 — ¢ /n)

Both Burke’s result and the Makkai/Reyes result establish correspon-
dences between syntactic and categorical objects. The former is based in
abelian categories and the latter in toposes (the functor category (fp C, Set)
is a topos). For modules, the “right” notion of “formula” is that of pp-
formula (such a formula defines an additive functor) whereas for general
locally finitely presented categories (which are in general non-additive), the
“right” notion of “formula” is that of positive existential formula (which
defines a set functor). Both Burke’s result and the Makkai/Reyes result
positively answer the following vague question: Are the imaginaries formed
from the “right” formulas in a particular context equivalent to the coherent
functors of an appropriate kind?

Consider the category RY/R-Mod of 7y-pointed modules where v € N.
The objects of this category are pairs (M,a) where M is a module and
a € M?. Maps f : (M,a) — (N,b) are R-linear maps f : M — N such
that f(a) = b pointwise. The objects are models in the language of R-
modules with v extra constants. The “right” formulas in this context are
the pp-formulas in this expanded language: any such formula defines an
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affine functor R7/R-mod — Aff where Aff is the category of affine spaces.
Roughly, an affine space is an abelian group without a distinguished identity
element. These are typically either () or cosets of abelian groups. The hom-
sets of the category RY/R-Mod have the structure of affine spaces and an
affine functor RY/R-mod — Aff is one that preserves this affine structure.
Any pair ¢ /1 of pp-formulas with constants such that ) — ¢ will define an
affine functor R?/R-mod — Aff by associating to a pointed module (M, a)
the quotient (M, a)/v(M,a) € Aff (this is a coset of ¢(M,0)/¢(M,0) in
M™ /4(M, 0) where n is the number of free variables of ¢ and ¢). We can now
ask the question: can we describe the category of pairs of pp-formulas with
constants as the category of coherent affine functors R”/R-mod — Aff? In
this paper we show that the answer is negative. Specifically, we produce a
coherent affine functor which is not definable by a pair of pp-formulas with
constants. Thus the perfect correspondence between the functorial and the
usual model-theoretic approaches in the model theory of modules becomes
less than perfect when constants are added to the language.

The work reported in this paper will form part of the doctoral thesis of
the first author, who has been supported by a MATHLOGAPS Marie Curie
Fellowship.

2 Affine spaces

2.1 Definition and notation

An affine space is a set X endowed with a ternary operation t : X3 — X
subject to the following equations:

Al t(z,z,2)==x
A2 t(z,y,2) =t(z,y,7)
A3 t(t(z,u,y),w,z) = t(x, t(u,y,w), 2) = t(x,u, t(y, w, 2))

For our purposes it is necessary to include ) as an affine space. This implies
that the category Aff of all affine spaces and homomorphisms is not an affine
category in the sense of [8].

If we fix an element 0 of the affine space X, and define =+ y = t(z,0,y),
then X becomes an abelian group with the addition operation 4+ and zero



element 0. Moreover, we have
t(r,y,2) =x—y+=z

See [5] for the details.

Given an affine space X we can define the expression x — y + z to mean
t(z,y,z). Note that we are not implying that the expression x + y should
mean anything. We can recursively define

Oz —0y+2 = =z
ne—ny+z = rz—y+((n—Dzx—(nm—-1Dy+2z2) forn>0

And hence we can define

na:—l—(l—n)y:{

nr—ny+y forn>0
(—n)y — (—n)z+y forn <0

Now, if nq,...,ny are integers such that ny +no +...np = 1, we can define
(by induction on k)

T+ - +nprp = (nlxl + e Np_oTp_o + (nk—l + nk)xk_l)
—(ngxr—1 + (1 — ng)zg) + o

We shall call homomorphisms of affine spaces affine maps. It is easy to
check that an affine map f satisfies

fnaxy + - +mgag) = ny f(zn) + -+ + g f(2)

whenever ny +--- +np = 1.

If A,B € Aff then Hom(A, B) € Aff for whenever we have three affine
maps f,g,h : A — B, then f — g + h (defined pointwise) is another affine
map A — B. Note that any constant map A — B is an affine map.

