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Numerical analysis of a quadratic matrix equation
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The quadratic matrix equation AX2 + B X +C = 0 in n ×n matrices arises in applications
and is of intrinsic interest as one of the simplest nonlinear matrix equations. We give a
complete characterization of solutions in terms of the generalized Schur decomposition
and describe and compare various numerical solution techniques. In particular, we give
a thorough treatment of functional iteration methods based on Bernoulli’s method. Other
methods considered include Newton’s method with exact line searches, symbolic solution
and continued fractions. We show that functional iteration applied to the quadratic matrix
equation can provide an efficient way to solve the associated quadratic eigenvalue problem
(λ2 A + λB + C)x = 0.
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1. Introduction

Matrix algebra was developed by Cayley in the 1850s. One hundred and fifty years later
we can solve a wide variety of linear system and linear eigenvalue problems, exploiting
all kinds of structure and computing architectures. Nonlinear matrix problems remain
relatively unexplored, however. Our subject here is the simplest nonlinear matrix equation,
the quadratic. A quadratic equation in matrices can be defined by

Q(X) = AX2 + B X + C = 0, A, B, C ∈ C
n×n . (1)

This is not the only possible definition: others include X2 A + X B + C = 0, for which an
analogous treatment is possible, and the algebraic Riccati equation X AX+B X+XC+D =
0. Sylvester investigated the quadratic matrix equation (1) in several papers published in the
1880s; see, for example, Sylvester (1884).

It is natural to ask whether the usual formula for the roots of a scalar quadratic
generalizes to (1). The answer is no, except in special cases such as when A = I , B and
C commute, and B2 − 4C has a square root. In fact, the existence and characterization
of solutions of (1) is not straightforward, and computing a solution poses interesting
challenges.

In this work we investigate the theory and numerical solution of the quadratic matrix
equation (1). We collect, unify and generalize earlier work and derive new or strengthened
results, including a powerful result and algorithm based on the generalized Schur decom-
position. We take care to point out applications and sometimes unexpected links, including
links with continued fractions and the now little used Bernoulli method.

c© Oxford University Press 2000
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We will need three matrix norms on C
n×n : the Frobenius norm

‖A‖F =
(∑

i, j

|ai j |2
)1/2

and two special cases of matrix norms subordinate to the vector p-norm:

‖A‖2 = σmax(A), ‖A‖1 = max
j

∑
i

|ai j |,

where σmax denotes the largest singular value.

2. Theory of solvents

A solution to the quadratic matrix equation (1) is called a solvent. Existence and charac-
terization of solvents can be treated via the quadratic eigenvalue problem or by directly
attacking the matrix equation. We consider both approaches. First, we note that the
quadratic matrix equation can have no solvents, a finite positive number, or infinitely many,
as follows immediately from the theory of matrix square roots (Q(X) = X2 − A) (Higham,
1987; Horn & Johnson, 1991, Section 6.4).

The quadratic matrix equation is intimately connected with the quadratic eigenvalue
problem

Q(λ)x = (λ2 A + λB + C)x = 0. (2)

It follows from the theory of λ-matrices that if S is a solvent of Q(X) then S −λI is a right
divisor of Q(λ) (Gohberg et al., 1982, Corollary 3.6; Lancaster, 1966, Theorem 3.3) and
this fact is easily verified because the quotient has a simple form:

λ2 A + λB + C = −(B + AS + λA)(S − λI ). (3)

Hence any eigenpair of S is an eigenpair of Q(λ). Indeed solvents can be constructed from
eigenpairs of Q(λ). If

Q(λi )vi = 0, i = 1 : n

then

AV Λ2 + BV Λ + CV = 0, V = [
v1 . . . vn

]
, Λ = diag(λi ),

and provided that V is nonsingular we can postmultiply by V −1 to deduce that S =
VΛV −1 is a solvent. It is the nonsingularity requirement on V that complicates the theory,
because for the quadratic eigenvalue problem it is not necessarily the case that eigenvectors
corresponding to distinct eigenvalues are linearly independent. Consider the example
(Dennis et al., 1976)

Q(X) = X2 +
[−1 −6

2 −9

]
X +

[
0 12

−2 14

]
. (4)

The eigenpairs (λi , vi ) of Q(λ) are given by
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i 1 2 3 4
λi 1 2 3 4
vi

[ 1
0

] [ 0
1

] [ 1
1

] [ 1
1

]
The construction described above yields solvents with all distinct pairs of eigenvalues
except 3 and 4:[

1 0
0 2

]
,

[
1 2
0 3

]
,

[
3 0
1 2

]
,

[
1 3
0 4

]
,

[
4 0
2 2

]
. (5)

This is the complete set of solvents.
This method of constructing S produces only diagonalizable solvents and therefore can

fail to identify all solvents and can even produce no solvents when solvents exist. The
method can, nevertheless, be made the basis of results stating the existence of a certain
number of solvents (Higham & Kim, 1999, Theorem 2.1). Indeed, since Q(λ) has 2n
eigenvalues when A is nonsingular, we can expect at most

(2n
n

)
solvents, generically. (This

number of solvents was identified by Sylvester, 1885, for the case A = I .)
It is desirable to have sufficient conditions for the existence of a solvent that do not

involve knowledge of the eigensystem of Q(λ). Eisenfeld (1973, Theorem 5.4) uses the
contraction mapping principle to show that if A and B are nonsingular and

4‖B−1 A ‖‖B−1C ‖ < 1 (6)

for a subordinate matrix norm, then at least two solvents exist (note the relation to the
condition that the discriminant of a scalar quadratic be positive). A similar but more
restrictive condition is derived by McFarland (1958). Lancaster & Rokne (1977) use the
Kantorovich theorem on the convergence of Newton’s method to derive several sets of
sufficient conditions for the existence of a solvent, including (6) without the restriction that
A is nonsingular.

