2M1 Tutorial: Ordinary Differential Equations

1. Without solving (unless you Want extra practice!), show that:

(a) y = e*(1 4 z) is a solution of < =5 - 2dy +y=0

(b) y = Ae® + Be™* is a solution of < 5 - yz— 0

(c) y = Ae® + Be?® + x2%e® is a solution of jw - 3dy +2y =2e"(1 —x)

2. Given the equations: (i) §j + w?y = 0 (ii) §j — w?y = 0:

(a) Find the general solution of each.

(b) Show that the solution to (ii) can be expressed in a similar way to (i), but using hyperbolic functions

. Solve the following:
) Z; + 5% + 6y = 0 (general solution)
) Zi - 7% + 12y = 0 (general solution)
) jjfé + 6% + 9y = 0 (general solution)
) Z:zl - 12% + 36y = 0 (general solution)
) 312 4% 1 9y = 0 (general solution)
) 22;5 dfy+3y:0Where y(0) = v/2 and %(0) =0
g) % + 16y = 0 (general solution)

h) Ly 4 Ty = 0 (general solution)

dz?
d’y
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i) — 9y = 0 (general solution)

i) % — 4y = 0 where y(0) = 0 and %(0) =2

k) o d*y 4+ 3d — 4y = 0 (general solution)

) & i y +4(y — 9) = 0 (general solution)

m) %— 9y 1 5y = 0 where y(0) = 4 and 2£(0) = 0

—

4. Solve the equation for constant acceleration; § = a using the method for a general second order linear
equation with constant coefficients.

5. Show that: d2 dy
Y
Y Yy -
T2 TV TV =0
can be expressed as
(D=A)(D—=A)y=0
d

where A1 and Ay are the solutions to the auxiliary equation, and D represents the differential operator, ‘-".

6. Given an inhomogeneous equation of the form:

iy | d
o= 1 p2!

am—s Tty = f(z)

show that y = u. + u, where u. and u, are the complementary function and particular integral respectively.
7. Prove that Acosnz 4+ Bsinnz can be written in the form A2 + B?sin(nx + «) where tana = A/B.

What is the engineering significance of this alternative form? Find the solution of the equatlon TE+25y =0
in this alternative form, given A = B = 1.

8. What would you normally take as the assumed particular integral u, in each of the following cases: (a)
f(x) =22 -3 (b) f(x) =€ (c) f(z) =sindx (d) f(zx) =3 — 5a?

(e) f(z) =27 (f) f(x) =5coshdz (g) f(x) =+ 2"

9. Find general solutions for the following:

a) Ly — 59 46y —24

(0) L2
(b)jTg— %+6y:2sin4x
(c) %4—14%—&—493/:465“
(d) T4+ & — 6y = e
() T4 — 6L 4 8y = 8e'r



10. Solve the following:

dz?

x+4x+3x =e 3 Where z(0) =1/2 and £(0) = —2

(¢c) & —3&+2x = sint; where 2(0) = 0 and #(0) =1

(d) % = 3sinz — 4y; where y(0) = 0 and %(71’/2) =1

(e) & 4y +2dy +y = 22; where y(0) = 0 and %(O) =1

() ——1—2 Y +y = e "; where y(0) = 0 and %(0) =1

11. The equatlon of motlon of a pendulum subjected to forced oscillations is:

2
)) Y + 4% 4 5y = 2¢72%; where y(0) = 1 and 2£(0) = —2

ME*0 = Mahw? cosfsinwt — Mghsin 6

where  is the angle of inclination of the pendulum to the downward vertical at time ¢, and the parameters
M, k, a, h, w, g are constants.

Show that for small values of # this equation reduces to a linear, second order differential equation, and
thereby show that if the pendulum starts from rest in the downward vertical position, 6 is given by:

ahw? wk v gh
(t) = —— |sinwt — ——sin [ —2—¢
(t) PRI sinw @Sln( . >}

12.  For a horizontal cantilever of length [, with load w per unit length, the equation of bending is
Ely" = (1/2)w(l — x)?, where E, I, w and [ are constants. If y = 0 and ¢/ = 0 at z = 0, find y in
terms of . Hence find the value of y when =z = [.

13. Solve the following:

(a) % — 7dy — 6y = 0 (general solution)
(b) % —y = 0; where y and its first two derivatives are all zero at z = 0, and < e (O) =4

(c) 4 T+ dy = 125sin 2t (general solution)

Solutions

2. (a) (i) y = Acoswt + Bsinwt (i) y = Ae*t + Be %!

(b) y = Acoshwt + Bsinhwt (with different A and B)

3. (a) Ae™2® —|— Be=3% (b) Ae3® + Be*® (c) (Ax + B)e~

(d) (Az + B)eS® (e) e=2*(Acosv/bx + Bsin /bx)

(f) e=*(v/2 cos % + 2sin %) (g) Acos4x + Bsindx (h) Acosy/Tz + Bsiny/Tx

(i) Ae3® + Be™3 or Acosh3z + Bsinh3z (j) sinh2z or 1/2(e** — e2) (k) Ae 4" + Be”
Q) (A B)e?*® (m) e®(4cos2x — 2sin 2x)

7. y = /2sin(5z + 7/4) or y = v/2sin[5(x + 7/4)]

8. (a) mx +n (b) me®® (c) mcosdx + nsindx (d) lz + mz +n

( ) mcoshdx + nsinh4z (g) la +m + ne®

e?® + Be3® + 4 (b) Ae?*® + Be3® 4 (1/25)(2 cos 4z — sin 4x)
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9. (a) A
c) e ™ (Az + B) + €°%/36 (d) Ae™3% 4+ Be?® — (z/5)e 3"
(e) Ae?® Jr e** (B + 4x)

0. (a) e72%(2 — cosx) (b) (1/2)e734(1 —¢t)

(c) —(3/2)e! + (6/5)e* + (1/10)(3 cost + sint)

(d) —(1/2)sin2x +sinx (e) (—x —6)e ™ + 22 — 4z +6

) (z +2%/2)e™"

2. y(l) = wl4/(8EI)

3.

(f
13. (a) Ae™® + Be3® + Ce 2% (b) €* — e~ — 2sinz (¢) A+ Bcost + Csint + 2cos2t