Let x1, ...z, be elements of an affine space X. If ny,...,n, are integers
such that ny 4+ --- + ng = 1 then we say that nyzy + - -+ + ngxy is an affine
combination of x1,...,xy. The subset S C X generates X as an affine space
(in the sense that X is the smallest affine subspace containing S) if and only
if every element of X can be written as an affine combination of finitely many
elements from S. One can easily check this using the definitions above and
the axioms A1-A3. Note also that an affine subspace of an affine space is a
subset which is closed under all affine combinations.

An abelian group (G,+) is naturally an affine space with ¢(x,y,z) =
x —y + 2 so that the above definition of the expression “r —y + 2”7 coincides
with its usual interpretation in G.



Proposition 2.1. Any affine subspace of an abelian group G is a coset of a
subgroup of G.

Proof. Let A be an affine subspace of G. Fix an arbitrary element ay € A
and consider the set

Ay={x € G:x+ay € A}
Then, since a = ag + (@ — ag), we have
A:CLO+A0

We have 0 € Ag since a9 € A. If z,y € Ay then = + ag,y + a9 € A. So
(x —y) +ap = (r+aog) — (y + ap) + ap € A which implies z —y € Ay. This
means Ay is a subgroup of GG. And the result is proved. n

Corollary 2.2. Any affine subspace A of a finitely generated abelian group
G 1is finitely generated as an affine space.

Proof. By the Proposition we can write A = ag + Ay where Ay is a subgroup
of G. Since G is a finitely generated abelian group, so is Ag. Suppose Ay is

generated as a group by z1,...,7z,. Then A is generated as an affine space
by ag,ag + x1,...,a9 + T} since if a € A then there are integers Aq,..., \g
such that

a = ap+ (A1 + -+ Aay)
= /\1(@0"‘1’1)+"'+>\k(a0+$k)+<l—)\1—"'—)\k)ao

2.2 Free objects and coproducts

Proposition 2.3. The free object on k generators is the affine subspace of
ZF generated by ey, ..., e;. In other words, it is the set

Ck’:{(nlw--,nk)EZk:n1+---—|—nk:1}

Proof. Let A be an affine space and suppose that aq,...,a, € A. Define the
map f: Cy — A by

f(nl,...,nk):n1a1+'--+nkak

It is easy to see that f is an affine map and clearly f(e;) = a; fori=1,... k.
[



Note that Z* itself is generated as an affine space by the elements e, . . ., e;,
and 0.

Let Ay,..., A, be nonempty affine spaces and choose for each 7 a fixed
element 0° € A;. Let A be the set

A x---x A, xC,

with the induced pointwise structure as an affine space. Let v; : A; — A be
the map
r— (04, ..., 07 2, 07T L 0" )

Proposition 2.4. {v; : A; — A}, is a coproduct in AfF.

Proof. Let {f; : A; — B}; be a family of affine maps. We need to show that
there is a unique map f : A — B such that fv; = f; for each i. Define the
map f: A— B by

f(al, vy Qp, ll, Ce 7ln) = Z (fz(az) + (lz - 1)fz(02))
i=1
Note that the coefficients in the right hand summation sum to 1 so it is an
affine combination. It is easy to check that f is affine. Clearly fv; = f;.
So we only need to show uniqueness. We can write an arbitrary element
(a1,...,ap,1l1,...,1,) € A as an affine combination

i (vi(as) + (1 — Ds(07)

So if g : A — B is any affine map such that gv; = f;, then clearly g = f. [

2.3 Remarks

The category Aff is a finitary variety in the universal algebra sense. It follows
that it is locally finitely presented and the forgetful functor to Set creates
products (see [1, 3.6, 3.7]). So if {A;} is a family of affine spaces then their
product is simply the set [[; A; with the induced pointwise affine structure.



3 Pointed modules

3.1 Definition

Let v be a fixed ordinal number. The category of y-pointed modules is the
comma category R("/R-Mod. In other words, the objects of this category
are left R-modules M with a distinguished tuple @ € M?, denoted (M, a) or
simply M when there is no need to specify the tuple. A map f: (M,a) —
(N,b) is a an R-linear map f : M — N such that f(a) = b.

If M, N are two pointed modules, then Hom(M,N) is an affine space
with t(f,g,h) = f — g + h, where the right hand side is defined pointwise.
For if f,g,h all take @ to b, then f — g+ h takesatob—b+b=0>.

