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Abstract

If A is unitary thenA = eiH = cos H + i sin H where
H is Hermitian. We examine the problem of approximating
H. The standard approach to approximating logarithms is
to take successive square roots untilA1/2n

is close to the
identity and then apply a Padé approximation tolog A =
2n log A1/2n

. For the unitary problem we haveA1/2n
=

cos(H/2n) + i sin(H/2n) which suggests the use of half-
angle formulas in computing the square roots. In this paper
we consider problems associated with incomplete Denman-
Beavers square root approximations as applied to the half-
angle formulation. Square roots of unitary matrices are again
unitary and the desire to have approximate square roots retain
this property leads us to a tangent formulation of the half-
angle iteration. Numerical tests illustrate this new procedure
on a variety of examples.

1 Introduction

Addition formulas for the sine and cosine have been used
since antiquity to transform multiplication problems into
simpler problems involving addition. For example, suppose
that we have a table of cosine values and we want to form
the product ofcos x with cos y. We first would look in the
table forx andy corresponding tocos x andcos y. Add and
subtractx andy, then findcos(x + y) andcos(x− y) in the

table of cosines. Sum the two cosine values and divide by 2
to get

cos x cos y = (cos(x + y) + cos(x− y))/2

Tables of the formr cos x allow numbers larger than 1 to
be multiplied. Ifr = 2× 10k thenr cos x r cos y is given by

r cosx r cos y = 10k(r cos(x + y) + r cos(x− y))

Tables of cosines could be built up by starting withcos x ≈
1− x2/2 for x small and then repeatedly using the doubling
formulacos 2x = 2 cos x−1. It seems that what was actually
used to form products in the Middle Ages was the related
formula

sin x sin y = (cos(x− y)− cos(x + y))/2

Eventually logarithms supplanted trigonometric addition
formulas, but in fact the two are intimately related by Euler’s
formulaeiθ = cos θ + i sin θ.

In this paper we describe how Euler’s formula and half-
angle formulas can be used in the approximation of the prin-
cipal logarithm of a unitary matrix. IfA is unitary then [6]
A = eiH whereH is Hermitian and we may assume thatH
is positive definite. If, in addition,H has eigenvalues strictly
between−π andπ, theniH is the principal logarithm ofA
and we writeiH = log A.

The standard approach to approximatinglog A is the in-
verse scaling and squaring method [15] which uses the rela-
tion

log A = 2n log A1/2n



to bring A close to the identity matrix via repeated square
roots. Then an estimate of the logarithm ofA1/2n

is obtained
by using Pad́e approximants of the functionlog (I −X) with
X = I − A1/2n

. See Kenney and Laub [14] for an exam-
ination of the error incurred by using the Padé approxima-
tions. This method requires the computation of successive
matrix square roots; in the procedure presented by Kenney
and Laub in [15] this was accomplished by transformingA
to upper triangular form, applying the method of Björck and
Hammarling [3] to obtain the square roots, and then back
transforming after the Padé approximation. (For real loga-
rithms, the square root procedure of Higham [8] allows one
to perform essentially the same operations using only real
arithmetic.) This approach has the advantage that the square
roots are exact in the absence of rounding errors. However,
the transformation to upper triangular form may not lend it-
self to parallel implementations.

This concern prompted Cheng et al. [4] to adapt the in-
verse scaling and squaring approach to the iterative square
root method of Denman and Beavers [5]. Given a matrixM
with no eigenvalues on the negative real axis, the Denman-
Beavers iteration for the square root is

Yn+1 =
(

Yn + Z−1
n

)

/2

Zn+1 =
(

Zn + Y −1
n

)

/2

whereY0 = M andZ0 = I. This iteration has been shown
by Higham [12] to be stable and converge quadratically with
limn→∞ Yn = M1/2 andlimn→∞ Zn = M−1/2.

The Denman-Beavers iteration has the advantage of only
requiring the matrix operation of inversion — there is no
need to transform to upper triangular form.

