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Symmetric Indefinite GEP

Az = \Bx, A=A" B=RB".

» A, B are indefinite.
» Eigenvalues can be complex.
» Set of left and right eig’vectors coincide.

Indefinite GEPs occur when solving symmetric QEPs

(MM + XD + K)x = 0.

Open problem : derive method of solution that

» takes advantage of the symmetry,
» is efficient and numerically robust.
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Some Methods

Assume that
m A — \Bisregular and B nonsingular.

m (A, B) reduced to tridiagonal-diagonal form (7', J).
[F.T. 2003]

Eigenvalues can be computed with
» Ehrlich-Aberth iteration

» HR algorithm

» LR algorithm
» Uhlig’'s DQR algorithm
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Ehrlich-Aberth Method

Approximate simultaneously all the zeros of p(z).
Given z(9) e C, generates a sequence z\9) e C”

p(2*)
(k)
k+1 k p'(2;7) .
J J (k) ) 9
1 o p(zj ) n ‘ 1
p (=) D k=1k#] NONNO

which locally converges to the n roots of p(z).

Issues to be considered:
» Fast and stable computation of the Newton correction

p(2)/P'(2).

» Criterion for choosing initial approximations z(?).
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Newton Correction p(\)/p/(\)
p(A) =det(T — X)), T = tridiag(3, a, ).

» Three term recurrence:
compute p(A) = p,(A) and its derivative via

po(A) =1, pi(A) = o,
Pr(A) = (g — N)pk—1(A) — Br—17k—1Pk—2(N), k =2:n.

Suffers from overflow/underflow problems.
» Trace representation:

(A 1
A% :—Z)\j_)\ — —trace(T — \I) 1.

j=1
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Trace(T — AI) "' in O(n) ops

Let S = QR be QR fact. of S =T — \I obtained using n — 1
Givens rotations:

(g + 1 [ +1)) = [_‘%j %ﬂ] 63 + 5] = 1.

R 1s upper triangular with three superdiagonals r, s, t:

n=1\l@Pk+8 e =am Vi = B3,
rj = ¢ja; + 05, Sj = 057 T Vi%+1, 1= Y754,
Qjy1 = =57 + ;41 Vil = O5Vjt1,

for j =1:n — 1, with a1 = a1 and 71 = 3.
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Structure of ()

Semiseparable struct. of @ crucial to get (S71),; in O(n) ops.
O Y

=1 @

Cviup Py 0 7
VU Ugly o

Q" =Gp1 GGy = : : ,

Up—1Up—1 wn—l

| UpUy  UplU - UnUp—1 UnUp, |

Gy(lg + 1L+ 1) = | | o stoe=1

where

U = D_l[laaa %7 A 7K]T7 U = D[¢17 ¢27 ¢37 RN ¢n—17 1]T7
D = diag(1, =1, ¥1tha, ..oy (=1)" T 01thy -1y,

-p. 7/23



Computing trace((T" — A1)~

Let T — A\ = QR, w solutionto Rw = v,

D = diag(1, =1, ¥1tba, ..., (—=1)" Labyabg - - ahp 1),
u= D71, ¢1,02,..., 01",
v=Dl¢1,¢2,¢3,...,dn-1,1]".

Using structure of Q* gives

(T—)\I)j_j1 = ejR_lQ*ej =ujw; < trace((T—XM)"1) =u’ w.

Stable process if diagonal scaling of R is used
to solve Rw = v.

Requires O(n) ops.
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Initial Approximations

Use a divide and conquer strategy :

|11 O T
T_[O T2]+uv.

Approximate eig'vals of T by eig'vals of T & Ts.

» Unlike symmetric case, no obvious connection between
eigenvalues of T3 ¢ 175 and T.

» Have heuristic arguments to support this strategy.
» Works well in practice.
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Numerical Experiments

aberth: implementation of Ehrlich-Aberth iterations.
dhseqr: LAPACK implementation of QR alg.

Conducted numerous tests on tridiagonal matrices with
various spectrum and eigenvalue condition numbers.

Summary:

» Eigenvalues computed by aberth tend to be more
accurate, in particular for eigenvalues with small moduli.

» aberth less affected than dhseqgr by large eigenvalue
condition numbers.

» aberth faster than dhseqgr for large n.
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Example 1

T has three clusters of eigenvalues, n = 20.

[zl 2lly[l2]I7']]2
= T
max; ‘)\z — 5\2‘/’)\2’
k(A) | dhseqr | aberth
A~ —10° | 1.2 | 3e-16 8e-18
A~ 10° | 2e2 | 1e-13 1e-14
AN ~107° | 1e10 | 4e-7 1e-16
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Clement Matrix

T = tridiag(3,0,7), B; =Yn—j> Vi =J,J=Llin—1.

n =50 A(T) =

Eigenvalue condition numbers

(=49, —47, ..., —1,1,

47,49},

Relative errors, dhseqr (*), aberth (0)
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Part 2: HZ Algorithm

Tx =Mz, J € diag ,(&1).
Variant of Bunse-Gerstner HR iteration [1981].
kth HZ step :

pe(Je_1Tr—1) = Hir R, (HR factorization)
Ji, = H}, Je_1Hy,
T, = Hl'T),_Hy.

» Hpis (Ji_1, Ji)-orthogonal.
» lteration preserves symm. and tridiagonal form.

