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Diffraction of flexural waves by cracks
in orthotropic thin elastic plates. I
Formal solution
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School of Mathematics, University of Manchester,
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The problem of flexural wave diffraction by a semi-infinite crack in an infinite orthotropic
thin plate is considered. Such models have application to the ultrasonic non-destructive
inspection of thin components, such as aeroplane wings. For simplicity, the plate is
modelled using Kirchhoff theory, and the crack is chosen to be aligned along one of the
principal directions of material orthotropy. For incident plane waves, an exact analytical
expression for the scattered field is derived by means of the Wiener—Hopf technique. In
this model problem, the Wiener—Hopf kernel is scalar and its factorization is expressed in
terms of simple, definite, non-singular contour integrals. A detailed numerical evaluation
of the solution will be provided in the second part of this work.

Keywords: orthotropic plate; thin elastic plate; diffraction; scattering; crack;
Wiener—Hopf technique

1. Introduction

There is considerable interest in the ultrasonic non-destructive evaluation of thin
elastic components, such as metal panels used in the fabrication of aircraft
fuselages and wings or in submarine hulls. Such measurement requires an
understanding of the way in which cracks, voids, aperities or other inclusions
scatter the incoming ultrasonic elastic wave radiation. Even very simple models,
for example, an infinite thin plate containing a semi-infinite straight crack or a
single spherical inclusion, are difficult to solve exactly (see e.g. Norris & Wang
1994). In recent years, an increasing number of engineering applications has
started to employ composite materials in the fabrication process, because they
tend to offer superior characteristics, such as increased strength or rigidity, over
traditional materials. This, unfortunately, means that such bodies are typically
anisotropic in nature, thereby making an analysis of their propagation properties
significantly more difficult. A detailed account of the mechanics and theory of
such materials is given, for example, by Jones (1975). Often, an anisotropic thin
plate will exhibit two orthogonal lines of symmetry (e.g. for fibre reinforced

1 Present address: Department of Mathematical Sciences, Loughborough University, Loughborough
LE11 3TU, UK.

Received 19 June 2003
Accepted 28 September 2004 3413 © 2005 The Royal Society



3414 1. Thompson and I. D. Abrahams

materials), in which case it can be classified as orthotropic. Most fibre-reinforced
laminae fall into this category. The lines of symmetry are known as principal
directions, and if the spatial axes are aligned with these, then the system is said
to be specially orthotropic.

In this, the first of a two-part paper, we obtain a formal solution to the
problem of diffraction by a semi-infinite crack in a specially orthotropic thin
plate. Our axes are determined by the orientation of the crack, which must lie
along one of the principal directions. Essentially, this is a generalization of the
work of Norris & Wang (1994), who examined flexural wave diffraction from
semi-infinite cracks and rigid strips in isotropic Kirchhoff plates. Here, we will be
using more widely applicable versions of the governing equation and constitutive
relations (Timoshenko 1940) than those employed by Norris & Wang, and so the
model requires substantially more effort in effecting its solution. The method of
solution will be that devised by Wiener & Hopf (1931), a technique that has
proved highly successful in solving a great variety of wave diffraction problems,
in diverse fields such as acoustics, elasticity, electromagnetics and geophysics
(Noble 1988).

The solution procedure consists of introducing an incident flexural wave on the
plate, and rewriting, after suitable non-dimensionalization, the boundary-value
problem in terms of a scattered bending wave term (§2). This section also
indicates the behaviour of the field local to the crack tip, and decomposes the
scattered field into symmetric and antisymmetric parts. Fourier transforms are
then introduced in §3 and applied to the governing equation and boundary
conditions. In the following section (§4), these are then reduced to a pair of scalar
Wiener—Hopf equations corresponding to symmetric and antisymmetric bending
wave solutions. A Wiener—Hopf equation is a functional equation defined in a
strip of the complex plane involving two complex functions, one analytic in the
region above and including the strip, and the other analytic in the region below
and including the strip. These functions are otherwise unknown, except for their
behaviour at infinity corresponding to contraints on the bending displacement
and moment at the crack tip (§2¢). Rearrangement of the Wiener-Hopf equation
so that each side is analytic in an overlapping half-plane allows analytic
continuation to be used to solve for both the unknowns. The key step in this
rearrangement process is to factorize a specific function, the Wiener—Hopf kernel,
into a product of two terms, one analytic in the upper region and the other
analytic in the overlapping lower region. This step, which is of considerable
complexity in the present problem, is discussed in detail in §4c¢. Once the
Wiener—Hopf solutions are obtained, Fourier inverses are invoked to write down
the formal solution of the symmetric and antisymmetric parts of the flexural
wave field (§4d,e). We verify that the combined solution satisfies the governing
equations and crack edge conditions in §5a.

Note that in this article we employ a version of the Wiener—Hopf technique
similar to that used by Abrahams (1997), and adhere where possible to the
plate theory notation defined by Timoshenko (1940). This means that the now
commonplace convention of using lower case letters to represent physical
functions, and corresponding capitals for their Fourier transforms, unfortu-
nately cannot be used. Instead, all of our commonly used notation conventions
are described in detail at the beginning of §3. A major advantage of
our chosen technique, as opposed to the ‘classical’ method employed by
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Noble (1988), is that the necessity of adding a damping term to the incident
wave field is removed, leading to a simpler representation in Fourier space,
with many singularities occupying positions on the real line. Since the fourth-
order nature of the problem leads to the appearance of unusually complicated
multivalued functions, this simplification is of some importance. At the outset,
we assume convergence of Fourier integrals involving certain unknown
functions, and confirm these assumptions when the solution is obtained. In
simple problems, a WKJB method (Nayfeh 2000) is sometimes employed in
order to confirm the existence of Fourier representations for physical
quantities a priori (Billingham & King 2000). This is not practical here,
since obtaining the appropriate asymptotic expansions would be arduous at
best. The Wiener—Hopf kernel is scalar, and its factorization is expressed in
terms of definite, non-singular contour integrals. The final solution embodies
all of the features possessed by the result of Norris & Wang (1994), but also
has certain unique characteristics that arise from the greater complexity of the
orthotropic governing equation and constitutive relations. This article will
conclude in §5b with a few remarks on this point. A full and detailed analysis
and discussion of this solution is, in itself, a complicated exercise, and so will
be the focus for the second part of this work.

