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ASYMMETRIC CHANNEL DIVIDER IN STOKES FLOW*

I. DAVID ABRAHAMS , ANTHONY M. J. DAVIS , AND
STEFAN G. LLEWELLYN SMITH

Abstract. This article examines the classic problem of Stokes flow into a divided channel with,
in contrast to previous literature, the divider barrier asymmetrically placed with respect to the
moving, parallel channel walls. The boundary value problem is reduced to a Wiener—-Hopf equation
that is of matrix form and of a class for which no exact solution is known. An explicit approximate
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1440 D. ABRAHAMS, A. DAVIS, AND S. LLEWELLYN SMITH

Fic. 1.1. Geometry of problem.

of a new Pade approximant procedure [10] and the rst solution of this classic problem
by the Wiener Hopf technique.

Consider the unidirectional ow between rigid walls at y = —1, h, where (x,y)
are Cartesian coordinates, at which the velocity « has the prescribed values u_1, up,
respectively (see Figure 1.1). The ow u*(y)x, where x is the unit vector in the z
direction, is given by

an = () v (d) - - i

Here the rst two terms of the velocity pro les may be identi ed as a shear ow with

di erent wall speeds and the last term with a ow driven by a pressure gradient G

that accounts for the prescribed ux being di erent from the ux generated by the

shear ow. It is readily observed from (1.1) that only the weighted average of the wall

velocities has a role in the study of the disturbance ow generated by the introduction

of a xed plate at y = 0,2 < 0. With u, + u_1h = —U(h + 1), this occurs when the
ow speed at y = 0, namely

o up +u_1h Gh Gh
. =" — — = — + —
L2) W=t (U Zﬂ),

is nonzero, or when there isa ux mismatch in (—1,0) between the upstream ow
and that in the downstream channel.

In terms of pressure gradients G_, G, at in nity (as shown in Figure 1.1), the
downstream (z — —oo) unidirectional velocity pro les are given by

G_
(1.3) uZ(y) = —u_1y + Zy(y +1), —1<y<0,
G
(1.4) WF@ =g - Gruhi-y, 0<y<h,

whose total ux must equal that in the upstream (z — oo) unidirectional velocity
pro le (1.1). Thus

(1.5)

6u 21
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ASYMMETRIC CHANNEL DIVIDER IN STOKES FLOW 1441

which is to be viewed as determining the upstream pressure gradient G in terms of
Gy,G_,U. The ux mismatch, @, is now given by

I - 1 Gh (G- -G)
ao o= [ o -we)a=-5(v+Gr )+ C
Evidently the sets of values of the wall velocities and pressure gradients in (1.1),
(1.3) for which the presence of the semi-in nite barrier creates a disturbance ow
form a two-parameter family described by nonzero values of the vector [«>°(0), @],
with only its direction being signi cant. Thus any two ows of type (1.1), (1.3) that
yield parallel values of this vector, determined by (1.2), (1.6), may be regarded as
equivalent because their suitably weighted di erence must be a unidirectional ow
with zero velocity at y = 0.

For example, the two ows determined by G_ =0 = G and either u_; =0, u;, =
V*or u_y = —V,u, = 0 both yield values of [u>(0), @] that are parallel to (2,1)
because, if V* = —V'h, they di er by the shear ow u = Vy. The former is the nite
version of the two-dimensional model of a half-pitot tube studied by Kim, Choi, and
Jeong [9], whose motivation was the experimental work reported by Stanton, Marshall,
and Bryant [11] and Taylor [12]. The latter is the nite version of a Stokesian entry
problem, with no pressure gradient far down the semi-in nite channel, studied by
Moore, Buchwald, and Brewster [8]. The condition of no pressure gradient upstream
ensures, for any uy, that their ow is recovered in the limit A — co.

In the case of symmetric geometry, h = 1 and evidently (1.2) (1.6) show that

ows with u_y = —U = uy, G = G_ are equivalent to the even case:

1.7 Q=0, uX(-y)=uF(y), 0<y<l,

which consists downstream of a shear and pressure-driven ow combination, while
ows with u_; =0 =y, G, = —G_ are equivalent to the odd case:

A8  G=0 wO=0, Q== w()=-uT(). 0<y<i

which is a pressure-driven ow out of one channel into the other.

In view of the above discussion, a generic study which covers all possible ow
cases in fact need only consider forcing due solely to the moving walls and various
combinations of downstream pressure gradients. The two cases are therefore the
following:

1. U#0and G, =0=G_. Therefore, [u>(0), Q] is parallel to [2(h? — h +
1), h(h — 1)], so its direction depends on A only.
2. U =0 and various ux ratios. Hence

Q _3h+1-G_JG

(1.9) u>(0) 6h ’

which displays a two-parameter dependence.
As an illustration of the use of MATLAB, a computational solution of this channel
ow, using approximate boundary conditions, was given by Fehribach and Davis [13].

2. The Wiener—Hopf problem. The equations of steady creeping ow, the
Stokes equations [14], are

(2.2) Vp = uV3v, V.-v=0,
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1442 D. ABRAHAMS, A. DAVIS, AND S. LLEWELLYN SMITH

where v is the velocity, p the dynamic pressure, and p the viscosity. For two-
dimensional ow referred to Cartesian coordinates (x,y), equations (2.1) allow a
stream function ¢ (x,y) to be introduced such that

ov, o

(2.2) v = By - 833y’

Vi =0.

Consider the ow between rigid walls at y = —1, h and a semi-in nite xed barrier
at y = 0, x < 0 at which the stream function has distinct constant values and its y-
derivative has the prescribed values uv_, = —U, u, = —U, 0, respectively (see Figure
1.1). Then v ~ u®(y)x as ¢ — oo and v ~ u(y)x as x — —oo, where u>(y)
and u$°(y) are given by (1.1) and (1.3), (1.4), with the upper plus (lower minus )
sign referring to the upper (lower) duct region. It is advantageous to choose for the
disturbance eld not v —u*°(y)x but rather v —u5°(y)x. Thus, on setting, as in (2.2),

ofl  ad {O<y<h,

T o -1<y<0,

2.3) vouE@x=gox - ooy,

the disturbance stream function J,l(w, y) is biharmonic, satis es the homogeneous con-
ditions

(2.4) ﬂzOzgfaty:—l,h, —co<xr<oo, andy=0, z<0,

is continuous along with its y-derivative on y = 0, = > 0, and, according to (1.3),
(1.4), and (2.3), is generated by the discontinuities

a%ﬂ]‘” h+1, Geh+Go {a?’zﬂ]‘”__cgc:_
0— H

o), Y oy

(2.5) { N . T

ony =0,z > 0. If, for convenience, these discontinuities tend to zero as =z — oo, i.e.,
(2.5) is modi ed to

