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Abstract

The effective response of a periodic fibre reinforced material to SH wave propagation is studied using the method of
asymptotic homogenization, complex variable theory and multipole expansions. The quasi-static limit of the effective prop-
erties is calculated when the wavelength is much longer than the defining lengthscale of the microstructure. The method
developed allows the determination of the elastic properties in the most general (monoclinic) fibre reinforced media and
the resulting expressions for the effective moduli are concise. The method is therefore both more general and provides neater
closed form solutions than extant methods. Results are shown to be excellent even for very high volume fractions of fibres.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The subject of homogenization may be defined as the study of partial differential equations with rapidly
oscillating coefficients. As a result of these oscillations, direct numerical solution is extremely difficult and
it is therefore desirable to develop mathematical techniques to overcome these problems. Methods of homog-
enization date back to the end of the 19th century when various techniques were developed to find the effective

or macroscopic response of inhomogeneous materials. In particular in [21] Rayleigh established his now well-
known multipole method in order to find the effective electric properties of a periodic array of cylinders. More
recently these methods have been extended to elasticity by McPhedran et al. [13,20,28] whose primary goal was
to find the so called phononic band gaps of the periodic material. By taking the long wavelength limit, the
effective properties may also be found. However such methods can exhibit problems with convergence for high
volume fractions of fibres where estimates of the effective moduli become unreliable and special asymptotic
techniques have to be called upon in order to solve the corresponding problem [14].
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We are interested in developing a reliable and relatively straightforward technique for calculating the effec-
tive dynamic elastic properties of a periodic fibre reinforced medium (of arbitrary geometry and volume frac-
tion, so that fibres which are close to touching are included) when excited by a long wavelength plane wave.
Knowledge of such effective properties is essential for models of composite materials in engineering applica-
tions. The statics problem has been well studied by the method of asymptotic homogenization (MAH) [2], [19].
This method exploits the scales involved in the problem by posing asymptotic expansions in powers of �, the
ratio of micro to macroscale in the material and relies on the material having periodic structure. Meguid and
Kalamkarov [15] used the technique to find the effective static properties of a tetragonal fibre reinforced mate-
rial using Weierstrassian elliptic functions in order to account for the periodic behaviour. In a series of papers
Sabina et al. [23,22] and references therein solved static problems using the MAH for materials of various sim-
ple symmetries and for materials where the phases are permitted to be transversely isotropic. They also point-
ed out several errors in the article of Meguid and Kalamkarov [15]. Again, Weierstrassian elliptic functions
were employed. The MAH is not restricted to problems in elasticity as may be seen by its applications to vis-
coelasticity by Yi et al. [27], thermoelasticity by Francfort [4] and Parnell [18] and many more, see Rodriguez-
Ramos et al. [22]. Nemat-Nasser et al. [16,8] developed the method of equivalent inclusions for periodic media
using the notion of eigenstrain and Fourier Series expansions. This method was applied to fibre reinforced
media by Jiang et al. [10].

In contrast to the above we are interested in the effective (low frequency) dynamic response of a periodic
fibre reinforced material. This problem is more appealing than its static counterpart since for an unbounded
material there are two natural lengthscales in the problem, the microscale (O (q)) defining fluctuations on the
scale of the microstructure and the macroscale (O (1/k0)) where k0 is the wavenumber in the host material. This
allows us to define the (physically meaningful) small parameter qk0 = �� 1 and we can use the MAH in the
dynamic context, posing asymptotic expansions in powers of �. The leading order term corresponds to the
quasi-static limit where no dispersive effects result. This term should be numerically identical to extant meth-
ods in static homogenization. In the dynamic case, higher order terms have physical significance (dispersion)
whereas for statics this is not the case – the method only makes sense in the strict limit as �! 0 since � is an
artificial parameter (no macro lengthscale exists for an unbounded material in statics) and thus the dynamic
approach is preferable.

We report on the leading order term here for materials with various structure, leaving the next order dis-
persive effects for a later article. We note however that the resulting closed form solutions are considerably
simpler than those reported by Meguid et al. [15] and Sabina et al. [23]. This is primarily because we do
not appeal directly to the theory of Weierstrassian elliptic functions when formulating the necessary doubly
periodic functions. The dynamic approach allows more complex material behaviour to be identified (i.e. dis-
persive effects) and furthermore the flexibility and simplicity of the doubly periodic basis functions to be
defined at the end of Section 4, permits extremely complicated structures to be modelled with little extra dif-
ficulty as we shall show.

The analysis to follow thereby allows the materials to possess the most general symmetry possible for fibre
reinforced media; i.e. monoclinicity, corresponding to a material with only one plane of material symmetry
and 13 elastic constants. In this article we focus on the scalar SH wave problem which allows 3 of these con-
stants to be determined. The coupled P and SV wave problem will follow shortly. The materials are built up
from periodic cells which tessellate the entire xy plane. These periodic cells may have quite general structure as
we shall show. The only restriction on the cells is that their defining lengthscale (q) must be such that the con-
dition qk0 = �� 1 is retained.

On finding the quasi-static limit we compare our results with those of various static homogenization meth-
ods. In particular we can check that the results lie within the well-known Hashin Shtrikman bounds [7]. Fur-
thermore for particular geometries even better energy bounds can be derived [6] and our exact solutions must
lie within these. Various self-consistent methods have been proposed for the purposes of dynamic homogeni-
zation [11,24]. These methods approximate the displacements within the inclusion as if it experienced an effec-
tive field. The effective medium and effective field self-consistent schemes [11] estimate this as the field which
would occur if the fibres were embedded in the effective material or host material, respectively, and the incom-
ing wave was the effective wave in both cases. Thus, the method requires the solution of a single scattering
problem which for periodic materials becomes rather difficult since for example in an effective orthotropic
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medium, one must surround the inclusion with an orthotropic material. Due to the use of this single scattering
problem, the method relies on one to guess the symmetry of the resulting anisotropic material whereas with
other methods this arises naturally.

Finally we mention the T-matrix method [26] which attempts to incorporate interactions between fibres in a
random material. This method has the capability for statistics to be introduced into the analysis (i.e. correla-
tion functions). The quasi-static limit of the T-matrix result in the well stirred limit corresponds exactly to the
special result of Hashin [6] when a particular limit, corresponding to ‘‘no gaps between composite cylinders’’ is
taken [6]. This method also gives the same results as the effective field self-consistent scheme discussed above.

In Section 2 we set up the problem, introduce the Method of Asymptotic Homogenization and explain how
it is applied. In Section 3 we find the homogenized equation for the leading order term of the displacement by
appealing to periodicity properties. In order to find the effective elastic constants, we must solve the problem at
O (�) and this is done in Section 4 by constructing a doubly periodic function which will satisfy the necessary
boundary conditions. This is then used as a building block for materials with specific geometries in Section 5
where the fibres have circular cross section. More general cross sections are considered in Section 6 and we
apply the method to fibres of elliptic cross section. Finally in Section 7 we conclude by reviewing the work
and indicating where we should proceed from here.

2. SH waves in a monoclinic material

We work in Cartesian coordinates where the z axis is parallel to the fibres. Consider the case of SH waves
propagating in the xy plane, polarized along the z axis. Since no mode conversion results at the fibre/host
interface this is a scalar problem [5]. The cross section of the material in the xy plane is defined by a periodic
cell which tessellates the entire plane, examples of which are shown in Fig. 1. We see that these cells can
become extremely general allowing complicated structures to be considered and reference to Fig. 1(a), shows
that there may be more than one fibre in each periodic cell. The location of the (s, t)th periodic cell is defined
by its lattice vector R (s, t) as follows:
Fig. 1.
materi
(b) it i
rhomb
Rðs; tÞ ¼ qðsl1 þ tl2Þ; s; t 2 Z; ð2:1Þ
a b c

d e

Examples of cross sections in the xy plane – the dashed lines enclose a periodic cell. (a and b) Show examples of monoclinic
als. In (a) the monoclinicity is caused by the perturbation of one of the fibres in the periodic cell off the square (tetragonal) lattice. In
s caused by the irregular shape of the fibres. (c) Shows an example of an orthotropic material. In (d and e) we see hexagonal and
ic symmetry, respectively.
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so that q is the characteristic lengthscale of the periodic cell (and thus the microstructure) and l1; l2 2 R� R

are vectors whose components are O (1). Thus for a square lattice (tetragonal symmetry, corresponding to 6
elastic constants) one would choose
Fig. 2.
proper
l1 ¼ ð1; 0Þ; l2 ¼ ð0; 1Þ: ð2:2Þ

