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Polynomial Eigenproblem (PEP)

P(λ) =
m∑

i=0

λiAi , Ai ∈ C
n×n, Am 6= 0.

P assumed regular (det P(λ) 6≡ 0).

Find scalars λ and nonzero vectors x and y satisfying

P(λ)x = 0 and y∗P(λ) = 0.

Special case quadratic eigenvalue problem (QEP):

(λ2M + λD + K )x = 0.
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Applications

◮ classical structural mechanics

◮ molecular dynamics

◮ gyroscopic systems

◮ optical waveguide design

◮ MIMO systems in control theory

◮ constrained least squares problems.
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Applications

◮ classical structural mechanics

◮ molecular dynamics

◮ gyroscopic systems

◮ optical waveguide design

◮ MIMO systems in control theory

◮ constrained least squares problems.

More specifically:

◮ Extreme designs lead to problems with poor

conditioning; physics of system leads to structure.

◮ Excitation of rail tracks by high speed trains (SIAM

News, Nov. 2004).
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Beam Problem

////////////

��AA
///////

AA��
///////

ρA
∂2u

∂t2
+c(x)

∂u

∂t
+EI

∂4u

∂x4
= 0.

Finite element method leads to

Q(λ) = λ2M + λD + K

with symmetric M , D, K ∈ R
n×n. Take n = 200.

◮ M > 0, K > 0, and D ≥ 0 ⇒
all ei’vals have Re(λ) ≤ 0.

◮ D is rank 1. Can show n pure imaginary ei’vals.
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Polyeig (Companion Pencil)
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Polyeig on Scaled Quadratic
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Linearizations

L(λ) = λX + Y , X , Y ∈ C
mn×mn

is a linearization of P(λ) =
∑m

i=0 λiAi if

E(λ)L(λ)F (λ) =

[
P(λ) 0

0 I(m−1)n

]

for some unimodular E(λ) and F (λ).

Example

Companion form linearization

E(λ)

(
λ

[
A2 0

0 I

]
+

[
A1 A0

−I 0

])
F (λ) =

[
λ2A2 + λA1 + A0 0

0 I

]
.
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Solution Process for PEP

◮ Linearize P(λ) into L(λ) = λX + Y .

◮ Solve generalized eigenproblem L(λ)z = 0.

◮ Recover eigenvectors of P from those of L.

Usual choice of L: companion linearization, for which

z =




λm−1x
...

λx

x


 .

Left e’vec: more complicated formula.
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Desiderata for a Linearization

◮ Good conditioning.

◮ Backward stability.

◮ Suitable eigenvector recovery formulae.

◮ Preservation of structure, e.g. symmetry.

◮ Numerical preservation of key qualitative properties,

including location and symmetries of spectrum.

◮ Preserve partial multiplicities of e’vals (strong

linearization).
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Vector Spaces L1, L2

Λ := [λm−1, λm−2, . . . , 1]T .

Mackey, Mackey, Mehl & Mehrmann (2005) define

L1(P) =
{

L(λ) : L(λ)(Λ ⊗ In) = v ⊗ P(λ), v ∈ C
m

}
,

L2(P) =
{

L(λ) : (ΛT ⊗ In)L(λ) = ṽT ⊗ P(λ), ṽ ∈ C
m

}
,
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Vector Spaces L1, L2

Λ := [λm−1, λm−2, . . . , 1]T .

Mackey, Mackey, Mehl & Mehrmann (2005) define

L1(P) =
{

L(λ) : L(λ)(Λ ⊗ In) = v ⊗ P(λ), v ∈ C
m

}
,

L2(P) =
{

L(λ) : (ΛT ⊗ In)L(λ) = ṽT ⊗ P(λ), ṽ ∈ C
m

}
,

Almost all pencils in L1 and L2 are linearizations.