Cheng et al. [4] were able to exploit this advantage by de-
veloping an analysis of the error induced by using the in-
complete square root approximations obtained by stopping
the Denman-Beavers iteration after only a few iterations.

It is the purpose of this paper to apply and extend the work
of [4] to the problem of approximating the logarithm of a
unitary matrix. In particular we want to develop an extension
that avoids complex arithmetic operations for unitary matri-
ces.

In the Section 2 we look at a direct application of the sine-
cosine half-angle formulas to the logarithm problem. After
establishing convergence we consider the effects of using in-
complete square root approximations. One effect is that even
though square roots of unitary matrices are again unitary the
approximate square root sequence generally does not share
this property. This raises the question of whether at the end
of a square root approximation we should try to restore the
unitary property by finding the nearest unitary matrix to the
approximate square root. The problem of finding the nearest
unitary matrix is well-studied and its solution can be effected
using the polar decomposition iteration [7]. We present a re-
sult showing that the polar decomposition step is equivalent
to that of three other iterations for the problem of finding the
logarithm (see the Ray Lemma in Section 2).

Unfortunately, the question of error propagation is some-
what difficult in the sine-cosine half-angle formulation. For
this reason in Section 3 we rework this approach as a tan-
gent half-angle iteration. This form is completely amenable
to a rigorous error analysis and this results in a testable error
bound that allows us to specify the desired accuracy of the
logarithmic approximation as in the more general approach
of Cheng et al. [4].

Section 4 presents results of applying the tangent half-
angle approach to a set of numerical examples.

2 Sine and Cosine Half-Angle Iterations

Suppose thatA is a unitary matrix of the formA = eiH

whereH is real and symmetric. ThenA satisfies Euler’s
formula

A = cos H + i sin H

To avoid complex arithmetic in implementing the inverse
scaling and squaring method we turn to the half-angle
formulas for the sin and cos:

cos x =
(

1 + cos 2x
2

)1/2

sin x =
sin 2x
2 cos x

This suggests the following iteration:

Half Angle Iteration

1. IntializeC0 = Re A andS0 = Im A.

2. Iterate

Ck+1 =
(

I + Ck

2

)1/2

Sk+1 =
1
2

SkC−1
k+1

Lemma 1: If A = eiH whereH = HT andπ < λ(H) < π
then the half-angle iterates satisfy

Ck = cos(H/2k)

Sk = sin(H/2k)

As a consequencelimk→∞ 2kSk = H.

Proof: Since H is symmetric we may diagonalize the
problem, in which case the half-angle iteration reduces to
a set of scalar iterations. The result then follows from the
scalar half-angle formulas.



2.1 Square Root Computations and the Ray Lemma

In the half-angle iteration we need to compute the square root
of (I + cos H)/2. If we use an iterative procedure like the
Denman-Beavers method then the result will only be an ap-
proximation

Yapprox ≈ ((I + cos H)/2)1/2

This raises several questions. First, if we knew the exact
square root

Yexact = ((I + cos H)/2)1/2 = cos(H/2)

then to proceed with the half-angle logarithm iteration we
need

Vexact = sin(H/2) = sin H(2 cos(H/2))−1

which we can form by setting

Vexact = sin H(2Yexact)−1

Since we haveYapprox instead ofYexact it would seem that
we should use

Vapprox = sin H(2Yapprox)−1

This turns out to be a bad choice numerically. As we shall
see in the Ray Lemma it is better to use

Vapprox = Yapprox sin H(I + cos H)−1

since this gives the correct tangent:

VapproxY −1
approx = sin H(I + cos H)−1

= sin(H/2)(cos(H/2))−1

= tan(H/2)

A second question is raised when we consider that
Yapprox + iVapprox ≈ eiH/2 should be unitary but gener-
ally is not. Should we find the nearest unitary matrix by us-
ing, say, Newton’s method for the polar decomposition of
Yapprox + iVapprox? (See [7],[9], [10], and [11] for back-
ground on the polar iteration.)