The most general fibre reinforced material is monoclinic and the corresponding elastic moduli tensor Cijkl

relating stress to strain, has one plane of reflectional symmetry (in this case the xy plane) and 13 independent
components [12]. The SH wave relates to antiplane motion and thus requires consideration of Hooke’s law for
a monoclinic material in such a deformation [12]:
r13 ¼ 2C1313e13 þ 2C1323e23; ð2:3Þ
r23 ¼ 2C2313e13 þ 2C2323e23; ð2:4Þ
where r13 and r23 are the (tensorial) shear stresses and e13 and e23 are the (tensorial) shear strains. We also
note the symmetries of the elastic moduli tensor, Cijkl = Cjikl = Cijlk = Cklij, so that C1323 = C2313. Thus, anal-
ysis of the SH wave allows us to determine three of the 13 effective moduli. Alternatively (2.3) and (2.4) may be
written in the engineering notation [25]
s4 ¼ c44c4 þ c45c5; ð2:5Þ
s5 ¼ c45c4 þ c55c5; ð2:6Þ
where s4 = r23 and s5 = r13 are the engineering shear stresses and c4 = 2e23,c5 = 2e13 are the engineering shear
strains. Thus we conclude in this notation that c44 = C2323,c45 = C1323 = C2313 and c55 = C1313.

In Fig. 2 we see an example of the class of composite materials we are modelling together with relevant
notation. In general we consider a periodic cell comprising an isotropic host phase of density q0 and shear
modulus l0 and N isotropic fibres of arbitrary shape having densities qi and shear moduli li, (1 6 i 6 N).
For the SH problem, given time harmonic behaviour exp(�ixt), the displacement in the z direction, denoted
by w = w (x,y) = w (x) satisfies the scalar Helmholtz equation:
r2wðxÞ þ k2
0a

2ðxÞwðxÞ ¼ 0; ð2:7Þ

where
aðxÞ ¼
1 if x 2 D0;

ai ¼ ki=k0 if x 2 Di

�
ð2:8Þ
and the domains of the ith fibre and host within the periodic cell are denoted by Di and D0, respectively.
Furthermore,
k2
0 ¼

x2q0

l0

; k2
i ¼

x2qi

li
; ð2:9Þ
A cross section of a monoclinic material with a periodic cell containing four inclusions. Each inclusion may possess distinct elastic
ties.
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and thus
1 We
a2
i ¼

k2
i

k2
0

¼ di

mi
¼ Oð1Þ; ð2:10Þ
where di = qi/q0 and mi = li/l0. On non-dimensionalizing lengthscales on q, (2.7) becomes
r2wðxÞ þ �2a2ðxÞwðxÞ ¼ 0; ð2:11Þ

where � = qk0� 1 is the small parameter in the problem, reflecting the relationship between the microscale q

and macroscale 1/k0. The non-dimensionalized lattice vector is
Rðs; tÞ ¼ sl1 þ tl2; s; t 2 Z ð2:12Þ

and non-dimensionalized boundary conditions of continuity of displacement and normal stress on the bound-
ary oDi of the ith fibre require
wjoDþi
¼ wjoD�i

; ð2:13Þ

ni:rwjoDþi
¼ mini:rwjoD�i

; ð2:14Þ
for each i, where ni is the normal to the boundary oDi of the ith fibre. We introduce the two independent
lengthscales,
x ¼ n; x ¼ 1

Lð�Þ z; ð2:15Þ
where L (�) is some expansion in �, tending to zero as �! 0 in a manner to be discussed below, so that n and z

are short and long lengthscales, respectively. The displacement is now a function of the two independent vari-
ables n and z:
w ¼ wðn; zÞ: ð2:16Þ

Let us suppose that we can expand the displacement and L (�) in asymptotic expansions of the form1
wðn; zÞ ¼ w0ðn; zÞ þ �w1ðn; zÞ þ Oð�2Þ; ð2:17Þ
Lð�Þ ¼ �þ L2�

2 þ L3�
3 þ Oð�4Þ: ð2:18Þ
Introducing these expansions into (2.11) and noting that
rx ¼ rn þ Lð�Þrz ð2:19Þ

we obtain
r2
n þ 2�rn:rz þ �2ð2L2rn:rz þr2

zÞ þ �3ð2L3rn:rz þ 2L2r2
zÞ þ � � � þ a2ðnÞ�2

h i
ðw0 þ �w1 þ �2w2

þ � � �Þ ¼ 0. ð2:20Þ
If we do the same with the boundary conditions (2.13) and (2.14) we find that
ðw0 þ �w1 þ �2w2 þ � � �Þ
��
oDþi
¼ ðw0 þ �w1 þ �2w2 þ � � �Þ

��
oD�i
; ð2:21Þ

ni:ðrn þ ð�þ L2�
2 þ � � �ÞrzÞðw0 þ �w1 þ �2w2 þ � � �Þ

��
oDþi

¼ mini:ðrn þ ð�þ L2�
2 þ � � �ÞrzÞðw0 þ �w1 þ �2w2 þ � � �Þ

��
oD�i
: ð2:22Þ
Furthermore we exploit the fact that we have introduced two lengthscales by requiring that each wj should be
doubly periodic with respect to the short lengthscale n, i.e.
wjðn; zÞ ¼ wjðnþ Rðs; tÞ; zÞ ð2:23Þ
assume expansions in powers of e remaining aware that we may actually require terms of the order emlogne.
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for each j and for any s; t 2 Z. Thus, we can solve the problem at each order by equating terms of equal powers
in �. At leading order we obtain the governing equation
2 No
r2
nw0 ¼ 0 ð2:24Þ
together with the boundary conditions
w0joDþi
¼ w0joD�i

; ð2:25Þ

ni:rnw0

��
oDþi
¼ mini:rnw0

��
oD�i

ð2:26Þ
and the double periodicity condition (2.23) for j = 0. The solution at this leading order must be
w0ðn; zÞ ¼ AðzÞ: ð2:27Þ

As is always the case [2], we see that the leading order solution does not depend explicitly upon the short
lengthscale n. A doubly periodic function of n, satisfying Laplace’s equation cannot also satisfy boundary con-
dition (2.26) and thus the solution must be a function of the macroscale variable z alone.

At O (�), on using (2.27) we find that the governing equation is
r2
nw1 ¼ 0: ð2:28Þ
The associated boundary conditions are
w1joDþi
¼ w1joD�i

; ð2:29Þ

ni:rnw1

��
oDþi
� mini:rnw1

��
oD�i
¼ ðmi � 1Þni:rzAðzÞ ð2:30Þ
and we require the double periodicity condition (2.23) with j = 1. In order to continue we define the vector
functions W (n) and Wi (n)2 such that
w1ðn; zÞ ¼
WðnÞ:rzAðzÞ þ BðzÞ; n 2 D0;

WiðnÞ:rzAðzÞ þ BiðzÞ; n 2 Di;

�
ð2:31Þ
where B (z) and Bi (z) are yet to be determined. This form enables the separation of the variables n and z in the
solution scheme. From (2.28), we obtain
r2
nWðnÞ ¼ 0; n 2 D0; ð2:32Þ

r2
nWiðnÞ ¼ 0 n 2 Di ð2:33Þ
and boundary condition (2.29) yields
BiðzÞ ¼BðzÞ; ð2:34Þ
WðnÞjoDi ¼WiðnÞ

��
oDi : ð2:35Þ
The second boundary condition (2.30) implies that
ni:rnðW� miW
iÞ
��
oDi ¼ ðmi � 1ÞnijoDi ð2:36Þ
where $nW is a second order tensor. Therefore, we have reduced the problem at O (�) to the calculation of
doubly periodic vector functions W and Wi, analytic in their respective domains satisfying the boundary con-
ditions (2.35) and (2.36).

