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Abstract

In this paper some experience of using a new least squares, finite ele-

ment method for solving Stokes flow in two dimensions based on approx-

imating the derivative of stress and stream functions is reported. This

work gives rise to serious concerns about the lack of mass conservation in

the least squares approach to solving fluids problems both in the method

discussed here and in other least squares approaches. A simple idea for

alleviating this difficulty is discussed.

Key words. Stokes equation, least squares method, finite elements,

mass conservation

1 Introduction

Over the last few years many researchers have discussed methods for solving the

Stokes equations using least squares methods, see for example the review pa-

pers [1], [4] and the references therein. These methods have been based mainly

on velocity/vorticity/pressure or velocity/flux/pressure formulation. In this pa-

per a new least squares method, first introduced in [7] and fully analysed in [8], is

discussed. This approach is based on approximating the gradients of stress and

stream functions, leading to a system of four unknown variables.
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There are a number of incentives for using least squares methods for solving

fluids problems over the standard mixed finite element approach. For instance,

they allow the use of simple elements for fluid flow without having to satisfy

compatibility constraints between the various variables approximated; indeed, it

allows the use of the same elements for all variables. It also leads to linear systems

that are symmetric and positive definite which allow the use of fast solution

techniques. There is potentially tremendous benefit here which is particularly

important for solving efficiently the large systems involved in three dimensional

flows.

While working on this new least squares method it became clear that lack

of mass conservation had the potential for causing real difficulties in this new

approach and, after some investigation, we found that this difficulty was shared

by other least squares approaches in the literature. Physically, mass conserva-

tion in approximating fluid flows is an ideal, arguably essential, property for any

numerical scheme. The popularity of finite volume methods over finite difference

methods is in part due to mass conservation. In the finite element literature it is

still an unresolved issue but there are examples where lack of mass conservation

has caused real difficulties, see for example [9], [3]. Because of the sound theo-

retical framework and rigorous convergence proofs, many theoreticians working

with finite elements are not over-concerned by this issue knowing that in the limit

of small enough elements arbitrarily accurate answers can be achieved. For an

actual computation even on a highly refined grid it can be a very serious issue.

2 Least squares formulations of Stokes equations

The two dimensional equations for Stokes flow are usually written

−ν∇2u +∇p = f in Ω (1)

∇.u = 0 in Ω (2)

where Ω is some two dimensional region, u is the velocity with components u

and v, p the pressure, ν the viscosity and f some body force. We shall usually

assume that the velocity u is given on the boundary Γ of Ω, although we shall
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also consider the case where there is an outflow condition v = 0 and −p +
∂u

∂x
= 0

on part of the boundary parallel to the y-axis.

2.1 Standard least squares methods

The most widely discussed least squares methods for fluid flow are based on ei-

ther a velocity/flux/pressure or a velocity/vorticity/pressure formulation. In the

former all first derivatives of the velocity components are dependent variables as

well as the components of velocity and the pressure. Thus, for a two dimensional

flow, the velocity flux variable U is given by

U = ∇ut = [∇u,∇v].

The Stokes equations may be stated as

−ν(∇.U)t +∇p = f in Ω (3)

∇.u = 0 in Ω (4)

U−∇ut = 0 in Ω. (5)

The system (3)-(5) gives rise to the least squares functional

G1(u,U, p) = ‖−ν(∇.U)t +∇p− f‖2
0 + ‖∇.u‖2

0 + ‖U−∇ut‖2
0 (6)

which is not fully H1 coercive.

A fully H1 coercive system (see [1],[2]) can be achieved extending the system

(3)-(5) to include

∇trU = 0 in Ω (7)

∇×U = 0 in Ω (8)

n̂×U = 0 on Γ. (9)

The least squares functional now becomes

G2(u,U, p) = ‖−ν(∇.U)t +∇p− f‖2
0 + ν2‖∇.u‖2

0 + ν2‖U−∇ut‖2
0

+ ν2‖∇trU‖2
0 + ν2‖∇ ×U‖2

0. (10)
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By incorporating an extra term into G2(u,U, p) the least squares functional

G3(u,U, p) = ‖−ν(∇.U)t +∇p− f‖2
0 + ν2‖∇.u‖2

0 + ν2‖U−∇ut‖2
0

+ ν2‖∇trU‖2
0 + ν2‖∇ ×U‖2

0 + ν2‖d−1trU‖2
0 (11)

is obtained. Here d = d(x) denotes the distance from the interior point x ∈ Ω

to the closest vertex of ∂Ω and trU is the trace of U which is equivalent to

∇.u. Ellipticity is established for the least-squares functionals G2 and G3 in the

appropriate Sobolev spaces; see [2].