It would be expected that quadratic matrix equations arising in applications would have
properties that guarantee the existence of a solvent. An interesting class of problems is those
related to quadratic eigenvalue problems arising in vibration problems with strong damping.
The following definition was introduced by Duffin (1955).

DEFINITION 1 The quadratic eigenvalue problem (1) is overdamped if A and B are
symmetric positive definite, C is symmetric positive semidefinite and

(xT Bx)2 > 4(xTAx)(xT Cx) for all x 
= 0. (7)

Lancaster (1966, Section 7.6) proves several results for an overdamped problem: the
eigenvalues are real and nonpositive and there is a gap between the n largest (the pri-
mary eigenvalues) and the n smallest (the secondary eigenvalues); there are n linearly
independent eigenvectors associated with the primary eigenvalues and likewise for the
secondary eigenvalues; and Q(X) has at least two real solvents, having as their eigenvalues
the primary eigenvalues and the secondary eigenvalues, respectively. The same results are
shown by Krein & Langer (1978) in the case A = I .

Condition (7) is not easy to check, in general, but it is certainly satisfied if λmin(B)2 >

4λmax(A)λmax(C), where λmin and λmax denote the smallest and largest eigenvalue,
respectively.
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An alternative way to approach the theory of solvents is via eigensystems of an
associated generalized eigenvalue problem. The following development was inspired by
analysis for the algebraic Riccati equation X AX + B X + XC + D = 0, which characterizes
solutions in terms of the eigensystem of the matrix[−C −A

D B

]
.

This analysis originates with Anderson (1966) and Potter (1966), with more recent treat-
ments that we have found useful given by Laub (1979), Lancaster & Rodman (1995,
Theorem 7.1.2) and Van Dooren (1981).

We begin with a lemma that characterizes solvents. We define

F =
[

0 I
−C −B

]
, G =

[
I 0
0 A

]
. (8)

LEMMA 2 X is a solvent of Q(X) in (1) if and only if

F

[
I
X

]
= G

[
I
X

]
X . (9)

Proof. A direct computation. �

The lemma can be interpreted as saying that X is a solvent if and only if the columns of[ I
X

]
span a deflating subspace (Stewart & Sun, 1990, Section 6.2.4) for the pair (F, G).

Lemma 2 can be developed into a more concrete characterization of solvents by
representing the required deflating subspace in terms of the eigensystem of the pair (F, G).
Instead of the Kronecker canonical form we use the more computationally satisfactory gen-
eralized Schur decomposition (Golub & Van Loan, 1996, Theorem 7.7.1). The following
result does not appear to have been stated in the literature before, though it is closely related
to existing results for algebraic Riccati equations.

THEOREM 3 All solvents of Q(X) are of the form X = Z21 Z−1
11 = Q11T11S−1

11 Q−1
11 ,

where

Q∗F Z = T, Q∗G Z = S (10)

is a generalized Schur decomposition with Q and Z unitary and T and S upper triangular,
and where all matrices are partitioned as block 2 × 2 matrices with n × n blocks.

Proof. First we show that X = Z21 Z−1
11 (with nonsingular Z11) is a solvent. The first block

columns of F Z = QT and G Z = QS give

Z21 = Q11T11, (11)

−C Z11 − B Z21 = Q21T11, (12)

Z11 = Q11S11, (13)

AZ21 = Q21S11. (14)
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Postmultiplying (12) by Z−1
11 and using (11) and then (13) and (14) gives

−C − B Z21 Z−1
11 = Q21T11 Z−1

11

= Q21 · Q−1
11 Z21 · Z−1

11

= AZ21 Z−1
11 · Z21 Z−1

11 ,

which shows that X = Z21 Z−1
11 is a solvent.

For the converse, let X be a solvent. Then by Lemma 2 it satisfies (9). Let[
I
X

]
=

[
Z11 Z12
Z21 Z22

] [
R
0

]
= Z

[
R
0

]
(15)

be a QR factorization. It is easy to see that R and Z11 are nonsingular and X = Z21 R =
Z21 Z−1

11 . Let [
I 0
0 A

]
Z =

[
Q11 Q12
Q21 Q22

] [
S11 S12
0 S22

]
be a QR factorization. On premultiplying (9) by Q∗ and using (15) we obtain[

T11 T12
T21 T22

] [
R
0

]
:= Q∗

[
0 I

−C −B

]
Z

[
R
0

]

= Q∗
[

I 0
0 A

]
Z

[
R
0

]
X

=
[

S11 S12
0 S22

] [
R
0

]
X .

Equating (2, 1) blocks gives T21 R = 0, which implies T21 = 0. It is easy to see
that the equations T = Q∗F Z and S = Q∗G Z can be completed to a generalized
Schur decomposition while retaining X = Z21 Z−1

11 . Finally, we note that Z21 Z−1
11 =

Q11T11S−1
11 Q−1

11 follows from (11) and (13). �
A subtle aspect of Theorem 3 is worth noting. If A is singular then (14) shows that in

the generalized Schur decomposition (10) Q21 or S11 (and hence Z11) is singular. However,
the ‘converse’ part of the proof shows that if a solvent exists then it is possible to choose
a generalized Schur decomposition in which S11 and Z11 are nonsingular. For example, if
A = C = 0 and B = I , so that the zero matrix is the only solvent, we can take Q = Z = I
and S11 = Z11 = I .

