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A new integral equation approach to
elastodynamic homogenization

By WiLriam J. PARNELL* AND I. DAVID ABRAHAMS

School of Mathematics, University of Manchester, Ozford Road,
Manchester M13 9PL, UK

A new theory of elastodynamic homogenization is proposed, which exploits the integral
equation form of Navier’s equations and relationships between length scales within
composite media. The scheme is introduced by focusing on its leading-order
approximation for orthotropic, periodic fibre-reinforced media where fibres have
arbitrary cross-sectional shape. The methodology is general but here it is shown for
horizontally polarized shear (SH) wave propagation for ease of exposition. The resulting
effective properties are shown to possess rich structure in that four terms account
separately for the physical detail of the composite (associated with fibre cross-sectional
shape, elastic properties, lattice geometry and volume fraction). In particular, the
appropriate component of Eshelby’s tensor arises naturally in order to deal with
the shape of the fibre cross section. Results are plotted for circular fibres and compared
with extant methods, including the method of asymptotic homogenization. The leading-
order scheme is shown to be in excellent agreement even for relatively high
volume fractions.
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1. Introduction

The theory of elastodynamic homogenization has a rich history, and many
methods have been proposed in order to find the effective properties of composite
media in the true homogenization regime when the wavelength of the
propagating wave A is much larger than the characteristic length scale of
the microstructure q. Thus, on defining e = ¢/, the leading-order behaviour in €
is static and higher order terms (in €) correspond to frequency dependence and
dispersive effects.

For periodic media, the statics problem has been well studied by the method of
asymptotic homogenization (MAH) (see Bakhvalov & Panasenko 1989; Parton &
Kudryavtsev 1993). In a series of papers, Sabina et al. (2002 and references
therein) employed Weierstrassian elliptic functions to solve static problems using
the MAH for materials of various symmetry and for transversely isotropic
phases. Eigenstrain methods (see Nemat-Nasser & Hori 1999) have also been
applied in the static context by Jiang et al. (2004).
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1462 W. J. Parnell and I. D. Abrahams

Extensions to the multipole scheme developed in the pioneering work of
Rayleigh (1892) on the effective electrical properties of inhomogeneous media
have been applied in many contexts since then. In particular, it was employed
first in linear elasticity by McPhedran & Movchan (1994) and in an
elastodynamic context by Zalipaev et al. (2002) in order to find stop bands of
periodic fibre-reinforced elastic structures. In the low-frequency limit, the scheme
also provides predictions of the effective moduli, although it can become highly
unstable in the large volume fraction regime. The MAH may also be applied in a
low-frequency elastodynamic context as was shown by Parnell & Abrahams
(2006), who determined the effective quasi-static longitudinal shear properties of
periodic monoclinic fibre-reinforced media. A particularly attractive feature of
this scheme is the fact that an anisotropic wave equation emerges naturally,
thereby implying the elastic symmetry of the composite in question. Recently,
Andrianov et al. (2008) have analysed the dispersive corrections to the classical
asymptotic results.

For random media, several self-consistent schemes have been proposed (e.g.
see the work by Sabina & Willis 1988). These schemes are often difficult to justify
mathematically or physically although steps to address this have recently been
taken by Markov (2001) and Kanaun & Levin (2003). The method of multiple
scattering initiated by Foldy (1945) and developed by Waterman & Truell
(1961) and Fikioris & Waterman (1964) has also been successfully applied in
elastodynamic and acoustic contexts (see Bose & Mal 1974 and Linton & Martin
2005, respectively) and by employing the T-matrix scattering theory by Varadan
et al. (1978). The multiple-scattering formulation allows correlation functions to
be introduced into the analysis, although it requires a closure condition (the
quasi-crystalline approximation being the usual choice), which itself is difficult to
justify rigorously. The quasi-static limit of the multiple-scattering prediction in
the well-stirred limit (see Varadan et al. 1978) corresponds exactly to the special
composite cylinders result of Hashin & Rosen (1964), when a particular limit
corresponding to mo gaps between composite cylinders, is taken. However,
although multiple-scattering theory is well suited to isotropic phases, it becomes
extremely complicated for anisotropic phases. In that respect, as noted by
Willis (1980), an integral equation approach is preferable. In a static context,
successful calculations of effective moduli for composite media with complex
microstructure via numerical solutions of integral equations have been calculated
by Greengard & Helsing (1998), albeit with various assumptions on the resulting
effective moduli.

