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Outline of this talk:

Definitions and notation.

Some structure of EndFn(G ).

Congruences of rank one.

Congruences of higher rank.
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Let X be a non-empty set, G be a group such that G y X . We say X is a
left G -act, and write GX .

Definition (Free act)

A generating set U of GX is a basis if every x ∈ GX can be uniquely
presented in the form x = gu for some u ∈ U, g ∈ G . That is:

x = g1u1 = g2u2 ⇐⇒ g1 = g2 and u1 = u2

If an act GX has a basis U, then it is called the free rank |U| act, and we
write GX = F|U|(G ) to denote this.
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Free rank n G-act

Let G be a group, and let

Fn(G ) =
n⋃

i=1

Gxi

be the rank n free left G -act.
Fn(G ) consists of the set of formal symbols {gxi : g ∈ G , 1 ≤ i ≤ n}. For
any g , h ∈ G and 1 ≤ i , j ≤ n:

gxi = hxj ⇐⇒ g = h and i = j

The action of G is given by g(hxi ) = (gh)xi .
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Endomorphisms of Fn(G )

Definition (Act Endomorphism)

Let G act on a set A. Then φ : A −→ A is an act endomorphism if

(ga)φ = g(aφ) ∀ g ∈ G , a ∈ A

Write EndFn(G ) for the collection of all endomorphisms of Fn(G ), with
composition of maps as its binary operation.
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Each α ∈ EndFn(G ) is determined completely by its act on the free
generators {xi : i ∈ [1, n]}, therefore we can write:

α =

(
x1 x2 . . . xn

ωα1 x1ᾱ ωα2 x2ᾱ . . . ωαn xnᾱ

)
for a map ᾱ ∈ Tn and an element αG = (ωα1 , ω

α
2 , . . . , ω

α
n ) ∈ Gn.

Fact

The function

ψ : EndFn(G ) −→ G o Tn

α 7→ (αG , ᾱ)

is an isomorphism.
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Image, Rank, Kernel

Image And Rank

Let α ∈ EndFn(G ), then:

im(α) =
⋃

i∈im(ᾱ)

Gxi , rank(α) = rank(ᾱ)

Write Dm for the D–class of elements of rank m.

Kernel

Let α, β ∈ Dr . Then ker(α) = ker(β) if and only if
ker(ᾱ) = ker(β̄) = {B1, . . . ,Br} and for any j ∈ {1, . . . , r} there exists

qj ,α,β ∈ G such that for any k ∈ Bj , we have ωαk qj ,α,β = ωβk
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Example

Consider α, β, γ ∈ EndF3(C2), C2 = 〈a〉.

α =

(
x1 x2 x3

ax1 x1 x2

)
β =

(
x1 x2 x3

x1 ax1 x2

)
q1,α,β = q2,α,β = a, q3,α,β = 1

Hence ker(α) = ker(β). But:

γ =

(
x1 x2 x3

x1 x1 x2

)
q1,α,γ = a 6= 1 = q2,α,γ , q3,α,γ = 1

Hence ker(α) 6= ker(γ).
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Structure of EndFn(G )

Green’s Relations on EndFn(G )

For any α, β ∈ EndFn(G ):

αLβ ⇐⇒ im(α) = im(β),

αRβ ⇐⇒ ker(α) = ker(β),

αDβ ⇐⇒ rank(α) = rank(β),
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Definition (Rank of a congruence)

Let ρ be a congruence of EndFn(G ), then the rank of ρ, written rank(ρ) is:

rank(ρ) = max { rank(f ) | ∃ g 6= f such that (g , f ) ∈ ρ}

Remark

Let Hm be an H–group class of Dm, then:

Hm
∼= G o Sym(m)

In particular,
H1
∼= G o Sym(1) ∼= G
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Fact

Let S and T be semigroups, f : S → T be a homomorphism, and ρ be a
congruence on T . Then

f −1(ρ) =
{

(α, β) ∈ S2 | (αf , βf ) ∈ ρ
}

is a congruence on S .

Fact

The map f : EndFn(G )→ Tn defined by

α 7→ ᾱ

is a homomorphism.
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For the next few slides, we restrict our attention to congruences of rank
one. That is, congruences whose non-trivial classes contain only elements
of D1.
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Congruences in H

Fact

Let α, β ∈ EndFn(G ) be such that (α, β) ∈ D1 × D1, and αHβ. Let N be
the normal subgroup of G generated by qα,β. Then:

(α, β)] = {(γ, δ) ∈ D1 × D1 | γHδ, qδ,γ ∈ N} ∪∆
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Congruences in R\L

Fact

Let α, β ∈ EndFn(G ) be such that (α, β) ∈ D1 × D1, and (α, β) ∈ R\L.
Then:

(α, β)] = {(γ, δ) ∈ D1 × D1 | γRδ} ∪∆
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Congruences in L\R

Fact

Let α, β ∈ EndFn(G ) be elements of rank one such that (α, β) ∈ L\R.
Let M be the normal subgroup of G generated by
{(q1,α,β)−1q1,α,β, . . . , (q1,α,β)−1qn,α,β}, and N be the normal subgroup of
G generated by {q1,α,β, . . . , qn,α,β}. Then:

(α, β)] =
{

(γ, δ) ∈ D2
1 | γLδ, qk,γ,δ ∈ Mt for some t ∈ N, k ∈ {1, . . . , n}

}
∪∆.
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Example
Let C4 = 〈a〉, be the cyclic group of order four. Consider EndF3(C4). Let
α, β ∈ EndF3(C4) be:

α =

(
x1 x2 x3

ax1 a2x1 a3x1

)
,

β =

(
x1 x2 x3

a2x1 ax1 a2x1

)
.

Then:

qk,α,β =

{
a if k = 1

a3 if k ∈ {2, 3}
,

(q1,α,β)−1qk,α,β =

{
1 if k = 1

a2 if k ∈ {2, 3}
.

We then have that

〈
n⋃

k=1

C ((qj ,α,β)−1qk,α,β)〉 = 〈a2〉 = C2 6= C4 = 〈a〉 = 〈
n⋃

k=1

C (qk,α,β)〉

FFB + NR (St Andrews) Congruences of EndFn(G) 2019 January 10th 16 / 24



Congruences not in R∪ L

Fact

Let α, β ∈ EndFn(G ) be such that rank(α) = rank(β) = 1,
(α, β) /∈ L ∪R. Define γ ∈ EndFn(G ) by:

xkγ = ωβk x1ᾱ

for k ∈ {1, . . . , n}. Then:

(α, β)] = (α, γ)] ∨ (γ, β)]
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What about congruences of higher rank?
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Definition

Let ρ be a congruence on S = EndFn(G ). We say that ρ is of:

1 ∆-type if ρ ⊆
{

(α, β) ∈ S2 | ᾱ = β̄
}

;

2 Ideal type if D2
1 ⊆ ρ;

3 Complementary type if there exist α, β ∈ S such that ᾱ 6= β̄ and
(α, β) ∈ ρ, but D2

1 6⊆ ρ.

If ρ is of ideal type, then it has a unique ideal congruence class Iρ = Ir ,
and it contains all elements of rank at most r .
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Fact

Let ρ be a congruence on EndFn(G ) different from the equality
congruence. Let (α, β) ∈ ρ\∆, and let gxm ∈ Fn(G ) be such that
(gxm)α 6= (gxm)β. Let N be the normal subgroup of G generated by
qm,α,β. Then: {

(γ, δ) ∈ D2
1 | γHδ, qγ,δ ∈ N

}
⊆ ρ.

Furthermore, if mᾱ 6= mβ̄, then:{
(γ, δ) ∈ D2

1 | γRδ
}
⊆ ρ .

FFB + NR (St Andrews) Congruences of EndFn(G) 2019 January 10th 20 / 24



Fact

Let ρ be a congruence on EndFn(G ). Suppose α, β ∈ EndFn(G ) are such
that rank(β) < rank(α) = k, and (α, β) ∈ ρ. Then ρ is of ideal type, and
Ik ⊆ Iρ.

Corollary

Let α, β ∈ EndFn(G ) be such that rank(β) < rank(α) = k . Then
(α, β)] = Rees(k).
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Fact

Let ρ be a congruence of ideal type. If α, β ∈ EndFn(G ) are such that
(α, β) ∈ ρ and α /∈ Iρ, then αLβ and ker(ᾱ) = ker(β̄).

Corollary

Let ρ be a congruence of complementary type. If α, β ∈ EndFn(G ) are
such that (α, β) ∈ ρ and α /∈ D1, then αLβ and ker(ᾱ) = ker(β̄).
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Fact

Let ρ be a congruence of ideal type, α ∈ EndFn(G ) an element of rank k,
k ≥ 2, such that there exists β ∈ EndFn(G ), β 6= α, such that (α, β) ∈ ρ.
Then Ik−1 ⊆ Iρ.

Corollary

Let ρ be a congruence of complementary type. If α, β ∈ EndFn(G ) are
such that (α, β) ∈ ρ and α /∈ D1 ∪ D2, then ᾱ = β̄.

Corollary

Let ρ be a congruence of ideal type, and Iρ = Ik . If α, β ∈ EndFn(G ) are
such that both are of rank greater than k + 1 and they are related by ρ,
then α = β.
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Corollary

Let τ be a congruence on EndFn(G ) of complementary type, then

τ = ρ ∨ σ,

where ρ is a congruence of rank one or two, and σ is a congruence of
∆-type.
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