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PEP and Linearization Background
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Polynomial Eigenproblem (PEP)
P(\) = Em: NA;, A eC™  A,#0.

P assumed regular (det P(\) # 0).

Find scalars A and nonzero vectors x and y satisfying
P(AM)x =0and y*P(\) = 0.

Special case quadratic eigenvalue problem (QEP):

(AM + A\D + K)x = 0.
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Applications

» classical structural mechanics
molecular dynamics

gyroscopic systems

optical waveguide design

MIMO systems in control theory
constrained least squares problems.

vVvyyVvyyvyy
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Applications
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| 2

classical structural mechanics
molecular dynamics

gyroscopic systems

optical waveguide design

MIMO systems in control theory
constrained least squares problems.

More specifically:

| 2

| 2

MIMS

Extreme designs lead to problems with poor
conditioning; physics of system leads to structure.

Excitation of rail tracks by high speed trains (SIAM
News, Nov. 2004).
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Beam Problem

AN JAN o02u ou _0%u

Finite element method leads to

Q(\) = M+ \D + K
with symmetric M, D, K € R"™". Take n = 200.

» M>0,K>0,andD>0 =
all ei’'vals have Re(\) < 0.

» Disrank 1. Can show n pure imaginary ei’vals.
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Polyeig (Companion Pencil)
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Polyeig on Scaled Quadratic
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Linearizations
L) =AX+Y, X, Yegmm
is a linearization of P(\) = > N A if
P(X) 0 }
E(NLNF(A) =
oLwrm = 7, °

for some unimodular E(\) and F(\).

Example
Companion form linearization

e o[ 5]+ S [m 34 5]
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Solution Process for PEP

» Linearize P()\) into L(\) = X+ Y.
» Solve generalized eigenproblem L()\)z = 0.
» Recover eigenvectors of P from those of L.

Usual choice of L: companion linearization, for which

AM=Tx

Left e’'vec: more complicated formula.
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Desiderata for a Linearization

Good conditioning.
Backward stability.
Suitable eigenvector recovery formulae.
Preservation of structure, e.g. symmetry.

Numerical preservation of key qualitative properties,
including location and symmetries of spectrum.
Preserve partial multiplicities of e’vals (strong
linearization).

vVvyVvyyvyy

v
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Vector Spaces L1, L
A=[mt a2 1]
Mackey, Mackey, Mehl & Mehrmann (2005) define

P—{L)\- N(A® L) =vePQ), veC™},

2(P)={L(\): (AT @ LX) =V ® P(\), VeC™},
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Vector Spaces L1, L
A=[mt a2 1]
Mackey, Mackey, Mehl & Mehrmann (2005) define
—{L LA A® L) =v®P(A), veC™},
={L(N) AT®I)L(>\):VT®P()\),V€C’"},
m Almost all pencils in Ly and L, are linearizations.

m If L € L1(P) with vector v then

@ every right e'vec of L with finite e’val X is of the
form A ® x for some right e'vec x of P.

o if wis a left e'vec of L with e’val A then
y =(v*® I,)w is a left e'vec of P with e’'val \.

E’vecs of P can be recovered from e’vecs of L in L.
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DL(P) Linearizations
Mackey, Mackey, Mehl & Mehrmann (2005) define

DL(P) = L{(P) N La(P).

They show that
m L € DL(P) iff v = v in def. of ;(P) and Ly(P).
m DL(P) is a vector space of dimension m.

m L € DL(P) is a linearization of P iff e’'val of P is not a
root of p(A; v) = ATv =37, v\,
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Standard Basis Pencils for DIL(P)
Higham, Mackey & T (2005) show that

L 0

L ==X X=g 0 |

is the jth standard basis pencil in DL(P) with v = ¢g;
(j=1:1¢),where

) ﬂm Aj_1...A1 Ao
L=1 L s AT

» Pencils in DIL(P) are block symmetric.
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Outline

Conditioning of Linearizations
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Homogeneous Form
P(a,B)=> d'B"™A (A=a/B).
i=0

E'vals are pairs («, 5) # (0,0) s.t. det P(«, 3) = 0.

Dedieu & T. (2003) define condition number of («, 5) as
norm of a condition operator K(«, 3) that is the differential
of map from the (m + 1)-tuple (Ao, ..., An) to (o, ) in
projective space:

- K (a, B)AA]|2
rp(a, B) = jaai<t e Blllz

where AA = (AAo, ..., AAp).
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Condition Number for Homogeneous Form
Can show that, with suitable normalizations,

0((ev, 8), (@ B))| < rp(er, B)IIAA] + o([| AAI).