2. The boundary-value problem

(a) Governing equation and incoming wave

Consider an orthotropic Kirchhoff thin plate of infinite extent lying in the (z, y)-
plane, where (z,y,2) are orthogonal Cartesian coordinates. The governing
equation for transverse flexural displacements Wis given (e.g. Timoshenko 1940)
by
aIw W Iw W
+2(Dy +2D,,) —5=— + Dy—— + ph—s-
(D1 +2D0) 5zge * Drgyr * Ph 5
where the coordinates are aligned with the principal axes of orthotropy of the
material. Here, p and h are the plate density and thickness, respectively, and D,,
D,, D, and D,, are bending stiffnesses that describe the particular composite
material (Timoshenko 1940). These obey the following inequalities (Norris 1994)

D,>0, D,>0, D,>0, D,D,>Di, (2.2)

D

e =0, (2.1)

and since the combination occurs frequently, we write
H =D +2D,,. (2.3)

Although the inequalities (2.2) permit non-positive values of H, these correspond
to materials with negative Poisson ratios and therefore tend to be unimportant
for ordinary engineering applications. Consequently, for ease of exposition we
restrict our attention to cases in which

H>0, (2.4)

since these can be solved concurrently.
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Figure 1. The thin elastic plate with flexural waves incident at angle ® and with a semi-infinite
crack along >0, y=0.

Now, suppose that flexural waves of unit magnitude, angular frequency w and
form Winc = Re [eik(x cos O+y sin @)e—iwt] (2 5)
are incident on an infinitely thin crack which lies along the half-line >0, y=0
(see figure 1). Here, Re[Z] indicates the real part of the complex quantity Z. The
incidence angle O is chosen to lie in the interval [0,7), without loss of generality,
since solutions for @€ (—m,0) can be determined by symmetry. We seek an
expression for the scattered field W, which is isolated by writing

wW=w'— wr, (2.6)
in which the superscript ‘t’ refers to ‘total’. In view of this definition, it is clear
that W must consist entirely of waves that are either outgoing or decaying away

from the crack tip as /22 + y> — «. It is convenient, for ease of presentation, to
now introduce non-dimensional spatial and temporal coordinates, based on the
length-scale of flexural waves propagating in the z direction, and the angular
frequency w, respectively. Thus, we define

1/4 1/4
Y (phw2> / R <phw2> / b t— ot
* DI 9 * D‘L 9 % 9

and in addition, we suppress the time harmonic factor by writing
Winc — Re[Winc e—it*]

with similar notation applying to the scattered and total fields. Using these in
equation (2.1), we obtain the scaled governing equation

GW, =0, (2.7)
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in which
64 04 a4
In terms of the new variables, the incident field becomes
Winc(l‘ y ) — eik'*(x* cos O+y, sin O) (2 9)

where the non-dimensional wavenumber £k, is obtained by substitution into
equation (2.7); thus,

b 1/4
k= . 2.10
(Dx cos* @ +2H cos® O sin* O + D, sin* @) (2.10)

Note that k, depends on the angle of incidence 0, as we should expect for waves
in anisotropic media (Lighthill 2002). In subsequent sections, we shall always use
the scaled variables, omitting the asterisk, and once a solution has been
determined we can reintroduce the exponential time factor and then take the real
part to obtain the scattered flexural displacement.

Before proceeding to discuss the boundary conditions on the crack faces, there
are several points worth mentioning regarding the scaling of the variables z,, v,
given above. The reader may observe that a natural alternative way of non-
dimensionalizing the governing equation would be to define

,Oh(,t)2 1/4
e ()"
D,
with z scaled as above, which would yield the modified form to equation (2.7)

9 °2H & 9
[ —] W, = 0. (2.11)

+
dxt \/D D, dx2d1? s

This has the immediate effect of reducing the number of parameters to one in the
governing equation, and for the incident wave equation (2.9) the wavenumber
becomes

—1/4
k. = (cos4 o+ <2H/ D,D, )c052 @ sin? @ + sin’ @) . (2.12)

Hence, in this scaled coordinate system, a material for which # = /D, D, would
yield k,=1, i.e. it appears isotropic in nature. However, this c01n01dence of
parameter values is unlikely to occur in practice, and When H=+.,/D,D, no
advantage is gained by employing this (anisotropic) form of &, in equation (2.12)
over that chosen in equation (2.10). Furthermore, the ratio D,/D,, although
scaled from the governing equation (2.11), would appear as a new parameter in
the crack edge conditions. Thus, the benefits of remaining in a coordinate system
in which ® is the physical wave angle, rather than a distorted azimuthal
coordinate, outweigh any advantages of the alternative scaling. An interesting
point regarding the biharmonic part of the operator (2.11)

6_4 2H a9t 9t

- +-—
ozt /D,D, dz7dy;  dy!

(2.13)
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is that for H<,/D,D, it possesses the real factors

5 o \"? @ @

—+(2- +—, 2.14

0z~ ( \ /Dsz> dx.dy,  Idy? ( )
whereas for H> /D, D,, these factors are

H H? ? 9

( TIDyi D.D, 1 ) o + el (2.15)
This might indicate that the nature of the solution of the boundary-value
problem changes fundamentally as H passes through the value ./D,D,,
especially as the principal axes for the operators in the former case (2. 14) are
now not aligned with the z and y axes. As will be shown in §3, this change does
indeed result in a change in the singularity structure in an associated (Fourier
transformed) complex plane; however, this does not result in any significant
alteration of the scattered field in the medium. Furthermore, the authors have
found no useful physical relationship between the features of the solution of the
boundary-value problem and the nature of the second-order differential operators
(2.14) and (2.15).