» 1. converges to block-diagonal form with 1 x 1 and 2 x 2
blocks.
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HR Factorization
A= HRis an HR factorization of A € R™*"™ w.r.t. N
J € diag)(+1) if R is upper triangular and H' JH = J.

Theorem 1 (Bunse-Gerstner, 81)
A € R™"™ has an HR factorization with respect to

J € diagy (+1) iff all principal minors of A" JA are nonzero.

Consider HZ algorithm with double shift strategy:
px)=(r—0o)(x—p), o=pifoceC.

Theorem 2 /i o is a defective ei’'val of T'— \J then p(JT)
does not have an HR factorization.

For single shift, Wiberg [97] showed JT — ¢l = HR fails to
exist when ¢ Iis any complex ei'val.
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Practical Implementation

HZ step: p(JT) = HR, implemented implicitly
T=HTTH, J=HTJH

X X X X
X X X X
T():HOTTH(): X X X X
X X X X X
X X X
X X

» Bulge chased with Givens and hyperbolic rotations.

» Strategy: minimize number of hyperbolic rot. used.

» Apply hyperbolic rotations GG in a mixed way (G = LU).
» Monitor conditioning of transformations.
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Bulge Chasing Strategy

c S
S C

Hyperbolic rotation: G = [ ] 22— 4

satisfies GTJG = +J,J = | °|. f a7z £ 0,

(¢,s) = (x1, —5132)/\/|:1:TJ:1:| = Gz = pe; .

Consider 4 x 4 matrix pair:

X X1 9 T3] C 1T
r1 X X X —1

1 = 2y X « S E J = 1| |$1‘ < |£132‘ < ’ajg‘
lrx3 X X X L1

» To zero z3 first and then x5 one needs two hyperb. rots.
» Zero xo with Givens and x5 with hyperbolic rotation.
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Numerical Comparison

dhseqgr: LAPACK implementation of QR alg.
aberth : Ehrlich-Aberth iterations.

thz: double-shift HZ algorithm.
t 1r: double-shift LR algorithm.

[ z]l2]|y]]2]|T||2
K(A) =
N =T
Test matrices, n = 20 1 4 5 7
max; K( ;) 1e3 24 | 1e10 | 3e2
dhseqgr | 8e-15 | 5e-15 | 1e-6 | 6e-15
X—Xi| | aberth | 1e-16 | 2e-16 | 3e-14 | 3e-16
maXZT
A thz |3e-13|5e-13| 2e-6 | 2e-13
tlr 9e-15 | 3e-11 fail 1e-11
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Eigenvalue Error Bounds

Objective : cheap computable error bounds for ei'vals of

tridiagonal matrices.

D(a, p): disk of center a and radius p.

Lemma 1 (Carstensen 91) Assume p(\) is monic, of
degree n and let \1, X2, ..., \,, be distinct. Let
n|p(Ae)|
[T5-1 (e = Ay)

J#

ThenU = J, D(\, p¢) contains all the zeros of p(\). In
particular, any isolated disk contains a single zero.

Rounding errors = fl(py) = p, may be inaccurate =
D(\y, py) may not provide a set of inclusion disks.
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Eigenvalue Error Bounds Cont.

~denotes computed quantities, u: unit roundoff.

Assume we know an upper bound Ap, for ||pe| — [p(As)]|.
Let

e = (L+2nwn(liel + 2pe) / £1(| TTOe = A1)

j=
JF#L

The set {D(\s, pp), £ = 1:n} is a set of inclusion disks.

How to determine Ap,”
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Computing Ap,

Let T — M\ = QR. Then |[p(\)| = Hg?zl 755
Write

rij =15+ o0y, |org| < Arjj.

Then
Ape = |py] (Z Arji /il + (n — 1)2\/5”&) -
j=1
Ar;; are computed along with 7;; = fl(r;;) thank to a

systematic running error analysis .

» Computing the upper bound p; is inexpensive: O(n) ops
per ei'val.

» p, comes for free if one use Ehrlich-Aberth.
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T — D—l trldlag(L Q, ]_)7 o = 106(—1)j+17 {

Example 2

p(A\): rel. error bound on A

5j:17j§n/23
5j:—1,j>n/2 )

p(A)

Ks(A) X 1s(N).

ks(A): er'val. struct. cond. number < {

ns(A): erval. struct. backward etr. A
A A= A/IALL pA) | &s(A) | ns(A)
—1.0e+6 0 2e-24 | 0.7 | 2e-22
—1.7e-6 /7e-9 /e-8 | 5el11 | 2e-20
—7.4e-7 1e-4 1e-3 | 1e12 | 2e-16
2.2e-7 £ i5.0e-7 4e-6 4e-5 | 1e12 | 5e-18
1.0e+6 0 8e-17 | 0.7 | 2e-16

» rs(A) and () require ei'vect. Expensive to compute.

» Only O(n) ops. to compute p()\).
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Towards a Robust Algorithm
. Reduce A — \B to tridiag.-diag. form T'— \J (O(n?) ops.)
. Compute eigenvalues with HZ algorithm (O(n?) ops.)

. Refine eigenvalues with modified Ehrlich-Aberth iter.
(O(n) ops. per ei'val.)

. Compute eigenvectors of (T, J) with differential-qd alg.
(O(n) ops. per ei'vec.)

. Recover eigenvectors of (A4, B) (O(n?) ops. per ei'vec.)

. Compute structured backward error of (z, \) (O(n?) ops.
per eigenpair)

. If necessary, refine (z, \) (O(n?) ops. per eigenpair)
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