To see a connection between Theorem 3 and the construction of a solvent via the
quadratic eigenvalue problem, note that (2) can be rewritten as the generalized eigenvalue
problem

Fy =
[

0 I
−C −B

]
y = λ

[
I 0
0 A

]
y = λGy, y =

[
x
λx

]
. (16)

If A is nonsingular, as for an overdamped problem, then we can obtain an analogue of
Theorem 3 based on a Schur decomposition of the matrix[

0 I
−A−1C −A−1 B

]
.
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3. Applications

We discuss briefly two applications of the quadratic matrix equation (1). Numerical
examples of both of these applications are given in Section 8.

Quasi-birth–death processes are two-dimensional Markov chains with a block
tridiagonal transition probability matrix. They are widely used as stochastic models in
telecommunications, computer performance and inventory control. Analysis using the
matrix-geometric method leads to three quadratic matrix equations whose elementwise
minimal nonnegative solutions can be used to characterize most of the features of the
Markov chain. An excellent reference is the recent book by Latouche & Ramaswami (1999).

A second application is the solution of the quadratic eigenvalue problem (2), which
arises in the analysis of damped structural systems and vibration problems (Datta, 1995,
Chapter 9; Lancaster, 1966). A standard approach is to convert the quadratic eigenvalue
problem to a generalized eigenvalue problem of twice the dimension, 2n: (16) is one
of several possible reductions (Tisseur, 2000). The ‘linearized’ problem can be further
converted to a standard eigenvalue problem of dimension 2n if A or C is nonsingular.
However, as (3) shows, if we can find a solvent S of the associated quadratic matrix
equation then the problem is reduced to solving two n × n eigenproblems: that of S and
the generalized eigenproblem (B + AS)x = −λAx . If S can be found by working only
with n × n matrices then this approach offers a potential saving of work and storage. We
return to this possibility in Section 8.

4. Symbolic solution

Before attempting numerical solution we consider solving the quadratic matrix equation
using a symbolic algebra package. We have experimented with MATLAB’s Symbolic Math
Toolbox (Moler & Costa, 1998), version 2.1 (Release 11), which makes use of Maple V
Release 5.

MATLAB’s syntax does not allow the quadratic matrix equation to be specified with
a single command—the command solve(’A*X^2+B*X+C=0’) is syntactically valid, but
it assumes that the variables are scalars, even if they have been defined as matrices. It is
therefore necessary to provide the solve command with the n2 individual equations. For
n = 2 this is done by

syms w x y z
X = [w x; y z];
R = A*X^2 + B*X + C;
s = solve(R(1,1), R(2,1), R(1,2), R(2,2), w, x, y, z)

Our experience is that the solve command is remarkably effective for n = 2, finding all
isolated solvents and even parametrized families of solvents in a few seconds on a 333 MHz
Pentium. For n � 3 we have been able to find solvents with this approach only for very
special A, B and C .

An algorithm for symbolic solution for n = 2 has been suggested by our colleague
R. M. Wood. Suppose A = I and C is nonsingular. Then X is nonsingular; write

X =
[
w x
y z

]
, X−1 = u−1

[
z −x

−y w

]
,
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where u = det(X) = wz − yx . The quadratic matrix equation can be written X + B +
C X−1 = 0, which can be expressed as a linear system Mp = g, where p = [w x y z]T

and the 4 × 4 matrix M depends on u. The system can be solved symbolically, yielding
p as a rational function of u. Equating the numerators in u = wz − yx leads to a sextic
equation in u. Once the roots are found they can be substituted back into p to determine
solvents X . We have found this approach less successful than using solve as described
above. For example, for the problem (4) the sextic degenerates to a quartic and the method
produces only the last four of the solvents in (5); for u = 2 (which is the determinant of the
missing solvent) the matrix M is singular. This approach does not generalize to larger n.

Our conclusion is that symbolic solution appears to be of limited use except for n = 2,
though we cannot rule out the possibility that more successful lines of symbolic attack can
be developed. In the rest of this paper we consider numerical techniques.

5. Eigenvalue techniques

The eigenvalue-based constructions of Section 2 provide two ways to solve the quadratic
matrix equation.

5.1 Quadratic eigenvalue problem approach

Suppose we solve the quadratic eigenvalue problem (2) and obtain eigenpairs (λi , vi )
p
i=1,

with n � p � 2n. To construct a solvent from these eigenpairs we need to identify a linearly
independent set of n vectors vi . This can be attempted by computing the QR factorization
with column pivoting (Golub & Van Loan, 1996, Section 5.4.1)

[vi1 . . . vi p ] := [v1 . . . vp]Π = Q[R11 R12], Q, R11 ∈ C
n×n,

where Π is a permutation matrix, Q is unitary and R11 is upper triangular. Provided
that R11 is nonsingular the matrix W = [vi1 . . . vin ] is nonsingular and S =
W diag(λi1 , . . . , λin )W −1 is a solvent. This method fails when no linearly independent set
of n eigenvectors vi exists.

5.2 Schur method

In the second method, which we call the Schur method, we compute a generalized Schur
decomposition Q∗F Z = T , Q∗G Z = S of F and G in (8). Theorem 3 shows that if Z11 is
nonsingular then X = Z21 Z−1

11 = Q11T11S−1
11 Q−1

11 is a solvent. To obtain a nonsingular Z11
we may have to reorder the generalized Schur decomposition, which can be done using the
methods of Van Dooren (1982) and Kågström & Poromaa (1996) (LAPACK 3.0 (Anderson
et al., 1999) has this capability). For an overdamped system we know from the properties
stated in Section 2 that if the Schur form is ordered so that the eigenvalues ti i/sii are
arranged in increasing order then Z11 will be nonsingular.