82,&:|0+: [Uh+l+G+h+G_}e_ez [M](H__G-S-_G—e—ex

E h 24 oy |y 7

(2.6) [

0—
ony =0,z > 0, where ¢ is a small positive real constant, then the disturbance stream
function ﬂ and its derivatives tend to zero as x — +oo as a consequence of the choice
(2.3), which further implies that the unknown functions s(x), t(z), de ned by

= [

Oy>? oy

R =t(zx), y=0, z<0O,

2.7) [

0— 0—

also decay to zero as x — —oo. On completion of the solution procedure e will be set
to zero.
In terms of the Fourier transform

2.8) (k.y) = / I, gy de,

the boundary conditions (2.4), (2.6), (2.7) yield
(29) (k7 _1) =0= y(k7 _1)7 (k7 h) =0= y(k7 h)u
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(2.10) (k,0) = /000 f(z, 0 de = *(k,0), y(£,0) = F(k,0),

0 [eS)
. h+1 h+G_ . .
s(:c)e””dx U ; G+ G / e”:(kJ”E)diL'
h 21 0

h+l, Gih+G_]
h 2u k+ie’

@u>[wwwmt=/

— 00

= S~ (k) + [U

0 o oo )
H(z)ethede — Gy -G / piz(k+ie) g,
H 0

G, —G_
L k+ie

@unzwwwmt=/

J —oo

=T (k) —

Convergence of the above Fourier full- and half-range transforms is ensured if & lies
in an in nite strip containing the real line, here and henceforth referred to as D,
with its width limited from below by the singularity at £ = —ie. Evidently (see [1])
the unknown pairs of (half-range transform) functions *(k,0), ;f(k, 0) and S~ (k),
T~ (k) are regular in the region above and including D, denoted D, and the region
below and including D, denoted D, respectively. Thus, Dt N D~ = D.

In view of the behavior of JJ at x = +oo, the Fourier transform (2.8) can be
applied to the biharmonic equation, whence

2 L\
(2.13) (ClyQ—k> =0

and hence a general solution which satis es (2.9) is

(2.14)  (k,y) = A(k)k(1 + y) sinh[k(1 + y)]

+ B(k){k(L + y) cosh[k(1 + y)] — sinh[k(1 + y)1}, -1l<y<0,
(2.15)  (k,y) = C(k)k(h — y) sinh[k(h — y)]

+ D(k){k(h — y) cosh[k(h — y)] — sinh[k(h — )]}, O<y<h.

Application of the conditions (2.10) now yields

A(k) '\ _ 1
(2.16) ( B(k) ) " sinhZk — k2

ksinhk —(kcosh k — sinh k) *(k,0)
—(kcosh k + sinh k) ksinhk k=t S(k0) )7

C(k) ) 1
2.17 =
( )< D(k) sinh? kh — k2h2
o khsinh kh kh cosh kh — sinh kh T (k,0)
—(khcosh kh + sinh kh) —khsinhkh k=t F(k0) )

As t(k,y) and ;(k,y) are continuous across the line y = 0, the discontinuities
(2.11), (2.12) may be regarded as conditions on ,,, — k? and its derivative, which
facilitates the deduction of the following matriz Wiener Hopf equation:

(2.18)

T (k) i h+170 1 [ 26, —2G_ 1\ _ +(k, 0)
(56 ) (5 [ [ €05 ) = (169).
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where
_ [ FLf(F) + g(k)] —ke(k) )
(2.19) K(k) = ( —ke(k) g(k) — f(k) )’
B k‘2 k?2h2
(2.20) e(k) = 2k (Sinh2 k—k2 sinh?kh— k2h2) ’
B k kh
(2.21) J(h) =2k <sinh2 k—k2  sinh?kh— k2h2) ’
_ sinh 2k sinh 2kh
(2.22) g(k) =k Linh2 kK2 sinh®kh - k%?]

It can easily be seen that K(k) possesses the properties
(2.23) K(k) = K(—k) = [K(K)]",

where T denotes the transpose, a fact that is exploited subsequently. The determinant
of the kernel is

4k*[sinh? k(h + 1) — k2(h + 1)?]
(sinh? kh — k2h2)(sinh? k — k2)

(2.24) K (k)| =

The forcing term in (2.18) displays the two independent ows identi ed above. In
the case of symmetric geometry, h = 1 implies that e(k) is identically zero, and hence
the Wiener Hopf equation (2.18) separates into disjoint scalar equations of standard
type. Then, in the even case, G, = G_ implies that 7~ and T vanish, while, in the
odd case, U = 0= G, + G_ implies that S~ and ; vanish, as expected.

It remains to consider the pressure singularity at the barrier edge. In the neigh-
borhood of » = 0, using the obvious polar coordinate representation,

. 1 .
. ~ ro/“cos=0[ 1sinf+ o(1+cos
2.25 § ~ 21/23/2 50 0 1 ]
(226) = 1(r + z)l/zy + 2(7’ + I)3/27
after rejecting the more singular terms of order /2. Thus
3/2 aiﬂ 1/2
. ) ~ 2 ) a ) ~ 1 ’
(2.27) $(z,0) (2z) 5 (#.0) (22)'/? as z — 0+
Y

and by writing, for x < 0,

3
2.8 oyl el
(2.28) ! (r—2)/2  (r—x)3/2

it follows that

o>l

(2.29) 5

2 >1/2 o3l 6

(z,0) ~ £ 1(_$ Tyg(xvo)wi QW

as x — 0— on the upper/lower side of the barrier. The latter result indicates that
the pressure jump across the barrier behaves as 6u »(2/(—x))'/? as the edge is ap-
proached. This agrees with the asymptotic form
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-1 1/2,.—1/2 1 .1
(2.30) pof~ 2y — 1cos§0+3 Qsm§9 ,

obtained from (2.25) by noting that (2.1) and (2.2) ensure that fi and ;N%ﬂ are
conjugate functions. The rejection of order '/2 terms in (2.25) thus minimizes the
order of this edge singularity in the pressure, as, for example, in the calculations for
the spherical cap [15] and the hollow sphere with caps removed [16]. A bounded
pressure jump occurs if o = 0, which may be achieved by a suitable choice of the
direction of the forcing vector in (2.18). Such a procedure is unnecessary for the
geometrically symmetric even case since then > must be zero for zﬂ to be an odd
function of 6 in (2.25). The Wiener Hopf calculation [2, 3, 5] generates an entire
function that is identically zero, from which it is deduced that ; =2/,/7.

