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Quadratic Eigenvalue Problems

n X n quadratic matrix polynomial

Q\) = N’M +)\C + K.

Find scalars A and nonzero vectors z, y S.t.

QNz =0, ¥y Q=0 =zy7#0.

A nonsingular implies @ has 2n £nite eigenvalues: the roots
of det(Q (X)) = 0.

When A is singular, the degree of det(Q(\)) =r < 2n and @
has r £nite eigenvalues and 2n — r in£nite eigenvalues.
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Classes of QEPs

Matrix Eigenvalue Eigenvector

M nonsingular 2n £nite \’s

M singular £nite , co \'s

M, C, K real A's real or come in pairs | = right ei'vec of A,
(A, ) right ei'vec of \

M, C, K Hermitian

A's real or come in pairs
(A )

x right ei’'vec of A, x le
ei'vec of \

M>0,C,K >0 R(A) <0

M,C > 0, K > 0,]| MNsreal, gap between n | n lin. ind. ei'vecs col

y(M,C,K) >0 larg./small. \. to n largest \’s.

M, K Hermitian, M > 0, | A's purely imaginary or | x right ei'vec of \, x le
C=-C* come in pairs (\, —\) ei'vec of —\

M,K >0real, C =-C"

A's purely imaginary

y(M,C,K) = min

[[z[l2=1

(2" Cxz)® — 4(z*Mz) (2" Kz)]
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Outline

# Applications

# Hyperbolic and elliptic QEPs
s Testing for hyperbolicity
s Distance to non hyperbolic/elliptic QEP

# Numerical methods for symmetric QEPs
» Reduction to simple forms
» Eigensolvers for tridiagonal-diagonal symm. pairs
s Structure preserving algorithms
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Vibration Analysis of Structural Systems

Undamped structural eigenproblem in engineering

MMz + Kz =0.

In practice systems are subject to damping
MMz +M\Czx+ Kz =0.

Proportional or Rayleigh damping: C' = aM + BK.
Damped QEP transformed to n decoupled eaq.

Modern structures lead to non-classically damped
eigenproblems

NMx+M\Cr+ Kz =0.
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Some More Applications

Constrained least squares problem

min {wTAw — 2bTx} :
T r=o?

where A=A e R™" b e R".

The solution is z = (A — X\I)~!b, where ) is the smallest
eigenvalue of

(Azl — M + (A% - or%bT)) y = 0.

Signal Processing (Davila’s subspace approach).
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Hyperbolic and Overdamped Systems
Q\)x = (M*M + \C + K)z = 0.
The QEP is Hermitian if M, C, K are Hermitian.

DeLnition 1 The QEP is hyperbolic if it is Hermitian with M > 0
and (z*Cz)? > 4(x*Mz)(z*Kx) forall z # 0.

For any eigenpair (z,\), Nz*Mzx + \x*Cx + 2* Kz = 0,
with solutions

A= (—x*Cfc + \/(2*Cx)? — 4(x*M:c)(a:*Ka;)) /(2x* M) .

Degnition 2 The QEP is overdamped if it is hyperbolic with C' > 0
and K > 0.

For overdamped problems, \; < 0.
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Elliptic Systems

Degnition 3 The QEP is elliptic if it is Hermitian with M > 0
and
(z*Cz)? < 4(z*Mz)(s*Kz) forall z # 0.

Elliptic QEPs have nonreal eigenvalues, and, necessarily,
K is pos. detf.

Theorem 1 Ellipticity of an Hermitian QEP with M > 0 is
equivalent to either of the conditions

1. Q(u) > 0 forall 1 € R,
2. (x*Cx)? < 4(xz*M=z)(z* Kz) for all ei’'vectors = of the QEP,
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Testing for Hyperbolicity

Theorem 2 Hermitian QEP with M > 0 is hyperbolic iff Q (1) < 0
for some 1 € R.