3. The homogenized equation

We shall now show how the governing equation for A (z) is derived from the O (�2) problem. From this
equation, the quasi-static effective moduli may be found in terms of the solution to the O (�) problem. This
te that the superscript i denotes that the function refers to the ith inclusion; it is not a power.
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reveals that although the leading order solution does not explicitly depend on n, it does have implicit depen-
dence as a result of the coefficients in its governing equation. At O (�2) the governing equation is
r2
nw2 þ 2ðrn:rzÞðw1 þ L2w0Þ þ r2

zw0 þ a2ðnÞw0 ¼ 0 ð3:1Þ
subject to continuity of the displacement on oDi and the continuity of normal stress boundary condition
ni:ðrnw2 þrzðw1 þ L2w0ÞÞ
��
oDþi
¼ mini:ðrnw2 þrzðw1 þ L2w0ÞÞ

��
oD�i

. ð3:2Þ
Since w0 is a function of z only, (3.1) can be written as
rn:ðrnw2 þrzðw1 þ L2w0ÞÞ ¼ �rn:rzw1 �r2
zw0 � a2ðnÞw0. ð3:3Þ
Integrating this over D0, invoking Green’s Theorem and imposing the periodicity conditions we obtain
XN

i¼1

Z
oDþi

ðrnw2 þrzðw1 þ L2w0ÞÞ:ni dl ¼
Z

D0

rn:rzw1 þr2
zw0 þ w0

� �
dn. ð3:4Þ
If we apply a similar procedure to each interior domain of the fibres Di within the periodic cell, multiply by mi

and sum these equations, we obtain the expression
�
XN

i¼1

mi

Z
oD�i

ðrnw2 þrzðw1 þ L2w0ÞÞ:ni dl ¼
XN

i¼1

mi

Z
Di

rn:rzw1 þr2
zw0 þ a2

i w0

� �
dn. ð3:5Þ
Integrating the boundary condition (3.2) around each oDi in the periodic cell and summing these equations,
invoking (3.4), (3.5), and the solution w0 = A (z), together with (2.31), we obtain the homogenized wave

equation
jD0j þ
XN

i¼1

mijDij
 !

r2
z þrz: He þ

XN

i¼1

miHi

 !
:rz þ jD0j þ

XN

i¼1

dijDij
 !( )

AðzÞ ¼ 0; ð3:6Þ
where Hi and He are second order tensors defined by:
Hi ¼
Z

Di

rnWi dn ¼
Z

oDi

Wi:ni dl ¼ jDij
H i

11 Hi
12

H i
21 Hi

22

 !
; ð3:7Þ

He ¼
Z

D0

rnWdn ¼ �
Xn

i¼1

Z
oDi

Wi:ni dl ¼ �
Xn

i¼1

Hi ð3:8Þ
and |D0| and |Di| denote the cross-sectional areas of the domains D0 and Di, respectively. Expression (3.8) al-
lows us to write the homogenized wave equation more concisely as
jD0j þ
XN

i¼1

mijDij
 !

r2
z þ

XN

i¼1

ðmi � 1Þrz:Hi:rz þ jD0j þ
XN

i¼1

dijDij
 !( )

AðzÞ ¼ 0 ð3:9Þ
and we now see what was indicated earlier, the implicit dependence of A (z) on the short lengthscale by virtue
of the appearance of the tensor Hi as a coefficient in the homogenized equation, accounting for the anisotropy
of different geometries. Dividing (3.9) by the total cross-sectional area of the periodic cell |D|, the homogenized
equation takes the form
A
o

2

oz2
1

þB
o

2

oz2
2

þ C
o

2

oz1oz2

þD

� �
AðzÞ ¼ 0; ð3:10Þ
where
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A ¼/0 þ
XN

i¼1

/iðmi þ ðmi � 1ÞH i
11Þ; ð3:11Þ

B ¼/0 þ
XN

i¼1

/iðmi þ ðmi � 1ÞH i
22Þ; ð3:12Þ

C ¼
XN

i¼1

/iðmi � 1ÞðHi
12 þ H i

21Þ; ð3:13Þ

D ¼/0 þ
XN

i¼1

/idi ð3:14Þ
and /0, /i are the volume fractions of host and the ith fibre, respectively;
/0 ¼
jD0j
jDj ; /i ¼

jDij
jDj ; jDj ¼ jD0j þ

XN

i¼1

jDij: ð3:15Þ
Plane wave solutions to (3.10) with wavenumber â� (scaled on k0) must take the form
AðzÞ ¼ Â expðiâ�ðHÞmiziÞ; ð3:16Þ

where the direction of propagation in the xy plane is defined by m = (cosH, sinH). On substituting this into
(3.10) we find that for solutions of this form to exist we must have
â2
�ðHÞ ¼

D

A cos2 HþB sin2 Hþ C sin H cos H
: ð3:17Þ
At this point if we scale back to x coordinates using (2.15) we find that
â�mizi ¼â�Lð�Þmixi ð3:18Þ
¼a�mixi; ð3:19Þ
so that the effective wave number a* (again scaled on k0) is defined by
a2
�ðHÞ ¼ðâ�Lð�ÞÞ

2 ð3:20Þ
¼â2
��

2 þ Oð�3Þ ð3:21Þ

¼ D�2

A cos2 HþB sin2 Hþ C sin H cos H
þ Oð�3Þ; ð3:22Þ
where � may be interpreted as a non-dimensionalized frequency. It is easily shown using (2.3) and (2.4) that a
homogeneous monoclinic material (propagating at the non-dimensionalized frequency �) with material prop-
erties d* (scaled on q0) and C�1313;C

�
2323 and C�1323 (scaled on l0), responds with wavenumber
a2
homðHÞ ¼

d��2

C�1313 cos2 Hþ C�2323 sin2 Hþ 2C�1323 sin H cos H
: ð3:23Þ
Therefore on writing /0 = 1 � /1 � /2 � � � � � /N we can read off the quasi-static effective moduli by compar-
ing (3.22) with (3.23) and identify them as
d� ¼ D ¼ 1þ
XN

i¼1

/iðdi � 1Þ; ð3:24Þ

C�1313 ¼ m�x ¼A ¼ 1þ
XN

i¼1

/iðmi � 1Þð1þ H i
11Þ; ð3:25Þ

C�2323 ¼ m�y ¼ B ¼ 1þ
XN

i¼1

/iðmi � 1Þð1þ H i
22Þ; ð3:26Þ
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C�1323 ¼ m�xy ¼
1

2
C ¼ 1

2

XN

i¼1

/iðmi � 1ÞðH i
12 þ Hi

21Þ: ð3:27Þ
Thus we interpret d* as the effective density, m�x and m�y as the effective shear moduli relating to shearing on
planes perpendicular to the x and y axes, respectively, and m�xy as the cross modulus relating to additional
shear stresses resulting from the shear strain in a perpendicular direction (e.g. the contribution of e23 to
r13; see (2.3)). From hereon in we will be solely concerned with fibres having circular cross section (i.e. ni =
(coshi, sinhi) for hi centred at the origin of each fibre) with the exception of Section 6 where more general fibre
cross sections will be considered and results are computed for elliptical cross sections.

4. The O (�) problem

As discussed in the previous section, at O (�) we seek doubly periodic solutions W and Wi which are analytic
in their respective domains and for circular fibres satisfy the boundary conditions
WðnÞjr¼ri
¼WiðnÞ

��
r¼ri
; ð4:1Þ

o

or
ðW� miW

iÞ
����
r¼ri

¼ ðmi � 1Þðcos h; sin hÞjr¼ri
; ð4:2Þ
where r = ri is the radius of the ith fibre. We have introduced the local polar coordinate system (r,h) which has
its origin at the centre of the ith fibre cross section.3 Therefore inside the ith fibre, we may pose a solution of
the form Wi ¼ ðW i

1;W
i
2Þ where
W i
1 ¼ ai

0 þ
X1
m¼1

ai
mrm cos mhþ bi

mrm sin mh
� 	

; ð4:3Þ

W i
2 ¼ âi

0 þ
X1
m¼1

âi
mrm cos mhþ b̂i

mrm sin mh
n o

ð4:4Þ
and ai
n; â

i
n; b

i
n; b̂

i
n 2 R and a local solution valid in some neighbourhood outside the ith fibre may take the form

W ¼ ðY i
1; Y

i
2Þ where
Y i
1 ¼ ci

0 þ
X1
m¼1

ci
mrm þ ci

�m

rm

� �
cos mhþ di

mrm � di
�m

rm

� �
sin mh

� 

; ð4:5Þ

Y i
2 ¼ ĉi

0 þ
X1
m¼1

ĉi
mrm þ ĉi

�m

rm

� �
cos mhþ d̂ i

mrm � d̂ i
�m

rm

 !
sin mh

( )
ð4:6Þ
and ci
n; ĉ

i
n; d

i
n; d̂

i
n 2 R. The superscripts i denote that this is a solution local to the ith fibre. The full doubly peri-

odic solution outside the fibres will be some superposition of these, as we shall see shortly. Imposing (4.1) we
obtain the relations
ai
0 ¼ci