3. Factorization of the duct kernel.

3.1. Introduction and overview of the factorization procedure. In the
previous section the matrix Wiener Hopf equation was derived, in which the kernel,
K(k), is written in (2.19). The aim of this section is to factorize K(k) into a product
of two matrices

G.1) K(k) = K~ (R)K™ (k),

one containing those singularities of K (k) lying in the lower half-plane, referred to as
KT (k), and K~ (k), which is analytic in the lower half-plane D~ and hence contains
the singularities of K (k) lying above the strip D. Note that [K* (k)] and [K—(k)]~!
are also analytic in the regions D+ and D—, respectively. Further, it is necessary for
successful completion of the Wiener Hopf procedure that K*(k) are at worst of al-
gebraic growth (see Noble [1]). Unfortunately, although matrix kernel factorization
with the requisite growth behavior has been proven to be possible for a wide class of
kernels (Gohberg and Krein [17]), to which the kernel (2.19) belongs, no constructive
method has been found to complete this in general. There are classes of matrices
for which product factorization can be achieved explicitly, the most important of
which are those amenable to Hurd s method [18] and Khrapkov Daniele commutative
matrices [19, 20]. Details of these, and an extensive bibliography on matrix kernel
factorization, can be found in [21, 10, 22]. The present problem yields a kernel which,
to the authors knowledge, falls outside of the classes permitting an exact factoriza-
tion, and so an approximate decomposition will be performed here. The approach
follows that developed recently by one of the authors and has been successfully ap-
plied to problems in elasticity [21, 22] and acoustics [10]. Essentially, the procedure
is to rearrange the kernel into an appropriate form, namely, to resemble a Khrapkov
(commutative) matrix, and then to replace a scalar component of it by a function
which approximates it accurately in the strip of analyticity D. The new approximate
kernel is able to be factorized exactly (into an explicit noncommutative decomposi-
tion), and, in the previous cases cited above, strong numerical evidence was o ered
for convergence of the resulting approximate factors to the exact ones as the scalar
approximator is increased in accuracy. Further, the convergence to the solution has
been validated for one particular matrix kernel [23], where an ezact noncommutative
factorization can be derived by an alternative procedure.

The kernel in (2.19) appears, on face value, signi cantly simpler to factorize than
those in the previously mentioned articles [21, 10], because it contains only simple
pole singularities rather than branch cuts. Therefore, it could perhaps be considered
as more appropriately factorized by pole removal methods, such as those suggested

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1446 D. ABRAHAMS, A. DAVIS, AND S. LLEWELLYN SMITH

by Idemen [24], Noble [1], Rawlins [25], Abrahams [26], and Abrahams and Wickham
[27], reducing the problem down to an in nite algebraic system of equations which
needs to be solved numerically. However, there are three reasons why this approach
is not useful here. The rst is a technical point; it can be shown that the procedure
for removing singularities from the kernel, and thereby obtaining the kernel factors
K*(k), is not nearly as straightforward as for those kernels considered by the afore-
mentioned authors. Second, the pole locations are complex and are found from the
zeros of the determinant of the kernel K (k) in (2.24), i.e., the roots of the transcen-
dental Papkovich Fadle dispersion relation. This creates further complications in the
factorization scheme. The third, and most compelling, reason for avoiding this ap-
proach is that we would like a nal solution which will 0 er uniformly accurate results
for all values of upper duct height h, from h = 1 to h = oo, a range that does not
imply any loss of generality. Clearly, as h — oo, more and more of the Papkovich
Fadle poles need to be included to maintain constant accuracy (more and more move
down close to the strip D), and so the corresponding algebraic system to solve has to
be truncated after a greater and greater number of terms. Thus, we cannot expect
to recover the h — oo case, that is, when the upper duct top wall is removed, so we
could not employ such a factorization in a solution which we would hope to compare
with other results for this particular ow domain (Moore, Buchwald, and Brewster
[8], Kim, Choi, and Jeong [9], etc.)

In view of the above arguments we aim to employ the Wiener Hopf approximant
matrix (WHAM) method [10] discussed previously and to do this in such a way
that maintains the requisite accuracy over all values of » > 1. As mentioned in the
introduction, when h = 1, then the kernel should reduce to two scalar functions,
re ecting the symmetric and antisymmetric motions clearly evident to exist from
the symmetry in duct geometry. When h = oo, the upper duct wall is removed, and
although others have tackled this by alternative approximate/numerical means, it can,
in fact, be shown that the kernel actually reduces to a commutative (Khrapkov) form
[23]. Therefore, an exact factorization is again achievable. Hence, if the approximate
factorization, to be achieved here by the WHAM method, is organized so that in both
limits, h — 1 and h — oo, it reduces to the exact kernel decomposition, then very
good accuracy can be expected for all intermediate h values. This is what will be
done below. However, as a complication to this factorization, we must take account
of two unfortunate features of the kernel. The rst is the fact that the elements
of K(k), and in particular e(k), f(k) shown in (2.20) (2.22), di er by a factor of
k near the origin. This is identical to that found for the kernel in [21] and can be
handled by a suitable rearrangement of terms. The second is due to the fact that
K (k) must be written as a product of three matrices such that the inner matrix L(k)
(see (3.6) below) has a determinant with behavior proportional to k=2 as k — 0. This
is a removable singularity because it is pre- and postmultiplied by matrices which
each have determinant k. Unfortunately, the inner matrix is the one we initially
factorize, and so additional arrangement is necessary to take this small-k behavior
into account. With these points of explanation in mind, the factorization procedure
is now elucidated.

3.2. Conditioning of the matrix kernel.

3.2.1. Behavior for large |k|. The matrix K (k) is characterized by its elements
e(k), f(k), g(k), given in (2.20) (2.22), and in particular by their behavior for large
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and small k. For large k it is easily deduced that

(3.2) e(k) ~ 8k3(e2IFl — p2e2IkIMy k| - 00, keD,
(3.3) fk) ~ 8k2(e ¥l + he2KIhy k| — 00, keD,
(3.4) g(k) ~ 4lk|, |k| — o0, keD.

It is appropriate to arrange the kernel to be diagonally dominant as £ — oo in D, and
so simple algebra gives

(3.5) K(k:):;(g _ok>(i —il>L(k‘)(2 11)(18 2)

where L(k) may be written in the form

(3.6) L(k) = g(k)I + < ‘) Eie(k) f(k)-gie(k) ) |
with I the identity.

3.2.2. Behavior of the kernel near the origin. Near the origin the scalar
functions e(k), f(k), g(k) take the form

h?—1\ 1
3.7) e(k) ~ 6( 2 ) o
+1\ 1
(39 16 ~6 (")
R+1\ 1
(39 o0 ~6 (")
to leading order, and it is easy to show that at the next order
h+1
(310) o - 10~ 4 ().
so that we may write
(3.11) g(k) — f(k) ~ B*K* f(K),
in which
2 h?
2 s —
(3.12) Y pay

Note that 3? tends to its minimum value 2/3 as h — 1 or h — oo and takes the
maximum value 8/9. This small variation in value over all & is important to ensure
an eventually uniform factorization accuracy. We may also express e(k) in terms of
f (k) near the origin:

(3.13) e(k) ~ ok f(k),
where the parameter ¢ takes the value

h(h — 1)
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and is monotonic in i going from§ =0at h =1to 6 =1 at h = co. Again, this small
variation will prove helpful to the factorization.