Recently, a new integral equation method (IEM) of homogenization was
proposed by Brazier-Smith (2002), but this method was shown to be valid only
for dilute dispersions by Parnell (2004). This scheme will henceforth be called the
dilute dispersion integral equation (DDIE) method. This approach has, however,
motivated a new integral equation formulation for homogenization in the non-dilute
volume fraction regime, which we introduce here in the context of fibre-reinforced
media where fibres are arranged on a periodic lattice. This method presents a
number of advantages over the existing homogenization schemes discussed above.

For the purposes of introducing this method, we consider the simplest elastic wave
propagation problem: the scalar problem of horizontally polarized shear (SH) wave
propagation through the fibre-reinforced composite, which allows the determination
of longitudinal shear properties of the medium. Furthermore, we restrict attention
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to those lattice geometries that result in (at most) orthotropic elastic symmetry on
the macroscale. We assume that each fibre within the composite is identical and
that all phases that make up the composite are isotropic. We stress, however, that the
case of families of fibres with different cross sections and arbitrary (at most
monoclinic) anisotropy can also be dealt with by this method.

In this paper, we introduce the integral equation formulation by considering its
leading-order system (in volume fraction) alone; note, however, that this is not
equivalent to a dilute volume fraction approximation since interaction effects are
incorporated. In particular, in contrast to dilute approximations, we do not
assume that the wavelength of the propagating wave is less than the characteristic
length scale of the separation of fibres. We show that the leading-order result is
itself an extremely good approximation to the effective properties, showing an
excellent agreement with extant methods even for fairly high volume fractions.
We discuss how the approach can be applied to materials having fibres of arbitrary
cross section and plot results for the common case of circular cross sections.

In §2 we introduce appropriate notation and the governing equations and in §3
the integral equation methodology is presented. Displacement and displacement-
gradient moments (weighted averages of field variables) are defined and the
governing equations for the leading-order moments are found (this is the so-called
leading-order system referred to above). Wave-like ansatz are posed for the
moments, thereby introducing the effective wavenumber y. A separate term that
accounts completely for the shape of the fibre cross section arises and is directly
related to Eshelby’s tensor. The leading-order (homogeneous) system is given in
§3c and the condition allowing us to determine the effective wavenumber follows.
We note, in particular, that this expression incorporates terms associated with
volume fraction, elastic properties, lattice summations and a shape tensor.

In §4, we show how the lattice summations may be determined when fibres are
positioned on rectangular (orthotropic) and hexagonal (transversely isotropic)
lattices and determine the form of the shape tensor explicitly. The effective
quasi-static properties of the composite are determined in §5; results are given in
the most general case and we plot the solutions in the case when the fibre cross
section is circular, comparing these with extant methods. We show that, even at
leading order, the proposed integral equation scheme is reliable and provides
a new algorithmic approach to elastodynamic homogenization. We close in §6
with conclusions.

2. Governing integral equations

We shall work in Cartesian coordinates where the 3 axis runs parallel to the
fibres and time-harmonic SH waves propagate in the x;x5 plane, polarized along
the z3 axis with circular frequency w. We define the lattice vector

R(s,t) = q(sl; +tly), s, tEZ, (2.1)

which is the position vector of the centre of the (s,¢)th periodic cell of the
material (s,t € Z). For ease of exposition here, we shall consider the case where
the periodic cell contains only one fibre and thus R also denotes the origin of
the (s, t)th fibre (i.e. some convenient point chosen inside the fibre domain). We
see from (2.1) that ¢ is the characteristic length scale of the periodic cell (and

Proc. R. Soc. A (2008)



1464 W. J. Parnell and I. D. Abrahams

O -

D 72
O 1 s
’

O
O

Figure 1. A periodic parallelogram material. Any orthotropic material (having one fibre in the cell)
may be described via a lattice vector of the form (2.1).

thus the microstructure) and I;,l, € R X R are vectors whose components are
O(1). Again for ease of exposition, we shall consider distributions of fibres which
would result in an orthotropic material. All geometries of this type can be
described by lattice vectors of the form'

ll = (Ala Bl)> l2 = (07 BQ)? (22)
with Ay, By, B, € R, and therefore the cell is a periodic parallelogram (figure 1) of
area ¢°R= q°A,DB,.