0; ð4:7Þ
âi

0 ¼ĉi
0; ð4:8Þ

ai
n ¼ci

n þ ci
�nr�2n

i ; n P 1; ð4:9Þ
âi

n ¼ĉi
n þ ĉi

�nr�2n
i ; n P 1; ð4:10Þ

bi
n ¼di

n þ di
�nr�2n

i ; n P 1; ð4:11Þ
b̂i

n ¼d̂ i
n þ d̂ i

�nr�2n
i ; n P 1 ð4:12Þ
and from (4.2) we obtain
ictly the local polar coordinate system of the ith fibre should be referred to with an index (say i) but to avoid complicated notation
not followed and should not cause confusion.
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ðci
1 � ci

�1r�2
i Þ � miai

1 ¼mi � 1; ð4:13Þ
ðd̂ i

1 þ d̂ i
�1r�2

i Þ � mib̂i
1 ¼mi � 1; ð4:14Þ

ðci
n � ci

�nr�2n
i Þ � miai

n ¼0; n P 2; ð4:15Þ
ðdi

n þ di
�nr�2n

i Þ � mib
i
n ¼0; n P 1; ð4:16Þ

ðd̂ i
n þ d̂ i

�nr�2n
i Þ � mib̂i

n;¼0; n P 2; ð4:17Þ
ðĉi

n � ĉi
�nr�2n

i Þ � miâi
n;¼0; n P 1: ð4:18Þ
From these relationships we may obtain what turn out to be the important results
ci
�1 ¼r2

i Miðci
1 þ 1Þ; ð4:19Þ

ci
�n ¼r2n

i Mici
n; n P 2; ð4:20Þ

di
�n ¼� r2n

i Mid
i
n; n P 1; ð4:21Þ

ai
1 ¼Nici

1 þMi; ð4:22Þ
bi

1 ¼Nid
i
1; ð4:23Þ

d̂ i
�1 ¼� r2

i Miðd̂ i
1 þ 1Þ; ð4:24Þ

d̂ i
�n ¼� r2n

i Mid̂ i
n; n P 2; ð4:25Þ

ĉi
�n ¼r2n

i Miĉi
n; n P 1; ð4:26Þ

b̂i
1 ¼Nid̂ i

1 þMi; ð4:27Þ
âi

1 ¼Niĉi
1; ð4:28Þ
where Mi ¼ ð1� miÞ=ð1þ miÞ and Ni ¼ 2=ð1þ miÞ. The further relationships required to close the system
will come from the double periodicity conditions. Before we discuss this we shall show how we find the ele-
ments of Hi in terms of the coefficients of the solutions for Wi. From (3.7), (4.3) and (4.4) and the orthogo-
nality of cosine and sine, we obtain
Hi ¼
Z 2p

0

Wi:niri dh; ð4:29Þ

¼
Z 2p

0

W i
1 cos h W i

1 sin h

W i
2 cos h W i

2 sin h

 !
ri dh; ð4:30Þ

¼jDij
ai

1 bi
1

âi
1 b̂i

1

 !
; ð4:31Þ
and by comparing this with (3.7) we see that for circular cylinders we have
Hi
11 ¼ ai

1; Hi
12 ¼ bi

1; ð4:32Þ

Hi
21 ¼ âi

1; Hi
22 ¼ b̂i

1 ð4:33Þ

and once these coefficients have been obtained we can feed them directly into (3.25), (3.26) and (3.27) to find
the leading order effective elastic moduli of the general monoclinic material.

4.1. Doubly periodic functions

In order to consider a wide range of specific inclusion geometries, it is first necessary to derive doubly peri-
odic functions which we use as building blocks for all the configurations. We must construct a doubly periodic
function having period A, say, in the x direction and B, say, in the y direction, having the behaviour (cosh,
sinh)/r as r! 0. Thus, we will construct such a doubly periodic function of a complex variable with poles
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at periodic locations in the complex plane. For the solution W these poles lie outside its domain of validity D0

(i.e. inside Di) and therefore it remains analytic within D0. Defining the complex variable z = x + iy = rexp(ih)
and letting A 2 R, we construct the function
1

z
þ
X1
m¼1

1

z� mA
þ 1

zþ mA

� �
¼ p

A
cot

pz
A

� �
ð4:34Þ
which has residue unity at z ¼ m;m 2 N and then on letting B 2 R, we define
U1ðz; A;BÞ ¼ p
A

cot
pz
A

� �
þ p

A

X1
n¼1

cot
p
A
ðz� inBÞ

� �
þ cot

p
A
ðzþ inBÞ

� �h i
ð4:35Þ
which may be recast in the form
U1ðz; A;BÞ ¼ p
A

cot
pz
A

� �
þ 2p

A
sin

2pz
A

� �X1
n¼1

cosh
2npB

A

� �
� cos

2pz
A

� �� ��1

: ð4:36Þ
Note that the superscript 1 indicates that the potential has singular behaviour like 1/z at each lattice
point. The fact that the ±n terms in (4.35) must be paired to ensure convergence means that the imaginary
part of this function is not doubly periodic but the real part certainly is. Thus, the leading potential we
use is
F 1ðz; A;BÞ ¼ f 1ðx; y; A;BÞ ¼ RðU1ðxþ iy; A;BÞÞ ð4:37Þ

which is doubly periodic (with periodic A in the x direction and B in the y direction). Furthermore with the
following arguments it takes on the required behaviour near the origin:
F 1ðz; A;BÞ ¼ f 1ðx; yÞ � x
x2 þ y2

¼ cos h
r

; ð4:38Þ

F 1ð�iz; B;AÞ ¼ f̂ 1ðx; yÞ � y
x2 þ y2

¼ sin h
r

; ð4:39Þ
as r! 0. The interchange of A and B is necessary in (4.39) to retain the correct periodicity in the appropriate
directions.

In order to form a multipole expansion we wish to generate a family of potentials with poles of increasing
order at the lattice points z = mA + inB. One possibility would be to generalize (4.35) as
p
A

� �p
cotp pz

A

� �
þ p

A

� �pX1
n¼1

cotp p
A
ðz� inBÞ

� �
þ cotp p

A
ðzþ inBÞ

� �h i
but this only converges for p odd and as for (4.36) is only doubly periodic in its real part. A simpler form is
obtained by writing
Ujðz; A;BÞ ¼ p
A

� �j X1
n¼�1

1

sinj p
A ðzþ inBÞ
� � ; j ¼ 2; 4; 6; . . . ; ð4:40Þ

Ujðz; A;BÞ ¼ p
A

� �j X1
n¼�1

cos p
A ðzþ inBÞ
� �

sinj p
A ðzþ inBÞ
� � ; j ¼ 3; 5; 7; . . . ; ð4:41Þ
where the superscript j on Uj signifies the strength of the leading order singularity and not a power. The abso-
lute convergence of these infinite series means that the potentials are doubly periodic complex functions, i.e. if
z! z� iqB; q 2 Z, then changing n to n + q shows that the potential remains the same. Further the sums in
(4.36), (4.40) and (4.41) are rapidly convergent and so are excellent for numerical purposes. It is interesting to
remark that a consequence of the double periodicity of Uj, j P 2, is that their residue must be zero.

For a general periodic cell in which there are N inclusions, centred at points zi in the cell, we can define the
functions
Uj
iðz; A;BÞ ¼ Ujðz� zi; A;BÞ ð4:42Þ
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for 1 6 i 6 N, j P 2 and where A and B are chosen to give the correct periodicity within the material. For the
leading order potentials, we define
4 No
equiva
F 1
i ðz; A;BÞ ¼ RðU1ðz� zi; A;BÞÞ; ð4:43Þ

F̂ 1
i ðz; B;AÞ ¼ RðU1ðzþ izi; B;AÞÞ; ð4:44Þ
where the rotation of poles is required for F̂ 1
i since its argument in the multipole expansion to follow shortly

will be �iz, as indicated by (4.39).
Considering the full exterior solution W = (Y1,Y2) we can now employ the following multipole expansions

for Y1 and Y2:
Y 1 ¼
XN

i¼1

cR
i1F 1

i ðz; A;BÞ þ cI
i1F̂ 1

i ð�iz; B;AÞ
� �

þR
X1
j¼2

XN

i¼1

cijU
j
iðz; A;BÞ

( )
; ð4:45Þ

Y 2 ¼
XN

i¼1

ĉR
i1F 1

i ðz; A;BÞ þ ĉI
i1F̂ 1

i ð�iz; B;AÞ
� �

þR
X1
j¼2

XN

i¼1

ĉijU
j
iðz; A;BÞ

( )
; ð4:46Þ
where cR
i1; ĉ

R
i1; c

I
i1; ĉ

I
i1 2 R, cij ¼ cR

ij þ icI
ij and ĉij ¼ ĉR

ij þ iĉI
ij 2 C; j P 2 are constants. Note that cR

i1 and cI
i1 do not

denote the real and imaginary parts of ci1 unlike the notation for cij, j P 2; it is merely a notational
convenience.