(b) Boundary conditions on the crack faces

A free edge on a Kirchhoff plate requires two boundary, or edge, conditions.
The first is the vanishing of the bending moment M, and the second requires that
Vy, a combination of the twisting moment and vertlcal shear force (Graff 1991)
is also zero along the edge. These are given in terms of displacements in the
orthotropic case by Timoshenko (1940). We introduce a non-dimensionalizing
factor of 1/D,, and dispense with the subscript y, since we need only determine

edge conditions along y=0. Thus, we define differential operators

1 9 9
=——|Di—+D,— 2.16
M D[ FrE yayz} (216)
and
1 > 82
and introduce
d
Y(z,y) = a—gf(x, Y), (2.18)
so that the scattered bending moment is given by
M= MW; (2.19)
we also have
V=0Y, (2.20)
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with similar notation applying to the incident and total fields. The Kirchhoff
edge conditions for the scattered response are now easily obtained. The first is
given by

M(z,0) = —M™(z,0), z>0, (2.21)
and the second by
V(z,0) = —V™(z,0), z>0. (2.22)

These conditions apply on both faces of the crack, i.e. for y=0% and y=0"".

(¢) The tip condition

In order to obtain unique solutions, we must specify the asymptotic behaviour
of the scattered field around the crack tip at the origin. A suitable physical
condition is given by Norris & Wang (1994), namely, that the strain energy
density S must be integrable in the region of the tip. That is, the integral

2T e
I:J J Sr dr df,
0 0

must be finite, where ¢> 0 is a small positive constant and standard polar
coordinates have been used. Thus, for small 7, we must have S~ F(#)r®, where
B> —2 and Fis some regular function of §. Now, the strain energy density in an
orthotropic plate (Timoshenko 1940; Norris 1994) is given by

W 2W 2w\? 1 2W\?2 2w\ 2
=p -2 " +9p (= — D[22 D, [——
5 1922 92 * w((?xay) +2 “’(aﬁ) * y(a;ﬂ) ’

which is a quadratic form in the second derivatives of W. Therefore, in view of
the standard differential transformations

a d sinf 0 a . 0 cosf 0
—=cosfl————— —=sinf— —

dx ar r 90’ dy ar r a0’

it is seen that first derivatives of the displacement W remain finite in the
neighbourhood of the origin. Consequently, as r— 0, we have

W(r,0) ~G(@)r* + C (2.23)
and
Y(r,0) ~[uG(0)sin § + G’'(0)cos O], (2.24)

where G is a regular function of the variable 4, Cis a constant and
p>1. (2.25)

In particular, equations (2.23) and (2.24) give the leading order behaviour of
W(z,0) and Y(z,0) as x— 07, which is required later. Note that choosing 6=0
and =27 will, in general, lead to differing expressions, although the asymptotic
dependence upon z is unaffected by this.
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(d) Symmetry

Following Norris & Wang (1994), we exploit the linearity of the equations to
split the problem into two parts. Thus, if f(z, y) is a function of the variables z
and y, then by defining

fs(xa y) = %[f(xv y) +f(.'17, _y)]
and
fA('ra Z/) = %[f(mv Z/) _f($7 —y)],

we decompose f(z,y) into a sum of two functions, one symmetric (f°(z, y)) about
the line y=0, and the other antisymmetric (f*(z, y)). Applying this procedure to
the incident flexural displacement field (2.9), substituting into equations (2.19)
and (2.20) and referring to equations (2.21) and (2.22), we obtain edge conditions
on the half line x>0, y=0, for the scattered response in the symmetric and
antisymmetric problems. The total number of conditions for each problem is then
increased to three by means of elementary results concerning derivatives of odd
and even continuous functions (in y). Thus, along the line — 00 <z< %, we find
that

V3(2,0) =0 (2.269)
and
M*(z,0) = 0. (2.26A)
Also, for — 0 <z<0, we obtain
Y5(z,0) =0 (2.27S)
and
WA (z,0) = 0. (2.27A)
Finally, along the half line 0 <z< o, the conditions are
M5(z,0) = —2—2 (Dy cos® @ + D, sin® @)e™ @ (2.285)
and '
ik?

VA (,0) = —sin (D + 4D,,)cos” @ + D, sin® @e** @ (2.28A)
When no ambiguity can arise, we will omit the superscripts S and A. Also, we
need only consider the half plane y>0, since the solution for y<0 is given
immediately by symmetry.

3. Fourier representation

(a) Notation

We now introduce several conventions that serve to clarify our notation in
subsequent sections. Firstly, when representing a function f(z,y) as a Fourier
integral, we write

fla) =5 | Hawpe™ da
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where the contour C is shown schematically in figure 2. This curve traverses the
real line for large |a|, and is indented above any singularities on the real line in
a<ap, where

oy = —kcos 0, (3.1)

and below singularities on the real line for a>wy. Note that the restriction
(2.4) placed on H ensures that |aog|<1. The values of several functions at this
point turn out to be of some importance, so we shall often write f % to mean
f (ap). The choice of integration path, and the validity of operations carried
out on such expressions will be confirmed a posteriori. The regions @ and
@ _ occupy the upper and lower half planes, as shown in figure 2, and share
the common overlap region @ in which runs the contour C. Any function of
the complex variable « that is analytic in 0, shall receive a subscript ‘+,
and a function that is analytic in @ _ will be denoted with a subscript ‘—’.
These generally arise from either a sum or product factorization (Noble 1988);
the context will make clear which of these is the case. For a transformed
function f(a,y), we require only the sum factorization along the line y=0, so
we use the compact notation

f+ —J’_f— =f(a,0)
Indeed, it is often convenient to omit the arguments of certain functions, so
for a transformed function f(«,y) we adopt the convention

f=Fay),

while any other function shown without argument shall be understood to be
dependent upon the complex variable « only. Finally, since the work which
follows involves frequent usage of fractional powers, we introduce the following
conventions regarding these objects.

(i) The surd symbol /- shall only be used when taking the positive root of a
positive real number.

(ii) If fis a quantity whose argument has a fixed value ¢ in the range (—m,7],
then for any ¢ €R, [f(a)]? has argument g¢J.