The generalized Schur decomposition can be computed by the QZ algorithm (Golub &
Van Loan, 1996, Section 7.7). This approach is numerically stable in that the computed Q
and Z are nearly unitary and the computed T and S are the exact ones for a small normwise
perturbation of F and G. These perturbations will not, in general, respect the structure of F
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and G in (8), so may not correspond to a small perturbation of the quadratic matrix equation.
However, a mixed forward–backward stability result for the quadratic matrix equation can
be deduced in the special case where ‖A‖2 = ‖B‖2 = ‖C‖2 = 1, as a consequence
of a result of Tisseur (2000, Theorem 7) concerning solution of the quadratic eigenvalue
problem via a generalized eigenvalue problem.

The step of the Schur method that is numerically the most dangerous is the inversion
of Z11. However, the possibility of an ill-conditioned Z11 can be avoided (provided that
Z11 is nonsingular) by scaling the quadratic matrix equation, adapting ideas from Kenney
et al. (1989) for the Riccati equation. We need the following lemma, in which the condition
number κ(A) = ‖A ‖‖A−1 ‖.

LEMMA 4 Let X = Z21 Z−1
11 be a solvent written in the form of Theorem 3 and let Z be

the unitary matrix from the generalized Schur decomposition (10) of F and G. Then

κ2(Z11) � 1 + ‖X‖2
2.

Proof. The proof is very similar to that of Kenney et al. (1989, Lemma 1). Since Z is
unitary, Z∗

11 Z11 + Z∗
21 Z21 = I , which implies ‖Z11‖2 � 1. Using the nonsingularity of

Z11,

I = Z∗
11 Z11 + Z∗

11(Z21 Z−1
11 )∗Z21 Z−1

11 Z11

= Z∗
11 Z11 + Z∗

11 X∗ X Z11

= Z∗
11(I + X∗ X)Z11.

Hence Z−1
11 = Z∗

11(I +X∗ X), and the result follows on taking norms and using ‖Z11‖2 � 1.
�

The lemma shows that Z11 will be well conditioned if ‖X‖2 ≈ 1. This can be achieved
by the scaling

AX2 + B X + C −→ Ã(X/ρ)2 + B̃(X/ρ) + C̃, Ã = ρ2 A, B̃ = ρB, C̃ = C,

(17)

with ρ = ‖X‖2. From the relation

F − λG =
[

0 I
−C −B

]
− λ

[
I 0
0 A

]

=
[

1 0
0 ρ−1

] ([
0 I

−C −ρB

]
− λρ−1

[
I 0
0 ρ2 A

]) [
ρ 0
0 1

]

we see that the eigenvalues of the scaled pencil corresponding to Ã, B̃ and C̃ are ρ−1 times
those of the original pencil. Therefore, the same ordering of the Schur form can be used for
the scaled pencil as for the original pencil.

Unfortunately, there is no generally applicable way to estimate any norm of X in
advance. One possibility is to compute X and, if ‖X‖F is found to be large, to repeat the
computation on the scaled problem.
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It is important to consider whether scaling worsens the conditioning or backward
stability of the quadratic matrix equation. If we measure perturbations to A, B and C by∥∥∥∥

[
∆A

‖A‖F

∆B

‖B‖F

∆C

‖C‖F

]∥∥∥∥
F
,

then the condition number can be shown to be (Higham & Kim, 1999)

Ψ(X) = ‖P−1 [‖A‖F (X2)T ⊗ In, ‖B‖F X T ⊗ In, ‖C‖F In2

] ‖2/‖X‖F ,

where
P = In ⊗ AX + X T ⊗ A + In ⊗ B.

It is easy to see that Ψ(X) is invariant under the scaling (17). The effect of the scaling on the
backward error of the computed solvent is unclear and merits further study. (A definition
of backward error of an approximate solvent, and a computable expression for it, are given
by Higham & Kim, 1999.)

6. Newton’s method

A natural contender for solving the quadratic matrix equation is Newton’s method, which
has been investigated for this problem by Davis (1981, 1983) and Higham & Kim (1999).
(Newton’s method has also been considered for general degree matrix polynomials by Kratz
& Stickel, 1987 and Shieh et al., 1981.) The method can be derived by equating to zero the
first-order part of the expansion

Q(X + E) = Q(X) + (
AE X + (AX + B)E

) + AE2,

yielding the iteration

Solve AEk Xk + (AXk + B)Ek = −Q(Xk)

Update Xk+1 = Xk + Ek

}
k = 1, 2, . . .

Forming and solving the generalized Sylvester equation defining Ek takes at least 56n3 flops
(Higham & Kim, 1999). The global convergence properties of Newton’s method can be
improved by incorporating line searches, so that Ek is regarded as a search direction and
Xk+1 is defined as Xk+1 = Xk + t Ek , where t minimizes ‖Q(Xk + t Ek)‖F . Higham
& Kim (1999) show that by exploiting the fact that Q is quadratic the optimal t can be
computed exactly in 5n3 flops, yielding an exact line search method. They show that exact
line searches improve the global convergence properties in theory and in practice. Newton’s
method with exact line searches has also been used by Benner & Byers (1998) and Benner
et al. (1998) for solving algebraic Riccati equations.

While Newton’s method is very attractive for solving the quadratic matrix equation, it
has some weaknesses. Each iteration is rather expensive and many iterations can be required
before quadratic convergence sets in; in the absence of a sufficiently good starting matrix,
convergence cannot be guaranteed; and it is difficult to know in advance to which solvent
the method will converge. In the next section we describe a class of methods for which
the cost per iteration is much less and for which convergence to a particular solvent can
be guaranteed for specified starting matrices, under certain conditions on the problem.
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7. Functional iteration

A natural way to attempt to solve the quadratic matrix equation is to rewrite it in the form
X = F(X) and then define an iteration Xk+1 = F(Xk). This can be done in many ways,
giving iterations such as

Xk+1 = (−A−1(B Xk + C))1/2,

Xk+1 = −B−1(AX2
k + C),

Xk+1 = −A−1(B + C X−1
k ). (18)

These iterations can not in general be transformed to a simpler form (such as diagonal form)
and so it is difficult to obtain convergence results of practical applicability. However, it turns
out that useful results for iteration (18) and some variants can be obtained from the analysis
of an associated Bernoulli iteration.