We now arrange L(k) to appear in Khrapkov form, namely, that the square of the
second matrix term should be a scalar polynomial in & times the identity. We can do
this by removing the factor / f2(k) + e2(k) from this matrix in (3.6). However, as

(3.15) Fk) £ie(k) ~ f(B)(L +idk), Kk —0,

it is more e ective [21] to write L(k) as

2 62
(316) LGk = g1+ | T 5.

(3.17) J(k) = ( d_l(k)(ol_m) d(k)(10+ i6F) )
in which

| fk) +ie(k)\ [1— ik
(319 M= \/<f(k) o) ()

It is a simple matter to show that we can choose a branch of d(k) which is regular
in D, takes the value unity at k£ = 0, and, in view of the relative magnitudes of e(k),
f(k) as |k| — oo in D, (3.2), (3.3), also tends to unity at in nity in the strip. If we
had omitted the factor (1 — i6k)/(1 + idk) in d(k), then arg(d(k)) would not have
tended to zero as k — +oc.

The matrix L(k) now appears to be in Khrapkov form, in view of the property

(3.19) J(k)y = ()1,
where 2(k) is the polynomial
(3.20) 2(k) = 1+ 6%k

However, J(k) is not entire, as required for a Khrapkov factorization, but contains
d(k), which has in nite sequences of nite branch cuts at rotationally symmetric
locations in the upper and lower half-planes. These will have to be considered once
the partial Khrapkov decomposition is complete but, for the present, will be ignored.

3.3. Partial decomposition of K(k).

3.3.1. Limiting values of L(k). The rst point to remark here is that (3.19)
is arranged in appropriate form for the limiting values of h. As h — 1, expression
(2.20) reveals immediately that e(k) = 0 and similarly, from (3.14), 6 = 0. Hence
L(k) reduces to

(3.21) L(k) = g(k)I + f(lc)( 2 (1) ) C h=1

By adding and subtracting rows this can be trivially reduced to two scalar decompo-
sition problems, but this will also be decomposed ezactly in the following Khrapkov
factorization as d(k) = 1. Similarly, as h — o0, § — 1 and

2k3

(3.22) W) =hfR)= —3 —5.  h—oo
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Hence in this limit d(k) = 1 also and

(3.23) L(k)=g(k)1+f(k)<l_°ik 1“;*) h= oo,

which also permits an exact factorization [23] and justi es the particular form of d(k)
chosen in (3.18).

3.3.2. Introduction of resolvent matrix. Before performing the Khrapkov
factorization on L(k), there is a problem, alluded to above, which must be resolved
rst. Note that as £ — 0, from (3.6), (3.11), and (3.13),

1+ 6%k2 1+ i6k
(3.22) v~ o (5 )
so that
K3 +171° 12(h + 1)
(3.25) IL(K)| ~ {efﬁ;] (28 — 62)k2 ~ % +O(1).

This is clearly singular at the origin and therefore violates the original assumption
of regularity in D. Of course, this is because we are working with L(k) and not the
original kernel K(k). To overcome this removable singularity in the determinant it
is convenient to introduce the new matrix, R(k), called the resolvent, where

(3.26) R (k) = (1 + B2kHI — I(k),
with J(k) as in (3.17), which commutes with L(k). The combined matrix
(3.27) T(k) = R 1(k)L(k)

has determinant value

2
(3.28) [ 2(h+1)3 }

h(hZ — h+1)

at £k = 0, and so T'(k) may now be factorized instead of L(k). We will later have to
deal with factorizing R(k), but this will not prove to be a problem.

3.3.3. Partial decomposition of matrix T(k). We have seen above that
R!(k) and L(k) commute, and indeed any matrices of the form oI + 3J(k) will
commute with any other. Therefore, we may pose (see [19]) the product factors of
T(k) in the form

(3.29) TE(k) = rE (k) <cosh[ (k)T (k)T + % sinh[ (k)oi(k)].](k)> ,
where r*(k), 6% (k) are scalar functions of k& with the analyticity property indicated
by their superscript. The function (&), given by (3.20), generates no branch cuts
because (3.29) contains only even powers of (k). The scalar factors »*(k), 6% (k)
are deduced by equating

(3.30) T(k) = T+ (k)T (k),
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which yields

(3.31) r(k)r~(k)cosh[ (k)(OF (k) + 60~ (k)] = g(1 + B2k%) — /f2+ ¢,
(3.32) rH(k)r~(k)sinh[ (k)(OF (k) + 0~ (k)] = /f2 + 2L+ B%kD) — g
These may be separated to give

(3:33) [ (k)™ () = (6 — [ — €) [(26° — 6%) + B'K?] &2,

+ - =\/W(1+52k2)* g
(3.34) tanh[ (k)@ (k) + 0~ (k)] gL+ PRy — PP re

and by the usual sum-split formula (e.g., equation (1.17) of Noble [1])

0t (k) = - /°° 1 tanh_l{ 720 + (O + 5%¢?) — (og(o} dc

27i ) (O 9O+ 52— (VP +(Q)
@3 =~ [T 1 tanh_l{ 72O + 2O+ 52¢?) - (og(o} d¢

mi QU+ ) - (OVPO+Q [ -k

T Jo @

valid for (k) > 0. Note that the last result is true because the integrand is even in
¢, and this further implies that

(3.36) 0~ (k) = 07 (—k), keD™.

Actually, the full range integral could be taken along any path in D parallel to the real
axis, and so if 67 (k) is required for real k, then the rst integral would be indented
below (above for 8= (k)) this point. We can con rm that the integral representations
in (3.35) exist by examining the integrand as ¢ — 0 and { — oo (it is nite valued
at all other points in D). From (3.7) (3.9) a little algebra reveals that the right-
hand side of (3.34) is O(k?), k — 0, and similarly (3.2) (3.4) suggests that (3.34) is
O(k™1), k — oo. Hence, the rst integrand in (3.35) is bounded in D and decays
proportionally to O((~?) as || — oo in the strip. Therefore, this representation is
ideal for computing 6% (k) and can be directly coded for numerical evaluation.