(b) Flexural displacement and governing equation

We now express the flexural displacement as an integral transform; thus

W(z,y) = J W(a, y)e ™ da. (3.2)

o

Applying the differential operator ¢ of equation (2.8) under the integral sign, we
deduce from equation (2.7) that

|
27 Je

Since this must hold for all z, it is clear that
. W W
4 2 — -
D, (¢ —1)W —2H« % + D, P 0; (3.3)

D,(a* —1)W — 2H« + D,

ayZ Y ay4

W IrwW|
2 ]e_w‘z da=0
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Figure 2. The contour C, running inside the strip . The upper half-space, @ ., is the region above
the lower boundary of @, and the lower half-space, @ _, lies below the upper boundary. Observe
that @ is defined so that the point a= « lies in the lower half plane (i.e. €D ). Also shown are the
branch cuts, for the case H>< D,D,. In cases where H 2> D,D,, the only change to this figure is the
rotation about the origin of the branch points of the function ¢ through an anticlockwise angle /4.

this is the govermng equation in Fourier space. Seeking solutions of the form
W= A, (a)e (¥ leads to

D,(a* —1) —2Hda’2}, 4+ DAy, =0, (3.4)
and so
1 m
Ap () = —D[Ha2 +(=1)"D,¢]'", (3.5)
Yy
in which
d(a) = o [(H* — D,D,)a* + D,D,]"/?, (3.6)

m&{1,2}, and the factor 1/D, has been added in the last expression for later
convenience. The unknown functions A,,(a) must be algebraic in nature, since an
essential singularity at infinity would prevent W from satisfying the boundary
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conditions. The integral (3.2) must not contain contributions that are incoming,
or that grow as y is increased. It is obvious that at most, one branch of each
function A,, can satisfy these restrictions, so the most general solution to equation
(3.3) possesses two distinct exponents. Now, for the function ¢, we position finite
branch cuts on the line sections [ay,icy] and [—ay, —iay|, wherein

(2D ) (3.7)
“ = \Db,D,— i '

(see, for example, figure 2), and specify that ¢(0)=/D,/D,. This implies that
the function A; (42) has branch points located at a= 41 (a= *1i), and changes
sign if either of these points is encircled. Some care is required with the
interpretation of the exponent functions A; and A,, since they are doubly
multivalued. Despite this, their values at regular points on the real line can
easily be obtained, and this turns out to be sufficient for the means
of completing the formal solution. Thus, it is not difficult to show
that Re[ly(a)]#0 for « €R, and we must select the branch for which
Re[A2(e)] >0 and discard the other. Furthermore, regardless of the values of
the material parameters, we always have

Ahy = v(a), (3.8)

v(«) = /D,/D,(a" = 1) (3.9)

The implicit time harmonic factor is e ™", therefore, negative imaginary values
of A, are permissible for a«€(—1,1), whereas positive imaginary values are
not. Hence, we must have v(0) =—iy/D,/D,, since A, is positive real here. For
later convenience, we use finite branch cuts, along the lines [—i,—1] and [1,i].
Given the behaviour of v for large |af, it follows from equation (3.8) that

wherein

A ~% [H + (~1)"(H — D,D,)")"", (3.10)

y
as a— o €. Finally, we observe that an additional pair of branch cuts is
required in order to construct a plane in which both A; and A, are analytic; we

place these along the lines a=—1—iu and a=1+1iu, for u=>0. These cuts are
also used for the function n(«), defined as
n(e) = (@ = 1)"?, (3.11)

with 7(0)= —i, which is required later. Note that the quotient of n and A; is
analytic at a«= £ 1, since both functions change sign if either of these points is
encircled. The cut plane in the case H2<D1.Dy is shown in figure 2.

For later use, we now evaluate the functions ¢, 4;, 4, and v at the point o=«
in equation (3.1). We obtain

ik? sin ©
o _% \/QH cos’> ® + D, sin” O, (3.12)
v Py
0 k2 2 .2
¢’ = F(H cos” ® + D, sin” ©), (3.13)

T

A = —iksin © (3.14)
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and

k

VD,

The Fourier representation of W has the form

2 = \/2H cos? @ + D, sin’ O, (3.15)

1 .
W(z,y) = —— J (Aje™Y + Aye ") da, (3.16)
2 Je
and we shall also make use of its y derivative
1 3 3 i
Y(z,y) = _%J (M Ae™ Y + 4y Age Y)e 7 da. (3.17)
e

(¢) Kirchhoff edge conditions

We now obtain transformed expressions for M and V. First, commuting the
operator M in equation (2.19) with the integral (3.2), we find that

M(z,y) = —%DT L[(Dy,ﬁ D) A + (D — Dya?) e e das
Defining .
Ln(@) =5 2D,0" + (—=1)"D,g], (3.18)
the expression for the bending moment simplifies to
M(z,y) = —% JG[LlAleA”/ + L2A2e429]efi‘”da. (3.19)

More care is required when obtaining a representation of the second edge
condition, and we decompose V into two terms in order to pre-empt a
mathematical technicality that arises owing to the strength of the singularity at
the crack tip. Thus, we write

Y(z,y) = ;— J [AlAle_Aly + AQAQe_AZy + QT _e ™V H/Dy| g=ier gy 4 QT(z,vy),
T Je
(3.20)
where () is a constant at our disposal, and
1 A ”
T(z,y) = o J T_e WV HDyHazgy (3.21)
g el
The multifunction T_(«) is given by
T_ = (a—1)7%2 (3.22)

with a branch cut placed along the line «=1+iu, u>0 and T_(0)= —i. If we now
commute the operator ¥, defined in equation (2.17), with the integral in equation
(3.20), we obtain

1

L [[(D1 +4D,,)a’ — D3| Aje Y

+[(Dy +4D,,)a* — D3 Ay Age™ + (2D, 0” + H)QT_e ™V H/Py

X e da + QUT(z, y),
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which simplifies to

1 , e 1 A JTTD.
V(z,y)= —%L [LzhlAle_’\“’ + Ly Ay Age ™Y +F(2Dgcyoz2 +H)QT_e ™V H/D,

Xe “da+ QVT(x,y), (3.23)

in view of the definition (3.18). At a later stage, we will choose the constant @ to
ensure that the integral in equation (3.23) is convergent. This has the effect of
removing the (non-integrable) crack tip singularity from the transform, and
placing it in the final term, which can be evaluated explicitly using methods
outlined in Noble (1988). This final step will, however, prove unnecessary, since
we shall only require the value of ¥/ T(z,y) on the line y=0. Thus, we observe
from equation (3.21) that