As shown in figure 1, the (s, t)th periodic cell comprises isotropic host phase of
mass density p, and shear modulus g, (and thus wavenumber ky,= w/c, where
¢z =1uy/py is the square of the host phase speed) and a fibre of general cross
section (not restricted to being circular) having domain D,;, mass density p; and
shear modulus ; (and thus wavenumber k; = w/c; where ¢t = u;/p;). The entire
host domain of the composite is denoted by D.

Displacements in the z3 direction denoted by w(x) where x= (z,z,) are
governed by the scalar wave equation

Viu(z) + (k§ + (k7 —k§) R(z))w(z) = 0, (2.3)
where R(z) is the indicator function
1 ifee D, stel,
R(z) =
0 ifxe D().

The Green function for the scalar wave equation in the host medium is
governed by

(2.4)

(V* + k) Gz —y) = o(z—y), (2.5)

!Note that not all lattice vectors of this form give rise to an orthotropic material, but all
orthotropic materials may be described in this form.
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and is given by

Gla—y) = - Holkilo— ), (26)

where Hy(r)=H (()1)(7’) is the (outgoing) Hankel function of the first kind and of
the zeroth order. For ease of notation we drop the superscript (1) from all
Hankel functions throughout. Thus, for orthotropic materials, we may restate
the governing equation (2.3) together with the boundary conditions of
continuity of displacement and normal stress on the interfaces between host
and fibres in the form (Martin 2003)

wue) = Y- (|

ot uly) Gly—o) dy= | 1w9,0(0)9,Gly—2) dy),

s,tEZ (27)
where p' = py— p; and u' = py— u; are the deviations in mass density and shear
modulus, respectively, and V, = (3/dy;,d/dy,). Note that since the medium is
assumed to be periodic and of infinite extent, there is no contribution from any
external boundary in (2.7). The Green function is already non-dimensionalized
and so on taking &= kox, w=w/W, where W is a typical magnitude of
displacement, and on dropping hats, the (non-dimensionalized) integral
equation takes the form

we)= Y (=0 wtwGu—a) dy

[ee]

Dst st

~1=m)| | 9,009, 6r0) ay), 28)
in which d= p;/p, and m= u;/uy. In scaled coordinates, the lattice vector (2.1)
becomes

P = koR = E(Sll + tl2), (29)
where €= ¢ky << 1, and the cross-sectional area of the periodic cell is
R = A Byé’. (2.10)

3. Integral equation methodology

We introduce an extension of the integral equation methodology initiated by
Brazier-Smith (2002) and subsequently discussed and formalized by Parnell
(2004). This scheme generates a hierarchy of equations, the first step of which is
to differentiate the governing integral equation (2.8) with respect to z;, (k=1,2)
to give

dw *® G
oo (z) = ,Z [—(1 — d)JDst(y) Em (y—z)dy
wtez

~(1=m) 5| 9,u()9,Gly—a) dy). (3.)
ailik Dy,
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where we have used the (anti)symmetry of derivatives of the Green function,
6G/6$ =—0G/dy;, i =1,2. Let us define the position vector r= e(al; + bl,) of
the origin of the fibre D . and suppose that * € D,,. Upon taking the Taylor
series expansion of the Green function about y=p= (p;,ps) = €(sl; + tl,)
(as defined in (2.9)), we may write the governing equations (2.8) and (3.1) in
the form

w@) = Y [ {Z p)d,,0},G <p—a:>}

s, t=—0o0

(s,t)#(a,b)

d, w(z) = z"": [—(1—d){§: Vi(p )ka(?;,laj G(p—ac)}

+<1—m>{zi W (p)a,d,,0; 01, G(p—w>}]

~(=md, | ¥,u(),Gly—) dy (33)
ab

where 6 denotes the ith derivative with respect to p;. Note that the Green
functlon to be summed can be treated as a continuous function of p so that
differentiation with respect to p; is well defined. Subsequently, it is summed over
the discrete set of points defined by (s,t) # (a, b), which correspond to distinct
lattice vectors p # r. Furthermore, the terms involving D,, require separate
treatment owing to the singular nature of the Green function in this region. We
have also introduced the displacement and displacement-gradient moments
(of order i+ j), defined as