This procedure has to be modi ed for [r*(k)r~(k)]? in (3.33) whose right-hand
side tends to [2(h + 1)3/h(h? — h + 1)]? as k — 0 and ~ 163*kS as |k| — oo,k € D.
The latter behavior is not suitable for direct application of the product decomposition
formula (Noble [1, equation (1.20)]), which requires a function that tends to the value
unity at in nity. This is simply circumvented by applying a suitable divisor to (3.33),
employing the standard factorization formula, and then decomposing the divisor into
upper- and lower-half functions by inspection. This yields

1/2 1/2
rt (k) = {31/2 (h;:l> - Zik] {31/4 (fl;l“l) 1 +i) — Zik]

YRS AN h
><[314< — (1 —1) — 2ik B2 —h+ D]/

1 [ [92()) = f2(Q) = e*(QI¢* | _d¢
(3.37) X exp{4m,/_oo log [ 12(%)4+16(4 ] Ck}
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for &(k) > 0, and indentation of the contour below & is taken if & is real. Note that
the exponential function in this expression may be reexpressed as

ko[> [9°(Q) = f2(Q) — QI | d¢
(3.38) exp{zm./o Iog[ 12 (B + 1609 ] §2k2}7

where convergence of this and the above integral are now ensured. The function (&),
analytic in the lower half-plane, is again, due to the symmetry, simply obtained from

(3.39) r~(—k) =rt(k), keD+.

Hence T+ (k) have been determined (see (3.29), (3.35), (3.37)) in a form which can be
evaluated directly, and these are analytic in their indicated half-planes, D*, except
for the singularities occurring in K(k) (due to d(k)) which have yet to be resolved.

3.3.4. Partial decomposition of the resolvent matrix. Having introduced
the inverse of R(k) above in order to improve the convergence of L(k), we now need
to factorize it directly. The form of R(k) has been chosen to enable us to do this
easily. First, R™1(k) may, by inspection, be written in the form

(3.40) %[(1 +ikn/262 — 62)T — J(W)(L — ik~/262 — 62)I — I (k)]

where both matrices are entire save for the nite cuts in the scalar function d(k)
contained within J(k). The rst matrix has determinant

(3.41) —26%k(k — iv),
where
V2E -8 V3 [h+1

and the second has determinant
(3.43) —232%k(k + ir).

Hence we may write

(3.44) R(k) = 2R (k)R (k),
where
(3.45) RE(k) = PR (1 F ikB2)I+ J(K)]

are the partial decomposition matrices; i.e., they are analytic in their indicated half-
planes except for poles at £ = 0 and the nite branch cuts in d(k). Note that R* (k)
commute with each other and with T*(k), while the pole at & = iy lies in the upper
half-plane. Hence, this completes the partial product factorization of K(k), and from
(3.5), (3.27), (3.30), (3.44), we obtain

(3.46) K(k) =Q (h)Q" (%),
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where

_ —ik  —ik _ _
(3.47) ew=( 3" )R,
(3.48) Q=T mrm (G Y.

Note that Q* (k) are free of a pole singularity at & = 0 even though R* (k) contain this
singularity (veri ed in section 3.4.3). All that remains is to remove (approximately)
the residual singularities appearing in J(k).

3.4. Approximate factorization.

3.4.1. Padé approximation and partial decomposition of approximate
kernel. There is no exact procedure known for eliminating the nite branch cuts
in d(k) from the upper (lower) half-planes of the matrix factor Q™ (k) (Q~(k)). To
obtain an approximate factorization we replace the original matrix K(k) by a new
one, Ky (k), where

e kew=3(3 ) (T )me( L) (s 5)

(350) L (k) = g1+ T B ),

and J (k) is as given in (3.17) but with a modi ed scalar d(k) — dy(k), i.e.,

(3.51) In(k) = ( d;,l(k)(ol s dN(k)((1)+i6k) )

We follow the procedure outlined in articles [21, 10, 23, 22] closely and so do not give
the arguments here, contained in those papers, for the convergence of approximate
factors to the exact ones. It will su ce to later verify the results obtained herein
by numerical experiment. The scalar dy (k) is any function which approximates d(k)
accurately in the strip D, and for e cacy of the following method it is most convenient
to use a rational function approximation

Py (k)
Qn(k)’

where Py (k), Q (k) are polynomial functions of order N. Note that the order of each
polynomial is the same, as we require that dy (k) — 1as |k| — co. There is a variety of
ways of generating the coe cients of these polynomials, and the simplest and perhaps
most justi able (in terms of its analyticity properties) is to use Pade approximants
[28]. As a note of caution, we must check that dy(k) does not introduce spurious
singularities into the strip of analyticity D; otherwise we will produce an inaccurate
factorization. One-point Pade approximants, if they exist, are determined uniquely
from the Taylor series expansion of the original function at any point of regularity. If
we work with the origin, then the (one-point) Pade approximant of d(k) is found by
solving

(3.52) dn (k) =

S ‘i_PN(k): 2N+1
(3.53) ;ek On () OF* ),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ASYMMETRIC CHANNEL DIVIDER IN STOKES FLOW 1453

where Y7 e;k" is the Maclaurin expansion of d(k). This provides ample accuracy for
our purposes (see section 5), due to the rapid decay at large real k£ that is otherwise
present in the Fourier transform inversion formulas (4.7) and (4.8).

Note that the approximation of just d(k) ensures that the scalar Khrapkov factors
(3.35), (3.37) remain the same, etc., and so a partial decomposition of K (k) is simply

(3.54) Ky (k) = Qy()QF (k).

in which Q= (k) are given by (3.47), (3.48), with R* (k) replaced by R (k) and T+ (k)
replaced by Tﬁ(k), for which the subscript N denotes that J (%), given by (3.51),
replaces J(k) everywhere. Thus, the factorization of Ky (k) has been accomplished
apart from sequences of poles, arising from the zeros and poles of d, (k) occurring in
both half-planes exterior to D. If we can remove these singularities, then an explicit
exact factorization of Ky (k) will have been achieved, which approximates the actual
factors K*(k) in their regions of analyticity.

3.4.2. Removal of pole singularities. The exact factorization of K (k), given
by (3.49), may be written as

(3.55) Ky (k) = Ky (k)K} (k),

(3.56) Ky (k) = Qy(B)M(k), K} (k) = M Y(k)QF (k),

in which M (k) must be a meromorphic matrix which has to be chosen to eliminate the
poles of Q (k) in the lower half-plane and the poles of Qf (k) in D*. We can pose
a (nonunique) ansatz for M(k) after noting certain symmetry properties of Q},(kz).
First, from (3.18),

(3.57) d(—k) = 1/d(k),

which must be re ected in the similar approximant behavior:

(3.58) dn(—k) =1/dn (k).

Thus,

(3.59) In(=k) =[InE)]",

where the superscript denotes the transpose, and so by inspection of (3.45),
(3.60) R} (~k) = Ry 0]

Similarly, from (3.36), (3.39) and the obvious evenness of (k) in (3.20), changing &
to —k in (3.29) reveals

(3.61) Ty (k) =[TyE)]".
Hence we nd (see (3.48)) that

. . T
(3.62) Qﬁ(—k)=[TN<k)]T[RN(k>]T( DA ) = [Qx ("

and deduce that the second equation in (3.56) gives

(3.63) K{(=k) = M ' (=B)[Qy ()"
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Symmetry properties dictate, by comparison with the rst equation of (3.56), that we
can construct a suitably scaled M (k) so that

(3.64) M (—k) = [M(&)]”.