If L ∈ L1(P) with vector v then

every right e’vec of L with finite e’val λ is of the

form Λ ⊗ x for some right e’vec x of P.

if w is a left e’vec of L with e’val λ then

y = (v∗ ⊗ In)w is a left e’vec of P with e’val λ.

E’vecs of P can be recovered from e’vecs of L in L1.
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DL(P) Linearizations

Mackey, Mackey, Mehl & Mehrmann (2005) define

DL(P) = L1(P) ∩ L2(P).

They show that

L ∈ DL(P) iff v = ṽ in def. of L1(P) and L2(P).

DL(P) is a vector space of dimension m.

L ∈ DL(P) is a linearization of P iff e’val of P is not a

root of p(λ; v) = ΛT v =
∑m

i=1 v iλ
i .
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Standard Basis Pencils for DL(P)
Higham, Mackey & T (2005) show that

Lj(λ) = λXj − Xj−1, Xj =

[
Lj 0

0 −Um−j

]
.

is the jth standard basis pencil in DL(P) with v = ej

(j = 1 : ℓ), where

Lj =




Am

. .
.

Am−1

. .
.

. .
. ...

Am Am−1 . . . Am−j+1


 , Uj =




Aj−1 . . .A1 A0
... . .

.
. .

.

A1 . .
.

A0


 .

◮ Pencils in DL(P) are block symmetric.
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Homogeneous Form

P(α, β) =
m∑

i=0

αiβm−iAi (λ ≡ α/β).

E’vals are pairs (α, β) 6= (0, 0) s.t. det P(α, β) = 0.

Dedieu & T. (2003) define condition number of (α, β) as

norm of a condition operator K (α, β) that is the differential

of map from the (m + 1)-tuple (A0, . . . , Am) to (α, β) in

projective space:

κP(α, β) = max
‖∆A‖≤1

‖K (α, β)∆A‖2

‖[α, β]‖2

,

where ∆A ≡ (∆A0, . . . , ∆Am).
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Condition Number for Homogeneous Form

Can show that, with suitable normalizations,

∣∣θ
(
(α, β), (α̃, β̃)

)∣∣ ≤ κP(α, β)‖∆A‖ + o(‖∆A‖).

Take sine of both sides to get bound for chordal distance

between (α, β) and (α̃, β̃) (Stewart & Sun, 1990).
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Condition Number for Homogeneous Form

Can show that, with suitable normalizations,

∣∣θ
(
(α, β), (α̃, β̃)

)∣∣ ≤ κP(α, β)‖∆A‖ + o(‖∆A‖).

Take sine of both sides to get bound for chordal distance

between (α, β) and (α̃, β̃) (Stewart & Sun, 1990).

Theorem

With ‖A‖ := ‖[A0/‖A0‖2, . . . , Am/‖Am‖2]‖F .

κP(α, β) =

(∑m
i=0 |α|2i |β|2(m−i)‖Ai‖2

2

)1/2 ‖x‖2‖y‖2∣∣y∗(β̄DαP − ᾱDβP)|(α,β)x
∣∣ ,

where Dα ≡ ∂
∂α

, Dβ ≡ ∂
∂β

.
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Key Questions

⋆ For given λ which L ∈ DL(P) has the smallest

condition number for λ (minimization over v ).

⋆ How does this minimal condition number compare with

condition number of P for λ?

⋆ How well conditioned is L for v = e1 and v = em?
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Minimizing the Condition Number κL

Let L(λ) ∈ DL(P) defined by vector v ∈ C
m.

◮ infv κL(α, β, v) achieved by v∗ = Λα,β/‖Λα,β‖2 .

◮ Higham, Mackey & T (2005) show

κL(α, β; e1) ≤ ρm3/2 inf
v

κL(α, β, v) if A0 nonsing, |α| ≥ |β|,

κL(α, β; em) ≤ ρm3/2 inf
v

κL(α, β, v) if Am nonsing, |α| ≤ |β|,

where ρ =
maxi ‖Ai‖2

min(‖A0‖2, ‖Am‖2)
.