Vij(p) = J i(yl — 1) (32— p2) w(y) dy = O(€™77?), (3.4)

p,, iy

W) = | ) = ) ) dy = 0, (39
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where the orders are deduced by noting that w is a smooth function so that w and
all its derivatives will be O(1). Recalling that r= €(al; + bly) is the position
vector of D, we use the notation £;[(*)] to denote the operation of multiplying
equation () by (21— )" (2o — )’ /(z'j ) and integrating over the domain D, in
the  plane. Therefore, applying Ly, [(3.2)] and Ly [(3.3)] for k=1,2 and again
taking the Taylor series expansion of the Green function and its derivatives
about =1 (with the exception of the separated terms), we obtain

V()= Y Z[ DV, (p)3 0 G(p— 1))
-

ot ij.B8=0
(st
: n)
—(1— ){ZW (P)d,,0,, 03, G(p— )} Cup

1
J w(y)G(y—z) dy dz
Dy,

J V,uw(y)-V,G(y—z) dy dz + o(€”), (3.6)

wim= Y Y [ D) { Vi(p)9,, 8,35 G(p—r)}

st=—o00 1,7,0,6=0

(s,t)#(a,b)
2

+(1—m){ZW ") (p)d,, 8,057 G(p— )} o
n=1

=) [ ww) G y-a)dyde

—(1 —m)JD a—kaD V,uw(y)-V,G(y—z) dy dz + o(€’), (3.7)
where

1 o o
Cua = [, a0 = ) ) de (3:5)

Regarding the separated terms, it is clear that V, = O(€*) = ,WE)]S)> and although
G(y—x)= O(1) inside D, we find that 99, G(y —x) = O(e /) because G(y—x)
is singular in D,;. Therefore, since w= O(1)=V,w and |D,;|= O(¢?), the only
separated term that contributes at O(€®), and thus at leading order, is

Ai(r) = JDM%JD V,uw(y)-V,G(y—z) dy dz = O(€"). (3.9)

To solve this system (at leading order in €), we see from the right-hand side of
(3.6) that we must determine each Vj; W(1 and W ) for i,5> 0. We should

R
therefore use the operator L; for every i ]> 0 in order to derive an infinite

system of equations for these unknowns. However, let us truncate this system to
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retain only Vjy, Wég and Wé%) and denote this as the {00} system; it will also be
known as the leading-order system in ¢ for reasons that will become clear shortly.
Furthermore, assuming that all fibres are identical, the {00} system becomes

[ee]

Voo(r) = Repé’ Z [(1 —d){Voo(p)G(p—7)}

(s,6)#(a,b)

{2 W00 )9, G(p— r)}] (3.10)

ng)(r)=72¢e2 i: [— {Voo )9, G(p— 7’)}

(s,t)#(a,b)
{ZW p)d, d, G(p— )}]—(1—m)Ak(r). (3.11)

In this we have deﬁned the volume fraction (per unit span in z3) ¢ =|D|/(Re?),
where | D| = O(€?) is the fibre cross-sectional area and Re” is the peI‘IOdIC cell area
given in (2.10). Let us now define the variable u= p—1r where we remind the
reader that p and r are the (s, t)th and (a, b)th lattice points, respectively, and
pose effective plane wave solutions of the form

~ . ~ (k .
Voo(p) = Viyp exp (1’)"1’)7 Wélé) (p) = W((m) exp (1’Y‘P)7 (3‘12)

in which y(0) = y(0)(cosO, sin®) is defined as the non-dimensionalized effective
wavenumber (scaled on k) in the direction @, the angle subtended from the z;
axis. The system of equations (3.10) and (3.11) (for k= 1,2) therefore becomes

. r . - < (2
Voo =¢ _(1 —d)Voolyo — (1 —m)( W(()O)IIO + WE)0>[01)} ) (3.13)

1 - ~ (1 ~ (2 .
Woo = | =0 =)Vl + (1=m) (W by + Wio h)| =(1=m) Ar, (3.14)