H [D, 9? 9>

— |—=—4+—-—+1|T=0

D, [H 8y2 dz2 ’
and combining this with equation (2.17) leads us to

1 i

Since only the z derivative remains present, we may set y=0 before evaluating
the integral, which appears in the definition of 7' (3.21). Consequently, we find
that

52 oim/4 i

xﬂW—i_H] FHG(—@G a2,

in which He is Heaviside’s unit function, defined as He(z) =1, z > 0, and He(z) =0,
<0, and is so denoted here to avoid confusion with the material parameter H.
We will not evaluate V at the crack tip, so we may take dHe(z)/dz=0, and
therefore

1
VT(x,0) = - {—21)

x

3im/4 D, +4D
——al? —4ila] M +[a 2| (3.24)

zy

zy ©
VT (z,0) = Dy2ﬁ

He(—z)e ™™ [2

(d) The tip condition

Finally, we must determine the constraints that the tip condition imposes.
First, consider the symmetric field. Recalling equation (2.27S), we observe that
the Fourier representation of Y{(z,0) is analytic in @ *. Therefore, in this case we
may write

1 .
V(r,0) = 5 L ¥ e da,
where

A~

Vi ~ba (3.25)

for some constant b; and {>0 as a — % €®D". Now, let >0, and make the
substitution s=az. The contour of integration need not be altered, so we obtain

Y(z,0) = — L v, <£>e_is ds.

X
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Since the integrand is analytic in D", we may deform C into a new contour €',
on which |s|> M, for some fixed, positive quantity M. Allowing = to approach
zero, we obtain

v 1 3
Y(z,0) ~ by~ o J s e ¥ ds. (3.26)
C/

This integral can be evaluated by a relatively straightforward process (Osborne
1999), but this is unnecessary here. We need only compare equation (3.26) with
(2.24) to deduce that

(=1, (3.27)

as a— o €D, In the antisymmetric case, we note that the constant C in
equation (2.23) must vanish, in view of the boundary condition (2.27A), since
first spatial derivatives of displacement are finite in the region of the crack tip
(see §2¢). Consequently, we find that

W () ~ bya~ D), (3.28)

for some constant by. Since the functions A; and A, are known to be algebraic in
nature, this behaviour is independent of arg «, therefore equations (3.25) and
(3.28) apply as a— @ in any direction.

4. Solution via the Wiener—Hopf technique

(a) Wiener—Hopf equation for the symmetric case

We now employ the edge conditions (2.265-2.28S), along with the Fourier
representations (3.17), (3.19) and (3.23), to obtain a Wiener-Hopf equation.
From equation (2.26S), we observe that V(z,0)=0 for all z, so in this case there
is no singularity at the crack tip, and we may set @=0 in equation (3.23), to
obtain

J (LQAlAl + L1A2A2)e_iax da = O, (41)
e
for all . For negative x, we have from equations (2.27S) and (3.17)
J (AlAl + AQAQ)e_iDH da = 0. (42)
e

Finally, from equations (2.28S) and (3.19) we obtain, for >0,

1 oz K ko cos

- J (L Ay + LyAy)e ™ da = ——— (D cos® © + D, sin® @)™« © (4.3)
27 Je D

Appropriate deformations of the contour C (i.e. into the lower half plane for >0,
and upper half plane for £<0) in equations (4.1-4.3) now yield

T

L2A1A1 + leQAQ = 0, (44)
_(AlAl + AQAQ) = f/+ (45)

and R R
_(LlAl + LQAQ) - M+ + M_. (46)
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Here, the functions fﬁr and M_ are unknown, but M+ is easily determined by
writing equation (4.3) in the form

1 ik*(D; cos* © + D, sin® O)

— | | M+ M
2m J@ |: + + + Dg‘(a - (Xo)

where « is given by equation (3.1). Since this must hold for >0, it follows that
there are no singularities in the lower half plane, and hence

e " da =0,

Y ik*(D; cos* © + D, sin” O)
T Dr(a - 0(0) ‘
In view of equations (3.13) and (3.18), this can be written in the compact form
N 'LU
M, = et B (4.7)
o —
Next, we make use of equations (4.4) and (4.5), to find that
LY.,
A, ==—T 4.8
—— (4.9
and .
LY,
-2t 4.
== (4.9)

Substituting these into equation (4.6), we obtain the Wiener—Hopf equation for
the symmetric case,
Y, - -

—— =M, +M_ 4.10
'YK + ’ ( )
in which the kernel function, K(«), is given by
2
() ¢ (4.11)

TP — L2,

(b) Wiener—Hopf equation for the antisymmetric case

Proceeding as in §4a, we now make use of the edge conditions (2.26A-2.27A),
and the Fourier representations (3.2) and (3.19) to obtain

L1A1 + L2A2 - O (412)
and
A1 + A2 = W+. (413)
Now, we can define the quantity
U(z,0) = V(z,0) — QV T(x,0), (4.14)

which is equivalent to V(z,0) for >0, and so from equation (3.23), its Fourier
representation is
N . 1 A
V+ + Uf - — LQAlAl + LlAQAQ +F(2Dzya2 + H)QT, . (415)
A
Deforming the contour C of the integral in equation (3.23) into the lower half
plane when >0, and assuming that there is no contribution from the arc at
infinity, we deduce from equation (2.28A) that the only contribution comes from
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a simple pole at the point a«=wy, as in the symmetric case. Therefore,
. i) LS
14

L= . (4.16)
o —
Manipulation of equations (4.12) and (4.13) yields
LyW
=— 4.1
=2 (117
and L
Ay =17 F 4.18
2 2¢ ) ( )
and using these in equation (4.15), we obtain
Wy o 1 A
7* =V, +U_+ F(zpﬂ,ai’ + H)QT-_. (4.19)

T
This is the Wiener—Hopf equation for the antisymmetric problem, in which the
kernel function K(«) is again given by equation (4.11).

