MT3522 Knot Theory Solutions 5

1. (i) Here K~ is the negative Hopf link H~, K is a split two-component link
and K° is the unknot. Hence fr+(A) = —A %2 — A? and fxo(4) =1,

and so fz—( — AN A2
K ~H K~0+0 K~0

(ii) Here K~ is the negative trefoil knot 7-, K is an unknot and K° ~
H~. So we have A* — A™*f;-(A) = (472 - Az)fH (A) = (A% -
A?) (AN —A%) = A2 - A8 —1+4 A*. Hence fr—(A) = —AS+ A2+ A%
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2. (i) K = K~ is again a left trefoil knot, and the diagrams for Solutions 3,
Question 3(i) show immediately that the calculation will be the same
as in Question 1(ii) above.

(ii) (Figure eight knot) We have A* — A™*fr(A) = (A72 — A%) fy+(A) =
(A2 — A?)(—A™0 — A7) = — A2 4 A8 — A1+ 1, so fr(A) =
A — At 41— At 4 A8

~

K=K~

Note that fx(A) = fx(A™'). This relation is forced by the achirality
of the figure eight knot.



(iii) From the diagram below, with L = K+ we have A*f(A)—A™*fy+(A) =
(A== A7) o (A), 50 A fy (A)— A== A=10—472) = (A== A%) (— 47104
A72 4+ A7) and hence fr(A) = —A"2 + A8 - A7 — A6 (This L
appears in an equivalent form as K(4) in Question 4.)

K -~-Ht KO~ T*

K'=L

(iv) We have A*f,(A) — A™*fx-(A) = (A2 — A?)fxo(A), but we must
simplify K~ and K° further to evaluate these terms.
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L=K"

We take K = M~ getting M+ ~ H~ and M° an unknot.
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K'=M MY -0

Thus A'fg-(A) — A *fxo(A) = A2 — A%, so by using the result
fu-(A) = —A'® — A? from Question 1 and simplifying, we get

fro(A) = —A™® — A0 — A2 4 AS,
We take K~ = N, getting Nt ~ H U0 and N° ~ H".



K =N~ NT=H{,0 NO-H

Again we use the result fy-(A4) = —A'°— A2 from Question 1, together
with Proposition 6.6 to evaluate fz-_o(A). This gives

A4(_A—2 _ A2)(_A10 _ AQ) _ A—4fK_ (A) — (A_2 _ AQ)(_AIO _ A2),
and simplifying this gives

fr-(A) = A% 4242 1 A%,

Putting all this together, we get A*f(A) — A 4(A% + 2412 + A%) =
(A2 — A%)(— A — A0 — A% + A%) and on simplifying this we finally
obtain

fo(A) = A% + A% 42,

3. Taking L(n) = K—, K7 is a split link, so fg+ = 0, while K is equivalent
to L(n —1).
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Hence A‘LfL(n,l)UO(A) — A_4fL(n)(A) = (472 - AZ)fL(n,l)(A), so using
Proposition 6.6 we obtain the recursive relation

A=A = A2) frn-ny(A) — A7 frm) (A) = (A72 — A%) frnon) (A),

which simplifies to
frmy(A) = (=AY — A%) fr, 1y(A)

Since L(1) is an unknot, we get fr1)(A) = 1, fro(4) = —A"° — 4%,
(negative Hopf link H™), fr(s)(A) = (—A'™ — A2)?%, etc. It’s now clear that
frmy(A) = (—AY* — A%)"~1 by induction on n.

. To get the recursion relation, take K = K% (using any crossing) and note
that K~ ~ Kn_g, KO ~ Kn—l-

Putting a, = fx, (¢""/'?) in the recursion relation, we have

ez7r/3an . e—z7r/3a — (e—'wr/G . ez7r/6)a

n—2 n—1-

This simplifies to the given relation

V3 1 1 V3,
an = (—7 — §z)an,1 + (—5 - 72)%,2.

Note that all n crossings in K, are positive, and K; ~ unknot, Ky ~
H+, Ks ~ T+. Thus fl(A) =1, fQ(A) = —A"10 _ AiQ, and f3(A) =
—A7% 4 A2 4 A% Hence a; = 1, ay = —e /0 — ¢~im/6 — § and
as = —e M3 _ 1 473 = —\/gi.

Calculation with the recursion relation using the initial values a; = 1 and
ag =1 gives

a3 = —\/gi, as =1, ag = —1, ag = \/g, a; = —1=—aq, and ag = —1 = —as.

Continuing in this way we see that the value of a, is determined by the
residue class of n mod 12, as shown in the table below.

nmod 1212 374 5] 6] 7] 8] 9J10[11 12
an 16| =vV3i|i|l—-1]vV3|-1]—i|V3i|—i| 1]-V3




(o))

. (i) The signs of the crossings are shown below. Summing these, the writhe
is (i) 0, (ii) -5, (iii) 0, (iv) -8.

(ii) As noted on page 81, the linking number of the two component link

obtained by adding a ‘parallel strand’ to a knot diagram is equal to

the writhe of the diagram. So the answers are the same as in part (i)
of the question.

. (i) (Positive trefoil knot)

(K) = d’°B*+3A’B +3dAB? +dA?
= AT A - A

Since the writhe of the diagram (with either orientation) is 3, the Jones
polynomial is (—A™3)3 (AT — A3 — A5) = —A716 + A712 4 A4,
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(ii) (Hopf link)
AB AB B%

dA% + 2AB + dB?
—A*— A

(K)

The writhe of the diagram is 2Lk(K) = £2, since the two components
cross at both crossings. Thus the Jones polynomial of the positive Hopf
link is (—A73)?(—A*—A™*) = —A72— A7 and the Jones polynomial
of the negative Hopf link is (—A™3)72(—A% — A™%) = — A0 — A2,

(iii) (Figure eight knot)

DD (2) ()
& DG

4ABd
4AB d
1 ]

22 2
A B (d'+5

(In the diagram above, the number on the diagram is the number of
components of the corresponding state, and some diagrams have to be
counted with appropriate multiplicity, since states which differ from
those shown by obvious symmetries are omitted for clarity.)

(K) = d°A*+4dA’B+ (5+ d*)A’B? + 4dAB* + d°B*
= A% At41- A+ A%
Since the writhe of the diagram (with either orientation) is 0, the Jones

polynomial is also A8 —A"*+1— A%+ A8. Note that fx(4) = fx(A™1),
which follows from the achirality of the figure eight knot.