~

A (2 r - ~ (1 & (2
W(()o) =¢|—(1—=d)Vylpy +(1 _m)(W(()o)In + W((JO)IO2)] —(1—m)A,, (3.15)

where
Ay = exp (—iy-r) A4, (3.16)
and
I = Ij(y) = R [exp (iv-u)d;, 0%, G(uw)]. (3.17)
u+0

We shall now discuss the evaluation of each of the individual terms in
(3.13)—(3.15).
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(a) Calculation of I;: the sum to integral step

In order to compute each I;;, we shall turn the double summation into a double
integral. If the function to be summed possesses an apparent non-integrable

singularity, then we must remove this singularity before this step is taken. Consider

1 o0 oo
RE J_m J_w f(z1,m9) dzy das, (3.18)
where €R = €* A, B, is the area of the periodic parallelogram (see (2.1), (2.2) and
(2.10)) and assume that the function f(z;, z,) is integrable. We may write this as a
double sum of integrals over the periodic parallelograms as follows:

1 d eBy(v+1) pe(Ar(utl)+Byv)+Byzy/ By
J J f(.’l?l, iEQ) dl‘l dl‘Q. (319)

Reé? zo=€Byv Jz1=€(Aju+Bv)+Byzy/ B
On taking the Taylor series expansion of f(z, z,) in each of the (u, v) cells, about
z1 = €(Ayu+ Byv) and z, = €Byv, we are left with the result that regardless of the

geometry of the lattice, at leading order in e,

e 1 o 0
Z f(e(Alu + Bl'U), CBQ’U) ~ﬁ J J f(ZEl, 1'2) del d.’L’Q. (320)
U =—o0 — J —x
With the exception of Iy, all I;; contain apparent non-integrable singularities
that must be removed before this sum to integral step can be implemented.
Information regarding the periodicity of the lattice will be retained in the term that
is removed (a simple lattice sum) and the remaining double summation can then be
turned into an integral following the steps above. This leading-order integral term
arising in I;(v) in (3.17) is therefore identical for all geometries, for fixed .
First, let us calculate Ijy(y) which from (3.17) is defined as
Re .
Too(v) = — Z Hy(lul) exp (iv-u), (3.21)
4i u#0

where |u|=\/u?+ ul. Since the function to be summed possesses only an
integrable singularity at the origin, we may immediately employ (3.20) so that

To(y) = — j ’ J rHy(r) exp (iry (0) F4(@)F4(0)) dr df + o(1),  (3.22)
41 Jo Jo

where we have defined the polar coordinate system

u; = rF;(0), F1(0) = cos 0, Fo(6) = sin 6. (3.23)

Summation is implied over repeated subscripts in (3.22) and we note again that
0 is the direction of propagation of the wave. We show in appendix A a that when
©® =0, on introducing y(0) = vy, (3.22) becomes

Ino(v1) = ﬁ + o(1), (3.24)

where, here and henceforth, a function with a scalar argument vy, indicates the
abbreviated notation of I; (v(0), 0). In fact the result (3.24) is rotationally
invariant and thus holds for all y(0®).
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It turns out that we may determine the effective density and shear modulus
via decoupled equations and so, as will be seen shortly, it is not necessary to
calculate Iy and Iy. In order to determine Lg(y) and Iy (7y) (defined in (3.17)),
we must first remove their respective singularities at the origin. For notational
convenience, we shall define K| = I, and K, = Iy, and thus

Reé? u? 1
K(y)=—— — Hy(Jul) — — Hy(|ul) | exp (iy-u). 3.25
) =T > [W () = o |>] plivw).  (3:25)
On performing the sum to integral step by noting that, as r— 0,
24 4q
Hy(r) ~——+0(1),  Hy(r) ~——=+ O(1), (3.26)
wr wr
we may write these lattice summations as
Kj(y) = K] (v) + (1)K (v), (3.27)
where
I 4i 2i
Kl(y) == 20)( H — ) - H -
lo =4 || [] [ (0 +25) = (0 + 2]
Xexp (iry(©)F(O)F (0))dr df + o(1) (3.28)
and

Reé u? —u? . 1
K =53 <(u§+ )> exp (i7-w) = 5 (S(1) = 1)+ 0(),  (3:29)

u#0
where we have introduced the second form in terms of a new function S(y) for
convenience, as we show later. Choosing ® = 0, we show in appendix Ab that

Kl(n) = (g + o), Kdn) = of0) (330
Therefore, on defining S; = S((v4,0)), from (3.27)—(3.29)
(1) = (g B+ (15 (5 =) + o). (331)

The remaining coefficient to be determined in (3.17) is I;;(7), which can be shown
to be O(e) for any lattice structure by removing the singular term as above.