Theorem 3 The Hermitian QEP with M > 0 is hyperbolic iff the
pair (A, B) is de£nite, where

[ ) e[ ]

Proof. (A, B) de£nite iff «A + 6B > 0 for some «, 3. Assume « # 0,

I —§I] [—aK—ﬁC—%QM 0 ” I 0]

A+ BB =
adtp [0 I 0 oM | | -L1 1

So aA + 3B is congruent to o diag(—(u?M + puC + K), M), where
u = B/a. The result follows from Theorem 2, since M > 0. [
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Distance to non-Hyperbolic/Elliptic QEP

20 Mx x*Cx

Let W(x, M,C,K) = [ Or 9 Ka |

<0 Vax # 0if QEP hyperbolic,

Note that det(WW
et ){> 0 v x + 0 if QEP elliptic.

d(M,C,K) =min{ f(AM, AC, AK) :
det(W (z, M + AM,C + AC, K + AK)) = 0 for some = # 0 }.

We have
d(M,C,K) = min_ g(z),

[z][2=1

where g(z) = |Aopt (W (z, M, C, K))| and A\, ei’'values smallest modulus.

For hyperbolic problems, ¢(x) is differentiable for all nonzero x.

.—p.11/3!



Mass-Spring System

X Xz o
Lt ki Pk kg BT
-] -] -] -]
dq di— d; dp—t
AN H g i A Fn
g0 g0 g
A A A
; - | ; ~| ; ~|
7 T Ti Tn

QEP is overdamped.

» Bisection alg applied to (A, B) diagnoses pair de£nite, hence QEP
hyperbolic, after 1 iteration.

» Computing d(M, C, K) via unconstrained minimization of
min, g(x/||x||2) shows d(M, C, K) = 2.0, with optimal perturbations

AA =0.125ee!’, AB = —0.25ee!’, AC = 0.125ee? .
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Wave Equation

g + ea(x)uy = Au, x € [0,7], €>0,
u(t,0) = u(t,m) = 0.

Approximating u(x,t) = >, _, qx(t) sin(kwz) and applying Galerkin
method leads to
M(t) + Cq(t) + Kq(t) = 0,

where q(t) = [@1(t), -, qu()]7, M = (7/2) I, K = (x/2)diag(j2), and

C'=(ckj), Ckj :/ e a(x) sin(kx) sin(jz) dz.
0
We took n = 9, a(x) = 2%(r — x)? — 6, § = 201, € = 0.1.

The QEP is elliptic.
We found d(M, C, K) = 0.06.
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Spectrum for Wave Equation

Ei'vals of original elliptic QEP marked “o” and those of
perturbed QEP “+”

10

o N OB~ OO
Yooo0000

0000000 "

0.98 0.985 0.99 0.995 1 1.005
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Second Order Systems

Undamped multi-degree of freedom second-order systems
Mi+Cq+ Kq=Pf, r=Plyq
leads to £rst order systems
Ap+Bp=Gf, s=G'p, p=lg,q']"

Three types of analysis

» Computation of transient response p(t),
p(t) = B~HGf(t) — Ap(1)).

» Computation of steady-state frequency response
r(w) =G (A - w?’B)"1Gf(w).

» Computation of natural frequencies w,, (determined from
er'vals.).

.—p.15/3!



Linearizing Symmetric QEPS

Q(\) =AM 4+ \C + K.
First companion form:
0 4% W 0
A-AB = [ ] _p [ ] .
-K -C 0 M
Second companion form:
—K 0 C M
o W W 0

IV can be any nonsingular n x n matrix.

Taking W = —K in the £rst companion form IV = M in the second

companion form yield two symmetric linearizations.

.—p.16/3!



Reduction to Simple Forms

A, B: n x n symmetric (inde£nite) matrices.

Aim: Find W nonsingular such that W AW and W1 BW are
In reduced form (tridiagonal, diagonal .. .).

Two reductions requiring a £nite number of steps:

» Simultaneous tridiagonalization of (A, B).
Useful for transient response and steady state
computation.