3.2 Coproducts

Let (A;,a;) be y-pointed modules where i € I. Here a; = (ajx)k<y- Let
H < @,c; A; be the submodule generated by the tuples @, € @, A;, for
m,n € I and k < -, where

amr ~ Wheni=m
nk,i = { —Qnk  When i =n

0 otherwise

Let ¢; : A; — @, A; be the canonical ith injection. Define v; to be the
composition of ¢; with the projection

@Ai — @Ai/H

Then Vi,j € I, vi(a;) = v;(a;) since ¢;(aix) — tj(ar) = aijp. So if we
put A = @; A;/H and a = v;,(a;,) for a fixed iy € I, then the maps v; :
(A;, a;) — (A, a) are morphisms of pointed modules.

Proposition 3.1. In the above notation, {v; : (A;;a;) — (A,a)}; is a co-
product of the family {(A;, a;)}i of pointed modules.

Proof. For each i € I, let f; : (A;, a;) — (B,b) be maps of pointed modules.
Let f=6p, fi : @, Ai — B and let x € H. So

T = T1Q4 1k, + -+ TnQi,, 5, kn
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f®) = rif(@ijr)+ -+ rf(@ijk,)
= r1(fi(@ir) = fi(aim)) + -+ ralfin (k) = fia (@5,0.))
= Tl(bkl — bkl) +-+ Tn<bkn — bkn>
0

So f factors uniquely through A as f say. We havg?(vi(m)) = fu(z) = fi(x)
and f(a) = f(vo(ap)) = fo(ag) = b. Moreover, f is the unique such map
A — B. For suppose 7 is another such map. Then g corresponds to a map
g: P, A; — B such that H < ker g and such that g¢; = f;. but this means
g = fsothatg=f. O

3.3 Finite presentation
Henceforth v < w.

Proposition 3.2. The finitely presented objects in R"/R-Mod are precisely
the objects in RY/R-mod.

Proof. Suppose (A, a) is f.p.in R7/R-Mod. Let f: A — li—n>1ie] M; be a map
in R-Mod where [ is a directed poset and the colimit maps M; — hi>nl M;
are denoted by m; and the diagram maps M; — M; by m;; when ¢ < j.
Since f(a) is a finite tuple, there is an ig € I such that f(a) is represented
in M;,. Let I' = {i € I :ig <i}. Then lim  M; =lim  M;. So f induces
el —iel
a map
I (A’a’) - h_H}(MHmZoz(f(a’)))
il

which, by assumption, factors essentially uniquely through some i, € I’. This
induces an essentially unique factorisation

A

-

f
el
e

M;,
Hence A is a f.p. module.
For the converse, suppose A is f.p. in R-Mod. Let a be a y-tuple in A

and
[ (A a) — lim(M;, ;)
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a map to a directed colimit in R?Y/R-Mod. Then f: A — h_rr>1 M; is a map in
R-Mod which must factor essentially uniquely through some M;. Let k > ¢
be an index such that the tuple f(a) is represented by @y in My. Then f also
factors through M) which clearly induces an essentially unique factorisation

(A, @) —L— lim(M,, z;)

/

(My, xy,)
So (A, a) is f.p. as required. O
Proposition 3.3. The category R”/R-Mod is locally finitely presented.

Proof. Using Theorem 1.11 from [1], it is sufficient to show that R?/R-Mod
is cocomplete and has a strong generator consisting of f.p. objects. It is easy
to see that the pointed module

(R (e, ...,e,))

is a strong generator. For cocompleteness we need to show that the category
has an initial object, coequalisers and arbitrary coproducts. We have already
shown the existence of arbitrary coproducts. So consider two arrows

(M, a) % (N, b)

and let 7 be the projection N — N/im(f — g). The coequaliser of f and g is
simply (N/im(f — g),m(b)). The initial object of the category is easily seen
to be

(R, (e1,...,e,))

which proves the result. O

4 Affine functors

If M and N are two pointed modules, then Hom(M, ) is an affine space.
So we can consider affine functors RY/R-mod — Aff. These are functors F
such that for any f.p. pointed modules M, N the induced map

Hom(M, N) —— Hom(FM, FN)
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is a map of affine spaces. The category of these functors will be denoted
(R"/R-mod, Aff). Note that for two affine functors F, G, the set Nat(F, G)
has the structure of an affine space via

0 —0 +0") m(x) =O0pm(x) — 0 () + 03y (x)

for 0,60',0" € Nat(F,G) and M € R”/R-mod. We have an affine version of
the Yoneda lemma (which is easily proved).