To motivate the analysis we first consider briefly the scalar quadratic ax2 +bx +c = 0,
with a 
= 0. Iteration (18) can be written as

xk+1 = g(xk), g(x) = − (c/x + b)

a
. (19)

From the standard theory of functional iteration (Stewart, 1996, Lec. 3) we know that the
condition for convergence for starting values sufficiently close to a root α is |g′(α)| < 1.
Denote the two roots by α1 and α2 and note that α1α2 = c/a. Now

g′(α1) = c

aα2
1

= α2

α1
.

Thus we have local convergence to the larger root provided that the roots are of distinct
modulus, which requires, in particular, that the discriminant be positive. Iteration (19) can
be written (axk+1 + b)xk + c = 0 and a similar analysis shows that the iteration defined
by (axk + b)xk+1 + c = 0 converges to the root of smaller modulus. It is clear that
the matrix analogues of these iterations can converge only for problems satisfying some
suitable generalization of the ‘roots of distinct modulus’ condition. In the next subsection
we identify two solvents that are used to define the appropriate condition.

We assume throughout the rest of this section that A is nonsingular.

7.1 Dominant and minimal solvents of Q(X)

Since A is nonsingular, Q(λ) in (2) has 2n eigenvalues, all finite, which we order by
absolute value:

|λ1| � |λ2| � · · · � |λ2n|. (20)

Let λ(A) denote the set of eigenvalues of A.
The solvents in the following definition play an important role in what follows.

DEFINITION 5 A solvent S1 of Q(X) is a dominant solvent if λ(S1) = {λ1, . . . , λn} and
|λn| > |λn+1|, where the eigenvalues λi of Q(λ) are ordered according to (20). A solvent
S2 of Q(X) is a minimal solvent if λ(S2) = {λn+1, . . . , λ2n} and |λn| > |λn+1|.
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A more elegant but less transparent definition is that a dominant solvent S of Q(X) is
one for which every eigenvalue of S exceeds in modulus every eigenvalue of the quotient
Q(λ)(λI − S)−1 (Gohberg et al., 1982, p 126), and similarly for a minimal solvent. Note
that if S1 is a dominant solvent and S2 is a minimal solvent then

min{ |λ| : λ ∈ λ(S1) } > max{ |λ| : λ ∈ λ(S2) }.
We caution the reader that in referring to results on the convergence of Bernoulli’s method
some authors give imprecise or incorrect definitions of the dominant solvent: for example
the definition that a dominant solvent is ‘a solvent matrix whose eigenvalues strictly
dominate the eigenvalues of all other solvents’ (Kratz & Stickel, 1987) is far too restrictive.

It follows from the theory of λ-matrices (Gohberg et al., 1982, Theorem 4.1) that a
dominant solvent, if one exists, is unique, and likewise for a minimal solvent (recall that
A is assumed nonsingular).

As we mentioned in Section 2, Lancaster has shown that the overdamping condition
(Definition 1) is sufficient to ensure the existence of dominant and minimal solvents. The
next theorem gives a sufficient condition of more general applicability.

THEOREM 6 Assume that the eigenvalues of Q(λ), ordered as in (20), satisfy |λn| >

|λn+1| and that corresponding to {λi }n
i=1 and {λi }2n

i=n+1 there are two sets of linearly
independent eigenvectors {v1, . . . , vn} and {vn+1, . . . , v2n}. Then there exists a dominant
solvent and a minimal solvent of Q(X).

Proof. Let W1 = [v1, . . . , vn] and W2 = [vn+1, . . . , v2n]. Since W1 and W2 are
nonsingular, we can define

S1 = W1 diag(λ1, . . . , λn)W −1
1 , S2 = W2 diag(λn+1, . . . , λ2n)W −1

2 .

It is easily seen that S1 is a dominant solvent of Q(X) and S2 a minimal solvent. �

7.2 Bernoulli iteration

Bernoulli’s method is an old method for finding the dominant root (if there is one) of
a scalar polynomial (Henrici, 1964, Chapter 7; Young & Gregory, 1973, Section 5.7).
It is essentially the power method applied to the companion matrix associated with the
polynomial. In this subsection we consider a generalization of Bernoulli’s method to
the quadratic matrix polynomial. This generalization is not new, having been analysed
previously for general degree polynomials by Busby & Fair (1975), Dennis et al. (1978)
and Gohberg et al. (1982, Section 4.2). Our treatment of convergence differs from those
in the references just cited, in particular by not assuming a monic quadratic. We follow
the approach of Dennis et al. (1978) but correct some ambiguities and deficiencies in that
analysis.

Consider the matrix recurrence

AYi+1 + BYi + CYi−1 = 0, Y0, Y1 given. (21)

Define

V (S1, S2) =
[

I I
S1 S2

]
.
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THEOREM 7 If S1 and S2 are solvents of Q(X) for which V (S1, S2) is nonsingular then

Yi = Si
1Ω1 + Si

2Ω2 (22)

is the general solution to (21), where Ω1 and Ω2 are determined by the initial conditions.