Take sine of both sides to get bound for chordal distance
between («, 5) and (a, ) (Stewart & Sun, 1990).

Frangoise Tisseur Polynomial eigenproblem

16/ 40



Condition Number for Homogeneous Form
Can show that, with suitable normalizations,

6((cv, 8), (@ B))| < mp(er, B)IIAA] + o || AA]).

Take sine of both sides to get bound for chordal distance
between («, 5) and (a, ) (Stewart & Sun, 1990).

Theorem
With || Al == [[[Ao/ [ Aoll2, - - -, Am/ || Amll2]ll -

i i 1/2
p(r, ) = (X 1 [BI2™=D] | Ajl|2) 2 xll2lylle
p\Q; ) = = - ’
Y*(BDoP — aD3P)|(ap)X|
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Key Questions

% For given A which L € DL(P) has the smallest
condition number for A (minimization over v).

* How does this minimal condition number compare with
condition number of P for A?

* How well conditioned is L for v = e; and v = e,,?
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Minimizing the Condition Number «,
Let L(\) € DL(P) defined by vector v € C™.
> infv /iL(Oé,ﬁ, V) achieved by V., = Zaﬁ/l‘/la,ﬁuz .
» Higham, Mackey & T (2005) show
s (a, B;e1) < pm®/? inf e, (v, 3, v) if A nonsing, | > |].

ki (o, B; em) < pmP/? inf re, (v, 3, v) if Am nonsing, |of <[5,

max; HA,HQ

where = — :
P = min([[ Aoz, [[Am]l2)

For p = O(1), one of v = e; and v = e,, gives near
optimal «, for A.
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Companion Linearizations
Ci(\) = AX + Y; with X = diag(Am, hn, ..., o),

An—1 Am—2 ... AO An_1 —Ih ... 0
—In 0 ... 0 A o

Y1 = : . . : ) Y2 — rri—z .
0 . = 0 /;0 (:) : —Oln

m Ci e Ly(P) (v=es)and C, € Ly(P) (v = ey).
m C; and G, always (strong) linearizations.
m Cy(P) = C{(PT)" = concentrate on C; only.
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Companion Linearizations
Ci(\) = AX + Y; with X = diag(Am, hn, ..., o),

An—1 Am—2 ... AO An—1 —Ih ... 0
—In 0 ... 0 A o

Y, = : . . - Y, = rr{—z .
0 . =l 0 /;0 (:) 2 —Oln

m Ci€Li(P)(v=e)and C, € Ly(P) (v = &).
m C; and G, always (strong) linearizations.
m Cx(P) = Ci(PT)" = concentrate on C; only.

Higham, Mackey & T (2005) show

o Al =1,i=0:m= kg ~rp and rg = K (A Va) .

o If ||wll2/||¥]l2 > 1 orif ||Ail]2>1,i=0: m, then
kg, > k(A Vi) is possible.

Frangoise Tisseur Polynomial eigenproblem

19/40



Outline

B’err of Linearizations
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Key Question

* How good an approx eigenpair of P will be produced
from an approx eigenpair of L?
Here “good" refers to

m relative error,
m backward error.

A small perturbation to

1A O A A
C1()\)_{O /1—1-{/ O]
may not correspond to a small perturbation to
Q()\) = /\2A2 + )\A1 + Ao.
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Backward Error
Pla,f) =D /™A (A= a/P)

(x, a, 3) approx eigenpair of P:

m
np(X, a, ) = min{ €: Z o/ B A + AA)X = 0,
=0
|AAz < e|Alla, i=0:m}.
Extending T (2000):

P, B)xle
S la 151 TAf2) Il

UP(X,Oz,ﬂ) = (
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Want to compare

|P(a B)Xl
o 18I TAT) X1z

UP(Xaavﬁ) = (

with

LoDzl
alIXz + BTV R)T2Tz

nL(zvaaﬁ) = (

(z,a, 5): approx e’pair of linearization L(A\) = AX + Y of
P(N).
(x, a, 3): approx e’pair of P with x recovered from z.

Frangoise Tisseur Polynomial eigenproblem
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One Sided Factorization
Suppose there exists n x nm G(a, 3) s.t.