Lemma 4.1. The map ¢ : Nat(Hom(M, —), F') — FM defined by
induces an isomorphism of affine spaces.

The category (R?/R-mod, Aff) is a many sorted variety with sorts {su :
M € R'/R-mod}. Its operations and equations are listed below.

e For each sort sy a ternary operation g : Saq X S X Sy — S
satisfying A1-A3.

e For each arrow f: M — N in R7/R-mod, a unary operation
f« : Sam — sa such that whenever f, f’, f” € Hom(M,N) and
g : N — N’ the corresponding operations satisfy the following
equations.

)
B
?ﬁ
Ny

:_/
Th
&

f*(t/\/l<x7 7y7z)) = tN(

As a finitary variety, the category (RY/R-mod, Aff) is locally finitely
presented. The representable functors form a strong generating set of f.p.
objects. It is natural to ask whether every coherent functor is defined by a
quotient of pp-formulas in the language of left R-modules with v additional
constants. We will show that this is not the case.

In order to understand coherent functors, we must first understand finitely
generated functors. It is easy to see that these are precisely the quotients of
finite coproducts of representable functors by considering functors as many-
sorted algebras as above and using the algebraic notion of finite generation
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together with the Yoneda lemma. So what do finite coproducts of repre-
sentables look like?

Fix f.p. pointed modules A, ..., A,. For each f.p. pointed module X
define I(X) = {i : Hom(A;, X') # 0}. Choose for each X and each i € I(X)
a fixed map 0% : A; — X. We shall now define a functor F by specifying
that

F(X) = ( r([ )Hom(Ai,X)> x T(I(X))

where for an arbitrary subset I C {1,...,n}, T(I) is the affine subspace of
7" defined by

T ={(L, ..., 1) €Cp:l; =0 Vi g I}

Furthermore, if f: X — ) is a map in R?/R-mod, then I(X) C I()) and
we define the map f. induced by F' (or F(f)) as that which sends the tuple
((9i)icr(xy, 1y - - -, In) to the tuple ((g})iczyy, (1 - - -, 1) Where

;) fgi+ (i —1)f0% + (1 —1;)05 when i€ I(X)
%0, when i € I(D)\ I(X)

The need for f, to be defined in this way will become apparent in the proof
of Proposition 4.2.

Now define, for each i = 1,...,n, the element ¢; = ((a;)jer(a,),€i) €
F(A;) by putting a; = id4, and a; = Oiti for j # 4. Then, by the Yoneda
lemma, ¢; defines a natural transformation Hom(A;, —) — F.

Proposition 4.2. In the above notation, {¢; : Hom(A;, —) — F},—
coproduct diagram in the functor category.

.....

Proof. Let G be an affine functor and fix elements 7, € G(A;) (corresponding
to natural transformations Hom(A;, —) — G). Define for each X the map
dy : F(X) — G(X) of affine spaces which acts thus

(9:)iery la, ol — 2 (Glg)(m) + (1 = DG(0%) ()

i€I(X)

(It is easily checked that this is indeed an affine map since G is an affine
functor and >;c;(x) ls = 1.) We claim that the family of maps {®x } + defines
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a natural transformation of functors. To see this, let f : X — ) be a map
in R”/R-mod.

i€I(X)

G(f)Px((9i)icixy; la, -5 1n) = G(f) ( > (G(gz-)(m) + (l; — 1)G(0i)()(77i))>

= 3 (G(fg)(m) + (1 = DG (f0k)(m))

i€l(X)
= Y (G + (L = ) fO + (1= 1)05) (i) + (I — DG(0}) (m:))
1€l(X)
+ (G(O0)(m:) + (0= 1)G(03) (m:))
1€I(Y)\I(X)

= OyF(f)((9:)ierx) by ln)

So we indeed have a natural transformation ® : F' — G. Moreover, we have
that ® 4, (¢;) = n; for each i. So we now need only to prove that ® is unique
with this property.

