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Generalized Eigenproblems

Standard eigenvalue problem: Ax = � x:

Generalized eigenvalue problem (GEP): Ax = � Bx:

Let
Q(� ) = � 2M + � D + K ;

M; D; K 2 Cn� n.

Q assumed regular (det Q(� ) 6� 0).

Quadratic eigenvalue problem (QEP):
�nd scalars � and nonzero vectors x and y satisfying
Q(� )x = 0 and y � Q(� ) = 0.

2n eigenvalues.
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Applications

I classical structural mechanics

I molecular dynamics

I gyroscopic systems

I optical waveguide design

I MIMO systems in control theory

I constrained least squares problems.
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Applications

I classical structural mechanics

I molecular dynamics

I gyroscopic systems

I optical waveguide design

I MIMO systems in control theory

I constrained least squares problems.

More speci�cally:

I Extreme designs lead to problems with poor
conditioning; physics of system leads to structure.

I Excitation of rail tracks by high speed trains (SIAM
News, Nov. 2004).
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Linearizations
L(� ) = � X + Y ; X; Y 2 C2n� 2n

is a linearization of Q(� ) = � 2M + � D + K if

E(� )L(� )F (� ) =
�

Q(� ) 0
0 In

�
(� )

for some unimodular E(� ) and F(� ).

Example

For Companion pencil C1(� ) = �
�

M 0
0 In

�
+

�
D K

� In 0

�
,

(� ) holds with

E(� ) =
�

In � M + D
0 � In

�
; F (� ) =

�
� In In
In 0

�
:
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Solution Process for QEP

I Linearize Q(� ) into L(� ) = � X + Y .

I Solve generalized eigenproblem L(� )z = 0.

I Recover eigenvectors of Q from those of L.

Usual choice of linearization: companion linearization,

C1(� ) = �
�

M 0
0 I

�
+

�
D K
� I 0

�

for which right and left e'vecs have the form

z =
�

� x
x

�
; w =

�
y

�� K y

�
;

x; y being right and left e'vecs of Q(� ).
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Beam Problem

////////////

�� AA
///////

AA��
///////

-� L

Transverse displacement u(x; t) governed by

� A
@2u
@t2

+ c(x)
@u
@t

+ EI
@4u
@x4

= 0:

Boundary conditions: u(0; t) = u(L; t) = 0.

u(x; t) = e� tv(x; � ) yields
eigenvalue problem for the free vibrations :

� 2� Av(x; � ) + � c(x)v(x; � ) + EI
@4

@x4
v(x; � ) = 0:
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Discretized Beam Problem
Finite element method leads to

Q(� ) = � 2M + � D + K

with symmetric M; D; K 2 Rn� n.
Roots of x � Q(� )x = 0,

� =
� (x � Dx) �

p
(x � Dx)2 � 4(x � Mx)(x � Kx)

2(x � Mx)
:

I M > 0, K > 0, D � 0 ) all ei'vals have Re(� ) � 0.

I D is rank 1. Can show n pure imaginary ei'vals.

Take 100 �nite elements ) n = 200.
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eig on Companion C1(� )= �
�

M
0

0
I

�
+
�

D
� I

K
0

�
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eig on Linearization L1(� )= �
�

M
0

0
� K

�
+
�

D
K

K
0

�

-16 -14 -12 -10 -8 -6 -4 -2 0 2 4
-4

-3

-2

-1

0

1

2

3

4
x 10

6

Françoise Tisseur Quadratic eigenproblem



eig on Linearization L2(� )= �
�

0
M

M
D

�
+
�

� M
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0
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�
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Spectrum of Beam Problem
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Sensitivity and Stability of Linearizations
Condition number measures sensitivity of the
solution of a problem to perturbations in the data.

Backward error measures how well the problem has
been solved.

error in solution <� condition number � backward error:
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Sensitivity and Stability of Linearizations
Condition number measures sensitivity of the
solution of a problem to perturbations in the data.

Backward error measures how well the problem has
been solved.

error in solution <� condition number � backward error:

For a given Q(� ), in�nitely many linearizations exist:

I can have widely varying eigenvalue condition
numbers ,

I computed eigenpairs can have widely varying
backward errors .
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Desiderata for a Linearization

I Good conditioning.

I Backward stability.

I Suitable eigenvector recovery formulae.

I Preservation of structure, e.g. symmetry .

I Numerical preservation of key qualitative properties,
including location and symmetries of spectrum.