It was this question that pointed the way to the Ray
Lemma: consider the scalar polar iteration forz = ρeiθ

zk+1 =
(

zk +
1
z̄k

)

/2

with z0 = ρeiθ. Herez̄k denotes the complex conjugate of
zk.

The iterateszk stay on the rayw = reiθ, r > 0. This is
becausezk = ρkeiθ where the real valuesρk follow a sign
iteration

ρk+1 =
(

ρk +
1
ρk

)

/2

In addition to this connection between the polar iteration
and the sign iteration, the Ray Lemma shows that taking

one step of the polar iteration is the same as taking one
more step of Newton’s method for the square root. That
is, Newton’s method has the same action as the polar it-
eration: starting withm0 = ei2θ the Newton iteration
mk+1 = (mk + m0/mk)/2 first jumps to the rayreiθ (be-
causem1 = r1eiθ with r1 = cos θ) and then stays there:
mk = rkeiθ. As a final connection, the Ray Lemma shows
that the real version on Newton’s method for the square root
of (I + cos H)/2 also generates the same iterate stream.

To be specific let us define these four iterations. Note that
we work with Newton’s method rather than the Denman-
Beavers iteration as a convenience only; in the absence of
rounding errors they are equivalent. (See Higham [12].)
The first iteration is Newton’s method for the square root of
cos H + i sin H.

Complex Newton Square Root Iteration:

M0 = cos H + i sin H

Mk+1 =
Mk + M0M−1

k

2
The second iteration is Newton’s method for the square root
of (I + cos H)/2.

Real Newton Square Root Iteration:

A0 =
I + cos H

2

Ak+1 =
Ak + A0A−1

k

2
For this iteration we also define the associated sequence

Bk = Ak sin H(I + cos H)−1

The third iteration is the polar decomposition iteration.

Polar Iteration:

N0 =
I + cos H

2
+

i sinH
2

Nk+1 =
Nk + N−H

k

2

HereN−H
k denotes the complex conjugate transpose of the

inverse ofNk. The fourth iteration is the sign iteration for
cos(H/2).

Sign Iteration:

R0 = cos(H/2)

Rk+1 =
Rk + R−1

k

2
Lemma 2 (Ray Lemma): The four iterations are equivalent
in the sense that

Mk+1 = Nk = Ak + iBk = RkeiH/2



Proof: First note thatM1 = N0 = A0 + iB0 = R0eiH/2

whereR0 = cos(H/2). DefineR̃k = Mk+1e−iH/2 so that
Mk+1 = R̃keiH/2. Substituting this into the iteration forMk
givesR̃k+1 = (R̃k + R̃−1

k )/2. ThusR̃k follows the same
sign iteration asRk. Since they have the same initial value
R̃0 = R0 we haveMk+1 = RkeiH/2. Similarly, if we set
R̃k = Nke−iH/2 then we find that̃Rk+1 = (R̃k + R̃−H

k )/2.
However, R̃0 = R0 = cos(H/2) is real and symmetric.
HenceR̃k+1 = (R̃k + R̃−1

k )/2 and we have again the sign
iteration with the same initial matrixR0; this shows that
Nk = RkeiH/2.

Turning our attention to the sequenceA0 = (I+cos H)/2,
Ak+1 = (Ak+A0A−1

k )/2 andBk = Ak sin H(I+cos H)−1

we find
A0A−1

k = Ak(A2
k + B2

k)−1

This gives

Ak+1 = Ak(I + (A2
k + B2

k)−1)/2

Multiply both sides bysin H(I + cos H)−1 to get

Bk+1 = Bk(I + (A2
k + B2

k)−1)/2

Combining both of these shows thatAk + iBk follows the
polar iteration

Ak+1 + iBk+1 = (Ak + iBk + (Ak + iBk)−H)/2

SinceN0 = A0 + iB0 we see thatAk + iBk must be equal
to Nk. This completes the proof of the lemma.