(¢) The kernel factorization

The analytic product factorizations of the functions v(«) and K(«), as defined
by equations (3.9) and (4.11), respectively, are now required. The former is

trivial; we have
vy = —i{/Dy/D,[(a + 1)(a +1)]"/ (4.20)

y_=iy/Dy/Dyf(a = 1)(a—1)]"?, (4.21)

where arg|y4(0)]=—m/4. Note that the product factors as defined have the
relationship

and

Y+(a)=v_(—a).
In the case of K(a), we expand equation (4.11), and then by making use of
equations (3.5), (3.8) and (3.18), we find that

2D3¢
(D, 22— Dya?)* 2y — (D23 — Dya?)* 4y
2D;¢
[D2v?+4D, D, oy — Dia](A; — 29)
Now, to perform a product factorization, it is convenient to separate K(«) into
three functions,

K(a)=

K(a)=K; (o) K> () K3(e), (4.22)
in which
Di(o' —ap) /K

Kl(a): 4 _ 12 2.4 (423)

DIDy(oz 1) +4D,D,,a*y — Dia

20/ K5° X

K. = — 4.24
o) =22 (1.2
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and

w0 1
Kg(a) = _Kl K2 m
(S

(4.25)

Here, K; and K, are chosen so as to possess only finite-branch cuts, and a
factorization of K3 is available by inspection. The function 7 is given by equation
(3.11), and the constants K, are chosen so that the functions K,,—1 as a— o,
for me{1,2}. Hence, it is easy to show that

D2
1 =
D.D,+4,/D,D,D,,— D%

(4.26)

and

Ky :D%\/ 2D,(H+/D.D,). (4.27)

This simple form of K5 is obtained from equation (4.24) by cancelling a factor of
A1 and squaring the resulting expression. The signum is then determined by
considering the behaviour of the functions ¢, A;, A, and n as a«— % on the real
line (cf. equations (3.6), (3.10) and (3.11)).

The value of «, is chosen so as to remove the poles of K, thus, setting the
denominator of equation (4.23) to zero and using equation (3.9), we obtain

Diy* 4+4D,D, o’y — Dia* =0, (4.28)

which leads directly to

r_1 [—2D +. /402 + D2]
& D, ay y 1
The values of a obtained by squaring and rearranging this equation can be
substituted back, and, given the location of branch cuts of y (figure 2) and the
fact that y(0) =—iy/D,/D, on the chosen sheet of the Riemann surface, it is easy
to determine those which are actually roots. Thus, four poles are located at the
points a«= *+«,, a= tia., wherein

2 1/4
o, = {Dny/ [Dny — <\ [AD3, + D? — 2ny> ]} . (4.29)

These singularities are associated with the possibility of flexural edge wave
propagation (hence the notation «,), and in fact «, is the edge wave wavenumber
discussed by Norris (1994). This is to be expected, since equation (4.28) is a form
of the edge wave dispersion relation studied by the aforementioned author. We
note that the points = +«,,, « = tia, are simple poles, since equation (4.28) can
be manipulated to yield an octic polynomial, with distinct roots, of which these
are four. Under certain (physically unusual) circumstances, specifically when

2
5D, D, < [ZDW +4/D? + 4D§y] , (4.30)

two additional poles are present at the points «= *«,,, where

27y /4
a, = {Dny/ [Dny - <,/4D§y + D3 +2ny> ]} .
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These lie on the line Re(e) =Im(«), between the origin and the branch cuts of the
function . An appropriate indentation of the branch cuts of vy, prior to carrying
out the kernel factorization, will banish these to the other sheet of the Riemann
surface, without affecting the factorized functions in their regions of analyticity.
Thus, in this case, the branch cut on the line [i,1] should be replaced by cuts
along [i,a;,/ M| and [a,/ M,1] say, where M>1, and a similar indentation must be
applied to the cut along [—1,—i]. This situation will not arise for most physically
realistic parameter sets, and thus, in most cases, the integrals below can be taken
along straight lines. Should the need to study a material whose parameters
satisfy the inequality (4.30) arise, however, then the appropriate integration
paths must be adjusted accordingly.

Having applied the adjustments described above to the branch cuts of the
function + if necessary, we now prove that K (as defined by equation (4.11)) is
analytic at the branch points of the function ¢ (3.6). Thus, let ag be any one of
these points, and let .£ be a small circular contour enclosing ag (but not enclosing
any other branch points). Consider the effect on K if « traverses such a contour
once. Clearly, the function ¢ changes sign, and L, is interchanged with L,, but the
effect on A; and A, is slightly less obvious. To see that A; is interchanged with A,
(and not A; with — 25, etc.), we observe from equation (3.8) that

(o) = Jim M(@)g(@) =+azH/D,,

wherein the upper sign must be chosen, since arg[y(ag)] =2 arglag|. Hence A; = 2,
for €L, and consequently K is unchanged, since both its numerator and
denominator switch sign.

Factorizations of K; and K, can now be obtained in terms of contour integrals,
by means of the standard method (Noble 1988), while that of K3 is available by
inspection. Thus, let the upper and lower boundaries of the strip @ be denoted
C and C_, respectively. If f(«) is a function which is analytic and zero-free in @,
then

f =f+ffa (431)

where f; and f_ are non-zero in their respective regions of analyticity (D 4
and D_),

Je = exp [;—fﬂ] (4.32)
and
L =iL log[f(2)] zd_za. (4.33)

Substituting K for fin equation (4.33), and taking the upper sign throughout,
we write

dz

Z— K

L = L log [, (2)]

Note that since K1 —1 as a«— % the process of taking logarithms does not create
a branch point at infinity. Nor, from the above arguments, are there any
logarithmic branch points in the finite part of the cut plane, because Ki(«)
remains bounded and non-zero. Therefore, by deforming C_ into the lower half
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plane, we can reduce this integral to

- TKY d
I, :J log[ IL(Z)] ‘ )
-1 Ki(z)] z—a
where the superscripts ‘U’ and ‘L’ refer to evaluation on the upper-right and

lower-left faces of the branch cuts, respectively. Following a similar process for
K, , and then using equation (4.23), we find that

Ili = Jl 10

Note that the substitution z—> — 2z Wthh has been made in the integral for I, ,
has the effect of changing y"(2) to y”(2) and vice versa. Similarly, the function K2
does not possess a branch point at infinity, and since K, K; and K3 are analytic at
the branch points of the function ¢, it follows that there are only finite-branch
cuts from 1 to i, and from —1 to —i, due to y. Consequently, from equation