These multipole expansions allow the system to be closed by taking their local expansions about each
inclusion and using the relations (4.19)–(4.21) to obtain a linear system in cR

ij and cI
ij, as will be shown

shortly. Thus, we find doubly periodic functions Y1 and Y2 which also satisfy the boundary conditions
on each of the fibre/host interfaces. Since the solutions (4.45) and (4.46) must be truncated for a finite
value in the j sum, say p, we note that the maximum value of p required for the solution to have con-
verged will clearly increase as the fibre radii increase.4 Each doubly periodic potential allows the boundary
conditions for one of the fibres in the periodic cell to be satisfied whilst simultaneously providing double
periodicity. Finally, since all coefficients in the solutions are known (to an accuracy dictated by the choice
of p in the truncations of (4.45) and (4.46)), we can substitute these into (4.22), (4.23), (4.27) and (4.28) to
obtain the elements of Hi.

4.2. Odd and even split for circular cross sections

The functions F 1
i ðzÞ and F̂ 1

i ðzÞ are odd and furthermore Uj
iðzÞ are purely odd (j odd) (or can be made so by

removal of an appropriately chosen constant) or even (j even) and therefore the odd and even parts of the
multipole expansion are completely uncoupled, regardless of the geometry of the composite. For example,
consider the multipole expansion of Y1, which we truncate at j = p (odd), and separate into odd and even pow-
ers, so that
Y 1 ¼ WO
1 þWE

1 ; ð4:47Þ

where
WO
1 ðzÞ ¼

XN

i¼1

cR
i1F 1

i1ðz; A;BÞ þ cI
i1F̂ 1

i1ð�iz; B;AÞ þR
X::;p�2;p

j¼3;5;::

cijU
j
iðz; A;BÞ

 !( )
; ð4:48Þ

WE
1 ðzÞ ¼

XN

i¼1

X::;p�3;p�1

j¼2;4;6;::

cijU
j
iðz; A;BÞ ð4:49Þ
are the odd and even parts of the multipole expansion, respectively.
te that the multipole expressions (4.45) and (4.46) remain doubly periodic if the j sum is truncated at a finite value p, say; this is
lent to assuming that cij, j > p are sufficiently small and can be set to zero.
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Now for circular cross sections, we only have to determine a1, b1, â1 and b̂1 and thus we have only to solve
the odd system above. Further since the boundary condition does not affect the even system this system will be
homogeneous and thus cij = 0 for even j.

On expanding the potential having singularity of order j (odd) and corresponding to the ith inclusion
(1 6 i 6 N), in a Laurent (or Taylor series) expansion about the location of the kth inclusion zk, it must have
the form
dik
1

ðz� zkÞj
þ
Xðj�1Þ=2

m¼1

sijk
ð2m�jÞðz� zkÞ2m�j

 !
þ
X1
m¼1

sijk
ð2m�1Þz

2m�1; ð4:50Þ
where the constants sijk
m 2 C in general and dik is the kronecker delta.

Thus, a local expansion of (4.48) about the kth inclusion can be written in the form
WO
1k ¼ R

a�p;k

zp
þ a�pþ2;k

zp�2
þ � � � þ ap;kzp

� �
; ð4:51Þ
where am;k ¼ am;kðcijÞ ¼ aR
m;k þ iaI

m;k 2 C depend on all cij, j odd and 1 6 i 6 N. Of course, am,k for m < 0 will
depend only on ck1,ck3, . . . ,ckp since the kth expansion is the only one which is a Laurent as opposed to a Tay-

lor series expansion. Thus,
WO
1k ¼ aR

�p;k

cos ph
rp
þ � � � þ cR

k1

cos h
r
þ aR

1;kr cos hþ � � � þ aR
p;krp cos ph

� 


þ aI
�p;k

sin ph
rp
þ � � � þ cI

k1

sin h
r
� aI

1;kr sin hþ � � � � aI
p;krp sin ph

� 

; ð4:52Þ
where we note that the coefficient aR
�1;k is simply cR

k1 and aI
�1;k is cI

k1; this is due to the fact that the only poten-
tials with 1/z behaviour in the multipole expansion are F1 and F̂ 1.

We now compare (4.52) with the odd part of the solution (4.5), expanded about the location of the kth
inclusion and similarly truncated, i.e.
Y k
1 ¼ ck

�p

cos ph
rp
þ ck

�pþ2

cosðp � 2Þh
rp�2

þ � � � þ ck
prp cos ph

� 


þ �dk
�p

sin ph
rp
� dk

�pþ2

sinðp � 2Þh
rp�2

þ � � � þ dk
prp sin ph

� 

: ð4:53Þ
The relations (4.19), (4.20) and (4.21), for the kth inclusion, i.e.
ck
�1 ¼r2

1Mkðck
1 þ 1Þ; ð4:54Þ

ck
ð�2n�1Þ ¼r2ð2nþ1Þ

1 Mkck
ð2nþ1Þ; 1 6 n 6 ðp � 1Þ=2; ð4:55Þ

dk
ð�2n�1Þ ¼ � r2ð2nþ1Þ

1 Mkdk
ð2nþ1Þ; 0 6 n 6 ðp � 1Þ=2; ð4:56Þ
then provide p + 1 linear equations in terms of the N(p + 1) unknowns cR
ij and cI

ij, for j = 1,3, . . . ,p and
i = 1,2, . . . ,N. Thus if we carry out the above for each of the remaining N � 1 inclusions in the periodic cell,
we obtain the full system of N (p + 1) linear equations for the N (p + 1) unknowns. Having solved this system,
each coefficient ci

n is then known and in particular ai
1 and bi

1 may be calculated by virtue of (4.22) and (4.23):
ai
1 ¼Nici

1 þMi; ð4:57Þ
bi

1 ¼Nid
i
1: ð4:58Þ
The calculations for Y2 proceed analogously, giving us values for âi
1 and b̂i

1 and thus the effective properties
from (3.25) to (3.27) together with (4.32) and (4.33). In general the coefficients sijk

m in the series expansions
(4.50) are complex. If they were purely real, it would mean that aR

m;k depend only on cR
ij and aI

m;k depend only
on cI

ij. This decoupling then means that (4.56) becomes a homogeneous linear system in cI
ij and thus cI

ij ¼ 0.
Furthermore this means that di

1 ¼ 0 and thus from (4.58), bi
1 ¼ 0. Similarly we may show that if the
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corresponding constants in the expansions for Y2 are real, âi
1 ¼ 0. Thus from (3.27) with (4.32) and (4.33),

m�xy ¼ 0. Constants in the local expansions of potentials corresponding to orthotropic media are always real
and thus the theory is consistent as we shall see in the next section.

To proceed we shall specify certain geometries and show how the above may be implemented in these cases.
Note that we only had to solve the odd system above because the fibres had circular cross section. For more
general cross sections, the odd and even systems are still uncoupled but since the effective properties will
depend on more coefficients than simply ai

1; b
i
1; â

i
1 and b̂i

1, we are required to solve both systems to find the
effective properties (see Section 6).

5. Specific geometries

5.1. Rectangular lattice – orthotropic

Consider a material like the one in Fig. 1(c). The periodic cell has one fibre inside it (N = 1) located at
z1 = 0 with radius r1. Take the horizontal period to be A1 = A and the vertical period to be B1 = 1. Therefore
we require only one set of potentials in the multipole expansions (4.45) and (4.46) which are given by
Y 1 ¼ cR
1 F 1ðz; A; 1Þ þ cI

1F̂ 1ð�iz; 1;AÞ þR
X1
j¼1

cjU
jðz; A; 1Þ

( )
; ð5:1Þ

Y 2 ¼ ĉR
1 F 1ðz; A; 1Þ þ ĉI

1F̂ 1ð�iz; 1;AÞ þR
X1
j¼1

ĉjU
jðz; A; 1Þ

( )
: ð5:2Þ
Note that since there is only one inclusion in the periodic cell we have dropped the subscript i on the coef-
ficients cij; ĉij and on the potentials. We recall from the previous section that cj ¼ ĉj ¼ 0 for j even. Since
there is only one fibre in the periodic cell, the expansions of the potentials (4.50) about the origin have the
form
1

zj
þ
X1
k¼1

sj
ð2k�jÞz

2k�j: ð5:3Þ
In these expansions, sj
ð2k�jÞ are real and thus as discussed above this predicts that m�xy ¼ 0, as it should do in

this case. For Y1 (Y2) we have a system of (p + 1)/2 linear equations to solve for cR
j ðcI

jÞ which, once solved pro-
vides us with the effective properties m�x and m�y from (3.25) and (3.26).

