2M1 Tutorial: Partial Differential Equations

1. Calculate g, Uy, Ups, Uzy and uy, for the following:

(a) u =2 —
(b) u=e” cosy
(c) u=1In(z? +y?)

Hence show that all three functions are possible solutions of the PDE: . 4 uy, = 0.

2. Find the general solution of: % =2.

3. Which of the following could be solved by separation of variables?
(a) Uy + 2u =0 (b) Uz + yuyy = 0 (¢) 2ugy + 3ugy —uy =0
(d) Uy + 2uzy + Uyy = 0 (€) Ugy + Uyy + Uy + uy = 0.
4. By using a trial solution u(x,t) = X (x)T'(t) and separation of variables, find solutions of the PDEs:
(a) 2u,; — uy = 0 where u(0,t) = 2e=%
(b) uy +u = uy where u(z,0) = 4e=3*
(¢) Ugy + uge = 0 where: u(0,t) = sint and u(oco,t) = 0.
5. Find general solutions to the following, using characteristic lines, and then show that the solutions to
question 4 parts (a) and (b) are compatible with your results:
(a) 2u, —u; = 0 Hint: change variables to e =z, ¢ = =3z —t (b) uy + u=wu; Hint: change variables
toe=x, ¢ =—x —t.
6. Classify the following as hyperbolic, elliptic or parabolic:
) Uy = U/ (Wave equation)
) uy = c*ug, (heat equation)
) Uzg + Uyy =0 (Laplace’s equation)
d) 9utt - 6Ut + Upy = 0.

7. (a) Show that the general solution of the wave equation: g, = utt/c2 is:
u(xat) = f(aj + Ct) + g(:E - Ct)7

where f and g are arbitrary functions. Hint: for a hyperbolic equation auy, + 2hug: + busy = 0, solutions
A1, Az of associated quadratic a+2hA+bA? = 0, then general solution of form u(z,t) = f(x+A1t)+g(z+Aat).
(b) (i) Show that a possible solution of the wave equation for the displacement of a stretched vibrating string
which also fits the boundary conditions of being fixed at z = 0 and x =1 is:

= () () = ()

(ii) Show that the solution in (i) is compatible with the general solution as given in part (a).

8. Find general solutions to the following:

(a) Ugy + 2ugy + Uy, = 0 Hint: for a parabolic equation augy + 2hty, + buy, = 0, only one solution of
associated quadratic a + 2h\ +bA? = 0, so general solution of form u(x,y) = f(z+ \y) + (rz + sy)g(z + \y).
(b) 2ugy — 3ugy + uyy = 0.

Answers

L (1) up =27, uy = —2Y, Ugy = 2, Ugy = 0, Uyy = —2

(ii) uy = € cosy, uy = —€e”siny, Uzy = ¥ Co8Y, Uy = —e” siny, u,, = —e” cosy

(ifl) ue = 22/(2® + y?), uy = 2y/ (2 + y°), uze = 2(y* — %)/ (2® +y?)*,

= —day/(@® +y*)?, uyy = 2(2® — y?)/(2® + y?)*.

. y(x,t) =2zt + f(t) + g(x) where f and g are arbitrary functions.

a) yes (b) yes (c¢) yes (d) no (e) yes.

a) u(z,t) = 2e~ 224 (b) u(x,t) = 4e~B*2) (¢) u(x,t) = e “sint.

a) u(z,t) = f(—z/2 —t) (b) u(z,y) = e *T/ (== where f is an arbitrary function.
i) hyperbohc (ii) parabolic (iii) elliptic (iv) parabolic.

a) Solve as for a hyperbolic equation (b) (ii) use trig. identities from the formula book.

- (
- (@) u(z,y) = f(e —y) + (rz + sy)g(z —y) (b) u(z,y) = f(z+2y) + g(x +y)
where f and g are arbitrary functions, r and s constants)
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