After this is achieved, it su ces to eliminate poles of K} (k) in the lower half-plane.
Now suppose that dy (k) has N, poles in the upper half-plane at k£ = ip,, n =
1,2,...,N, (ip, € D7), and N, poles in the region below the strip at £ = —ig,,
=1,2,...,N, Thatis, Qn(k) in (3.52) has zeros at k = ip,,, —ig,. As has already
been stated, there are, in total,

(3.65) N,+N,=N

simple poles in the complex plane, and, due to the symmetry (3.58), there are N
simple zeros of Py (k) at

(3.66) k=—ip,, n=12... N, k=ig, n=12... N,

in the lower and upper regions, respectively. Thus, dy(k) and its inverse may be
expressed as Mittag Le er expansions:

NP
(3.67) dN(k):1+n§::1 n+zk an—m
N,
1 - ﬁn
3.68 - =1+
( ) dN(k) Z pn - Zk Z qn

where both tend to unity at in nity by virtue of dy (k) being a one-point Pade ap-
proximant of d(k) in (3.18). The coe cients «,,, 3, are easily determined from the
coe cients of the polynomials Py (k), @n(k), the numerator and denominator, re-
spectively, of dn (k). By inspection of the location of dx (k) in Q (k), the ansatz for
M(k) is now posed (cf. those o ered in [10, 23]) as

(3.69) M(k)

% ngl pnAﬁ + nyil an—nik* - (% ngl pncﬁ + Zﬁfil ﬁﬁ)
(\[ PO . Co + Sy qﬂDﬁ) \/ +307 . An PO anﬁk 7
where A, B,, C,, D, are as yet undetermined constants. This form encapsulates

the zeros and singularities of dy (k) and is chosen to satisfy the symmetry relation
(3.64). However, the latter holds only if [M(k)| = 1, whereas (3.69) gives

N N N N
1 L An : ﬁn 1 - A” - Bn
M) = | =+ + - ¥ >
‘ ( )I \/E = P +ik 7;1 Gn — ik \/é ;pn —ik el qn + ik
N N, N
Cy X D, 1 <~ G ~_ D
3.70) + +y +>
( ) \[ nzlpn_lk Zl%’b_'_Zk \/é n:lpn+ik n:lqn_ik

The four sets of poles can be eliminated by setting the coe cients to satisfy the two
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systems of equations

N, N,
PR R R
2 n—=1 DPn ¥ Dm n=1 dn — Pm
N, N,
1 Z n L D,
@) +Cu =S Sy =0 @<m<Ny,
2 n—1 Pn+ Dm n=1 dn — Pm
N, N,
1 LA, 1 B,
B — + + ’
m(ﬂ = Pn — Gm ;Qn+qm
N, N,
1 - C7L - D"L
B72) +D,|—=+ + =0 (1<m<N).
V2 nz::l Pn = Gm nz::l Gn + Gm !

Then |[M(k)| is entire and takes the value unity at in nity. Hence Liouville s theorem
implies that the determinant is indeed |M(k)| = 1 everywhere, as required.

By premultiplying M (k) by R~ (k)T (k) and eliminating poles in the lower half-
plane, conditions relating these coe cients can be found. From (3.29) and (3.45) we
know that

(3.73) [(L+ kBT + In (k)]
X [cosh[ (K)o~ (K)]T + %sinh[ (k)e—(k:)]JN(k)} M(k)

must be analytic in D, and so from (3.51) we wish to remove poles in the lower
half-plane from

a= (k) b= (k) (L + i6k)dn (k)
@.74) (b—(k)(l—wk)/dN(k) ) )M(’“)’
where
(3.75) at(k) = (L FikB%y)cosh[ (k)OE(k)]+ (k)sinh[ (k)OF (k)]
(1 ¥ ikB%7)
(k)

are scalar functions analytic in the indicated regions. Note that

(3.76) bt (k) = cosh[ (k)6F (k)] + sinh[ (k)6 (k)]

3.77) a” (k) = a™ (—k), b~ (k) = b (—k).
The top-left element of the matrix in (3.74) is, by employing (3.67),

1 & A BB

3.78) a (k)| =+ Z_ + i + b~ (k)(1 + ok
@78 a (k)| 7 ;pnﬂ.k T;Qn—ik (k)1 + isk)

Ny Ny Np Ny

oy, On 1 C, D,
1+ + — + +
X( an"'ik an—ik) (ﬁ an—ik an+ik)’

n=1 n=1 n=1 n=1

which appears to contain simple poles at k = —ip,, n = 1,..., N, k = —ig,, n =

1,...,Ng, in the lower half-plane unless they are suppressed. However, there are in
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fact no poles at k = —ip,, because the sum of these terms multiplies dx (%), which we
know is zero at these points. Thus, setting the expression in (3.78) to remain nite
at the remaining singularity locations k£ = —iq, gives the relation, after use of (3.77),

(3.79)
N. N,
1 5 C i D
a+(i%n)Bm + b+ (iQm)/Bm(l + 5Qm) —= t = + = = 07
ﬁ ’nzZ:l Pn — Qm 7; dn + dm
1<m< N,

Similarly the bottom-left element of (3.74) contains no poles in the lower half-plane
if and only if

(3.80)
N,
1 5 A B
a+ (ipm)c77L + b+ (ipm)am(l - 6pm) —=* = + =
V2 §:1%r+pm “ Gn — Pm

n=1 n—=

Ny

:O’

1<m <N,

Likewise, suppression of the lower half-plane poles in the second column of (3.74)
yields

(3.81)
N N,
1 L A a B
a+(lqm)D’m - b+(iq7n)ﬂm(1 + 6(]7n) — + n + n — 0,
V2 ; Pn = dm nz::l Gn ¥ qm
1<m < N,
(3.82)
1 P C Ny D
a+(ipm)Am - b+(7;pm)am(1 - 6pm) — + n + n = 07
2 ;pn"'pm ;qn — Pm
1<m <N,

By inspection, (3.79), (3.81) imply (3.72) and similarly (3.80), (3.82) imply (3.71).
Therefore, not only do (3.79) (3.82) enforce K (k) to be analytic in D~ as required,
but relations (3.56), (3.62) (3.64) reveal that they are also su cient to ensure that
K (k) is free of singularities in the half-plane D*, as are the inverses [Kﬁ(k:)]—1 in
their indicated half-planes D=.