Remark: The Ray Lemma shows why the definition
Bk = Ak sin H(I + cos H)−1 is better than the alter-
native B̃k = sin H (2Ak)−1. In the limit both yield
sin(H/2). However, sinceAk = Rk cos(H/2) we see that
BkA−1

k = tan(H/2), i.e., the eigenvalues ofAk +iBk lie on
the rays corresponding to those ofcos(H/2) + i sin(H/2).
In contrast to this, B̃kA−1

k = R−2
k tan(H/2), i.e.,

the eigenvalues are not on the same rays as those of
cos(H/2) + i sin(H/2).

3 Tangent Half-Angle Iteration

The Ray Lemma provides connections between seemingly
different methods for computing the first square root in the
half-angle iteration for the logarithm of a unitary matrix.
These connections depend on the fact that the initial values
for cos H andsin H are exact; after the first square root step
we no longer can apply the Ray Lemma since we only have
approximations forcos(H/2) and sin(H/2). However, by
switching to a tangent iteration fortan(H/2k) we can bound
the build up of error in the final approximation forH.

Consideration of the half-angle tangent iteration was orig-
inally motivated by the trigonometic identity

tan(θ/4) =
0.5 sin θ

1+cos θ
2 +

√

1+cos θ
2

This means that if we compute the square root of(I +
cosH)/2 then we can skip the next square root and jump to
tan(H/4) at the cost of a single matrix inversion. Thereafter
we work withTk = tan(H/2k) and use

Tk+1 = Tk

(

I +
(

I + T 2
k

)1/2
)−1

This formula has arisen repeatedly in connection with the
natural logarithm. For a nice discussion and links to other
references, see Bagby [2].

In actual computation we don’t compute the square root of
I + T 2

k exactly. To analyze the error that this introduces we
first consider the scalar case.

3.1 Scalar Tangent Half-Angle Iteration

Let tk = tan θk.

Lemma 3: If

tk+1 =
tk

1 + ρk+1
√

1 + t2k

then

tk+1 = tan
(

θk

2
+ ek+1

)

where

tan ek+1 = tan
(

θk

2

)

1− ρk+1

1 + ρk+1

Consequently ifθk ∈ (−π/2, π/2) and|ek+1| < π/2 then

|ek+1| ≤
|1− ρk+1|
|1 + ρk+1|

Proof: Let tk+1 = tan θk+1 so thatek = θk+1− θk/2. Now
usetan(a + b) = (tan a + tan b)/(1− tan a tan b) to write

tan ek+1 =
tan(θk+1)− tan(θk/2)
1 + tan(θk+1) tan(θk/2)

=

tk

1+ρk+1

√
1+t2k

− tk

1+
√

1+t2k

1 + tk

1+ρk+1

√
1+t2k

tk

1+
√

1+t2k

=
tk

1 +
√

1 + t2k

1− ρk+1

1 + ρk+1

= tan(θk/2)
1− ρk+1

1 + ρk+1

To complete the proof suppose thatθk ∈ (−π/2, π/2) and
|ek+1| < π/2. Then| tan(θk/2)| < 1 and

|ek+1| ≤ | tan ek+1|



= |tan(θk/2)| |1− ρk+1|
|1 + ρk+1|

≤ |1− ρk+1|
|1 + ρk+1|

Corollary 1: Let T1 = sin H(I + cos H)−1 and

Tk+1 = Tk(I + Rk+1(I + T 2
k )1/2)−1

whereRk commutes withH and‖Rk − I‖ < 0.5. Then
Tk = tan Hk where

2kHk = H + 2E1 + 22E2 + · · ·+ 2kEk

and
‖Ek‖ ≤ ‖I −Rk‖/(2− ‖I −Rk‖)

In addition, if we assume that

‖Rk − I‖ ≤ 2δ
4k

then
‖2kHk −H‖ ≤ δ

Remark: In the above and throughout the paper‖ · ‖
refers to the 2-norm; we work with the 2-norm because of
the property that for any symmetric matrixM the 2-norm
M is equal to the spectral radius ofM

‖M‖ = max
i
|λi(M)|

This raises the question of how to ensure that the bound
‖Rk − I‖ ≤ 2δ/4k is satisfied.