» Reduction to tridiagonal-diagonal form.
First step in most eigensystem computation.
Most compact form.
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Simultaneous Tridiagonalization

S.D. Garvey, F.T., M. Friswell, J. Penny and U. Prells [2002]

No hyp. made on nonsingularity or defniteness of A, B.
Basic idea: Assume there exists G; nonsingular such that

T T
K1 T1€4 T 1 01€q
A =Gl AG, = ~ |, Bi=G{BG;, = ~ |,
: ! ' [7'161 Ay ] : ! ' [0161 By ]

e; = [1,0,...,0]", ky, 71, p1, 01 € R,

Same idea applies to A;, B;. Then
Q=G1Gy- - Gy

simultaneously tridiagonalizes (A, B).
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Constructing GG

How to construct G € R**¢ such that

T

GTel—el,GTAG—[“ T@],GTBG—[“ Ufil]? (%)

TE1 A O€1 B

Let L = I + zy! such that
eiL=ei, VI L'KLe =%/w, V' (L'*ML)e; = i,
where V = [62, €3, ..., Gg] c Rﬁx(ﬁ—l), //%J/, /AJ: c R.

w € R*1: free parameter vector.

1

Then G =1L [0

O .
H] , H: Householder rerector, satis£es (x)
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Numerical Experiments

e ’-x-': tridiagonalization using G = L with L = T + zy?.

e '-0-': tridiagonalization using G = LH with H: Householder matrix

and (L) minimal.

5

15 random matrices

10

15

QT AQ-T]ls
Ra = Sar,Tan

k(G) = maxy k(Gy)
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Reduction to Tridiagonal-Diagonal Form

» First step in most eigensystem computations.

» Most compact form obtainable in a £nite number of
steps.

Consists of two stages:
m Reduction to symmetric-diagonal form,

MY(A—=AB)YM =C — \J.
m Reduction to tridiagonal-diagonal form,

QT (C—A)Q =T — \J.

J, J: signature matrices with =1 on the diagonal.
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Symmetric-Diagonal Reduction

e Block LDL” factorization of B
P'BP =LDIL".

P: permutation matrix, L unit lower triangular.
D: diagonal with 1 x 1 or 2 x 2 blocks.

e Eigendecomposition of D:
D = X|A"?J|AI"? X", J € diagl(£1).
X: orthogonal, A: diag. matrix of eigenvalues.

MY A-XBYM ™™ =C - \J,
M = PLX|A|'Y2.
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Tridiagonal-Diagonal Reduction

QTco =T, OTJjQ = J.

» Reduction by uni£ed rotations.
» Reduction by uni£ed Householder remectors.

» Reduction by mix of Householder reaectors &
hyperbolic rotations.
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Unifed Rotation

G — [ C 75] ER2X2, 62—|—”}/82:Z|21, ,)/:!]11/(]227

GG = j, Gxr = aej.

m J==+I: G is a Givens rotation.
m J # +1: G is a hyperbolic rotation.

For hyperbolic rotations,

o+ s
52(C) = e sl

Condition number can be arbitrarily large.
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Reduction by Unifed Rotation

X x 0 0 07 T —1 7
X X X X X —1
0 X X X X 1
C=10 x x x x|, J=1|1
0 X X X X 1
0 X X X X 1
0 *x X X X - —1 ]

» Choose plane of rotation so that «(G) is minimized.
e Reduce # hyp. rots used in the reduction.
e Reduce risk of 2 hyp. rots acting in same plane.

» Apply uni£ed rotations implicitly.
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Unifed Householder Rexectors

2vvL
vl Ju

H:P(J— ) vl Ju £ 0.

For any x s.t. ! Jz # 0, permutation P and v chosen s.t.

Hx = ae;q.

His (J, J)-orthogonal, J = PJP.

] vl vTo \?
O min(H) = omax(H) = T o] T (vTJv> -1

Condition number can be arbitrarily large.

. —p.26/3!



Reduction by Unifed Householder Rexectors

Similar to Householder tridiagonalization of symmetric
matrix.

» Choose P s.t. ko(H) is minimized.
» Product Hy performed implicitly:

20!y
Hy = P(Jy B vTJUU)'

e Twice less expensive than reduction via uni£ed
rotations.

e Not clear which one has better numerical properties.
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Mix Householder Rexector/Hyperbolic Rotations

Assume J = diag(I,, —1,) and let z = (2], 2})"".

e H,, H,: householder remectors s.i.

