MANCHESTER
1824

The Mathematics of
Digital Photography

Professor Nick Higham
Director of Research
School of Mathematics
The University of Manchester

higham@ma.man.ac.uk
http://www.ma.man.ac.uk/~higham/



http://www.ma.man.ac.uk/~higham/
http://www.ma.man.ac.uk
http://www.man.ac.uk
mailto:higham@ma.man.ac.uk
http://www.ma.man.ac.uk/~higham/

Mathematical Tools

Linear algebra, n 3 matrices.
Projective transformation.
Interpolation.

Discretization.

Discrete cosine transform.
Wavelets.

Partial differential equations (inpainting, Photoshop healing
brush).

Newton's method (constructing ICC pro les for colour
management).
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Response Curves for Cones
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Colour Blindness

1.0

SCIENCE « VOL.267 =« 17 FEBRUARY 1995
Deuteranopia

The Chemistry of John Dalton’s
Color Blindness

David M. Hunt,” Kanwaljit S. Dulai, James K. Bowmaker,
John D. Mollon 0 ey, T Rt OO

Protanopia

m John Dalton (1766-1844).

m Described his own c.b. in
lecture to M/cr Lit & Phil ;
Soc, 1794. 10

m He was a deuteranope.
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Vector Space Model of Colour (1)

m Model responses of the 3 cones as
Z
C = si( f()d; i=1:3;
where f = spectral distrib. of light, s; = sensitivity of ith
cone, [ min; max] = Wavelengths of visible spectrum.
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Vector Space Model of Colour (1)

m Model responses of the 3 cones as
Z
C = si( f()d; i=1:3;
where f = spectral distrib. of light, s; = sensitivity of ith

cone, [ min; max] = Wavelengths of visible spectrum.
m Discretizing gives

c=S'f: c2R% S2R"3 f2RM™

For standardized S, c is the tristimulus vector.

380 AMnm) 720
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Vector Space Model of Colour (2)

m Let columns of P = [lp ?ﬂ? be colour primaries .

1
m Assuming STP is nonsingular,

STf = ﬁ{Tzﬁ (STP) 1STf ST Pa(f);
3 3

where a(f) = (STP) 1STf.
Colour of any spectrum f can be matched by primaries.
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Vector Space Model of Colour (2)

m Let columns of P = [|pi? £3JJ be colour primaries .

m Assuming STP is nonsingular,

STf = ﬁ{Tzﬁ (STP) 1STf ST Pa(f);
3 3

where a(f) = (STP) 1STf.
Colour of any spectrum f can be matched by primaries.

I Needa 0) notallvisible spectra can be produced.
Compensate a; < 0 by adding ja;jp; to f,

| There exist spectra f;g, f 6 g, such that |{§} f=STg:
metamers . Both good and bad.
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Standardization

m Commission Internationale de I'Eclairage (CIE) de ned
standard colour matching functions  s;j( ) (1931, 1964).

m CIE RGB space.

m CIE XYZ space: nonnegative s;( ), Y corresponds to
perceived brightness.
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Projective Transformation

View Arbitrary
1 color XYZ

1 X
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CIE Chromacity Coordinates

X = A : = L (z=1 x ):
" X+v+z' YT X+v+z - )

(x;y) chromacity diagram:
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Perceptual Uniformity: LAB Space

m XYZ and RGB far from perceptually uniform.

m Search for (non)linear transformations that give more
uniform colour spaces.

m CIE L*a*b* (LAB, 1976) is more uniform:
L = lightness, A = green—magenta, B = blue—yellow.

m LAB supported by Adobe Photoshop, MATLAB Image
Processing Toolbox.
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Transformation XYZ! LAB

Let X.; Yn; Z, be tristimuli of white stimulus.

L = 116f(Y=Y,) 16;
A= 500[f(X=Xn) F(Y=Yn);
B = 200[f(Y=Y,) f(Z=Z.)]:

where (

1=3. : .
F(x) = X x  0:008856;

7:787x + 25, x 0:008856:

m Range: 0 L 100.
m A=B=0) nocolour.
m Euclidean distance used as colour difference metric.
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Dan Margulis on LAB (2006)
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Editing in LAB

m LAB separates luminosity (L) from colour (A,B).

m Colour noise can be handled by blurring the A, B
channels.

m Much bigger space then sRGB with many imaginary
colours.

m Good for boosting contrast, enhancing colours, and
sharpening.
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LAB Example: Original
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LAB Example: Via LAB
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LAB Example: Explanation

© Convert from RGB to LAB.

Q Apply Image to itself in overlay mode:
L f(L),A f(A),B f(B),where

1

0.5

0
0 0.5 1

© Apply Image : L 75% old L + 25% new L.