Proof. For Yi defined by (22) we have

AYi+1 + BYi + CYi−1 = (AS2
1 + BS1 + C)Si−1

1 Ω1 + (AS2
2 + BS2 + C)Si−1

2 Ω2

= 0,

so Yi is a solution to (21). For i = 0 and i = 1, (22) gives[
I I
S1 S2

] [
Ω1
Ω2

]
=

[
Y0
Y1

]

and since the coefficient matrix V (S1, S2) is nonsingular, Ω1 and Ω2 are uniquely deter-
mined by Y0 and Y1. Finally, suppose that Zi is a solution of (21) and let Yi be the
solution (22) with Y0 = Z0 and Y1 = Z1. Then

AY2 = −BY1 − CY0 = −B Z1 − C Z0 = AZ2.

Since A is nonsingular, Z2 = Y2. By induction, Zi = Yi for all i . �

Note that V (S1, S2) is a special case of a block Vandermonde matrix. By analogy with
the scalar Vandermonde, it might be thought that for general X1 and X2 the condition
λ(X1) ∩ λ(X2) = ∅ would ensure the nonsingularity of V (X1, X2). That it does not is
shown by the example (Dennis et al., 1976)

X1 =
[

2 0
−2 1

]
, X2 =

[
4 2
0 3

]
,

for which det(V (X1, X2)) = det(X2 − X1) = det
([

2 2
2 2

]) = 0. The next result (which
has weaker hypotheses than Dennis et al. 1976, Theorem 6.1) shows that the eigenvalue
condition is sufficient to ensure nonsingularity when X1 and X2 are solvents of a quadratic
matrix equation.

THEOREM 8 If S1 and S2 are solvents of Q(X) with λ(S1) ∩ λ(S2) = ∅ then V (S1, S2) is
nonsingular.

Proof. Suppose that V (S1, S2) is singular. Let v ∈ N := null(V (S1, S2)). Then [S1 S2]v =
0 and the identity [

A−1C A−1 B
] [

I I
S1 S2

]
= − [

S2
1 S2

2

]
implies [S2

1 S2
2 ]v = 0, and so

0 =
[

S1 S2

S2
1 S2

2

]
v =

[
I I
S1 S2

] [
S1 0
0 S2

]
v. (23)
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Thus diag(S1, S2)v ∈ N , which means that N is an invariant subspace for diag(S1, S2).
Hence N contains an eigenvector w of diag(S1, S2). Since the eigenvalues of S1 are distinct
from those of S2, w has the form w = [wT

1 0]T or [0 wT
2 ]T . In either case

0 = V (S1, S2)w =
[

I I
S1 S2

]
w

implies w = 0, which is a contradiction. Thus V (S1, S2) is nonsingular. �

To obtain a convergence result for Bernoulli’s method, we need the following lemma.

LEMMA 9 Let Z1 and Z2 be square matrices such that

min{ |λ| : λ ∈ λ(Z1) } > max{ |λ| : λ ∈ λ(Z2) }.
Then Z1 is nonsingular and, for any matrix norm,

lim
i→∞ ‖Zi

2 ‖ ‖Z−i
1 ‖ = 0.

Proof. See Gohberg et al. (1982, Lemma 4.9). �

THEOREM 10 Suppose that Q(X) has a dominant solvent S1 and a minimal solvent S2 and
let Yi be the solution to the recurrence (21) with Y0 = 0 and Y1 = I . Then Yi is nonsingular
for sufficiently large i and

lim
i→∞ Yi Y

−1
i−1 = S1.

Proof. Theorem 8 implies that V (S1, S2) is nonsingular and so (22) is the general solution
to (21). The initial conditions give

Ω1 + Ω2 = 0, S1Ω1 + S2Ω2 = I,

which imply
(S1 − S2)Ω1 = I .

Hence Ω1 is nonsingular. First, we show that Yi is nonsingular for sufficiently large i .
From (22), since S1 is nonsingular,

Yi = Si
1(Ω1 + S−i

1 Si
2Ω2).

Since S−i
1 Si

2 → 0 by Lemma 9 it follows that Yi is nonsingular for sufficiently large i .
Using (22) again we have

Yi Y
−1
i−1 = (Si

1Ω1 + Si
2Ω2)(Si−1

1 Ω1 + Si−1
2 Ω2)

−1

= (S1 + Si
2Ω2Ω−1

1 S−(i−1)
1 )(Si−1

1 Ω1)
(
(I + Si−1

2 Ω2Ω−1
1 S−(i−1)

1 )(Si−1
1 Ω1)

)−1

= (S1 + Si
2Ω2Ω−1

1 S−(i−1)
1 )(I + Si−1

2 Ω2Ω−1
1 S−(i−1)

1 )−1.

From Lemma 9 we deduce

lim
i→∞ Si

2Ω2Ω−1
1 S−(i−1)

1 = 0, lim
i→∞ Si−1

2 Ω2Ω−1
1 S−(i−1)

1 = 0,

which implies the result. �
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We give an example from Gohberg et al. (1982, Example 4.4) to illustrate how Bernoulli
iteration can fail to produce a solvent. Consider

Q(X) = X2 +
[

0 0
1 0

]
X +

[−1 0
−1 0

]
= 0.

The eigenvalues of Q(λ) are −1, 0, 0, 1 and a dominant solvent is
[ 1

0
−1
−1

]
. However, there

is no solvent with eigenvalues 0, 0, hence no minimal solvent. With Y0 = 0 and Y1 = I ,
the recurrence (21) gives

Y2 =
[

0 0
−1 0

]
, Y3 =

[
1 0
1 0

]
,

and then Y2 j = Y2, Y2 j+1 = Y3 for j � 1. Hence all the Yi are singular.