(4.33), we find that
(7 [A ) = (2] de
n = e ) o

This integral possesses an endpoint removable singularity, which may be
eliminated by cancelling a factor of AY(z), for example. We can then simplify
matters by multiplying the numerator and denominator of the term in square
brackets by a factor of A}(2) + A,(z). This enables us to remove both A; and Ay(z)
from the integrand, which is desirable, since it is somewhat difficult to define
computable expressions for these functions for z & R. After a little algebra, we
are left with

D,D,(z* —1) +4D,D,,z*y"(z) — D} 2*
D,D,(z* —1) —4D,D,,2*y"(z) — D}z*

dz
zta’

(4.34)

dz
zta’

D,¢(z)
HZ + D,yY(2)

L, =J log (4.35)
*h

where a similar calculation has been carried out for I, , and a substitution z— —z
performed on the integral for I, . Finally, for K3(a), we have by inspection

_ ® iny
K;, = /K"K, (ata)(atia)’ (4.36)

wherein
ne(e) = e ™ (at1)? (4.37)

and 74 (0)=e ™% The entire factorization process is now complete; we have
1
K, = K; exp [2 (I, + IL)}, (4.38)

and for « €D, it is clear that
K (a) = K (—a).

Crucially, the integrals involved in equation (4.38), i.e. those given in equations
(4.34) and (4.35), are definite and non-singular; hence (I, + L,) =0 as a— .
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Thus, from equations (4.36) and (4.37), it is evident that
Ky~ VEFRE Lns(a) (439)

+
as a—> o e,

(d) Formal solution in the symmetric case

We now obtain explicit expressions for the functions A; and A,, thereby
completing the solution. Since the only singularity of the function M, is a simple
pole at the point a=«y, we rewrite equation (4.10) in the form
+ KOy M, =K%Y — K y M, —K_ vy _M_. (4.40)

K+’Y+
The right-hand side of this equation is analytic in @ _, since it has no pole at the
point o= ay, and the left-hand side is analytic in @, , since the functions K, and
v+ are non-zero in this latter region. They are therefore analytic continuations of
each other, as both sides are analytic in the strip @, and so equal an entire
function J 5(«), say. The right-hand side of equation (4.40) is now superfluous
(except possibly to bound the behaviour of the entire function at infinity), and
from the left-hand side we obtain
Y+ = K+7+[JS - KQYO—MH-
The unknown entire function J® is uniquely determined by the physically
required condition at the crack tip. Thus, taking into account the asymptotic
behaviour of all the known functions in the above expression ((3.5), (3.6),
(3.18), (4.7), (4.20) and (4.39)), it is clear that the restriction (3.25) can only
be satisfied if J”(a)—0 as |a|— . Hence, by Liouville’s theorem, we may
conclude that
J5=0. (4.41)
Note that in the situation H?=D, D, the leading order term of the factor
(Ly/A — Lo/ 2s) disappears, and the functlon ¢ reduces to a constant, leaving
the overall asymptotic behaviour unchanged. The formal solution for the
symmetric case is now complete: we have
Ky ) Chyy €
(AQLle W 11L2e z@/) 7(10[, (442)
Py- oo

in which the expression for M., given in equation (4.7), has been used.

Wea = -0 L |

(e) Formal solution in the antisymmetric case

Proceeding as before, we express equation (4.19) in the form

A

W,

K,
Again, the left-hand side is analytic in @, and the right-hand side in @ _, so by
analytic continuation both must be equal to an entire functlon which we denote
J*(«). Equating the left-hand side of equation (4. 43) to J* and considering the
asymptotic behaviour of the known functions in this last expression (i.e.
equations (4.16) and (4.39)) it is observed from equation (3.28) that we must

—K'V, =K [U_+ Q2D+ H)T_]+[K_—K"]V,. (4.43)
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have
JA=0. (4.44)

Making use once more of equation (4.16), the Fourier representation of Win the
antisymmetric case now becomes

i K i o e—ia:c
Wiav) = KQA?LQE Lj <L2e MY Le A“) prp—— da. (4.45)
(f) The complete solution

Applying symmetry conditions to equations (4.42) and (4.45), we now obtain
the full solution for the scattered plate displacement,

iKY (K, [y o o
W(z,y) = _14_77 J( j D—L? <A2L1e Mlvl — 3 Loe m)
e—iax

— sgn(y)A?Lg (LQe_hly‘ — Lle_lzyl)] —da, (4.46)
o —

which is valid for all  and y (aside from the point z=y=0). The contour C
traverses the real line but is indented above all singularities lying along o< aq,
and above those for which a> «q. Note that the integrand in equation (4.46) is
single valued at the branch points of the function ¢; the same arguments used in
84c also apply here.

Our choice of integration path may now be justified by considering the behaviour
of the functions A; and A, on this indented real line contour. Note that integrals
around ‘small arc indentations’ can be evaluated using standard results (Osborne
1999). Indentations around branch points do not contribute to the solution, while the
contribution from a pole can be expressed in terms of its residue. At every regular
point on the real line, Re[45] >0 and Re[4;] =>0. Where equality holds, Im[4;] <0,
therefore the solution clearly represents only outgoing or decaying waves, since the
implicit time harmonic factor is e '. An integration path that permits a sufficiently
general solution to equation (3.3), and whose orientation with respect to any of the
four branch points a«=+1, a= =i is different to that of C, cannot satisfy this
requirement. Furthermore, in order to satisfy the tip condition, it is necessary for the
function K («) to possess at least two poles (see §4). The function K(«) has four
poles located at the points «= *+ a, and o= Fia,. The definition of the contour C
implies that « = —«a, and &= —ia, are located in the region @ _, while a =, and
a=iq, lie within @ . Had we chosen a path of integration that distributed these
singularities in a different manner, an unphysical wave (either exponentially
growing or incoming) would be present on the upper face of the crack. To
demonstrate this, one must simply set y=0" and >0 in equation (4.46), deform the
contour C into the lower half plane, and calculate the appropriate residues.

