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Definite Generalized Eigenproblem

Ax = λBx

with A and B Hermitian and B positive definite.

Equivalent to the standard eigenproblem

Hy ≡ B−1/2AB−1/2y = λy .

◮ All eigenvalues real.

◮ A and B are simultaneously diagonalizable.
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Ax = λBx

with A and B Hermitian and B positive definite.

Equivalent to the standard eigenproblem

Hy ≡ B−1/2AB−1/2y = λy .

◮ All eigenvalues real.

◮ A and B are simultaneously diagonalizable.

These properties extend to definite pairs i.e., Hermitian pairs

(A, B) s.t.

x∗(A + iB)x 6= 0 for all nonzero vectors x ,

or equivalently,

B(t) = A sin t + B cos t is pos. def. for some t ∈ R.
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Why Test for Definiteness?

◮ Both theoretical and computational advantages accrue in

associated eigenproblem Ax = λBx :

if t known s.t. B(t) = A sin t + B cos t > 0,

rotate (A, B) into
(
A(t), B(t)

)
, A(t) = A cos t − B sin t ,

exploit definiteness of B(t) to compute e’vals.

◮ Detect hyperbolicity of quadratic matrix polynomials.

◮ Allow CG iterations for nonsymmetric saddle point linear

systems.
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Numerical Methods for Testing Definiteness

Is A sin t + B cos t positive definite for some t ∈ R ?

J-orthogonal Jacobi algorithm [Veselic, 1993].

Level set algorithm [Higham, T & Van Dooren, 2002].

◮ Crawford & Moon algorithm [1983].

• Received little attention in the literature.

• PDFIND: Algorithm 646, ACM TOMS, 1986.

• Lack of clarity in the derivation and statement of alg

and in the explanation of its properties.
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Notations

For a Hermitian pencil (A, B) define

f (x) =
x∗(A + iB)x

|x∗(A + iB)x | , x ∈ Cn, x∗(A + iB)x 6= 0.

f (x) lies on the unit circle.

For a, b of unit modulus, arc[a, b] is the shorter arc on

the unit circle connecting a and b.

θ[a, b] is the length of the arc [a, b].

When a = −b, define θ[a, b] = π.
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Range of f (x) = x∗(A + iB)x/|x∗(A + iB)x |
Property 1: The range of f , is of one of the following types:

(i) A closed arc on the unit circle of length less than π
(only possibility for definite(A, B)).

(ii) Two diametrically opposite points on the unit circle.

(iii) The whole unit circle.

(iv) A half circle with or without one or both endpoints.

Property 2
If c = eit and B(t) = A sin t + B cos t not positive definite then

for any x with x∗B(t)x ≤ 0 and x∗(A + iB)x 6= 0,

θ[f (x), c] ≥ π/2.
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Pictorial Explanation
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Pictorial Explanation
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Lemma

On the kth step, θ[ak , bk ] ≥ π(1 − 2−k), regardless of whether

the pair (A, B) is definite or not.
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Improved Crawford and Moon algorithm

Starting phase: determine (A, B) indef. or starting arc [a, b].
Main loop: θ = θ[a, b]

1 c = aeiθ/2 = sin t + i cos t

2 if B(t) > 0, quit (pair definite), end

3 Find unit norm vector x s.t. x∗B(t)x ≤ 0.

4 if x∗(A + iB)x = 0, quit (pair is indefinite), end

5 d = f (x)
6 θ = θ/2 + θ[c, f (x)]
7 if θ ≥ π − tol

8 quit (pair is indefinite), end

9 elseif θ[a, d ] < θ[b, d ]
10 a = d , goto line 1

11 else

12 b = d , goto line 1

13 end
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Stability of Determination

◮ Determination of definiteness on lines 2 and 4 is

numerically stable: it is correct for (A+∆A, B +∆B) with

‖ [ ∆A ∆B ] ‖2 ≤ cnu‖ [ A B ] ‖2,

cn is a modest constant, u is the unit roundoff.

◮ γ(A, B): distance from (A, B) to nearest indefinite pair.

θ[α̃, β̃]: length of range(f ).

γ(A, B)

‖ [ A B ] ‖2

≤ 1√
2

(π − θ[α̃, β̃]),

Wrong determination of indefiniteness on line 8 only

when (A, B) close to an indefinite pair.
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Testing Definiteness, Negative Curvature

Is B(t) = A sin t + B cos t > 0?