7.3 Iterations for computing a solvent

For practical computation it is desirable to rewrite (21) in the form of an iteration that
directly computes a solvent. Postmultiplying (21) by Y −1

i−1, we have

AYi+1Y −1
i−1 + BYi Y

−1
i−1 + C = 0,

which can be written as

(AYi+1Y −1
i + B)Yi Y

−1
i−1 + C = 0.

Defining Xi = Yi+1Y −1
i and setting Y0 = 0 and Y1 = I , we have the iteration

(AXi + B)Xi−1 + C = 0, X1 = −A−1 B. (24)

Similarly, postmultiplying (21) by Y −1
i+1 and letting Wi = Yi Y

−1
i+1, we obtain

A + (B + CWi−1)Wi = 0, W0 = 0. (25)

Note that this iteration is attempting to solve C X2 + B X + A = 0, whose nonsingular
solvents are the inverses of solvents of Q(X) = 0.

We deduce from Theorem 10 that if Q(X) has a dominant solvent S1 and a minimal
solvent S2 and the sequences Xi and Wi are defined then

lim
i→∞ Xi = S1, lim

i→∞ Wi = S−1
1 .

Note from the proof of Theorem 10 that the role of Y0 and Y1 is simply to ensure that Ω1 is
nonsingular. Most choices of Y0 and Y1 will have the same effect and so we can try different
starting matrices in (24) and (25), as may be necessary if an iteration breaks down.

Iterations (24) and (25) are fixed point iterations obtainable in an obvious way from
AX2 + B X + C = 0. Equally plausible variants are

(AXi−1 + B)Xi + C = 0, X0 = 0 (26)
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and

A + (B + CWi )Wi−1 = 0, W1 = −C−1 B. (27)

These are related to the Bernoulli recurrence

AZi−1 + B Zi + C Zi+1 = 0, Z0 = 0, Z1 = I . (28)

The analysis above can be adapted to show that if Q(X) has a dominant solvent S1 and a
nonsingular minimal solvent S2 then the solution to (28) is Zi = S−i

1 Ω1 + S−i
2 Ω2, with Ω1

and Ω2 determined by the initial conditions, and then that

lim
i→∞ Zi+1 Z−1

i = S−1
2 .

Hence, as long as the sequences Wi and Xi are defined,

lim
i→∞ Xi = S2, lim

i→∞ Wi = S−1
2 .

The convergence of all these iterations is linear, with error decreasing as ‖Si
2 ‖ ‖S−i

1 ‖, and
therefore with asymptotic error constant of order

e = |λn|
|λn+1| (29)

(given the ordering (20)).
We explain a connection with continued fractions (Busby & Fair, 1975, 1994; Fair,

1971). Consider the quadratic X2 − B X − C = 0. Assuming that X is nonsingular we
have X = B + C X−1 and then

X = B + C(B + C X−1)−1.

On recurring this process we obtain a matrix continued fraction with approximants Xk =
Rk S−1

k generated by

Rk+1 = B Rk + C Rk−1, R0 = B, R1 = B2 + C,

Sk+1 = BSk + C Sk−1, S0 = I, S1 = B.

Clearly, Rk = Sk+1 and for Yk defined in Theorem 10 we have Sk = Yk+1, so the
approximant Xk = Yk+2Y −1

k+1. Thus the continued fraction generates the same sequence
as the iteration (24).

Finally, we give some numerical examples. Consider the equation

Q(X) = X2 + X +
[−2 −1

0 −2

]
= 0.

The eigenvalues of Q(λ) are 1, 1, −2 and −2 and there is only one eigenvector correspond-
ing to each eigenvalue, the vector [1 0]T in both cases. It can be deduced that there are
precisely two solvents, [−2 −1/3

0 −2

]
,

[
1 1/3
0 1

]
,



514 N. J. HIGHAM AND H.-M. KIM

the first of which is dominant, the second minimal. We applied the four iterations (24)–(27)
in MATLAB using convergence test

‖Xi − Xi−1‖1

‖Xi‖1
� u, (30)

where u = 2−53 ≈ 1·1 × 10−16 is the unit roundoff. Each iteration converged in about 57
iterations to the expected solvent; this is the expected number of iterations since the error
constant e = 1/2 in (29).

For the next example we take the equation

Q(X) =
[

0 12
−2 14

]
X2 +

[−1 −6
2 −9

]
X + I = 0.

This is (4) with the coefficient matrices in reverse order, so its solvents are the inverses
of the solvents of (4). The solvent S1 = [ 1

0
0

1/2

]
is dominant, but there is no minimal

solvent. Theorem 10 is therefore not applicable. Applying iteration (24) we found that
after 49 iterations ‖Xi − S2‖1 ≈ 5 × 10−8, where S2 = [ 1

0
−2/3

1/3

]
. Thereafter the

relative changes ‖Xi+1 − Xi‖1/‖Xi+1‖1 increased until on the 91st iteration they started
decreasing again. After 177 iterations the iteration had converged to S1. Suspicious that
this behaviour was caused by the effects of rounding error, we ran the iteration in exact
arithmetic using MATLAB’s Symbolic Math Toolbox. This time the iteration converged to
S2 (with monotonic decrease of the relative changes). Thus the condition that both dominant
and minimal solvents exist (Theorem 10) is sufficient but not necessary for convergence of
iteration (24) and when a dominant solvent but not a minimal one exists convergence can
be to a non-dominant solvent.

8. Numerical experiments

We illustrate our methods on two practical problems.
We consider first a quadratic eigenvalue problem arising from a damped mass–spring

system in which each mass is connected to its neighbour by a spring and a damper and also
to the ground by a spring and a damper; see Tisseur (2000) for the details. We have chosen
the masses and the spring and damper constants to give an n × n problem with A = I and

B =




20 −10
−10 30 −10

−10 30 −10

−10
· · · · · ·
· · · 30 −10

−10 20




, C =




15 −5
−5 15 −5

−5
· · · · · ·
· · · · · · −5

−5 15




.