The alternative approach widely discussed in the literature is based on a veloc-

ity/vorticity/pressure formulation, see for example [4]. Thus, for two dimensional

flows the Stokes equations can be written

ω −∇× u = 0 in Ω

∇× ω +∇p = f in Ω

∇.u = 0 in Ω

where ω is the vorticity. This gives rise to the least squares functional

J(u, ω, p) = ‖∇ × ω +∇p− f‖2
0 + ‖∇.u‖2

0 + ‖ω −∇× u‖2
0 (12)

which is not fully H1 coercive.

2.2 A new stress/stream function least squares method

Alternatively we can represent the Stokes equations, without body forces, as the

conservation of mass and conservation of momentum. Equation (2) represents

conservation of mass and conservation of momentum may be expressed as

∇.σ = 0 (13)

where σ is the Cauchy stress tensor. If we denote by d, the rate of deformation

tensor, then

d =
1
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where u and v are the components of the velocity u. We define a stream function

ψ and stress function φ so that

σ =


 φyy −φxy

−φxy φxx


 (15)

u =


 ψy

−ψx


 (16)

where φyy =
∂2φ

∂y2
, etc. The relationship between the Cauchy stress, the pressure

and the rate of deformation tensor for a fluid satisfying Stokes equation is

σ = −pI + 2νd. (17)

In component form we get

φyy = −p + 2νψxy (18)

−φxy = νψyy − νψxx (19)

φxx = −p− 2νψxy. (20)

The pressure can be eliminated between (18) and (20) giving the following elliptic

system for φ and ψ

φyy − φxx = 4νψxy (21)

−φxy = νψyy − νψxx. (22)

Here we shall recast these equations as a first order system in terms of the vari-

ables

U1 = φx, U2 = φy, U3 = ψx, U4 = ψy

giving the system of first order equations

−∂U1

∂x
+

∂U2

∂y
− 2ν

∂U3

∂y
− 2ν

∂U4

∂x
= f1 (23)

∂U1

∂y
+

∂U2

∂x
− 2ν

∂U3

∂x
+ 2ν

∂U4

∂y
= f2 (24)

∂U1

∂y
− ∂U2

∂x
= f3 (25)

2ν
∂U3

∂y
− 2ν

∂U4

∂x
= f4 (26)
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and we write the four equations as Li(U) = fi , i = 1, 2, 3, 4 and the whole system

as

L(U) = f (27)

Of particular interest, for the homogeneous Stokes equations, is the case f = 0

but it is convenient to consider the more general inhomogeneous system (27).

The factor 2ν has been included in equation (26) and equation (22) has been

multiplied by 2 to derive equation (24) so that all the terms involving ψ have

equal weighting in the system L. For simplicity we shall take ν = 1 here.

We consider four different types of boundary condition, namely fixing one of

I).


 U1

U2




II).


 U3

U4




III).


 U1

U2


 .ŝ ,


 U3

U4


 .n̂

IV).


 U1

U2


 .n̂ ,


 U3

U4


 .ŝ

where n̂ and ŝ are the unit normal and tangential vectors to the boundary. We

use the notation

R(U) = b on Γ (28)

to represent a boundary condition and we restrict our consideration to the case

when Ω is polygonal.

The boundary condition (I) will not be considered here. Boundary condition

(II) is equivalent to an enclosed flow and (III) to an outflow condition. Boundary

condition (IV) occurs here on a line of symmetry. It can be easily verified that

all of these conditions satisfy the Lopatinski condition, for further details see [7].

Nevertheless some care has to be taken to make sure that there is a unique

solution to the set of equations (23) - (26) and in general N additional conditions

of the form

Λi(U) = 0 for i = 1, · · · , N (29)
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have to be applied. These will take the form here of Uj(P ) = 0 for some j at

some point P . The least squares functional for the above system of equations is

S(U) = ‖L(U)− f‖2
0. (30)

The calculation of the stress and stream function is a special case of computing

complementary approximations to a general biharmonic problem. This general

case has been analysed, see [8], and for all four types of boundary condition opti-

mal order convergence in both H1(Ω) and L2(Ω) is obtained when the boundary

is smooth and optimal order convergence in H1(Ω) in a polygonal region. This is

not ideal, optimal L2(Ω) convergence is what is really required but this weaker,

H1(Ω) convergence seems to be the best that any least squares method for Stokes

flow has been proved to achieve in a polygonal domain.