G(o, B)L(a,3) = g™ ® P(e, ), g€ C™

With z; .= z((i — 1)n+1: in),

=[91P(a, ) ... gmP(a, B)]

G(O&,ﬂ)L(O&,ﬁ)Z = (gT ® P(aaﬁ))z [z1 ]

Zm

= P(e,8)) _ gizi =: P(a, B)x.
i=1

= [IP(a; B)xl2 < [|G(e, B) |2l (e, 5)Z]le-

Polynomial eigenproblem



Bounding np/n,

Suppose G(a, B)L(e, ) = g" ® P(a, ), g € C™.
Let z be approx e’vec of L with e’val («, 5) and take
X =Y giz; as approx e’vec of P.

np(X, e, 8) _ afliXlla+ 18 Ylla [IP(ev, B)xll2  [12]l2

n(zaB)  TlolalBm™ Al 1L, B)zll lixe
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Bounding np/n,

Suppose G(a, B)L(e, ) = g" ® P(a, ), g € C™.
Let z be approx e’vec of L with e’val («, 5) and take
X =Y giz; as approx e’vec of P.

np(x, 0, 8) _ 1o Xl +1811Ylz |
nz.0.8) = TlalAm A | O

m Separates the dependence on L, P and («a, 8) from
dependence on G and z.

m 1), is finite if 7, is.
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Bounding np/n,

Suppose G(a, B)L(e, ) = g" ® P(a, ), g € C™.
Let z be approx e’vec of L with e’val («, 5) and take
X =Y giz; as approx e’vec of P.

np(X,a, ) _ o[l X2 + 6] Y]l2

Sl NG(e, B)|2 -
nza.8) = Yolalam AL O

m Separates the dependence on L, P and («a, 8) from
dependence on G and z.

m 1), is finite if 7, is.
m Sim. for left e'vecs: assume

L(e, B)H(e, ) = h& Pa, 8),  heC™
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Companion Linearizations
C>(P) = C{(P")" = concentrate on C; only.

An O ... 0 Aot A s A
i ~h 0 ... 0
Ci(e,B)=ca | " " " | +B| . .. o |,
R : ' -

0 ... 0 Iy o ... —-h 0

Are the factorizations

G(a, 8)Cqi(a, B) = g’ ® P(a, B),
Ci(e, B)H(a, 3) = h® P(a, B)

possible for C,?
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First Companion

» Form=2,
al  —pA _ | P(a, ) 0
{5/ A, +004AJ Gillen ) = [ 0 Pa,p)
yields two choices:
G(o,8) =[al —pA], g=6€ = X=2,

G(o,8)=[pl PAT+aA], g=6 = x=2.

Generalizes to arbitrary degrees m.

> C1 € L (V = e1) = C1 (Oé,ﬁ)(/la,ﬁ X In) =61 P(a,ﬁ)

Cantake H(a, ) = Ayg@ lhband h= ey = y = wy.
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First Companion: Right Eigenvector
Theorem

Let z be approx right e’vec of C; with approx e'val («, [3).

Forzy=z((k—1)n+1: kn), k=1: m,

2
ez f) 52 Max (1, max; || Aill2)" ||z]|2

m'/2 = ne(2,a,0) min(||Aollz, [|Amll2) [1Zll2
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First Companion: Right Eigenvector

Theorem

Let z be approx right e’vec of C;y with approx e'val («, [3).
Forzy=z((k—1)n+1: kn), k=1: m,

2
1 _ ez ,5)< 5,2 Max (1, max; | Aill2)" | z]lz
m'/2 = ne (2, o, B) min([|Aoll2, |Amll2) [IZll2

nP ~ 7701 If
» min(||Aoll2, |Amll2) = max; ||Aill2 ~ 1.
> [1zll2/llzll2 = 1.

12112 {1 if || > |3,
Exactz=A,5® X = <vm, k= =
? B mif |o| < |8].
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First Companion: Left Eigenvector

Theorem

Let w be approx left e’'vec of Cy with approx e'val («, [3).
Then for wy = w(1: n),

1w, a.8) 5 pmax(1,max; | Al2) |wle

m>/ .
m'/2 = g (W, o, 5) ~ min([|Anllz; [[Aoll2) [will2

np(wW1*, o, B) = e, (W*, v, 3) if
> min([Aollz, [|Amll2) ~ max; [|Aifl2 ~ 1

> [wllz/[[will2 = 1.
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First Companion: Left Eigenvector

Theorem

Let w be approx left e’'vec of Cy with approx e'val («, [3).
Then for wy = w(1: n),

1w, a.8) 5 pmax(1,max; | Al2) |wle

m>/ .
m'/2 = g (W, o, 5) ~ min([|Anllz; [[Aoll2) [will2

np(wW1*, o, B) = e, (W*, v, 3) if
> min([Aollz, [|Amll2) ~ max; [|Aifl2 ~ 1

> [wllz/[[will2 = 1.