© Curves adjustment on L channel:
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Adobe Photoshop

m Photoshop 1.0 (Mac), 1990.

m Market leader for commercial bitmap and image
manipulation.

m Supports RGB, LAB, CMYK.
m Excels in non-destructive editing (layers).

m “Adobe Photoshop software includes a counterfeit
deterrence system (CDS) that prevents the use of the
product to illegally duplicate banknotes.”
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Interpolation (1D)
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Interpolation (2D)
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Interpolating Down

512 px:

128 px:
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Response of Cones to Light

Luminous Ef cacy
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Bayer Filter

Sensor has 2
green lters for
each red and
blue.

m Raw les are the unprocessed data off the sensor.

Nick Higham Digital Photography 23162



Demosaicing

Converts to
RGB colour
image by

interpolation .

Nick Higham Digital Photography 24162



Compression

Original number string
]1200008777776\ 13

Lossless compression
(1 20 *4 8 7 *5 6] 8

Lossy compression
(0 *6 7 *7] 4

Jpeg is a lossy compression scheme.
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m Compressed RGB le.
m Filesizes reduced by orders of magnitude.
m Used by all digital cameras and imaging software.

tif (LZW) 12111k
jpg 12 1892 k
jpg 8 917 k
jpg O 221 k
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Jpeg 200 200 px

Quality 8 Quality 0
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Colour Space

Jpeg compression rst converts from RGB to YC,C, colour
space where Y = luminance, Cy; C, = blue, red
chrominances, by
2 3 2 32 3
Y 0:299 0:587 0:114 R
4c,5=4 01687 03313 05 °4G>:
Cr 0:5 0:4187  0:0813 B

m Vision has poor response to spatial detail in coloured
areas of same luminance ) C,, C, can take greater
comprSssion.

P
m Note: row; =1, row,= rows = 0.
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Discrete Cosine Transform

Algorithm breaks image into 8 8 blocks.
For each block luminance values expressed as linear
combination of cosine functions of increasing frequency

X7 X7 + 1N + 1
‘X_ - fi' CcoS u cOoS u ;
Y : 16 16
i=0 j=0
where f; computed by a discrete cosine transform:
- Xt X s XD (2y+ D
ij - Xy = A~ = A~
‘=0 y=0 16 16

m Coef cients rounded, higher freqs de-emphasized.
m Same for Cy; C; but more aggressive compression done.
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JPEG2000

m JPEG2000 replaces the DCT with a
discrete wavelet transform  and uses larger blocks, with
recursive blocking

m Not widely adopted by camera manufacturers or web
browsers.

m More expensive, but at low to medium compression ratios
not substantially better than jpeg.

m Related motion JPEG 2000 used in the digital Im
industry.
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Fingerprints—FBI

m Digitized at 500dpi) 10Mb. Compression > 10:1 req'd.
m Standardized on wavelet compression (1993).

m Jpeg: resonance of 8-pixel tiling w/ 500dpi scans, many
edges.

m Wavelets: gradual blurring as compression increased.
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Rounding Errors

m Every editing operation executes p; = round(f;(p;)).
m Rounding errors can potentially cause deterioration.

m Controversy over 8-bit vs. 16-bit editing.
m Controversy over colour space: choice & conversions.
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Panoramic Stitching
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Panoramic Stitching
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Panoramic Stitching

Nonlinear least squares, Levenberg—Marquardt:
JTJ+ D)d=JTr;

where J is 3200 32 for 8 images.
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Transformations to improve images






























KLM blue is (L;A;B) (77; 33; 27).
Convert to LAB then A A.

Now have (L;A;B) (77;33; 27).
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Max

Nick Higham Digital Photography 59/62



Nick Higham

Digital Photography

60 /62



Variance
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m Mathematics is intrinsic to digital imaging: modelling the
eye's response to colour, colour spaces, capturing
images, storing and processing them.

m Modern developments in Photoshop, Lightroom, etc., rely
on clever mathematical algorithms as well as exploiting
faster processors—and, increasingly, GPUs.

m Most of the relevant mathematics is covered in our
honours degree programme.

Talk, including references, available at
http://www.ma.man.ac.uk/~higham/talks/digphot.pdf
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Acknowledgements for Graphics

m Wikipedia:
http://en.wikipedia.org/wiki/Image:
CIE1931_XYZCMF.png
http://upload.wikimedia.org/wikipedia/
commons/b/b0/CIExy1931.png
http://en.wikipedia.org/wiki/Bayer_filter

m http://www2.cmp.uea.ac.uk/Research/
compvis/Colourlntro/Colourintro.htm

m Fraser [8].
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