3 Numerical results

3.1 Poiseuille flow

The least squares method, using linear triangular elements, was implemented

to model Poiseuille flow. A typical grid, namely a 6 × 4 grid, is illustrated in
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Figure 1: 6× 4 grid

figure 1. Good solutions were obtained by all the methods for the Poiseuille

flow problem in the square domain illustrated, together with the fixed velocity

boundary conditions, in figure 2. Uniform n× n grids of triangles were used and
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L(U) = 0

A

D

B

C

(0,0)

(1,1)
u = 0 , v = 0

u = 0 , v = 0

u = y(1− y)

v = 0

u = y(1− y)

v = 0

Figure 2: Poiseuille flow - enclosed flow case

each component of U was approximated by a piecewise linear function. For the

new method described in section 3 the boundary conditions imposed were

U3 = 0 , U4 = y(1− y) on AD and BC

U3 = 0 , U4 = 0 on AB and CD

and for a unique solution three extra constraints Λi(U) were required. Those

used were

U1(0, 0) = 0 , U2(0, 0) = 0 , U2(1, 1) = 0.

The new method was also used to solve the case of Poiseuille flow with outflow

conditions across BC namely

U2 = 0, U3 = 0 on BC.

For this case only one extra constraint is required for a unique solution, and we

used U1(0, 0) = 0. The L2 errors between the approximate solution and the exact

solution in a unit square domain are given in table 1. Rates of convergence are

almost O(h2) and close to optimal. However this hides some difficulties that are

present.

An insight into the difficulties can be obtained by considering a very long

channel with outflow conditions at exit using an n × m grid with n large. In
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Errors in L2 norm

grid U1 U2 U3 U4

4× 4 0.39348 0.13460 0.00330 0.04155

8× 8 0.17215 0.05209 0.00184 0.01792

16× 16 0.05751 0.01562 0.00071 0.00560

32× 32 0.01710 0.00418 0.00022 0.00153

Table 1: Poiseuille flow (outflow condition through BC)

a typical numerical solution the flow through one line of grid points parallel to

the y-axis is approximately λ times the flow through the previous line of grid

points nearer to the inflow boundary. In general λ is less than 1 although close

to it. Nevertheless in a long channel almost all the flow is lost. For example, in a

channel of length 20 and with an 160× 8 grid over 99.99% of the fluid is lost on

exit!! This is improved on refining the grid but a very highly refined grid would

be needed before there is essentially no loss of flow.

If both the inflow and outflow are specified in the long channel then there is

a serious loss of flow through the middle lines of the grid although, of course, the

flow on exit is correct. On investigation we found that all the least squares meth-

ods suffer a similar problem when linear triangular elements are used although,

of course, when quadratic elements are used they all give the exact answer. To

illustrate this loss of fluid, in a channel of length 20 using a 160×8 with velocities

specified around the boundary the percentage of fluid lost through the central

line of the grid is 99.21, 87.44 and 87.13 per cent for the three methods S, G3

and J respectively.

3.2 A backward facing step

A second example is that of the backward facing step in the region illustrated in

figure 3. The region that was used was 8 units long with 2 units to the corner

and its width was 1 unit up to the corner and 2 units afterwards. The boundary

conditions were those of an enclosed flow, namely both components of velocity
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A

B C

DE

O

Figure 3: 4× 2⊕ 6× 4 grid for the backward facing step

zero on all boundaries except on entry where

u = y(1− y), v = 0

and on exit where

u = y(2− y)/8, v = 0.

A quiver plot, see figure 4, of the solution of this problem was computed using

A

B C

DE

O

Figure 4: Mixed finite element solution on grid G08

a standard mixed finite element method on a 16 × 8⊕ 48× 16 grid of triangles,

referred to here as grid G08. This solution was obtained by using linear triangular

elements for the velocities and a constant approximation to the pressure on a

union of eight triangular elements, see [6]. Using a 32 × 16 ⊕ 96 × 32 grid, grid

G16, made essentially no visual change in the quiver plot solution at the selected

points. However all of the least squares methods failed with linear triangular
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elements on grid G08 to produce good results particularly in the region of the

re-entrant corner, see quiver plots in figures 5, 7 and 9 for the solutions for the

three least squares methods namely using S, G3 and J respectively. Indeed much

of the flow is lost by the reentrant corner. Halving the grid, that is using grid

G16, significantly changes the results when using the least squares functional S

but makes little change to the the other two methods see quiver plots in figures

6, 8 and 10. All solutions remain very poor although the Stress/Stream method

seems marginally better.

