MT30512 Polynomials Examples 8

1. Use the Remainder Theorem to prove that for any field F
(i) =™ — y™ is divisible by = — y in Flz,y| for n > 1,
(ii) 2% + 9% + 23 — 3xyz is divisible by z +y + z in F|xz,y, 2].
Express 223 + 322y — 3zy? — 2y® as a product of three linear factors.
2. Let A = (A1, Ao, A3) where A\; > Xy > A3 > 0. Show that the quotient
x)\1-|—2 x}\2+1 ./1:/\3 .'L'Q r 1
Sy = y)\1+2 y)\2+1 y)\s y2 ,y 1
PMF2 phetl A 22z 1
is a symmetric polynomial in z,y,z. (It is called the Schur function

associated to A.) Show that s,00) = e; and s¢1,1,1) = es, and evaluate
5(2,1,0)-

3. Using Lex order with z > y > z, show that the leading monomial of s, is
aMy*2 223 Deduce that the Schur functions s, form a vector space basis for
the ring of symmetric functions S.

4. In the ring of coinvariants Cy = Fz,y, 2,t]/I, write down the relations in
C, corresponding to the Grobner basis for I given in Theorem 15.1. Write
out the Artin basis and determine the number of elements in each degree.

Express z? and 23 in terms of the Artin basis. By multiplying your formula
for 23 by z, verify that z* =0 in Cj.

5. Let «, B and ~ be the complex roots of the cubic equation
234+ br+c=0,
so that o + 8+ v = 0. Show that the symmetric polynomial
A* = (a = B)(a =) (B —7)°
is given in terms of the elementary symmetric functions in «, § and v by
A? = —4el — 27e;.
Hence show that 2° + bz + ¢ = 0 has equal roots if and only if

(c/2)” = —(6/3)".