For ρ = O(1), one of v = e1 and v = em gives near

optimal κL for λ.
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Companion Linearizations

Ci(λ) = λX + Yi with X = diag(Am, In, . . . , In),

Y1 =




Am−1 Am−2 . . . A0

−In 0 . . . 0
.
.
.

. . .
. . .

.

.

.
0 . . . −In 0


 , Y2 =




Am−1 −In . . . 0

Am−2 0
. . .

.

.

.

.

.

.
.
.
.

. . . −In
A0 0 . . . 0


 .

C1 ∈ L1(P) (v = e1) and C2 ∈ L2(P) (ṽ = e1).

C1 and C2 always (strong) linearizations.

C2(P) = C1(P
T )T ⇒ concentrate on C1 only.
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Companion Linearizations

Ci(λ) = λX + Yi with X = diag(Am, In, . . . , In),

Y1 =




Am−1 Am−2 . . . A0

−In 0 . . . 0
.
.
.

. . .
. . .

.

.

.
0 . . . −In 0


 , Y2 =




Am−1 −In . . . 0

Am−2 0
. . .

.

.

.

.

.

.
.
.
.

. . . −In
A0 0 . . . 0


 .

C1 ∈ L1(P) (v = e1) and C2 ∈ L2(P) (ṽ = e1).

C1 and C2 always (strong) linearizations.

C2(P) = C1(P
T )T ⇒ concentrate on C1 only.

Higham, Mackey & T (2005) show

• ‖Ai‖ ≈ 1, i = 0 : m ⇒ κC1
≈ κP and κC1

≈ κL(λ; v∗) .

• If ‖w‖2/‖y‖2 ≫ 1 or if ‖Ai‖2 ≫ 1, i = 0 : m, then

κC1
≫ κL(λ; v∗) is possible.
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Key Question

⋆ How good an approx eigenpair of P will be produced

from an approx eigenpair of L?

Here “good" refers to

relative error,

backward error.

A small perturbation to

C1(λ) =

[
A2 0

0 I

]
+

[
A1 A0

I 0

]

may not correspond to a small perturbation to

Q(λ) = λ2A2 + λA1 + A0.
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Backward Error

P(α, β) =
m∑

i=0

αiβm−iAi (λ ≡ α/β).

(x , α, β) approx eigenpair of P:

ηP(x , α, β) = min
{

ǫ :
m∑

i=0

αiβm−i(Ai + ∆Ai)x = 0,

‖∆Ai‖2 ≤ ǫ‖Ai‖2, i = 0 : m
}

.

Extending T (2000):

ηP(x , α, β) =
‖P(α, β)x‖2(∑m

i=0 |α|i |β|m−i‖Ai‖2

)
‖x‖2

.
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Want to compare

ηP(x , α, β) =
‖P(α, β)x‖2(∑m

i=0 |α|i |β|m−i‖Ai‖2

)
‖x‖2

,

with

ηL(z, α, β) =
‖L(α, β)z‖2

(|α|‖X‖2 + |β|‖Y‖2)‖z‖2

.

(z, α, β): approx e’pair of linearization L(λ) = λX + Y of

P(λ).
(x , α, β): approx e’pair of P with x recovered from z.
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One Sided Factorization

Suppose there exists n × nm G(α, β) s.t.

G(α, β)L(α, β) = gT ⊗ P(α, β), g ∈ C
m.

With zi := z((i − 1)n + 1 : in),

G(α, β)L(α, β)z = (gT ⊗ P(α, β))z

= [g1P(α, β) . . . gmP(α, β)]




z1
...

zm




= P(α, β)
m∑

i=1

gizi =: P(α, β)x .

⇒ ‖P(α, β)x‖2 ≤ ‖G(α, β)‖2‖L(α, β)z‖2.
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Bounding ηP/ηL

Suppose G(α, β)L(α, β) = gT ⊗ P(α, β), g ∈ C
m.