[wll2 m°

If |Aj|l2 = 1 Vi then for exact left e’'vec w

Frangoise Tisseur Polynomial eigenproblem
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Left Eigenvector Recovery for C;
Lemma
y € C" s a left e’'vec of P with e’val \ iff

I
[)‘Am + Am71]*

]y, A #£ 0o
N1 Am + -+ Mo + Al
(61 ® Iy ifA = oo

is a left e’'vec of C; corr. to \. Every left e’'vec of C; with
e’val \ has this form for some left e'vec y of P.
Alternative representation for \ finite:

W*:y*[ln Bm_2 B1 B()]7

where (P(t) — P(\))/(t — \) = 3.7 Bit' and B; = B(\).

Frangoise Tisseur Polynomial eigenproblem

30/40



UnScaled Companion Form

Ci(\) = AX + Y; with X = diag(Am b, ..., In),
Yi= : . . :
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Scaled Companion Form
D,Ci(\) = AX + Y; with X = diag(Am, jthn, . . ., 1),

y, —;:z,l,, O : 0

Let D, = diag(1, 1t,..., 1) ® I, where 1 = max; || Aj|2.
Then D,Ci()\) € L{(P) with v = ey.

max; HA,H2

» Bound for p. c, involves p = —
TP/ 110, P = win(lAollz, [ Anl2)

max(1, max; ||A]2)?

rather than — -
min(||Aol|2, || Am||2)
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Other Linearizations
Obtained bounds for np(x, a, 8)/n.(z2, o, ) for:

» L € DL(P) — Identified optimal v,
» Symmetric and Hermitian linearizations,

» Palindromic and alternating structures.
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Quadratic Case: Q(\) = N2A+ B+ C
a=||Allz,

Sufficient conditions for 7, ~n, and kg ~ £ .

b= Bz c¢=ICl2

Linea- E'val Right Left Condition Condition

rization g'vec e'vec ng =Ny KQ R K|
Comp. |[A|>1 Z o e

5 A < 1 . wy b<axc~1 b~a~c~1
|)\| > 1 Zq - -

DMC1 |)\|§1 Z Wi p~1 p~1
v=e |AN<1 2z w pmax(1,(a+b)|C '[]2) =1

DL(Q) |[A\[>1 =z wi pmax(1,(b+c)[|AT]2) ~ 1 —

V =62 |>\|S1 Z2 Wo p%“ p%‘]

p = max(a, b, c)/ min(a,c).

Frangoise Tisseur
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Scaling Q(\)
Write @ = ||All2, b = ||B|2, ¢ = ||C||2.
Fan, Lin & Van Dooren (2004): let A = 1,

Q(N) = XA+ AB+ C — Q(u) = 12(572A) + p(0vB) + 6C,

where

v=+/c/a, d=2/(c+ b).
For Q(11) = 2A+ ;B + C we have

max(|[Alz, [[Blz. | Cllz) < 2.
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Growth Factor Bound

na(zﬁavﬁ) < 27/2,, ||Z||2

Ke, R WKy, s ) - 1727
¢ QT e (z,a,8) 1Zill2
where, with |a|? + |32 =1,
1< <min{1+ }<1+7’ T 2
w T, : = —.
- aBl f = vac
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Growth Factor Bound

Ko, X WKX 7776(2[70[76) < 27/2w—||z||2 i=1,2
1 g 7761(2’ Oz,ﬁ) - ||Zi||27 o

where, with |a|? + [8]? = 1,

b
<1 = —.
|5|}_ =T e @ \/%

» F, L & VD identify max(1 + 7,1 + 7—') as growth factor.
» Our bounds for w sharper:

m 7 < 1is harmless.
-ifr>>1 min{-} = O(1) if |«||8] = O(1) .

> w=0(1)f Bl S v/TATZIIClz. Hence ng, ~ , for

systems not heavily damped.

1§w§min{1+7

Frangoise Tisseur Polynomial eigenproblem 36 /40



Polyeig (Companion Pencil)
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Polyeig on Scaled Quadratic
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Details

Before scaling After scaling

IAll2 10-2 1
I1Bl2 1 103
[Cll2 10° 1

p=10" p=1w=1
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Concluding Remarks

* Analysis of cond. & b’err for wide variety of lineariz’'ns.
* E’vector recovery formulae crucial.

% Scaling crucial.

* Favour L = (scaled) companion form for general PEPs.
* L e L4(P), Ly(P) or DL(P) for structured problems.

% Results useful to develop a general PEP algorithm &
code.
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