Thus (3.79) (3.82) constitute a linear system of 2N equations for the 2N un-
knowns A,,, B.., Cn, D, and are easily solved to determine their values. Note that it
may transpire that 1 + éq,, or 1 — 6p,, is zero for particular choices of m, h, N, etc.,
in which case (B, D) or (A, Cr,) would vanish. However, this does not present
any di culty (cf. equation (80) in [10]), and no cases have been encountered in which
the system for A,, D,, is singular.

3.4.3. Approximate noncommutative factorization. The explicit approx-
imate factorization of K (k) is complete, having obtained an exact noncommutative
matrix product decomposition of Ky (k). The factors K]j\[,(k) are constructed from
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(3.56), with Qﬁ(k) given from (3.51), (3.47), (3.48), (3.45), and (3.29). The mero-
morphic matrix M(k) takes the explicit form (3.69), in which the coe cients satisfy
algebraic equations (3.79) (3.82). As N increases it is expected that Kﬁ(k) will con-
verge rapidly to the exact factors K*(k), and this will be borne out by numerical
results given in section 5. All that remains here is to verify that the apparent pole at
k=0 in R*(k) is removed and to give the behavior of K% (k) for large |k| in D*.

As k — 0, we know that dy (k) — 1 by virtue of the function d(k) in (3.18), and
hence Rﬁ(k) behaves as, from (3.45), (3.51),

(3.83) RE (k) = 2;7;7 ( 1 i ) +O().
Therefore,
ik i 1
(3.84) ( 1”“ _Lf ) Ry ()~ 5 ( é (1) ) +0@1), k-0

Now, Tﬁ(k), from their de nitions, are bounded at the origin, and, by inspection, so
is M(k) in (3.69). Hence, from (3.56) and (3.84) we can deduce that

(3.85) KLy (k) =0(Q), k— 0.
Similarly, from above,

ik 10\ _
(3.86) Rﬁ(k)( o ) =0@1), k-0,

and so K};(0) is bounded too.
As |k| tends to in nity it is a straightforward matter to deduce the asymptotic
behavior of the product factors. First, by inspection of (3.45),

4 i Fy 6
(387) REGD ~ o (5 oy )

in view of the fact that we defined dy (k) in Jn (k) to behave as

(3.88) dv(k) — 1, k| — oo

Second, the asymptotic form of the Krapkhov decomposition elements r+(k), 6% (k)
can be deduced from their integral de nitions written in (3.37), (3.39), and (3.35),
(3.36), respectively. The latter identities are easily shown to give

(3.89) 0% (k) = +e/k + O(k™2), |k| — o0, k € D¥,
where

2.0 _i e [VPQFEQWH ) - (99
G0 W/o Gha {g«)(lw?c?)— OvVEQ+eQ )™

and for »* (k) the integral in the exponent of (3.37) is also O(k~!) for large |k|. Hence
by inspection we nd that

(3.91) rE(k) = 28(Fik)®/? + O(k'/?), k| — oo, k € DF,
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and so the asymptotic form of Tﬁ(k), (3.29), is

. cosh(ed)  +isinh(ed)
(3.92) Tﬁ(k) ~ 2B(Fik)*/? ( Fisinh(es)  cosh(ed) >

Therefore, Qﬁ(k) in (3.47), (3.48) can be estimated. Finally, the meromorphic matrix
(3.69) has the large |k| form

(3.93) M(k) = \2( 1 _11 )

Thus the asymptotic growth of Kﬁ(k) in (3.56) is found to be

B GR)'/2 [ —ik —ik By 8
K~ =705 ( 1 -1 )( 5 By

(3.94) ><< cosh(e) —z‘sinh(ea)>(1 _1>

+isinh(ed)  cosh(ed) 1 1

(—ik)/? (1 1 cosh(ed)  isinh(ed)
Kyt~ =77 (—1 1 ) ( —isinh(c6)  cosh(es) )

B2y =6 ik 1
a5 (Y (LY

The kernel decomposition is now complete.

4. Solution of the Wiener—Hopf equation. Having obtained an approximate
factorization of K(k), it is now a straightforward matter to complete the solution of
the Wiener Hopf equation (2.18). Dropping the subscript N in the factorization
(3.55) for brevity, the Wiener Hopf equation can be recast into the form

i+
() A e 49)

i o o h*1[0] . 1 [ 26, -2G-
Tk il (U 7 [1]+2u Goh+G_ | )

where k£ € D. The left-hand side is analytic in D, whereas the right-hand side
is regular in DT. Thus the equation has been arranged so that the two sides o er
analytic continuation into the whole complex k-plane which must therefore be equal
to an entire function, denoted E(k), say. To determine E(k) we must examine the
growth at in nity of both sides of (4.1) in their respective half-planes of analyticity.
To do this we require the large k& behavior of T-(k), S=(k), *(k), J(k), which
relate directly to the values of the untransformed physical variables near the tip of
the splitter plate. For example, a function which behaves like z, + — 0+, has a
half-range (0 to co) Fourier transform which decays like O(k~"~1), k& — oo, in the

an ot (10 - e - ke
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upper half-plane (see equation (1.74) of [1]). Hence from (2.27) and (2.29) we deduce,
respectively, that

(4.2) T(k,0) = Ok, J (k,0) = O(k™*)
as |k| — oo, k € Dt and hence

T (k) i [ h+1[0 1 [2GL—-2G_ 1\ _ [ OKkY?
@ (L@ ) s (e S ) = (oo
as |k| — oo,k € D~. These are used, together with the asymptotic forms (3.94),
(3.95), to reveal that both elements of the left-hand side of (4.1) decay as O(k™!)
in the lower half-plane, and similarly the right-hand side has the form O(k~!) as
|k] — oo in the upper half-plane. Hence, E(k) is an entire function which decays to

zero at in nity and so, by Liouville s theorem, is identically zero. Thus, the solution
of the Wiener Hopf equation is

+ i
I Y O T MG GO
26, — 26
(urer[o] A [
h L1 2u| gih+ao
or, equivalently,
(4.5) ( _TS_-(Z?) ) - k%% {1- K~ (B)[K (—ie)] '}

h+1[0 1| 2GL —-2G_-
< G ])
From this we can directly deduce the coe cients A(k) D(k), via (2.16), (2.17), and

hence establish (k,y) in =1 < y < h, from (2.14), (2.15). Finally, on setting the
convergence factor e to zero in (4.4), the disturbance stream function is

1 [ .
4.6) I=s [ e oa

2n J_ o
where the integral path runs along the real line indented above the origin, and

. . T
@n k= (e sl o)
sinh? k — k2 \ (1 +y)cosh[k(1+y)] — k=" sinh[k(1 +y)]
ksinhk —(coshk — k~1sinh k) N =Lt — -1
x ( —(kcosh k + sinh k) sinh k ) (K™ (R K (0)]

h+170] . 1 [ 26, —2G-
(8] € ))

in -1 <y<0,whereasin0 <y <h

_ —i (h — y) sinh[k(h — y)] g
@8 W)= G en ( (h — y) cosh[(h — )] — k=" sinh[k(h — y)] )
khsinh kh hcoshkh — k—Lsinh kh e
X ( —(kh cosh kh + sinh k) _hsinh kh >[K+(k)] KO

C(phri[0], 126 —2G-
ho 1] 2u| Geh+aGo |)-
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It is a straightforward matter to verify that this solution satis es the biharmonic
equation and the boundary and jump conditions (2.4), (2.5), (2.7). From this the
downstream velocity eld is determined from (2.3).