5. Discussion of the solution

(a) Verification

We now confirm that the integral (4.46) is indeed the solution of the boundary-
value problem outlined in §2. In doing so, we shall also confirm the validity of the

Proc. R. Soc. A (2005)



3434 1. Thompson and I. D. Abrahams

interchanges performed in §3 between differential operators and infinite contour
integrals. That the governing equation (2.7) is satisfied is immediately clear,
since on applying the operator ¢ (2.8) under the integral sign in equation (4.46),
each exponential term generates a multiplicative factor of [D,(a—1)—
2H/\]2-+ Dy/\?], the very polynomial of which both A; and A, are by definition
roots. The resulting expression is, therefore, identically zero. When dealing with
the edge conditions, it is consistent to consider the symmetric and antisymmetric
components of the solution separately. Thus, in place of equations (2.21) and
(2.22), we verify the equivalent conditions (2.26S), (2.28S), (2.26A) and (2.28A)
along the half line y=0, z>0. Note that the conditions for <0 do not require
verification, since these are merely consequences of symmetry. Some care must
be taken regarding the convergence of the integral expressions involved in this
process, in particular in the neighbourhood of the crack tip. Thus, fix ¢>0, and
for the remainder of this section, we impose the restriction

Va2 P> (5.1)

Since e may be arbitrarily small, the resulting expressions may be used to determine
the behaviour of physical quantities as the point z=y=0 is approached. Now, it is
not difficult to see that the application of the operator M of equation (2.16) to (4.42)
leads to an integral which is uniformly convergent, and by setting y=0 we obtain

MP N
(.ﬁE,O) Y 147TD,¢

K e_la(l'
X J@qﬁ}yt [(DlaQ - DI/A%)AQLl - (D1a2 - DUA%)AlLQ] o — o dOé
3 —lar
R o
27 Je K_vy_ a— oy
The only singularity in the lower half plane is the simple pole at & = o, hence if >0,
we deform the contour downwards and the integral reduces to a clockwise circle
around this point, since Jordan’s lemma (Osborne 1999) shows that the arc at
infinity gives no contribution. Making use of equations (3.13) and (3.18), it is
immediately clear that

2

k 1 3
Ms(l‘, 0) = _H(Dl cosZ @ + Dy sin2 @)elkﬂ? cos @’

which shows that condition (2.28S) is indeed satisfied. Similarly, for the
antisymmetric solution (4.45), we obtain

i [ K el
M (2,0) = KQA?LQFDILTJF[(DWZ —D,2}) Ly — (Do — D, A3) L] p— da =0;
the term in square brackets vanishing in view of equations (3.5) and (3.18). Thus,
condition (2.26A) is also satisfied. For the second Kirchhoff edge condition,
application of the operator ¥//dy under the integral sign in equation (4.42) leads to

S 0. 070 !
=K v L
V (ZL',O) Y 147_er

K B
><J +¢7+ [(Dy +4D,,)a*(Ly — Ly) + Dy(A Ly — A3Ly)le " “*da = 0,
C
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as required by condition (2.26S); the term in square brackets vanishes, due to
equations (3.5) and (3.18) as above. In the antisymmetric case, the procedure is
slightly different, since we cannot apply the operator ¥/9/dy to equation (4.45)
directly. Instead, we use the results of §4 in equation (3.23) to obtain

1 J [i,\?Lg K' QT
e

a—oy K D,

VA(2,0) = —

o (2D,,0° + H)|e ™ da + QU T(z,0),

(5.2)
in which the final term is written explicitly in equation (3.24). Given the

asymptotic behaviour of the functions K and 7_ as |a| — % (equations (4.39) and
(3.22)), it is easy to see that the integral in equation (5.2) converges if we choose

S D KY

2D,, KT K;

If we now set >0, and deform the contour C into the lower half plane, we obtain
. k?’ .
VA(Iv O) = _%Sin @[(Dl + 4ny)COSZ @ 4+ Dy SinQ @]elkx cos @’

x

Q=e NI, (5.3)

in agreement with equation (2.28A). On the other hand, if <0, then we can employ
the uniformly valid expression for V*(z,0), equation (5.2), to obtain its behaviour
as z— 07; from equations (3.24) and (5.3), it can immediately be shown that

K° K sin ©

VA z,0) ~
(2,0) VETFKS 47D,

(D) +4D,,)cos® © + D, sin” 6]|z| /2.

(b) Concluding remarks

In this article we have obtained and verified an exact integral representation of
the flexural wave field W, (4.46), scattered by a semi-infinite straight crack aligned
with a principal axis of an orthotropic thin elastic plate. A detailed asymptotic
evaluation of this solution via the method of steepest descents (Jeffreys & Jeffreys
1956) will be presented in the second part of this work; however, several comments
are in order at this point. The integrand in equation (4.46) possesses three poles,
a=ag, a= —0a, and a=ia,. Respectively, these are associated with the reflected
field, flexural edge waves, and evanescent edge waves. The last of these decay
exponentially in all directions away from the crack tip, and consequently, are
of little interest. In their analysis, Norris & Wang (1994) preferred to apply
the method of stationary phase (Jeffreys & Jeffreys 1956) rather than steepest
descents. While the two are, in principle, equivalent to each other, in practice,
stationary phase is difficult to employ correctly and efficiently in this rather more
complicated scattering problem. Norris & Wang also noted that the edge wave that
could propagate in the isotropic case was none other than that apparently first
discussed by Thurston et al. (1974). (In fact it was originally discovered by
Konenkov (1960) but published in a Russian journal.) Analogously, the wave
associated with the pole « = — «, in this article is precisely that examined by Norris
(1994). This edge wave has interesting properties, and has recently been shown by
the authors (Thompson et al. 2002) to persist when the free edge is inclined at an
arbitrary angle to the principal axes of orthotropy.
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A final point concerns the reduction of equation (4.46) to the isotropic case.
The required parameters for isotropy are D,=D,=D, Dy=vD and D,,=
(1—»)D/2, where D is the isotropic bending stiffness and » is the Poisson ratio.
(Note that this leads to H=D.) Using these relations in equation (4.46), the
solution can be compared with (4.13) of Norris & Wang (1994). All but one of the
apparent differences between these expressions are accounted for by
the definitions of the Fourier transform. The remaining conflict is the factor of
1/2, which Norris & Wang (1994) chose to absorb into the kernel. Thus, the two
are found to be entirely equivalent.
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