We can treat this generally by considering the Denman-
Beavers iteration for the square root of a matrixM . In this
iterationYn+1 = (Yn +Z−1

n )/2 andZn+1 = (Zn +Y −1
n )/2

with Y0 = M andZ0 = I. In the limit, Yn tends toM1/2

andZn tends toM−1/2. If we write Yn = RnM1/2 then the
relationYn = MZn implies thatZn = RnM−1/2. From
this we have

(Yn − Yn−1)(Zn − Zn−1) = YnZn − I

= R2
n − I

= (Rn − I)(Rn + I)

Taking norms and simplifying gives

‖Rn − I‖ ≤ ‖Yn − Yn−1‖ ‖Zn − Zn−1‖
2− ‖Rn − I‖

In particular if‖Rn − I‖ ≤ 0.5 then

‖Rn − I‖ ≤ ‖Yn − Yn−1‖ ‖Zn − Zn−1‖

This error bound is convenient since it only requires moni-
toring the difference in the iterates of the Denman-Beavers
algorithm. Combining this result with that of Corollary 1 we
have the following bound.

Corollary 2: Using the notation of Corollary 1, let
T1, . . . , Tk be the tangent half-angle iterates and for1 ≤
i ≤ k let Y (n)

i andZ(n)
i be the nth iterates of the Denman-

Beavers square root algorithm withY (0)
i = I + T 2

i and

Z(0)
i = I. If we require that for eachi, n = n(i) be large

enough so that

‖Y (n)
i − Y (n−1)

i ‖ ‖Z(n)
i − Z(n−1)

i ‖ ≤ 2δ
4i

then
‖2kHk −H‖ ≤ δ

3.2 Pad́e Approximation of the Arctangent

It remains to approximateHk = arctan Tk. We do this
using the Pad́e approximants of the inverse tangent func-
tion. Following Baker [1] the principal Padé approximants
of arctan x can be recovered from the continued fraction ex-
pansion

arctan x =
x

1 + x2/1·3
1+ 22x2/3·5

1+
32x2/5·7

1+···

The mth order principal Padé approximant is the rational
functionRm = Pm/Qm where the polynomialsPm andQm

are determined by the triple recursion

Pm+1 = Pm + m2x2Pm−1/(4m2 − 1)

Qm+1 = Qm + m2x2Qm−1/(4m2 − 1)

with P0 = 0, P1 = x,Q0 = 1 andQ1 = 1. For example the
first few approximants are

R1 = x

R2 =
3x

3 + x2

R3 =
15x + 4x3

15 + 9x2

R4 =
105x + 55x3

105 + 90x2 + 9x4

The principal Pad́e approximantsRm(x) converge to
arctan x asm →∞ if |x| < 1. See [1].

Returning to the notation of the tangent half-angle iteration
we note that sinceTk is symmetric we can bound the Padé
matrix error by the scalar Padé error: if‖Tk‖ < 1 then

‖ arctanTk −Rm(Tk)‖ ≤ | arctan ‖Tk‖ −Rm(‖Tk‖)|



We may combine this with Corollary 2 by noting that
arctanTk = Hk.

Corollary 3: Using the notation of Corollaries 1 and 2, let
T1, . . . , Tk be the tangent half-angle iterates and assume that
for 1 ≤ i ≤ k

‖Y (n)
i − Y (n−1)

i ‖ ‖Z(n)
i − Z(n−1)

i ‖ ≤ 2δ
4i

Let m be large enough so that

| arctan ‖Tk‖ −Rm(‖Tk‖)| ≤ δ/2k

thenH̃ defined by

H̃ = 2kRm(Tk)

satisfies

‖H̃ −H‖ ≤ 2δ

3.3 The Half-Angle Tangent Algorithm

We summarize Corollaries 1-3 as an algorithm. We assume
that we are given a matrixA = eiH whereH is symmetric
with eigenvalues in(−π, π). In the absence of rounding er-
rors, this algorithm produces an approximationH̃ to H that
satisfies‖H̃ −H‖ ≤ 2δ