Figure 5: Stress/stream function least squares solution on grid G08

A

B C

DE

O

Figure 6: Stress/stream function least squares solution on grid G16
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A

B C

DE

O

Figure 7: Velocity/flux/pressure least squares solution on grid G08

A

B C

DE

O

Figure 8: Velocity/flux/pressure least squares solution on grid G16
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A

B C

DE

O

Figure 9: Velocity/vorticity/pressure least squares solution on grid G08

A

B C

DE

O

Figure 10: Velocity/vorticity/pressure least squares solution on grid G16

It should be noted that the velocity/flux/vorticity method does not give opti-

mal H1 convergence in non-convex polygonal regions; indeed it cannot since the

components of the flux tensor are not in H1(Ω). To be of any practical use any

least squares method should be able to provide good answers to problems like

the backward facing step but all three methods fail.
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3.3 Weighting the mass conservation term

The least squares functional for the new method described in section 2 is

S(U) =
4∑

i=1

(Li(U)− fi)
2 (31)

where for the problems considered here fi = 0 for i = 1, 2, 3, 4. All the theory

carries over to the case when each of the four terms in the least squares summa-

tion (31) are weighted by positive weights wi. In the discussion below we shall

refer to the weighted functional

Sw(U) =
4∑

i=1

wi(Li(U)− fi)
2 (32)

with

w1 = w2 = 1.0

w3 = w4 = w.

With w large the effect of this weighting is to give greater prominence to mass

conservation, namely L4(U) = 0. Because of the symmetry between the stress

and stream function this weight has also been applied to the term, L3(U) = 0.

The method gave good results with w = 103 for Poiseuille flow in a square

region; the results are give in table 2. These should be compared with the

unweighted results in table 1. Higher values of w made very little difference. On

Errors in L2 norm

grid U1 U2 U3 U4

4× 4 0.16329 0.05557 220e-7 1401e-7

8× 8 0.05005 0.01491 59e-7 389e-7

16× 16 0.01445 0.00380 17e-7 102e-7

32× 32 0.00407 0.00096 4e-7 26e-7

Table 2: Poiseuille flow (outflow condition, weight w = 103)

the long channel with velocities specified on Γ the results for the percentage of

fluid lost across the central line are given in table 3. We have compared the results
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percentage of fluid lost across the central line

unweighted weighted

grid S G3 J S G3 J

160× 8 99.21 87.44 87.13 2.70 0.91 0.94

320× 16 88.74 62.99 66.00 0.70 0.23 0.23

Table 3: Poiseuille flow in a long channel (enclosed flow, weight w = 103)

of using Sw with weighting the second term in G3 for the velocity/flux/pressure

method and the second term in J for the velocity/vorticity/pressure method by a

similar factor w. It is clear that in all the methods weighting the mass conserva-

tion term with w = 103 dramatically improves the results. It is also apparent that

the stress/stream function approach is not doing quite as well on this example as

the other methods.

For the backward facing step weighting the stress/stream function method

with w = 103 gave the solution illustrated in figure 11 using grid G08 which

is indistinguishable from that of the good solution in figure 4. Similar quiver

A

B C

DE

O

Figure 11: Weighted stress/stream function least squares solution on grid G08

plots were also obtained for the other two methods when weighting the mass

conservation term by a similar amount. To highlight the effect of weighting, in

table 4 the flow through the vertical line from the re-entrant corner is compared

with the exact answer. Again there is a dramatic improvement apparent when

weighting the incompressibility term. For this problem the stress/stream function
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percentage of fluid lost at the corner

unweighted weighted

grid S G3 J S G3 J

G08 61.02 85.82 75.18 0.16 1.41 0.58

G16 34.75 85.97 67.84 0.09 1.36 0.39

G08 is the 16× 8⊕ 48× 16 grid

G16 is the 32× 16⊕ 96× 32 grid

Table 4: Backward facing step (enclosed flow, weight w = 103)

approach gives much better results than the other two methods. In particular,

one worrying feature of the velocity/flux/pressure method (ie. G3) is that grid

refinement, even for the weighted case, does not give much improvement. On the

other hand approximate O(h) convergence is observed in the flow for the other

two weighted methods.