We shall now show some results for various types of these orthotropic materials, with specific cylinder radii
r1 and elastic moduli m1 = l1/l0. All the results have been computed in Mathematica.

5.1.1. Square lattice

By taking A = 1 we obtain a square lattice which corresponds to tetragonal symmetry and six elastic con-
stants. For this material we should find that m�x ¼ m�y ¼ m� (meaning that the material is transversely isotropic
for SH waves) and indeed computations show this to be the case here. Table 1 shows how solutions converge
for different fibre radii with m1 = 10; dashes (–) indicate that the solution has converged to the accuracy shown
(six significant figures). For radii up to r1 = 0.15 convergence is excellent with only 1 term in the multipole
expansion required for full convergence. Furthermore when fibres are close to touching (r1 = 0.495), even
though convergence to six decimal places requires p = 49, this calculation only takes 0.85 seconds in Mathem-
atica. In actual fact p = 49 means that we take only 25 terms in the multipole expansion. This appears to com-
pare very favourably with other asymptotic methods such as McPhedran et al. [14] where in the case of
determining the effective conductivity of a square array of closely touching cylinders the accuracy of the mul-
tipole expansion appears to be affected by the physical properties of the fibres. Even after restricting these
properties it appears that many terms (P100) are required in their multipole expansions. Our method outlined
above has no such restrictions.

In Fig. 3 we compare our results for the parameter m1 = 0.1 with other homogenization methods. We see
that our result lies within the Hashin bounds [6]. We plot the effective medium result noting that it provides



Table 1
Table showing convergence of the multipole method for a square array with m1 = 10 and various radii

Square array, m1 = 10

p r1 = 0.05 r1 = 0.1 r1 = 0.15 r1 = 0.2 r1 = 0.25

1 1.01294 1.05276 1.12277 1.2292 1.3828
3 – – – 1.22921 1.38293
5 – – – – –

p r1 = 0.3 r1 = 0.35 r1 = 0.4 r1 = 0.45 r1 = 0.495

1 1.60192 1.91917 2.3971 3.17105 4.40264
3 1.60294 1.92523 2.42882 3.3343 5.22256
5 – 1.92524 2.42895 3.33885 5.36013

11 – – 2.42903 3.34072 5.45375
19 – – – 3.34049 5.33262
49 – – – – 5.45806
51 – – – – –

Fig. 3. Comparing the prediction of the effective longitudinal shear modulus (plotted against radius of fibre cross section) of a tetragonal
material by various methods for the value m1 = 0.1.
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a useful approximation for small volume fractions but for larger volume fractions where the geometry
becomes more significant the approximations inherent in the method lead to significant errors, drifting out-
side the variational bounds. We also plot the effective field and T-matrix methods which provide a good
approximation to the exact result. Our results also concur with those given in Fig. 4 of Sabina et al. [23]
when we use the relevant parameter sets. This illustrates that the quasi-static limit is equivalent to the
MAH for statics, as of course it should be. Finally in Table 2 we compare our results for the square lattice
with those obtained via the equivalent inclusion method by Jiang et al. [10] and the computational results of
Chen [3] and Adam and Doner [1].

5.1.2. Rectangular lattice
We shall illustrate the case of a rectangular lattice by taking A = 2, B = 1. The material is then strictly

orthotropic. We implement the method described above and obtain the results shown in Figs. 4 and 5. Note
in particular that for this case regardless of the value of the parameter m1, the shear modulus corresponding to
shearing in a plane perpendicular to the y axis m�y is always greater than m�x . This is because we can think of the
composite as having layers of low shear modulus material (corresponding either to columns of low shear mod-
ulus fibre (m1 < 1) or low shear modulus host (m1 > 1)) perpendicular to the x axis. This weakens the response
to shearing in planes perpendicular to the x axis; hence the lower effective shear modulus m�x . We see a further



Table 2
Table comparing the results of different methods for m�x ¼ m�y at various volume fractions

/ r1 m1 MAH Jiang et al. Chen Adam/Doner

0.4 0.356825 6 1.80451 1.80451 1.805 1.796
20 2.14586 2.14586 2.147 2.137

120 2.31344 2.31343 2.314 2.305
400 2.33957 2.33957 2.340 –

0.55 0.418414 6 2.3256 2.32562 2.326 2.304
20 3.07708 3.07712 3.184 3.044

120 3.50657 3.50663 3.555 3.469
400 3.57782 3.57789 3.578 –

0.7 0.472035 6 3.17309 3.17311 3.176 3.163
20 5.21285 5.21367 5.222 5.187

120 6.92746 6.92945 6.945 6.878
400 7.2714 7.27364 7.291 –

0.75 0.4886025 6 3.61827 3.61966 3.620 3.646
20 7.00108 7.00409 7.006 7.005

120 11.1536 11.1640 11.170 11.035
400 12.2137 12.2264 12.523 –

Fig. 4. The results of the method of asymptotic homogenization for the rectangular lattice structure, with m1 = 0.1.

Fig. 5. The results of the method of asymptotic homogenization for the rectangular lattice structure, with m1 = 10.
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example of this type of behaviour in Section 5.3 where we consider a more complicated orthotropic material.
Note that the results sit inside the corresponding Hashin bounds for this material.

5.2. Hexagonal lattice – transversely isotropic

Consider a material consisting of fibres arranged on a hexagonal lattice, as shown in Fig. 1(e). This material
is transversely isotropic and computations confirm that m�x ¼ m�y ¼ m�. In order to construct this hexagonal
symmetry it is necessary to add together two families of potentials. Let z2 ¼ ð1þ i

ffiffiffi
3
p
Þ=2 and define
Fig. 6.
G1ðzÞ ¼R U1ðz; A ¼ 1;B ¼
ffiffiffi
3
p
Þ þ U1ðz� z2; A ¼ 1;B ¼

ffiffiffi
3
p
Þ

� �
; ð5:4Þ

Ĝ1ðzÞ ¼R U1ðz; A ¼ 1;B ¼
ffiffiffi
3
p
Þ þ U1ðzþ iz2; A ¼

ffiffiffi
3
p

;B ¼ 1Þ
� �

; ð5:5Þ

WjðzÞ ¼Ujðz; A ¼ 1;B ¼
ffiffiffi
3
p
Þ þ Ujðz� z2; A ¼ 1;B ¼

ffiffiffi
3
p
Þ; j P 3; ð5:6Þ
and we use these functions in our multipole expansions:
Y 1 ¼ cR
1 G1

i ðzÞ þ cI
1Ĝ1

i ð�izÞ þR
X1
j¼1

cjU
jðzÞ

( )
; ð5:7Þ

Y 2 ¼ ĉR
1 G1

i ðzÞ þ ĉI
1Ĝ1

i ð�izÞ þR
X1
j¼1

ĉjU
jðzÞ

( )
: ð5:8Þ
We plot the results for a hexagonal lattice in Fig. 6 using m1 = 10. In this instance the T-matrix result pro-
vided by Varadan et al. [26] should provide a reasonable comparison with the MAH result since it was derived
under the assumption that the random material was transversely isotropic. This result is actually a special limit
of the Hashin bounds where the area not occupied by composite cylinders tends to zero and the bounds coin-
cide [6]. In particular, if we accept the assumptions of the T-matrix method in this case, this comparison will be
a good indication of how different the response of random and periodic transversely isotropic materials are,
when excited by SH waves. Since the effective field method can be shown to be equivalent to the T-matrix
scheme this provides a good approximation in this case, unlike the effective medium method which gives only
a reasonable approximation for small volume fractions.

5.3. Other orthotropic materials

Consider an orthotropic material with periodic cell as shown in Fig. 7. This cell consists of two fibres
(N = 2) with radii and shear moduli parameters, r1,m1 and r2,m2, respectively. To construct the multipole
expansion for Y1 we use the form (5.1) with N = 2 and two sets of the potentials (4.43), (4.44) and (4.42),
one for each of the locations z1 = 0 and z2 = 1. The effective moduli are thus given by
Comparing the method of asymptotic homogenization with various other methods for the value m1 = 10 for hexagonal symmetry.