(b) Treatment of the ‘singular’ term

The separated term Aj; defined in (3.16) and (3.9) possesses an apparent
singularity at y= x. In order to study this further, let us write

Ay = {Jpa% KJDM% + Jc)vyw(y)-vyc(y—m) dy] d:r:} exp (—iy-r)

= Nk: + Sk:a (332)
where C is a circular domain? of radius ¥ < 1 having its origin at y= x, the
location of the apparent singularity. Thus, we have separated A i into a singular
part S, and a non-singular part A'; on domains Cy and D\ Cy, respectively. Since

2 Clearly when x approaches the boundary of D,, this domain must be modified accordingly.
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the singular region is excluded from AN, we may freely pass the z; derivative
through this yintegral and interchange the order of integration in  and y. On using
the (anti)symmetry of differentiation of the Green function, we thus deduce that

| ow,
N ==exp (<iv-n)| S @) Pi(y) d (3.33)
Dy\Cy 9Y1
where
Py =20 ), Iy = [ ay-aae (3.34)
" ay}cayl ’ b ' .

The superscript € in P§; denotes its frequency dependence. We note that Pj; is
directly related to Sy (y, €), the component of the dynamic Eshelby tensorassociated
with longitudinal shearing, by noting that (see Cheng & Batra (1999) for more
details and Eshelby (1957), Mura (1982) and Michelitsch et al. (2003) for more
general commentaries)

Su(y, €) = uyPy(y). (3.35)

This term incorporates the shape of the fibre cross section into our analysis and so
we shall call Pj;(y) the shape tensor. Since € < 1, at leading order in € the shape
tensor corresponds to static behaviour; thus, we can write

Pii(y) = Plu(y) + o(1). (3.36)
Furthermore, we can exploit the theory of the Eshelby tensor to state that PY(y)
will be uniform (i.e. independent of y) for inclusions of elliptical cross section (Mura
1982). Since in this article we restrict attention to the {00} system, we need only
retain the uniform part of the static Eshelby tensor PY;(y) and thus we define

Py, = uniform{ P} (y)}, (3.37)

and note that for elliptical cross sections Py = PY. Spatially dependent parts of P,
in (3.33) will lead to higher order displacement-gradient moments that only appear
in the full system, not in the {00} system. Therefore, on letting ¥ — 0 in (3.33) and
noting the form of W (r)in (3.12), the contribution to the {00} system for fibres of
general cross section will be

~ (1
Ny =—Py W, (3.38)

For general cross sections, terms neglected are the extra contribution of higher
order displacement-gradient moments (important only in the full system) and
terms of higher order in €. For orthotropic media, P;y = 0= P,;. The realization
that this term is a scalar multiple of the Eshelby tensor is important since we may
use the existing literature for inclusions of various shape (see Mura 1982). Similar
terms arise in the full system, which correspond to weighted Eshelby tensors.

We now turn to the apparently singular part S; of A;, which has the form

d
S = exp (—iy‘r)J —J V,w(y)-V,G(y—=z) dy dz. (3.39)
D,, 0Ty, Cy '
Since V,w(y) is bounded inside this (small) region centred on y= x, we may take
a Taylor series expansion of the displacement gradients about y= x in (3.39).
This leads to integrals of the type
1 . 0G

Ligw = il ch(yz'_ ;)" (y; — ;) a—yk(y—l‘) dy, (3.40)
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for 4,j=1,2 and for m,n=0,1,2,.... Referring to the definition of F;(0)
in (3.23), we may define the local polar coordinate system, centred on x by
y; — ;= RF;(8) and note that as R— 0

G e L m) (G 3
5, W@~ (R GR+ GRlg R+ O(RY) ), (341

where C; are known constants. We may therefore write

1

4im!n!

JQW Jw R"F(8)F;(8)F(B) (% + O(R)> RARdB.  (3.42)

0 Jo

mn __
gk —

It is straightforward to show that these integrals are zero either by virtue of the §
integral or by taking the limit ¥ — 0. Therefore, we conclude that the apparently
singular term S;, =0 for any inclusion geometry.