3.4 Flow around a circular object

An example that was used in both [4] and [3] in their discussion of least squares

methods for fluids problem is that of a circular object moving in a stationary

fluid. This problem excited some discussion about mass conservation in these

two articles. As other researchers have done, we have solved a related problem of

a stationary object in a uniform flow. That is solving the problem in the region

illustrated in figure 12 with a symmetry condition along the lower edge AB and

CD, zero velocity around the circular obstruction B to C and u = [1, 0]T on the

other edges DE, EF and FA. We have used four grids with grid R1 and R3

illustrated in figures 12 and 13. We have also used grids R2 and R4, essentially

a halving of grids R1 and R3 respectively. We have compared the solutions with

those computed by a Galerkin, mixed finite element method with piecewise linear

velocities, see [6].
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A B C D

EF

P

Q

Figure 12: Grid R1 for flow around a circular object.

Figure 13: Grid R3 for flow around a circular object.

The quiver plots for the solution obtained by using grid R3 for the mixed

method, the stress/stream method without weights and with weights are given

in figures 14, 15 and 16 respectively.

Figure 14: Galerkin solution on grid R3 for the flow around a circular object.

It is clear that the weighted Least Squares and Galerkin methods are giving

similar results but that the unweighted results are very poor in line with the

results in [3]. To illustrate this more clearly we have computed the total flow

across the line PQ. Because of mass conservation in the Galerkin method there

is no loss of fluid in this case. The values for the loss of fluid in table 5 raise
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Figure 15: Least squares solution on grid R3 for the flow around a circular object.

Figure 16: Weighted least squares solution on grid R3 for the flow around a

circular object.

the concern that the numerical scheme does not appear to be converging in line

with theory although the weighted results are improving on refinement. The

final two columns of table 5 show the L2 norm of the difference between the least

squares solution and the Galerkin solution on a given grid. Since the velocities

in the Galerkin solution converge O(h2) in L2 we would expect to observe the

O(h) convergence of the Least Squares velocities in these results. The unweighted

results are a source of concern.

percentage of fluid lost across PQ L2 error estimates

grid unweighted weighted unweighted weighted

R1 71.22 10.73 2.836 0.807

R2 71.49 3.89 2.860 0.512

R3 71.61 3.74 2.873 0.183

R4 71.66 2.47 2.877 0.098

Table 5: Flow round a circular object, (weight w = 103).

18



We have also solved the channel flow past a semi-circular restriction, that is

the same geometry as above but with Poiseuille flow on entry and exit and u = 0

on the other boundaries. The results, similar to those in table 5, are given in

table 6. For this example we appear to have better than the O(h) convergence

proved in [8].

percentage of fluid lost across PQ L2 error estimates

grid unweighted weighted unweighted weighted

R1 87.58 10.98 0.634 0.155

R2 65.92 2.28 0.465 0.107

R3 32.93 0.54 0.229 0.035

R4 10.91 0.11 0.076 0.008

Table 6: Channel flow round past a semi-circular restriction, (weight w = 103).

4 Concluding remarks

Loss of mass is a very serious problem for modelling fluid flow and although

convergence can be achieved on highly refined grids it is not acceptable to have

a very highly refined grid when good solutions can be obtained on much simpler

grids using an appropriate method.

In [7] while solving the die swell problem using the stress/stream method,

the only satisfactory results were obtained using mass conservation constraints

for in this particular problem, with a free surface present, mass conservation was

essential. The constraints took the form of imposing mass conservation over 2×2

blocks of the grid. A similar solution was also proposed in [3]. This approach

works well but destroys the positive definite nature of the system of equations.

Moreover, the number of unknowns is almost twice that in the mixed finite ele-

ment method used above for comparison. It is therefore much less efficient than

the mixed finite element method and has no greater accuracy. It has all the dis-

advantages of the standard mixed method approach and none of the attractive

features of the full least squares method.
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Taking the limit as w tends to infinity in the weighted stress/stream method

is an interesting academic approach. It preserves the positive definiteness of the

resulting set of linear equations but does require some linear algebra work to

determine the null space of a large matrix. The results are good, marginally

better than those obtained with w = 103, but this does not appear to be an

efficient approach.

In this document serious issues concerning mass conservation have been raised

for least squares methods. A means of alleviating the problem, namely heavily

weighting the mass conservation term, has been proposed and shown to work on

a number of fluid flow problems.
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