1. Let T1 = sin H(I + cos H)−1

2. For2 ≤ i ≤ k,

(a) Let Y (0)
i = I + T 2

i−1 andZ(0)
i = I

(b) Form the D-B iterates

Y (n+1)
i =

(

Y (n)
i +

(

Z(n)
i

)−1
)

/2

Z(n+1)
i =

(

Z(n)
i +

(

Y (n)
i

)−1
)

/2

(c) Let n = n(i) be large enough so that

‖Y (n)
i − Y (n−1)

i ‖ ‖Z(n)
i − Z(n−1)

i ‖ ≤ 2δ
4i

(d) SetTi = Y (n(i))
i

3. Let m be large enough so that the Padé arctangent ap-
proximantRm satisfies

| arctan ‖Tk‖ −Rm(‖Tk‖)| ≤ δ/2k

4. SetH̃ = 2kRm(Tk)

4 Numerical Considerations

In this section we consider problems of implementation and
efficiency for the tangent half-angle (THA) algorithm and
compare it with some alternative procedures.

The first issue to be dealt with is the selection of the num-
ber of square root stages,k, for THA. In the related problem
of selecting the number of square root stages for approximat-
ing the logarithm of a general matrix, the strategy of Cheng et
al. [4] is to estimate, at the end of each square root stage, the
effort needed to finish the computation using a Padé approx-
imation. This estimated effort is compared with an estimate
of the effort required to perform one more square root stage
and then use a Padé approximation. If the current stage leads
to a smaller estimated effort then the current value ofk is
selected.

We may estimate the Padé effort by considering the scalar
problem of approximatingarctan ‖Tk‖. That is, we in-
crease the orderm of the approximation until the difference
| arctan ‖Tk‖ − Rm(‖Tk‖)| is less than the required toler-
ance. To estimate the effort needed for an additional square
root stage we can use the effort of the current square root
approximation. The effort needed to approximate the arctan-
gent at the next stage is estimated from the scalar problem
of approximatingarctan ‖Tk‖/2 since‖Tk+1‖ ≈ ‖Tk‖/2.
When combined with the tangent half-angle iteration this ap-
proach will be referred to as the basic THA method. Note
that any errors in estimating computational effort do not af-
fect the accuracy of the computed solution.

In implementing the basic THA method there are a couple
of ways to reduce the computational burden. First, the triple
recursion formulas for the polynomialsPm andQm in the
Pad́e approximations of the arctangent require twice as many
matrix multiplications as the equivalent evaluation by form-
ing powers ofM = X2 and then using explicit coefficients
for the two polynomials. A related discussion of evaluat-
ing Pad́e approximations for the matrix logarithm is given by
Higham in [13].

Second, as shown by Higham [12], Newton’s method for
the square root of a matrix is stable if the condition number
of the matrix is less than 3. Newton’s method requires only
one matrix inversion per step whereas the Denman-Beavers
method uses two matrix inversions per step. In the absence
of rounding errors both iterations are equivalent in that they
produce identical maticesY (n)

i . Since the matricesI + T 2
k

have condition numbers bounded by1+tan2(π/2k), we may
safely switch to Newton’s method after the first square root
stage.

4.1 Quick Approximations

We anticipate that most applications for the THA method will
be in areas needing only low to middle level accuracy. For
this reason we have constructed for comparison some low ac-
curacy methods that require very little computational effort.

The first such method results from taking one half-angle
step with one Denman-Beavers square root step together



with the first order Pad́e approximation forarctan H/4; this
yields an approximation ofH that requires only one matrix
inversion:

F1 = 8 sin H(5I + 3 cos H)−1

SinceH is symmetric the error in this approximation is
bounded by the scalar case. Expanding inθ shows that

8 sin θ
5 + 3 cos θ

= θ +
θ3

48
+ · · ·

We may improve this approximation nearθ = 0 by using
instead

F2 = 3 sin H(2I + cos H)−1

This is a 5th order approximation since

3 sin θ
2 + cos θ

= θ − θ5

180
+ · · ·

Seventh order accuracy can be obtained at the cost of only
one inversion and one multiplication by using

F3 = 18 sin H(10 + 5 cos H)−1 − sin H(4I − cosH)/15

This has the scalar expansion

18 sin θ
10 + 5 cos θ

− sin θ(4I − cos θ)
15

= θ − θ7

630
+ · · ·

Unfortunately these approximations are only accurate if
the eigenvalues ofH are near zero. This can be ensured by
taking several square roots ofeiH but we will not pursue this
here.