I Preserve partial multiplicities of e'vals (strong
linearization).
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Vector Spaces L1, L2

Mackey, Mackey, Mehl & Mehrmann (2005) de�ne

L1(Q) =
�

L(� ) : L(� )( � 
 In) = v 
 Q(� ); v 2 C2
	

;

L2(Q) =
�

L(� ) : ( � T 
 In)L(� ) = evT 
 Q(� ); ev 2 C2
	

;

where � := [ �; 1]T .
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Vector Spaces L1, L2

Mackey, Mackey, Mehl & Mehrmann (2005) de�ne

L1(Q) =
�

L(� ) : L(� )( � 
 In) = v 
 Q(� ); v 2 C2
	

;

L2(Q) =
�

L(� ) : ( � T 
 In)L(� ) = evT 
 Q(� ); ev 2 C2
	

;

where � := [ �; 1]T .

L(� ) = � X + Y 2 L1(Q) with v 2 C2 iff
�

v1M v1D v1K
v2M v2D v2K

�
=

�
X11 X12 + Y11 Y12

X21 X22 + Y21 Y22

�
:
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Vector Spaces L1, L2

Mackey, Mackey, Mehl & Mehrmann (2005) de�ne

L1(Q) =
�

L(� ) : L(� )( � 
 In) = v 
 Q(� ); v 2 C2
	

;

L2(Q) =
�

L(� ) : ( � T 
 In)L(� ) = evT 
 Q(� ); ev 2 C2
	

;

where � := [ �; 1]T .

Dimensions: L1, L2: 2n2 + 2.

Almost all pencils in L1 and L2 are linearizations.

L(� ) 2 L1(Q) with v , L(� )B 2 L2(Q) with ev = v.
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Eigenvector Recovery for L1(Q)

L1(Q) =
�

L(� ) : L(� )( � 
 In) = v
 Q(� ); v 2 C2
	

� := [ �; 1]T :

If L 2 L1(Q) with vector v then

every right e'vec of L with �nite e'val � is of the form
� 
 x for some right e'vec x of P, [M4, 2005]

if w is a left e'vec of L with e'val � then y = ( v � 
 In)w
is a left e'vec of P with e'val � . [Higham, Li, T. 2006].

E'vecs of Q easily recovered from e'vecs of L 2 L 1.
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Block Symmetric Linearizations
Higham, Mackey, Mackey and T. (2005) de�ne

B(Q) :=
�

� X + Y 2 L1(Q) : X B = X; Y B = Y
	

= L1(Q) \ L2(Q) (v = ev)

=
�

v1L1(� ) + v2L2(� ); v 2 C2 g;

where
L1(� ) = �

�
M 0
0 � K

�
+

�
D K
K 0

�
; (v = e1);

L2(� ) = �
�

0 M
M D

�
+

�
� M 0

0 K

�
; (v = e2):

Dimension 2,

L 2 B(Q) with vector v is a linearization of Q iff e'val
of Q is not a root of p(x; v) = v1x + v2.

Françoise Tisseur Quadratic eigenproblem



Alternating and Palindromic Structures
Q(� ) = � 2M + � G + K , M; K symm., G, skew-symm.
Q is T -even since QT (� � ) = Q(� ).

Q(� ) = � 2A + � B + AT , BT = B,

Q is T -palindromic since � 2QT (
1
�

) = Q(� ).

I Spectra of T -struct Q(� ) have special symmetries.

I [M4, 2005] identi�ed T -structured linearizations in
L1(Q).
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Alternating and Palindromic Structures
Q(� ) = � 2M + � G + K , M; K symm., G, skew-symm.
Q is T -even since QT (� � ) = Q(� ).

Q(� ) = � 2A + � B + AT , BT = B,

Q is T -palindromic since � 2QT (
1
�

) = Q(� ).

I Spectra of T -struct Q(� ) have special symmetries.

I [M4, 2005] identi�ed T -structured linearizations in
L1(Q).

L 2 L1(Q) with vector v is T -palindromic iff v = [ 1; 1]T )

�
�

A (B � A)T

A A

�
+

�
AT AT

B � A AT

�
is T -palindromic.