Fig. 7. A typical periodic cell of the orthotropic material discussed in Section 5.3. The periodic cell consists of two circular fibres each of
different radii and distinct shear moduli.
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q� ¼1þ /1ðd1 � 1Þ þ /2ðd2 � 1Þ; ð5:9Þ
m�x ¼1þ /1ðm1 � 1Þð1þ a1

1Þ þ /2ðm2 � 1Þð1þ a2
1Þ; ð5:10Þ

m�y ¼1þ /1ðm1 � 1Þð1þ b̂1
1Þ þ /2ðm2 � 1Þð1þ b̂2

1Þ; ð5:11Þ
where it is stressed that the superscripts distinguish between fibres and are not powers. As is evident, this pro-
cedure can easily be extended to any number of fibres included in the periodic cell, enabling complicated struc-
tures to be modelled. It is easy to see the application of such a material in industry – it is possible to obtain
effective shear moduli with this type of structure which may not be obtainable with a single type fibre rein-
forced material.

For orthotropic materials on a rectangular lattice as described in Section 5.1, it is possible to show that even
for high contrast materials (m1� 1 or m1� 1) the effective shear moduli in the x and y directions are still
relatively close. In contrast let us consider the two-fibre periodic cell material described above. Let each fibre
have the same radius r1 and consider varying their shear moduli.

Set m1 = 100 and m2 = 0.01 (or m1 = 0.01, m2 = 100, since this is equivalent). This corresponds to alternat-
ing columns of very high and very low shear modulus fibres (compared with the host material). We would thus
expect the response to shearing perpendicular to the x axis to be weakened for there are now layers of material
with low shear modulus perpendicular to this axis. Alternatively we expect the resistance to shearing in a direc-
tion perpendicular to the y axis to be increased since each plane perpendicular to this direction contains high
shear modulus fibres.

We plot some results in Table 3 for various radii of fibres, as usual analysing convergence. When the fibres
are almost touching at r = 0.495, the shear modulus in the x direction is reduced to approximately one eighth
of that of the host shear modulus whilst that in the y direction is increased to almost eight times that of the
host shear modulus. To show the contrast between the shear moduli in the two directions we plot the ratio
m�y=m�x in Fig. 8. In particular note that for materials with larger radii fibres, the contrast in shear modulus
can be very large.

5.4. Fully monoclinic materials

As we discussed above, if we break lines of symmetry in the periodic cell the material becomes mono-
clinic. To the authors knowledge no results have been published in the literature regarding the effective
elastic moduli of monoclinic fibre reinforced composites. Let us construct a monoclinic material by con-
sidering a periodic cell containing four fibres, all centred on a square lattice except for one which has been
perturbed off its lattice point by a radial distance |n| (see Fig. 1(a)). Provided n 2 C and is not purely real



Table 3
Table showing convergence of the effective shear moduli for the ‘‘two-fibre’’ periodic cell material described above

Two-fibre periodic cell, m1 = 100, m2 = 0.01

p r = 0.1 r = 0.2 r = 0.3 r = 0.4 r = 0.45 r = 0.495

m�x
1 0.997927 0.967339 0.84494 0.580245 0.403033 0.232324
3 – 0.967337 0.844736 0.574983 0.382846 0.167835
5 – – 0.844735 0.57477 0.380429 0.144596
7 – – – 0.574762 0.380103 0.134266
9 – – – 0.574761 0.380072 0.130021

13 – – – – 0.380064 0.12664
31 – – – – – 0.125463
33 – – – – – –

m�y
1 1.00208 1.03376 1.18352 1.72341 2.48118 4.30433
3 – 1.03377 1.1838 1.73918 2.61202 5.95823
5 – – – 1.73983 2.62861 6.91583
7 – – – 1.73985 2.63087 7.44791

11 – – – – 2.63113 7.82931
13 – – – – – 7.8964
41 – – – – – 7.97196
43 – – – – – –

Fig. 8. The contrast between shear moduli in the x and y directions for the two fibre periodic cell material, where m1 = 0.01, m2 = 100.
Note that for high radii, very large contrasts are possible. It is not possible to obtain such high contrast effective moduli in fibre reinforced
materials with only one fibre type.
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or imaginary, this material is strictly monoclinic. We construct the multipole expansion for Y1 from four
sets of potentials, one for each of the positions z1 = n, z2 = 1, z3 = i and z4 = 1 + i. The shift of the pole
off the origin to n 2 C means that the constants sijk

m in the series expansions (4.50) of the potentials will
now in general be complex and as described earlier this means that the linear system is now fully coupled,
leading to non-zero values for â1 and b1 and thus a non-zero m�xy . The non-dimensional effective moduli
are thus given by (3.25)–(3.27) with N = 4. Results for the specific perturbation n = 0.1 � 0.2i are shown
in Table 4. We can compare these results with those shown in Fig. 1, corresponding to fibres on a square
lattice, also with m = 10. Clearly as n! 0 the results for the monoclinic material considered here should
converge to the square lattice result and it is easily shown that they do. It is clear that the monoclinicity
only becomes apparent for larger volume fractions when the symmetry breaking becomes more significant.
When m < 1 the monoclinicity is even weaker so that rigid fibres have a greater effect on the anisotropy
(monoclinicity) of the composite.



Table 4
Table showing convergence of the effective moduli for the monoclinic material described above with the specific perturbation
n = 0.1 � 0.2i

Monoclinic material, m1 = m2 = m3 = m4 = 10, r1 = r2 = r3 = r4 = r,n = 0.1 � 0.2i

p r = 0.1 r = 0.2 r = 0.3 r = 0.35 r = 0.4

m�x
1 1.05271 1.22811 1.59452 1.90211 2.35833
3 – 1.22813 1.59583 1.90921 2.39264
5 – – 1.59585 1.90934 2.39362
7 – – – 1.90935 2.39374

11 – – – – 2.39379
13 – – – – –

m�y
1 1.05282 1.2303 1.60966 1.93743 2.44
3 – 1.23033 1.61106 1.94546 2.48378
5 – – 1.61109 1.94582 2.49028
7 – – – 1.94587 2.49295

19 – – – – 2.49461
21 – – – – –

m�xy
1 0 0 0 0 0
5 5.9867 · 10�11 2.97788 · 10�7 4.87101 · 10�5 3.90392 · 10�4 0.00329804
7 – 2.97831 · 10�7 4.88903 · 10�5 3.9624 · 10�4 0.00361183

13 – – 4.89051 · 10�5 3.97398 · 10�4 0.00386808
15 – – – 3.97399 · 10�4 0.00387911
29 – – – – 0.00388908
31 – – – – –
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5.5. Rigid fibres and cavities

Two important cases to consider for fibre reinforced media are those extreme cases of rigid fibres (corre-
sponding to the limit as m1!1) and cylindrical cavities (corresponding to the limit as m1! 0). These exam-
ples are illustrated for a square lattice in Figs. 9 and 10, respectively, where we note that the results remain
inside the variational bounds. The effective medium method fails to stay inside these bounds for anything
other than dilute volume fractions and in particular it predicts that m* = 0 for 0.4 6 r 6 0.5, in the case of
cavities. Note that the asymptotic method exhibits excellent converge even when the fibres or cavities are close
Fig. 9. Comparing the prediction of the effective longitudinal shear modulus (plotted against radius of fibre cross section) of a tetragonal
material by various methods for rigid fibres (the limit as m1!1).



Fig. 10. Comparing the prediction of the effective longitudinal shear modulus (plotted against radius of fibre cross section) of a tetragonal
material by various methods for cylindrical cavities (the limit as m1! 0).
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to touching. The T-matrix/effective field methods provide good approximations over large ranges of volume
fractions.

6. Fibres of general cross section

Until now the method has only been demonstrated on materials having fibres of circular cross section.
As a result of this we have been able to solve the O (�) problem exactly via multipole expansions and
the problem simplified since the boundary conditions implied that consideration of only the odd part of
the system was necessary. The method is, however, not restricted to specific cross-sectional geometries as
we shall now show. Very few results are available in the literature for materials having non-circular
fibres. Jiang et al. [9] considered elliptical fibres via a generalized self-consistent method and hence
obtained results for a random distribution and orientation of elliptical fibres in the xy plane. In the con-
text of transport theory, Nicorovici and McPhedran [17] used Rayleigh’s method and an elliptical coor-
dinate system in order to evaluate the effective dielectric constant of a material with fibres of elliptical
cross section. Here we wish to employ a general scheme suitable for arbitrary fibres with smooth
boundaries.