Let ¥ be any other natural transformation F' — G such that U 4,(¢;) =,
for each i. Let ((g:)icrx),l1,---,1n) € F(X). Then we can write this element
as the following affine combination.

> (Flg)(w) + (1 = DF(0%) (1)

i€I(X)

So, since ¥y is an affine map, we have

Va((g)ieroy by ln) = D (VaF(g:)(w) + (i = DL F(0%)(1))

i€I(X)

= > (Gle) W (ts) + (ls = G(03) g, (10))

i€I(X)

= > (Gla)(m) + (L — G(0k) (m:))

i€I(X)
In other words ¥ = ® and the result is proved. O

Note that a different choice of “constants” 0% would give a functor nat-
urally isomorphic to F' (by the uniqueness of the coproduct).
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Consider now the functor

G =Hom((R,(ey,...,e,)),—) [[Hom((R", (ey,. .. e,)), —)

Since Hom((R7, (eq,...,e,)),X) is a singleton for each X, it is easy to see
that G(X) = Cy = Z for every X and that for any map of pointed modules
f:X =Y, f. =id. If we extend this functor to a functor on all pointed
modules (not just the f.p. ones) then G will still define Z on all modules
(since it will always define a directed colimit of a system with just one object
Z and all identity maps, and this colimit is again Z; see [7, Lemma 3.1] for
the definition this extension). Hence G cannot be defined by a quotient of
pp-formulas since if that were the case we would be able to get |G(X)| > N,
for a suitably large X by the upward Lowenheim-Skolem theorem.

We claim that GG is a coherent functor. So we must show that whenever
Fis a f.g. functor and 6 : ' — (G is a map, then the pullback F' xg F is
also f.g. It will be sufficient to show this whenever F' is a finite coproduct
of representables as above. This is because, if ' = [[I~; Hom(A;,—) and
there is an epimorphism F — F”, then for any 6 : I/ — G, the induced map
F xg F — F' xg F' will also be an epimorphism (as we shall see).

So let F' = ][, Hom(A;,—) and let {0% : X € R"/R-mod, i € I(X)}
be a choice of constants. Let 6 : F' — G be a natural transformation. Then
0 = [1, 6; where 0; € Nat(Hom(A;,—),G) =2 G(A;) = Z.

Proposition 4.3. We can write the set (F x¢g F)(X) as

( 11 Hom(Ai,X)> x S(I(X))

i€I(X)

where for an arbitrary subset I C{1,...,n},

=1 i=1

and we can describe the action of F' Xqg F on a map f : X — Y as fol-
lows.  The tuple ((gi,9;)icrx),li,- - ln 11, ..., 1)) gets taken to the tuple
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((hz, h;),ie](y), ll, ey ln, lll, Ce ,l;) wher’e

B — fgi+(li_ 1) f0% + (1 —1;)0% wheniel
z 0y when 1 € 1

X)
P)NI(X)
X)
YINI(X)

o~ o~ o~~~

o fg; + (Il = 1) f0% + (1 = )05, when i€ I

‘ 03, when 1 € 1

The canonical projections ', 72 : F xqg F — F are given by pointwise
projection of the cartesian product.

Proof. We first need to check that O7! = 672, For convenience, we write a
typical element of (F' xg F)(X) as (g,l,g',1') where (g,1),(g',l') € F(X)
and the inner product (I —1',0) = 0.

For (g,1) € F(X) we have

Ox(g,l) = 0Ox ( > (F(gl)(LZ) + (I; — 1)F(0§Y)<Lz))) see proof of Prop. 4.2

i€I(X)

= Z (GAZ(M) + (lz - 1)9A¢(l’i))

iel(X)

- Y L6

i€I(X)

- (1.9)
So for (g.1,g',V) € (F xa F)(X).

O0xmy(9,1, 4, 1) = 0x(g,0)
= (1,0)
= <l/70>
= Ox(g’,l)
= Oamr(g, 1,0 1)

Now suppose that n',n? : H — F are natural transformations from a
functor H such that dn' = 0n?. Define the map ® : H — F xo F by

@ (h) = (nx(h), n3(h))
This is well defined since if % (h) = (g,1) and n%(h) = (g',1'), then

<lv 0> = 92((9? l) = 9X(9,7 l/) = <l/’ 0>
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It is obvious that ® is natural and clearly ® is the unique natural transfor-
mation H — F xg F such that 7'® = 5! and 72® = 7% This establishes
the result. O

In order to show that the functor ' x4 F' is finitely generated, we must
first make the following definitions.
For each I C {1,...,n}, let

Ar =] A
el

and let w! : A; — A; be the canonical injections. Furthermore, define for
each i,

Ay = A H A;

with canonical injections v;, v) : A; — Aj;.