L1(Q) is a rich source of interesting linearizations.
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Eigenvalue Condition Numbers � Q(� )
Q(� )x = 0; y � Q(� ) = 0:

� Q(� ) = � 2� M + �� D + � K

For � simple, nonzero and �nite,

� Q(� ) = lim
� ! 0

sup
n j�� j

� j� j
:
�
(Q + � Q)(� + �� )

�
(x + � x) = 0;

k� Mk2 � � m; k� Dk2 � � d; k� K k2 � � k
o

;

� Q(� ) =

�
j� j2m + j� jd + k

�
kyk2kxk2

j� jj y � (2� M + D)xj
: [T. 2000]
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Eigenvalue Condition Numbers � Q(� )
Q(� )x = 0; y � Q(� ) = 0:

� Q(� ) = � 2� M + �� D + � K

For � simple, nonzero and �nite,

� Q(� ) = lim
� ! 0

sup
n j�� j

� j� j
:
�
(Q + � Q)(� + �� )

�
(x + � x) = 0;

k� Mk2 � � m; k� Dk2 � � d; k� K k2 � � k
o

;

� Q(� ) =

�
j� j2m + j� jd + k

�
kyk2kxk2

j� jj y � (2� M + D)xj
: [T. 2000]

When � = 0 or 1 , use homogeneous form of Q,

Q(�; � ) = � 2M + �� D + � 2K :

E'vals are pairs (�; � ) 6= ( 0; 0) s.t. det Q(�; � ) = 0.
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Eigenvalue Conditioning of Linearizations
For L(� ) = � X + Y , L(� )z = 0, w � L(� ) = 0,

� L(� ) =

�
j� jkXk2 + kY k2)kwk2kzk2

j� jjw � Xzj
:

De�ne growth factor � L: � L(� ) = � L(� ) � � Q(� ):

Theorem (Higham, Mackey, T. 2005)
Let L(� ) = � X + Y 2 B(Q) with vector v. Then for �
simple, nonzero and �nite,

� L(� ; v) =
j� jkXk2 + kY k2

� 2m + � d + k
�

k� k2
2

j� T vj
;

where � = [ �; 1]T .
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Growth Factor � L(� ; v) = � L(� ; v)=� Q(� )

I infv � L(� ; v) achieved by v � = �= k� k2 , where
� = [ �; 1]T .

Important special cases:
� = 1 ) v� = e1;
� = 0 ) v� = e2:

De�ne � =
max(m; d; k)

min(m; k)
,

with m = kMk2; d = kDk2; k = kK k2.

I Can show that
1
�

� � L(� ; v � ) � 4� )

for well scaled problems � L(� ; v � ) � � Q(� ) .
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Suf�cient conditions for � Q � � L
� = max(m; d; k)=min(m; k);

Linearization Eigenvalue Condition

L1 2 B(Q), v = e1
j� j >� 1
j� j � 1

� � 1
“not available"

L2 2 B(Q), v = e2
j� j >� 1
j� j � 1

“not available"
� � 1

C1 2 L1(Q), v = e1 No restriction m � d � k � 1

L1(� ) = �
�

M 0
0 � K

�
+

�
D K
K 0

�
; L2(� ) = �

�
0 M
M D

�
+

�
� M 0

0 K

�
;

C1(� ) = �
�

M 0
0 I

�
+

�
D K
� I 0

�
:
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Beam Problem

kMk2 = 6:7 � 10� 3; kDk2 = 5; kK k2 = 1:7 � 109:

Thus � = 2:6 � 1011 ) beam problem is badly scaled .

Approximations to growth factors � L(� ) = � L(� )=� Q(� ):

� L1(� ) � L2(� ) � C1(� )

j� j = 102 1 � 104 1 � 104 1 � 102

j� j = 104 1 � 108 1 � 108 1 � 104

j� j = 106 2 � 1011 2 � 1011 2 � 105

For j� j = 106, � � 10� 16,

j�� j <� � j� j� Li (� ) = � j� j� Li (� )� Q(� ) = O(1); i = 1; 2:

E'vals on imaginary axis can be perturbed by distance
O(1) into the right half-plane.
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Computed Spectrum of L1, L2 and C1
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Backward Errors
� Q(� ) = � 2� M + �� D + K :

De�ne b'err of approx eigenpair (bx; b� ) of Q with b� �nite by

� Q(bx; b� ) = min
�

� : (Q + � Q)(b� )bx = 0;

k� Mk2 � � m; k� Dk2 � � d; k� K k2 � � k
	

:

T. (2000) showed � Q(bx; b� ) =
kQ(b� )bxk2

�
jb� j2m + jb� jd + k

�
kbxk2

:

B'err of approx eigenpair (bz; b� ) of L(� ) = � X + Y :

� L(bz; b� ) = kL(b� )bzk2�
jb� jkXk2+ kY k2

�
kbzk2

:
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Factors Affecting Backward Error

F A small perturbation to

C1(� ) = �
�

M 0
0 I

�
+

�
D K
I 0

�

may not correspond to a small perturbation to
Q(� ) = � 2M + � D + K .