If not how to compute x 6= 0 s.t. x∗B(t)x ≤ 0?
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◮ Definiteness test: run Cholesky alg. until it completes or

encounter a negative or zero pivot.
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Testing Definiteness, Negative Curvature

Is B(t) = A sin t + B cos t > 0?

If not how to compute x 6= 0 s.t. x∗B(t)x ≤ 0?

◮ Definiteness test: run Cholesky alg. until it completes or

encounter a negative or zero pivot.

◮ Direction of negative curvature: at step k of Cholesky,

PT CP =

[
R∗

11

R∗
12

] ( k n − k

R11 R12

)
+

( k n − k

k 0 0

n − k 0 Sk

)
.

If s
(k)
11 ≤ 0 factorization breaks down and

x = P

[
R−1

11 R12

−I

]
e1 satisfies x∗B(t)x ≤ 0.
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Experiment 1

10 × 10 indefinite pair generated by subroutine GETMAT

provided with PDFIND (Alg. 646, ACM TOMS, 1986).

Chol : Cholesky without pivoting,

Chol(cp) : Cholesky with complete pivoting,

eig : take as direction of neg. curvature x ei’vec. of

B(t) corresponding to smallest ei’val.

iterations curvatures x∗B(t)x/|x∗(A + iB)x |
PDFIND 8 −1.8e-16, 1.3e-17, −1.9e-1, −3.3e-16,

−1.6e-16, −1.6e-16, −3.1e-3, −2.5e-1

Chol 6 2.7e-17, −3.8e-1, −6.1e-16, −3.6e-2,

−6.3e-3, −4.9e-1

Chol(cp) 2 −9.9e-1, −4.6e-1

eig 2 −9.7e-1, −1.9e-1
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Experiment 2

Definite pair (An, Bn) generated by
V = gallery(’triw’,n,1,2); theta = zeros(n,1);

for i = 2:n, theta(i) = theta(i-1) + pi/2(i−1); end

A = V’*diag(sin(theta))*V; B = V’*diag(cos(theta))*V;

Number of iterations (100 means alg. has not converged):

PDFIND Chol Chol(cp) eig

n = 64, tol = nu 21 38 2 5

n = 64, tol = 0 21 43 100 18

n = 80, tol = nu 21 38 2 4

n = 80, tol = 0 21 43 8 100

(An, Bn) within distance u ≈ 10−16 of being indefinite.

Algs determine pair is indefinite.

Tolerance tol plays a key role.
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Application 1: Testing for Hyperbolicity

Hermitian Q(λ) = λ2A + λB + C, A > 0 is hyperbolic if

(x∗Bx)2 > 4(x∗Ax)(x∗Cx) for all nonzero vectors x ,

or equivalently,

if (A,B) =

([
−C 0

0 A

]
,−

[
B A

A 0

])
is definite.
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Application 1: Testing for Hyperbolicity

Hermitian Q(λ) = λ2A + λB + C, A > 0 is hyperbolic if

(x∗Bx)2 > 4(x∗Ax)(x∗Cx) for all nonzero vectors x ,

or equivalently,

if (A,B) =

([
−C 0

0 A

]
,−

[
B A

A 0

])
is definite.

For s 6= 0, (s = sin t , c = cos t)

sA + cB =

[
I −c

s
I

0 I

] [
−sC − cB − c2

s
A 0

0 sA

] [
I 0

−c
s
I I

]

⇒ sA + cB is congruent to s diag(−Q(c/s), A).
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Experiment 3

Qβ(λ) from nlevp(’spring’,100,1,10*ones(100,1))

scaled to yield ill-conditioned congruences.

Chol-cong :use congruence, midpoint: c = aeiθ/2,

Chol-cong* : use congruence, midpoint: c = (a + b)/|a + b|.

Determinations of definiteness (1 = definite, 0 = indefinite, −1 = failure ),
number of iterations in parentheses.

β Chol-cong Chol-cong* PDFIND

0.51965 1 (1) 0 (5) 0 (7)

0.51966 1 (1) 0 (5) −1(7)

0.51967 1 (1) 1 (6) 0 (7)

0.51969 1 (1) 0 (5) −1(7)

0.51970 1 (1) 0 (6) −1(7)

0.51971 1 (1) 0 (5) 1 (3)

Chol-cong give the correct result of “definite” in every case
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Application 2: Saddle Point Problems

Involve matrices of the form

A =

[
A B

B −C

]
,

where A = AT ∈ Rn×n, A > 0 and C = CT ∈ Rm×m, C ≥ 0.