For each I C {1,...,n}, the set S(I) is an affine subspace of Z" x Z™ and
so is finitely generated by Corollary 2.2. Let X{ = (zr1, 2} ,),..., X[, =
(14, 27 ,) be affine generators for S(I). We fix the notation

Lrr = (xl,rla cee 7xl,rn)

mll,r = (xll,rb ce 71:/I,Tn)

For each i € I, let a; be the element ((g;,9})jer(a,), €i€:) of (F Xa
F)(A;;) defined by

{OQ.. when j # i

9 = " .

v; when j =1

, Of%_ when j #£ i
v

i when j =1

For each I C {1,...,n} such that I = I(A;) and generator X! for S(I),
let Byx: be the element ((hy, h})ier, 1., @7 ,) of (F X F)(A;j) defined by

hi = xf,m-wf -+ (1 — .1'[7”)0;1

/A I ! 7
b = 2w + (1= 27 ,,;)0y,

We claim that the elements a; and By generate the functor F' x¢ F,
regarded as a many-sorted algebra. Equivalently, the coproduct of these
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elements, regarded as maps from representables, yields an epimorphism to
F Xa F.

To see this, let ) be a f.p. pointed module and ((fi, f))icr(y), l, - - ln, 14, - -

be an element of (F' X F)(Y). Let I = I()). Note that in this case we have
I(A;) = I. The tuple (l1,...,1n,10,...,1,) is an element of S(I) and so can
be expressed as an affine combination

MXT + e N X

where
)\l+.+>\k121

An easy calculation shows the following.

OZ HOZ (O)J?Oy)jefaeuez)
(by using the explicit description of F' X F' in Proposition 4.3) and
szf pj7p])j€Ian7el)

where p; = f;, p; = f] and p; = p); = 0%, when j # ¢. Furthermore,

)

jel

((O‘S}J O@)jela m[,m w/l,r)

So we can write

(o Ben il ) = (SUTLD (@) - (;%Ho@;)xa»)

el

(18] o o 1) )

el iel

This is an affine combination since the A;’s sum to 1 and the result is proved.
We state this in a proposition.

Proposition 4.4. Let G be the functor which is constantly Z and let F' be
1", Hom(A;, —). For any map 0 : F — G the pullback F x¢g F is finitely
generated.
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We must now show that for any f.g. functor F’ and map ¢ : F' — G,
the functor F’ xq F’ is finitely generated. Since F’ is f.g. there is a functor
F =1Ii-, Hom(A;, —) and an epimorphism

n:Hm:FH>F’

i=1
Let 6; = ¢'(n;(id4,)) € Z. Then it is easy to deduce that
0 (e ((gi)ieriay, ls- 1)) = 101 + - + 1,0,

because

nx((9i)ierxys s - D) = D ((Qi)*(ﬁi(idm)) + (i — 1)(0iv)*(77i(id,4i)))

iel(X)
and for each i € I(X),
0'((9:)+(mi(ida,))) = 0'((0%).(n:(ida,))) = 0'(n:(id.a,))

Let ® be the induced map F' xg F — F’' xg F'. Then the action of ®y is
defined by

((giagz/'>i61(/\f)7l1? s 7ln7l/17 R l;)

|

(N ((gi)iercxy, Lo -2 1) e ((97)ieray, s - -, 1))

Clearly ® is an epimorphism since (using the fact that 7 is epic)

(N2 ((9i)iercxy, Ly - - 1) e ((97)iera), s - -, 1)) € F' X F!

|

I

((92‘794%61(2()7[1, s 7ln7l,17 .- 7l;L) S F Xa F

This implies that F’ xg F” is f.g. since F' X F' is. So G is a coherent functor
and we have the following result.

Theorem 4.5. G is a coherent functor RY/R-mod — Aff which is not
definable by a quotient of pp-formulas in the language of left R-modules with
v additional constants.
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