F Many ways to recover “short” e'vecs of Q from “long”
e'vecs of L. For ex. E'vecs z of C1 have the form

z =
�

� x
x

�
;

where x is a right e'vec of Q ) bx = bz(1: n) or
bx = bz(n + 1: 2n) or any linear combination.

Françoise Tisseur Quadratic eigenproblem



Want to compare
� Q(bx; b� ) = kQ(b� )bxk

(jb� j2m+ jb� jd+ k)kbxk
with � L(bz; b� ) = kL(b� )bzk

(jb� jkXk+ kY k)kbzk

Suppose bx =
P 2

i= 1 gibzi = ( gT 
 In)bz with g =
h

g1
g2

i
2 C2.

Find n � 2n G(� ) s.t. G(� )L(� ) = gT 
 Q(� ) )

kQ(b� )bxk2 = kQ(b� )(gT 
 In)bzk2 = kgT 
 Q(b� )bzk2 �k G(b� )k2kL(b� )bzk2

L(� ) 2 B(Q)with vector v,
for g = v, G(� ) = � T 
 In,
if v = e1 then for g = e2, G(� ) = [ I � � MK � 1 ],

Companion form C(� ),
g = e1, G(� ) = [ � I K ],
g = e2, G(� ) = [ I � M + D ],
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Suf�cient conditions for � Q � � L
� = max(m; d; k)=min(m; k);

Linea-
rization

E'val E'vec Condition

L1
jb� j � 1
jb� j � 1

bz1
bz2

� � 1
� max

�
1; (m + d)kK � 1k2

�
� 1

L2
jb� j � 1
jb� j � 1

bz1
bz2

� max
�
1; (d + k)kM � 1k2

�
� 1

� � 1

C1
jb� j � 1
jb� j � 1

bz1
bz2

d � m � k � 1

Beam problem:

I � L(bz; b� ) � 10� 15 � nu, u � 1:1 � 10� 16 unit roundoff.

I Ratio � Q(bz1; b� )=� L(bz; b� ) as large as 1012 (� � 1011).
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Scaling Q(� ) = � 2M + � D + K
Let � = �
 and convert

Q(� ) = � 2M + � D + K ! � Q(�
 ) = � 2(� 
 2M) + � (� 
 D) + � K

= � 2 eM + � eD + eK =: eQ(� ) ;

where


 =
p

kK k2=kMk2; � = 2=(kK k2 + kDk2
 ):

I Fan, Lin and Van Dooren scaling (2004).

I 2=3 � max(k eMk2; keDk2; keK k2) � 2.

I 
 minimizes scaling factor � .

Françoise Tisseur Quadratic eigenproblem



Growth Factor Bound
For companion form C1(� ),

� C1(� ) � ! � eQ(� ) ;
� eQ (bzi ; b� )

� C1
(bz; b� )

<� !
kbzk2

kbzik2
; i = 1; 2;

1 � ! � min
�

1 + �;
1 + j� j2

j� j

�
; � =

kdk2p
mk

:
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Growth Factor Bound
For companion form C1(� ),

� C1(� ) � ! � eQ(� ) ;
� eQ (bzi ; b� )

� C1
(bz; b� )

<� !
kbzk2

kbzik2
; i = 1; 2;

1 � ! � min
�

1 + �;
1 + j� j2

j� j

�
; � =

kdk2p
mk

:

I F, L & VD identify max(1 + �; 1 + � � 1) as growth factor.

I Our bounds for ! sharper:
� � 1 is harmless.
if � � 1, minf�g = O(1) if j� j = O(1) .

I ! = O(1) if kDk2 <�
p

kMk2kK k2. Hence � C1
� � Q

and � C1
� � Q for systems not heavily damped.
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Effect of Scaling on Beam Problem

Before scaling After scaling

kMk2 10� 2 1
kDk2 1 10� 3

kK k2 109 1

� = 1011 � = 1, ! = 1

Our theory guarantees

I optimal conditioning and stability for the companion
linearization,

I symmetric linearization L2 2 B(Q) with vector v = e2

optimal in terms of both conditioning and stability.
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Spectrum of C1; L2 before/after Scaling
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Concluding Remarks

F Analysis of cond. & b'err for wide variety of lineariz'ns.

F E'vector recovery formulae crucial.

F Scaling crucial.

F Favour L = companion form for general QEPs.

F L 2 L1(Q) or B(P) for structured problems.

F Results useful to develop a general QEP algorithm &
code.

For papers and Eprints,
http://www.ma.man.ac.uk/~ftisseur/
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