Let us consider a fibre of general cross section whose interface with the host medium in the xy plane is given
in terms of polar coordinates by
r ¼ f ðhÞ; ð6:1Þ

where f (h) is continuous and at least once differentiable. Thus the normal to this interface is given by
n ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 þ f 2

h

p ðf cos hþ fh sin h; f sin h� fh cos hÞ; ð6:2Þ
where fh = of/oh and
n:r ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 þ f 2

h

p f
o

or
� fh

f
o

oh

� �
ð6:3Þ
on the boundary. We restrict attention here to fibres positioned on a square lattice, posing multipole
expansions as in (5.1) and (5.2) using the potentials F 1ðz; 1; 1Þ; F̂ 1ðz; 1; 1Þ and Uj (z; 1,1). We express
the solutions in local polar coordinates in exactly the same way as in (4.3)–(4.6) and apply the boundary
conditions on r = f(h). Truncating the solutions as before, the boundary conditions for W1 and Y1 are
then
a0 � c0 þ
Xp

ðan � cnÞf n cos nhþ ðbn � dnÞf n sin nh� c�nf �n cos nhþ d�nf �n sin nhð Þ ¼ 0; ð6:4Þ

n¼1
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and
Table
Table
b = 0.1

Elliptic

p

m�x
1
5
9

13
17
21
23

m�y
1
5
9

21
23

Table
Table
b = 0.2

Elliptic

p

m�x
1
5
7

17
19

m�y
1
5
7

11
15
17
Xp

n¼1

n ðcn � mianÞ cos nhþ ðdn � mibnÞ sin nh½ 	f n � ðc�n cos nhþ d�nf �n sin nhÞf �nð

þfh ðcn � mianÞ sin nh� ðdn � mibnÞ cos nh½ 	f n�1 � ðc�n sin nhþ d�n cos nhÞ
� �

f �n�1
�

¼ ðmi � 1Þðf cos hþ fh sin hÞ: ð6:5Þ
There are 2p + 1 unknowns am and bm present in (6.4) and (6.5). Therefore in total, given that we know the
relationships cm ¼ cmðcR

1 ; c
R
2 ; . . . ; cR

p ; c
I
1; c

I
2; . . . ; cI

pÞ and dm ¼ dmðcR
1 ; c

R
2 ; . . . ; cR

p ; c
I
1; c

I
2; . . . ; cI

pÞ from the matching
between the multipole expansion Y1 and the local external solution Y 1

1, we have a total of 4p + 1 unknowns
in (6.4) and (6.5).

In order to form a system of 4p + 1 equations in these unknowns, multiply (6.4) by cosqh, for 0 6 q 6 p and
integrate over the range h 2 [0, 2p]. Next multiply (6.4) by sinqh, for 1 6 q 6 p and integrate over the range
5
showing convergence of the effective shear moduli for a fibre reinforced material where the fibres are of elliptical cross section with

and m1 = 10

al cross section, m1 = 10, b = 0.1

a = 0.1 a = 0.2 a = 0.3 a = 0.4

1.05276 1.19325 1.40698 1.65036
– 1.19716 1.429 1.7045
– 1.19737 1.43316 1.72246
– 1.19739 1.43438 1.73104
– – 1.43479 1.73566
– – – 1.73831
– – – –

1.05276 1.13649 1.2905 1.48043
– 1.1362 1.28948 1.47869
– – 1.28944 1.47855
– – – 1.47841
– – – –

6
showing convergence of the effective shear moduli for a fibre reinforced material where the fibres are of elliptical cross section with
5 and m1 = 10

al cross section, m1 = 10, b = 0.25

a = 0.1 a = 0.2 a = 0.3 a = 0.4

1.20748 1.28066 1.53742 1.9916
1.20684 1.28006 1.54554 2.09779
1.20683 1.28005 1.54555 2.10218
– – – 2.10376
– – – –

1.29471 1.34149 1.45017 1.66237
1.30575 1.34453 1.44767 1.65237
1.30667 1.34454 1.44766 1.65194
1.30722 – – 1.65181
1.30734 – – 1.6518
– – – –
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h 2 [0,2p]. These operations generate 2p + 1 equations. Finally repeat this for (6.5) except that when multiply-
ing by cosqh, q is limited to the range 1 6 q 6 p. This generates an extra 2p equations. We thus have a linear
system of 4p + 1 equations for 4p + 1 unknowns. For the sake of implementation we can split the odd and
even parts of the multipole expansions as described in the previous section to obtain two smaller uncoupled
systems, one of 2p + 1 equations and one of 2p equations. The coefficients for Y2 and W2 are found
analogously.

We can therefore find the quasi-static effective moduli by calculating the elements of the tensor Hi defined
by (3.7), where
H j1 ¼
1

Di

Z 2p

0

f ðf cos hþ fh sin hÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 þ f 2

h

p W i
j

�����
r¼f ðhÞ

dh; ð6:6Þ

H j2 ¼
1

Di

Z 2p

0

f ðf sin h� fh cos hÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 þ f 2

h

p W i
j

�����
r¼f ðhÞ

dh ð6:7Þ
and W i
j (j = 1,2) are the interior solutions given by (4.3) and (4.4). In the case of circular cross sections these

integrals consisted of only one term due to the presence of only cosh and sinh in the boundary condition. For
these more general cross sections the integrals result in an infinite series which we must truncate.

As an example, let us take elliptical cross sections so that
f ðhÞ ¼ abffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 sin2 hþ b2 cos2 h

p ð6:8Þ
and the ellipse intersects the x axis at x = ±a and the y axis at y = ±b. Tables 5 and 6 exhibit the convergence
of the method above in the case of elliptical cross section. We consider m1 = 10 (i.e. the shear modulus of the
inclusion material is significantly higher than that of the host material), and vary a for fixed b. Table 5 shows
results for b = 0.1 and we note that a = 0.1 corresponding to circular inclusions recovers the case of tetragonal
symmetry for SH waves as it should do. For higher a the ellipse becomes elongated in the x direction, creating
layers of low shear modulus host material perpendicular to the y axis. We therefore expect m�x > m�y for fixed
a > b and this is verified in Table 5. Similar results may be observed in Table 6 where b = 0.25 where it should
be noted that m�x < m�y for a < 0.25 = b and m�x > m�y for a > 0.25 = b.

7. Conclusions

Using the well-known approach of asymptotic homogenization we have derived an effective (homoge-
nized) anisotropic wave Eq. (3.9) governing the propagation of SH waves within a fully monoclinic fibre
reinforced material in the low frequency (quasi-static) case, qk0� 1. Thus new expressions for the effective
elastic constants of the material have been derived in simple closed forms (3.24)–(3.27). The unknowns in
these expressions may be found by employing multipole expansions in families of doubly periodic func-
tions. As was shown in Section 5 these expansions are extremely convergent and results can be computed
in seconds. Furthermore the routines used to calculate the results are robust, enabling many terms of the
multipole expansion to be computed when necessary. The scheme also works well (without modification)
when fibres are close to touching. It is therefore preferable to Rayleigh’s method which requires special
treatment in this limit.

The method allows complicated structures to be modelled as was shown in Section 5 where we exhibited
new results for materials having full monoclinicity. Furthermore there is no restriction to fibres of circular
cross section as was shown in Section 6 where we extended the method to non-circular shapes, providing
new results for the case of elliptical cross sections. Other cross-sectional shapes, including non-smooth
boundaries such as those with polygonal cross section, can and will be analysed in future articles. It will
also be interesting to analyse other distributions of inclusions inside the periodic cell other than those
discussed above.

We note that we have only achieved the leading order (quasi-static) behaviour of the effective moduli and
that for dynamic effects to become apparent we must find the higher order terms which will be an algebraically
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arduous task. However, the closed form expressions developed here for static properties are preferable to the
existing expressions given by Meguid and Kalamkarov [15] and Sabina et al. [23] due primarily to their sim-
plicity, rapid convergence even for fibres close to touching and their easily extendable nature to materials hav-
ing complex structure. In particular note that we have not appealed directly to the theory of Weierstrassian
elliptic functions in order to find the effective properties. Furthermore we have derived the results from the
dynamic problem where the small parameter � is a physical quantity relating the lengthscale of the micro
and macro lengthscales. This is preferable to the static approach of Meguid and Kalamkarov [15] and Sabina
et al. [23] where the corresponding small parameter is somewhat fictitious and higher order terms do not have
any physical significance. In contrast, the higher order terms here relate to dispersion, characterizing the (low
frequency) dynamic response of the material. This will be discussed in future articles.

The method presented here may be straightforwardly extended to other elastic wave propagation problems
in order to find the remaining 10 effective moduli characterizing a monoclinic material. This will also be
reported on in future articles.
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