A is indefinite: it has n positive e’vals and rank(C + BA−1BT )
negative e’vals.
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Application 2: Saddle Point Problems

Involve matrices of the form

A =

[
A B

B −C

]
,

where A = AT ∈ Rn×n, A > 0 and C = CT ∈ Rm×m, C ≥ 0.

A is indefinite: it has n positive e’vals and rank(C + BA−1BT )
negative e’vals.

Theorem (Liesen & Parlett 08)

If the symmetric pair (A,J ) with J =

[
In 0

0 −Im

]
is definite

and µ ∈ R s.t. A− µJ > 0 is known then there exists a

well-define CG method for solving linear systems with JA.
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Experiment 4

A =

[
A B

B −C

]
generated by MATLAB package IFISS and let

A(α) =

[
α2A αBT

αB −C

]
=

[
αIn 0

0 −Im

] [
A BT

B C

] [
αIn 0

0 −Im

]
.

Definiteness test and direction of neg. curvature computed

with attempted sparse Cholesky fact. (n = 578, m = 256).

α definite iterations stage at which Cholesky terminates

0.1 no 5 579 56 56 57 57

0.5 no 8 579 75 111 161 230 580 264 581

1.0 yes 5 579 82 129 200 834

5.0 yes 2 579 834

Sparse Cholesky facts often terminate at a stage k ≪ n + m = 834 .
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Application 3: Crawford Number

γ(A, B):distance from Hermitian pair to nearest indefinite pair.

γ(A, B) = min
x∈Cn

‖x‖2=1

|d(x)|, d(x) = x∗(A + iB)x

= max(0, max
−π≤θ≤π

g(θ)), g(θ) = λmin(A cos θ + B sin θ).

CM alg. provides upper bound for free:

γ(A, B) ≤ min{d(x) : x is direction of neg. curvature} .

CM alg. returns t s.t. B(t) > 0. Then

γ(A, B) ≥ λmin(B(t)) .
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γ(A, B) = min
x∈Cn

‖x‖2=1

|d(x)|, d(x) = x∗(A + iB)x

= max(0, max
−π≤θ≤π

g(θ)), g(θ) = λmin(A cos θ + B sin θ).

CM alg. provides upper bound for free:

γ(A, B) ≤ min{d(x) : x is direction of neg. curvature} .

CM alg. returns t s.t. B(t) > 0. Then

γ(A, B) ≥ λmin(B(t)) .

Exploit definiteness of B(t) to determine t1 ≤ t2 s.t.

B(θ) > 0 for all θ ∈ (t1, t2). Then γ(A, B) = −( min
t1<θ<t2

−g(θ))

is a quasiconvex minimization problem .
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Experiment 5

25 × 25 definite pairs (Ak , Bk), k = 1 : 4 generated by GETMAT.

γ(A, B) = λmin(B(topt)),
(γℓ, γu) lower and upper bounds from CM alg.

(t1, t2): interval of definiteness.

k γ(A, B) topt (γℓ, γu) (t1, t2)

1 1.4 0.79 (1.4,1.4) (0.32,1.3)

2 6.0 −0.79 (5.5,8.1) (−1.3,-0.54)

3 7e-9 1.6e-8 (4.7e-9,5.9e-2) (0, 1.9e-7)

4 1.0 1.5e-8 (0.71,1.0) (−4.7e-1, 1.6)

◮ (γℓ, γu) provides goood estimate of g(A, B).

◮ Length of (t1, t2) much smaller than 2π.
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Concluding Remarks

We revisited the algorithm of Crawford and Moon.

◮ Fuller understanding of its behaviour — in particular for

indefinite pairs.

◮ Initialization and termination, computation of angles
and directions of negative curvatures are all crucial to

the efficiency of the alg. and its behavior.

◮ Remarkably efficient in general (cost being just a few

partial Cholesky factorizations).

◮ Recommend to use Cholesky with complete pivoting for

small dense problems and sparse Cholesky for large

sparse problems.

For papers and Eprints,

http://www.ma.man.ac.uk/~ftisseur/
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