We took n = 100. Since λmin(B)2 − 4‖A‖2‖C‖2 = 1·9 × 10−2 > 0, the quadratic
eigenvalue problem is overdamped. Hence all eigenvalues of the quadratic eigenvalue
problem are real and nonpositive, the quadratic matrix equation has a dominant and a
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FIG. 1. Eigenvalues λi of the quadratic eigenvalue problem for a damped mass–spring system.

minimal solvent, and the Bernoulli iterations (24)–(27) all converge, provided that the
iterates are defined. Figure 1 displays the eigenvalue distribution.

We applied the Bernoulli iterations and Newton’s method to the quadratic matrix
equation. The starting matrix for Newton’s method was

X0 =

‖B‖F +

√
‖B‖2

F + 4‖A‖F‖C‖F

2‖A‖F


 I, (31)

as in Higham & Kim (1999), and the iteration was terminated when

ρ(Xk) = ‖ f l(Q(Xk))‖F

‖A‖F‖Xk‖2
F + ‖B‖F‖Xk‖F + ‖C‖F

� nu.

The Bernoulli iterations used the default starting matrices and the same stopping test as
in (30) but with tolerance nu.

The Bernoulli iterations converged to the expected solvents in 13–15 iterations. This
relatively quick convergence is consistent with the value 9 × 10−2 of the asymptotic error
constant (29). Newton’s method required 7 iterations without line searches and 6 iterations
with exact line searches, converging to the minimal solvent in both cases.

A comparison of execution times on a 333 MHz Pentium II is instructive. The Bernoulli
iterations converged after 3 seconds, while Newton’s method took 45 seconds without
line searches and 40 seconds with exact line searches. Computing the eigenvalues of
the quadratic eigenvalue problem using MATLAB’s polyeig (which solves a generalized
eigenproblem of twice the dimension) took 17 seconds, which can be reduced to 8 seconds
if we modify the M-file to avoid computing eigenvectors. Computing the eigenvalues of a
solvent took 0·11 seconds. Thus computing the dominant solvent and the minimal solvent
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by Bernoulli iteration and then finding their eigenvalues was faster than using polyeig to
compute the eigenvalues directly.

This example shows that Bernoulli iteration can be significantly faster than Newton’s
method and that solving the quadratic eigenvalue problem via the associated quadratic
matrix equation can be a viable approach.

Next, we consider a model from Bean et al. (1997) for the population of the bilby, an
endangered Australian marsupial. Define the 5 × 5 matrix

Q(g, x) =




gx1 (1 − g)x1 0 0 0
gx2 (1 − g)x2 0 0
gx3 0 (1 − g)x3 0
gx4 0 (1 − g)x4
gx5 0 (1 − g)x5


 .

The model is a quasi-birth–death process some of whose key properties are captured by the
elementwise minimal solution Rmin of the equation

R = β(A0+R A1+R2 A2), A0 = Q(g, b), A1 = Q(g, e−b−d), A2 = Q(g, d),

where b and d are vectors of probabilities and e is the vector of ones. We chose

g = 0·2, b = [1, 0·4, 0·25, 0·1, 0], d = [0, 0·5, 0·55, 0·8, 1],
as in Bean et al. (1997), and β = 0·5. We rewrite the quadratic equation as

AX2 + B X + C = 0, A = β AT
2 , B = β AT

1 − I, C = β AT
0 .

Note that we make no attempt here to exploit the origin of this equation; doing so is an
interesting problem to which we refer to Latouche & Ramaswami (1999).

Applying the Schur method (Section 5.2), with the generalized Schur decomposition
ordered to maximize the absolute values of the diagonal elements of S11, we obtain the
desired minimal Rmin. The quadratic eigenvalue problem method (Section 5.1), using QR
factorization with column pivoting, also produced Rmin. Newton’s method converged with
and without line searches with starting matrix (31), in 10 and 8 iterations, respectively; it
converged to the same matrix in each case, but not to Rmin.

None of the Bernoulli iterations (24)–(27) is applicable because both A and C are
singular, having a column of zeros. However, if we shift coordinates by defining Y = X − I
we have the equation AY 2 + (2A + B)Y + A + B + C = 0, and A + B + C is nonsingular.
Iteration (26) is now applicable and it converges to Rmin − I in 111 iterations.

9. Concluding remarks

Over one hundred years after it was first investigated by Sylvester, the quadratic matrix
equation (1) still poses interesting challenges. As we have seen, the theory and numerical
solution bring together many different aspects of numerical linear algebra.

Our main contributions are twofold. We have given a new characterization of solvents in
terms of the generalized Schur decomposition (Theorem 3) and a corresponding numerical
method, with scaling to improve the accuracy. We have also given a thorough treatment of
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functional iteration methods based on Bernoulli’s method, identifying four iterations that
converge to a dominant solvent, a minimal solvent, and the inverses of a dominant and
minimal solvent.

The possibility of solving the quadratic eigenvalue problem via the quadratic matrix
equation instead of solving a generalized eigenvalue problem of twice the dimension has
been mentioned before in the literature, for example by Davis (1981). Our experiment in
Section 8 appears to be the first demonstration that the quadratic matrix equation approach
can be the faster. Whenever there is a large gap between the n smallest and n largest
eigenvalues (in absolute value), solving the quadratic eigenvalue problem via Bernoulli
iteration on the quadratic matrix equation is worth considering.

The quadratic matrix equation is just one of many nonlinear matrix equations that
deserve further study. We hope that this work stimulates other researchers to attack this
interesting and challenging class of problems.
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