Let z be approx e’vec of L with e’val (α, β) and take

x =
∑

gizi as approx e’vec of P.

ηP(x , α, β)

ηL(z, α, β)
=

|α|‖X‖2 + |β|‖Y‖2∑m
i=0 |α|i |β|m−i‖Ai‖2

· ‖P(α, β)x‖2

‖L(α, β)z‖2

· ‖z‖2

‖x‖2

.
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Bounding ηP/ηL

Suppose G(α, β)L(α, β) = gT ⊗ P(α, β), g ∈ C
m.

Let z be approx e’vec of L with e’val (α, β) and take

x =
∑

gizi as approx e’vec of P.

ηP(x , α, β)

ηL(z, α, β)
≤ |α|‖X‖2 + |β|‖Y‖2∑m

i=0 |α|i |β|m−i‖Ai‖2

· ‖G(α, β)‖2 ·
‖z‖2

‖x‖2

.

Separates the dependence on L, P and (α, β) from

dependence on G and z.

ηP is finite if ηL is.
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Bounding ηP/ηL

Suppose G(α, β)L(α, β) = gT ⊗ P(α, β), g ∈ C
m.

Let z be approx e’vec of L with e’val (α, β) and take

x =
∑

gizi as approx e’vec of P.

ηP(x , α, β)

ηL(z, α, β)
≤ |α|‖X‖2 + |β|‖Y‖2∑m

i=0 |α|i |β|m−i‖Ai‖2

· ‖G(α, β)‖2 ·
‖z‖2

‖x‖2

.

Separates the dependence on L, P and (α, β) from

dependence on G and z.

ηP is finite if ηL is.

Sim. for left e’vecs: assume

L(α, β)H(α, β) = h ⊗ P(α, β), h ∈ C
m.
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Companion Linearizations

C2(P) = C1(P
T )T ⇒ concentrate on C1 only.

C1(α, β) = α




Am 0 . . . 0

0 In
. . .

.

.

.
.
.
.

. . .
. . . 0

0 . . . 0 In


 + β




Am−1 Am−2 . . . A0

−In 0 . . . 0
.
.
.

. . .
. . .

.

.

.
0 . . . −In 0


 ,

Are the factorizations

G(α, β)C1(α, β) = gT ⊗ P(α, β),

C1(α, β)H(α, β) = h ⊗ P(α, β)

possible for C1?
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First Companion

◮ For m = 2,

[
αI −βA0

βI βA1 + αA2

]
C1(α, β) =

[
P(α, β) 0

0 P(α, β)

]

yields two choices:

G(α, β) = [ αI −βA0 ] , g = e1 ⇒ x = z1,
G(α, β) = [ βI βA1 + αA2 ] , g = e2 ⇒ x = z2.

Generalizes to arbitrary degrees m.

◮ C1 ∈ L1 (v = e1) ⇒ C1(α, β)(Λα,β ⊗ In) = e1 ⊗ P(α, β).
Can take H(α, β) = Λα,β ⊗ In and h = e1 ⇒ y = w1.
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First Companion: Right Eigenvector

Theorem

Let z be approx right e’vec of C1 with approx e’val (α, β).
For zk = z((k − 1)n + 1 : kn), k = 1 : m,

1

m1/2
≤ ηP(zk , α, β)

ηC1
(z, α, β)

≤ m5/2
max

(
1, maxi ‖Ai‖2

)2

min
(
‖A0‖2, ‖Am‖2

) ‖z‖2

‖zk‖2

.

MIMS Françoise Tisseur Polynomial eigenproblem 28 / 40



First Companion: Right Eigenvector

Theorem

Let z be approx right e’vec of C1 with approx e’val (α, β).
For zk = z((k − 1)n + 1 : kn), k = 1 : m,

1

m1/2
≤ ηP(zk , α, β)

ηC1
(z, α, β)

≤ m5/2
max

(
1, maxi ‖Ai‖2

)2

min
(
‖A0‖2, ‖Am‖2

) ‖z‖2

‖zk‖2

.