Formulas (4.7), (4.8) are suitable for evaluating zﬂ given by (4.6), in the z < 0
channels by completing the contour in the upper half-plane. Consistent with (2.3),
there is no contribution from the pole at £ = 0 to (4.6), which consists of Papkovich
Fadle strip eigenfunctions, generated by residues at the zeros of sinh?k — k2 or
sinh? kh — k2h%. These in nite sums describe how, in each channel, the ow di ers
from its far downstream pro le u3°.

However, the evaluation of 1ﬂ in the upstream (x > 0) channel is achieved by com-
pleting the contour in the lower half-plane. When [K*(k)]~! is replaced, according
to (3.1), by adj K(k)K~ (k)/|K(k)|, the substitution of (2.19), (2.24) into (4.7) yields

(4.9) (%, 9)

_ i ( (1 + y) sinh[k(L + y)] )T
k2[sinh? k(h + 1) — k2(h + 1)2] \ (1 +y)cosh[k(1 +y)] — k=" sinh[k(1 + y)]

o 8 oo (5224 [ ])

in which the elements of V (k) are concisely de ned by

Vit + Voo = ]Ch(h + 1) sinh k, Vi1 — Voo = —sinh kh sinh k(h + 1),
Vo1 + Vig = k= tsinh khsinh k(h + 1) — kh(h + 1) cosh k,

Va1 — Vi =sinh khcosh k(h + 1) — hsinh k.

The residue at the pole & = 0 yields the upstream behavior (x — oo)
2 3 _h 1-L
~ 1ty 1ty 2 2
(4.10) § h( (h—H) (h+1> > ( bh+3) -1 >

h+1[0 1 [ 2G,—2G_
(v ] € )
in —1 < y < 0, which, when substituted into (2.3), gives the net upstream ow form.
That is, the y-derivative of (4.10) is veri ed, with use of (1.5), to equal u> (y) —u°(y),
given by (1.1), (1.3). A similar calculation, based on (4.8), veri es that u> (y) —uS°(y)
is obtained in (0, ). ldentical series of Papkovich Fadle eigenfunctions arise in (4.6)

from residues associated with the zeros of [sinh? k(h + 1) — k2(h + 1)?]. This in nite
sum describes how the ow di ers from its far upstream pro le u* in -1 <y < h.

5. Numerical computation. The calculations are performed with MATLAB,
except for the evaluation of the Pade approximants ds,, by means of Maple. The
resulting fractions are then converted to oating points (16 digit accuracy) and re-
turned to MATLAB. Accuracy is low unless N = 2M with M even to take account of
symmetries about both axes. Maximum accuracy occurs at about N = 2, M = 16 and
could be increased by means of variable precision arithmetic. The poles ip,,, —ig.n
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F1G. 5.1. Stream function plots for the downstream shear case with U =1 for (left) h = 1.5 and
(right) h = 3 (note the different y-scale). The difference in stream function values (volume fluz)
between contours is 0.2.

and coe cients a.,, 5, in (3.67) are then readily determined, followed by J 5 (k) and
R} (k). Evaluation of 7 (k), 01 (k) yields T7 (k) and hence Q};(k), given by (3.48).
The scalar Wiener Hopf decomposition of r and 6 is achieved by using standard
MATLAB numerical integration. The default relative accuracy of 1076 easily su ces
because higher accuracy is actually obtained, as in many contour integrals of analytic
functions. Finally, K} (k) is constructed. The stream function, ¢ (z,y), is evaluated
in either of the x < 0 channels as a sum of the residues of (4.7) or (4.8) at the re-
spective rst 50 poles in the upper half-plane. Note that knowledge of the two sets
of residues allows the inverse Fourier transform (4.6) to be computed for any z(< 0)
at essentially zero marginal cost. The companion matrix function K (k), needed in
(4.9) for x > 0, is constructed similarly.

The numerical evaluation of the approximation [K} (k)]~! to [K*(k)]~* in (4.7),
(4.8) depends on the accurate determination of the coe cients a™(ip,,), ... in (3.79)
(3.82). These are given by (3.75), (3.76), in which (k) appears analytically, but
branch cuts may arise from the presence 6+ (k) in the sinh functions. By factoring

(¢) from the numerator of the fraction in (3.35), it is evident that the branch cuts
created by the approximate factorization arise solely from the square root in the
de nition (3.16) of L(k).

Very high accuracy would require variable precision arithmetic and a large number
of terms in the residue sum, especially when computing the stream function values
near the entrance to the downstream channels.

Figure 5.1 displays streamlines for » = 1.5 and h = 3 in the downstream shear
case (G4 = 0 = G_). For the same values of h, Figure 5.2 shows streamlines when
the walls are stationary (U = 0) with respective ux ratios = 1,—0.5,—2, which
typify the physically distinct ranges, >0, -1 < <0, < —1. The curves have
an imperceptible defect at 2 = 0; the values of (0, y) computed using (4.7) and (4.9)
are not exactly the same in the Pade approximant technique but would be identical
for the exact matrix K. This discrepancy provides an estimate of the error, which is
found to decrease with N until at least N = 12, which is the value used in the gures.
While the qualitative behavior in the pressure-driven case depends only on , plots
require a normalization of G_ and G_.: for convenience, G_ = 12 was taken.
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F1G. 5.2. Stream function plots for the pressure-driven case. Left-hand panels: h = 1.5; right-
hand panels: h = 3. Top row: A = 1, middle row: A = —0.5, bottom row: A = —2. The difference
in stream function values (volume fluz) between contours is 0.2. The jagged contour for h = 3,
A = —0.5 is a contouring artifact.

6. Conclusion. The Pade approximant technique for matrix Wiener Hopf equa-
tions yields accurate numerical results for a classic Stokes ow problem for all channel
width ratios. The theory is complicated by the need for successive modi cations L,
T of the kernel and M, M~! of the matrix factors Q~, Q™ in order to establish the
required analyticity of K= and K*. The numerical implementation is not di cult
conceptually but demands the usual careful attention to the analyticity properties of
the functions involved. The technique provides a constructive scheme to obtain the
physical solution without the major di culties encountered in matching the three sets
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of biorthogonal Papkovich Fadle eigenfunctions.
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