A second option might be to try to control the error over
θ ∈ (−π, π) in a least squares sense using products ofsin θ
andcos θ. This leads in a natural way to the Fourier expan-
sion ofθ in terms ofsin θ, sin 2θ, . . .

θ = 2 sin θ − sin 2θ + · · ·+ (−1)n+12
n

sin nθ + · · ·

However as might be expected from the harmonic nature of
the Fourier coefficients this series is too slowly convergent to
be of computational use.

4.2 Numerical Experiments

The first numerical experiments were designed to test
whether the method of selecting the numberk of square root
stages was optimal. We used various values ofk for a group
of matrices of sizes ranging from 5 to 500. The unexpected
result of this series of tests was that in every casek = 2
was the optimal value! That is, for the THA method the most
computationally efficient approach was to use just one square
root approximation to getT2 and then use a Padé approxi-
mation ofarctan T2. It was gratifying to see that this was
also the value ofk selected by our procedure for estimating
the computational effort. Apparently the Padé arctangent ap-
proximations are much more efficient than repeated square

roots, at least when the eigenvalues of the matrix are in the
interval (−π/4, π/4) which is the case fork ≥ 2. Table 1
reports the results of a test for a100× 100 unitary matrix. In
this table, the number of matrix operations and inversions are
summed and referred to as the number of matrix operations.

k Number of Matrix Requested Error Actual Error
Operations Tolerance

2 2 10−1 1.7× 10−2

3 4 10−1 1.2× 10−3

4 6 10−1 3.3× 10−3

2 6 10−3 3.8× 10−4

3 10 10−3 4.0× 10−5

4 14 10−3 1.9× 10−5

2 9 10−5 9.3× 10−8

3 12 10−5 2.5× 10−8

4 16 10−5 1.4× 10−6

Table 1: Computational efficiency for various values ofk.

A second set of tests compared the THA method with the
quick approximationsF2 andF3. These quick approxima-
tions work very well for problems where the eigenvalues of
H are near zero but not so well when the eigenvalues ap-
proach±π. Table 2 illustrates this for an example of the form
H = ρHnor whereHnor has been normalized to have eigen-
values in the interval(−1, 1) andρ is a scaling factor that
puts the eigenvalues ofH into the interval(−ρ, ρ). For this
example the requested error tolerance for the THA method
was10−3.

Eigenvalue Error Error Error
Range ofH THA Approx. F2 F3

−π
8 to π

8 3.3× 10−6 5.3× 10−5 2.3× 10−6

−π
4 to π

4 1.1× 10−4 1.8× 10−3 2.9× 10−4

−π
2 to π

2 1.4× 10−4 7.1× 10−2 3.8× 10−2

− 3π
4 to 3π

4 2.7× 10−4 7.2× 10−1 6.1× 10−1

Table 2: Comparing THA with quick approximations forH
with eigenvalues in(−ρ, ρ).

5 Conclusion

We have shown that for the class of unitary matrices the ap-
proach of Cheng et al. [4] can be extended via a tangent
half-angle iteration. This method avoids complex arithmetic
and utilizes the incomplete square root approximations of the



Denman-Beavers iteration; we have presented an analysis of
the error that this induces in the half-angle sequence. From
this analysis we are able to compute approximations of pre-
scribed accuracy for the logarithm of a unitary matrix. The
tangent half-angle approach has the advantage of only requir-
ing the matrix operations of multiplication and inversion; as
such it is amenable to implementation in a parallel comput-
ing environment.
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