ηP ≈ ηC1
if

◮ min(‖A0‖2, ‖Am‖2) ≈ maxi ‖Ai‖2 ≈ 1.

◮ ‖z‖2/‖zk‖2 ≈ 1.

Exact z = Λα,β ⊗ x ⇒ ‖z‖2

‖zk‖2

≤
√

m, k =

{
1 if |α| ≥ |β|,
m if |α| ≤ |β|.
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First Companion: Left Eigenvector

Theorem

Let w be approx left e’vec of C1 with approx e’val (α, β).
Then for w1 = w(1 : n),

1

m1/2
≤ ηP(w1

∗, α, β)

ηC1
(w∗, α, β)

≤ m3/2
max

(
1, maxi ‖Ai‖2

)

min(‖Am‖2, ‖A0‖2)

‖w‖2

‖w1‖2

.

ηP(w1
∗, α, β) ≈ ηC1

(w∗, α, β) if

◮ min(‖A0‖2, ‖Am‖2) ≈ maxi ‖Ai‖2 ≈ 1

◮ ‖w‖2/‖w1‖2 ≈ 1.
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First Companion: Left Eigenvector

Theorem

Let w be approx left e’vec of C1 with approx e’val (α, β).
Then for w1 = w(1 : n),

1

m1/2
≤ ηP(w1

∗, α, β)

ηC1
(w∗, α, β)

≤ m3/2
max

(
1, maxi ‖Ai‖2

)

min(‖Am‖2, ‖A0‖2)

‖w‖2

‖w1‖2

.

ηP(w1
∗, α, β) ≈ ηC1

(w∗, α, β) if

◮ min(‖A0‖2, ‖Am‖2) ≈ maxi ‖Ai‖2 ≈ 1

◮ ‖w‖2/‖w1‖2 ≈ 1.

If ‖Ai‖2 ≈ 1 ∀i then for exact left e’vec w ,
‖w‖2

‖w1‖2

≤
√

m3

3
.
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Left Eigenvector Recovery for C1

Lemma
y ∈ C

n is a left e’vec of P with e’val λ iff

w =





2
6664

I
[λAm + Am−1]

∗

.

.

.
[λm−1Am + · · · + λA2 + A1]

∗

3
7775 y , if λ 6= ∞

(e1 ⊗ I)y if λ = ∞

is a left e’vec of C1 corr. to λ. Every left e’vec of C1 with

e’val λ has this form for some left e’vec y of P.

Alternative representation for λ finite:

w∗ = y∗ [ In Bm−2 . . . B1 B0 ] ,

where (P(t) − P(λ))/(t − λ) =
∑m−1

i=0 Bi t
i and Bi = Bi(λ).
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UnScaled Companion Form

C1(λ) = λX + Yi with X = diag(Am, In, . . . , In),

Y1 =




Am−1 Am−2 . . . A0

−In 0 . . . 0
...

. . .
. . .

...

0 . . . −In 0


 .
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Scaled Companion Form

DµC1(λ) = λX + Yi with X = diag(Am, µIn, . . . , µIn),

Y1 =




Am−1 Am−2 . . . A0

−µIn 0 . . . 0
...

. . .
. . .

...

0 . . . −µIn 0


 .

Let Dµ = diag(1, µ, . . . , µ) ⊗ In, where µ = maxi ‖Ai‖2.

Then DµC1(λ) ∈ L1(P) with v = e1.