Hyx, = apeq, Hyzy = aqeq.

e (G: hyperbolic rotation s.t. G [Zp] = qej.
q

Then

H, 0O
S—G[ ()p Hq]’ St = ae;.

Can show that
ko (S) < Kko(H).
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Numerical Experiments

e trd_ur: tridiagonalization by uni£ed rotations.

e trd_BG: Brebner & Grad’s pseudosymmetric Givens
reduction.

C = randn(n); C = C+C’; J = sign(randn(n));

107° :

trd BG

10

Residual

o lQTcQ -7,

e M TR

16 | | | | |

_.
o
|

—
<DI
I

Residuals
o
l

—
<DI
I

10
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Direct/Implicit Application of Rotations

How hyperbolic rotation are applied to a matrix can be
crucial to the stability of the reduction.

5 x 5 pair (C,J) generated by mdsmax.

k2(Q) = 3.02, kmax(G) = 2 x 103

~

o -T Ai — i
n_ 1€ CC ||27 5:maxl i — il
IC2][Q2 i=lin A
7zolirect | Rimplicit ‘ gdirect ‘ gimplicz’t | COHd()\)

5x 10712 | 4x 10715 | 4x 10710 [ 2x 10713 | 4 x 107
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Comparison Between Three Reductions

e trd_ur: tridiag. by uni£ed rotations
e trd_uh: tridiag. by uni£ed Householder rerectors.

e trd_hr: tridiag. by mixed Householder/hyp. rot.
300 matrices from randn, randsvd, randjorth.

» 85% of the time, all residuals are equivalent.
» trd_uh appears the least stable.

» Residual means: R,, =~ Ry, = O(107%), R, = O(10714).

Can generate matrices s.t. R, > R, but harder for the con-

verse.
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Eigensolvers for Tridiagonal-Diagonal Pencils

Assume symm. indef. (A, B) reduced to tridiag.-diag. form (7', J).

» HZ algorithm [F. T, M. Berhanu]
Related to HR alg. (Brebner & Grad, Bunse-Gerstner)
HZ iteration driven by polynomial p:

AN

T=H'THT J=H'JHT

where p(T'J) = HR (HR factorization).
» Aberth’s iteration [D. Bini, L. Gemignani, F. T.]

(k)
V(R _ 3 (R) C(A;)
J J

k m k E)x 1’
1= O T (0 = )

7 =1:m,

where ¢(A) = p(\)/p/(A) = trace((T.J — AI)~1).
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Structure Preserving Transformation

Consider Q(\) = \*M + AC + K and the symmetric
linearization

-3 ) ol 2]

For QEP with nondefective A\, 3 WV real nonsingular s.t.

Dy 0
0 —Duyl’

0 Dg

WEAW = [
Dx  De

] . WI'BW = [
with Dy, Do and D), real diagonal. [ Garvey et al., 2001].

(A, B) = WT(A, B)W is symm. linearization of
N Dy + AD¢ + Dy with diagonal coeff. matrices.

. —p.33/3!



Structure Preserving Algorithms

Work in progress.

» Jacobi-like algorithm. [S. Mackey & N. Mackey, F.T.]
Make use of Clifford algebra.

» Reduction of blocks to tridiagonal form. [S. Garvey, N.J.
Higham, F.T.]

T _ 0 Tk T . Tx 0
WAW—[TK TD]’ WBW—[O —TM]’

where Ty, Tp and T}, are tridiagonal.
Eigenvalues of \>Ty; + AT + Tk via Aberth’s iterations.
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Summary

» Symmetric QEPs occur in several applications.
» Many interesting mathematical properties.

» Need for symmetry preserving numerical methods and
software.

» New reductions to tridiagonal and tridiagonal-diagonal
forms.

» New and improved eigensolvers for symmetric inde£nite
pairs (T, J).

» Towards structure preserving algorithms.

Papers and reports:

http://www.ma.man.ac.uk/ " ftisseur/
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