◮ Bound for ηP/ηDµC1
involves ρ =

maxi ‖Ai‖2

min(‖A0‖2, ‖Am‖2)

rather than
max(1, maxi ‖Ai‖2)

2

min(‖A0‖2, ‖Am‖2)
.
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Other Linearizations

Obtained bounds for ηP(x , α, β)/ηL(z, α, β) for:

◮ L ∈ DL(P) – Identified optimal v ,

◮ Symmetric and Hermitian linearizations,

◮ Palindromic and alternating structures.
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Quadratic Case: Q(λ) = λ2A + λB + C

a = ‖A‖2, b = ‖B‖2, c = ‖C‖2.

Sufficient conditions for ηQ ≈ ηL and κQ ≈ κL .

Linea-

rization
E’val

Right

e’vec

Left

e’vec

Condition

ηQ ≈ ηL

Condition

κQ ≈ κL

Comp.

C1

|λ| ≥ 1

|λ| ≤ 1

z1

z2
w1 b ≤ a ≈ c ≈ 1 b ≈ a ≈ c ≈ 1

DµC1
|λ| ≥ 1

|λ| ≤ 1

z1

z2
w1 ρ ≈ 1 ρ ≈ 1

DL(Q)
v = e1

|λ| ≥ 1

|λ| ≤ 1

z1

z2

w1

w2

ρ ≈ 1

ρ max
(
1, (a + b)‖C−1‖2

)
≈ 1

ρ ≈ 1

−
DL(Q)
v = e2

|λ| ≥ 1

|λ| ≤ 1

z1

z2

w1

w2

ρ max
(
1, (b + c)‖A−1‖2

)
≈ 1

ρ ≈ 1

−
ρ ≈ 1

ρ = max(a, b, c)/ min(a, c).
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Scaling Q(λ)
Write a = ‖A‖2, b = ‖B‖2, c = ‖C‖2.

Fan, Lin & Van Dooren (2004): let λ = µγ,

Q(λ) = λ2A + λB + C → Q̃(µ) = µ2(δγ2A) + µ(δγB) + δC,

where

γ =
√

c/a, δ = 2/(c + bγ).

For Q̃(µ) = µ2Ã + µB̃ + C̃ we have

max(‖Ã‖2, ‖B̃‖2, ‖C̃‖2) ≤ 2.
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Growth Factor Bound

κC1
≈ ωκeQ ,

ηeQ (zi , α, β)

ηC1
(z, α, β)

≤ 27/2ω
‖z‖2

‖zi‖2

, i = 1, 2,

where, with |α|2 + |β|2 = 1,

1 ≤ ω ≤ min

{
1 + τ,

1

|αβ|

}
≤ 1 + τ , τ =

b√
ac

.
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Growth Factor Bound

κC1
≈ ωκeQ ,

ηeQ (zi , α, β)

ηC1
(z, α, β)

≤ 27/2ω
‖z‖2

‖zi‖2

, i = 1, 2,

where, with |α|2 + |β|2 = 1,

1 ≤ ω ≤ min

{
1 + τ,

1

|αβ|

}
≤ 1 + τ , τ =

b√
ac

.

◮ F, L & VD identify max(1 + τ, 1 + τ−1) as growth factor.

◮ Our bounds for ω sharper:

τ ≪ 1 is harmless.

if τ ≫ 1, min{·} = O(1) if |α||β| = O(1) .

◮ ω = O(1) if ‖B‖2
<∼

√
‖A‖2‖C‖2. Hence ηC1

≈ ηQ for

systems not heavily damped.
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Polyeig (Companion Pencil)
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Polyeig on Scaled Quadratic
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Details

Before scaling After scaling

‖A‖2 10−2 1

‖B‖2 1 10−3

‖C‖2 109 1

ρ = 1011 ρ = 1, ω = 1
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Concluding Remarks

⋆ Analysis of cond. & b’err for wide variety of lineariz’ns.

⋆ E’vector recovery formulae crucial.

⋆ Scaling crucial.

⋆ Favour L = (scaled) companion form for general PEPs.

⋆ L ∈ L1(P), L2(P) or DL(P) for structured problems.

⋆ Results useful to develop a general PEP algorithm &

code.
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