(¢) The resulting {00} system for orthotropic media

On taking ® = 0 so that waves propagate in the x; direction with wavenumber
v1, the results of §3a and b infer that the {00} system is

A(71)<Voo, W s W(()%)))T =0, (3.43)
in which
1—d
1
A(r1) ¢(1—m) . (3.44)
1—d)I Nyy—————>—1L 0
d(1— d)Im 0 Ny, + Ly
where
1
Ly, =§¢(1_m)(1_ Si)s Ny = 63— (1 —m) Py (3.45)

Note that we consider only orthotropic media so that Njy = Ny; = 0. It is now
clear from the form of (3.44) that leading order in ¢ means that the elements
of A contain only terms that are linear in ¢. The full system gives rise to a
larger matrix with terms involving higher powers of ¢. For non-trivial
solutions of (3.43), we set detA=0 giving a condition on the effective
wavenumber +v,. From this we may deduce effective properties as will be
discussed in §5. In order to determine the effective wavenumber in the z,
direction, 7y,, we could set ® = 7/2 and recalculate all the above but this is in
fact unnecessary. What we can do instead is rotate the material itself by /2
clockwise. This leaves the integrals evaluated as part of I;; unchanged. We still
consider waves propagating along the z; axis, but we denote the wavenumber
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in this (new) direction as 7y,. The only difference is the resulting set of lattice
summations and the position of the shape tensor in the system matrix. Thus,
v5 is determined by setting det B= 0, where

(1—d)
1-9¢ = ¢(1—m)Iy $(1—m)L
B(vy) = 1—m 3.46
(r2) p(1—d)lpy  Nog— (ﬁ(’% — 1)) — Ly 0 (3.46)
(1 —d) I, 0 Ny + Ly
Note in particular that if m=1, detA=0 and detB=0 define v; (j=1,2) as
Y =(1—¢) + ¢d. (3.47)
Alternatively, if d=1, it is defined by
2(N{101; + Nogds;) + (1 — S:+1
sz _ (NVyy 15 22 2]) é( m)( j ) (3.48)

4. Lattice summations and shape tensors

The effective wavenumber has been obtained in §3 in terms of several basic
quantities regarding the structure of the composite, including the shape tensor
and the lattice summation. These must therefore be calculated for any given
composite material and the objective of this section is to illustrate the solution
procedure. This is done for circular—cylindrical inclusions on a rectangular or
hexagonal lattice.

(a) Rectangular lattices: orthotropy

Let us first restrict attention to a rectangular lattice with aspect ratio A> 1 so

that we can choose
= Aue, Uy = VE, (4.1)

and thus the periodic cell area is €R = €A. As e— 0, for @ = 0, the lattice sum
(3.29) becomes

- - A*u? — o 1 1
s
K =4|2 Y Y () e (maw 23"
u;eo
A2 z cos (7, Aue) (4.2)
1 o
= Arm ~% + ZCSCh2(7TAU) + O(e), (4.3)
u=1
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which is rapidly convergent. On introducing the form (3.29), we see that

for j=1,2
1 o«
S;i=1— gwA(l_%?-V) (1 —6 E csch? (TF’U,A(I_%ZV))> , (4.4)

u=1

where we note that the only difference between S; and Sy is the position of
the factor A. This comes about as a result of the order of summations in the
double sum (4.2). In the case of v, the wave-like term in (4.2) is exp(iy; Aue). On
the other hand, for vy,, this wave-like term becomes exp(iy,ue) due to the
rotation of the material by 7/2. Anisotropy in the composite material is therefore
induced by these lattice sums as well as the fibre cross-sectional shape. It turns
out (provable by Keller’s identity; see §5b) that these summations satisfy the
relationship

SQ == _S17 (45)

and therefore in the special case of a square lattice (tetragonal symmetry) when
A=1 we find that

S =8=0, K1) = K1) ==+ 0(0) (4.6

(b) Hexagonal lattice: transverse isotropy

We now consider fibres positioned on a hexagonal lattice. The parallelogram
lattice vector defining the positions of the fibres is given by

R(u, v) = e(ul, + vly), h:@%) bzeﬁg) (4.7)

so that R =+/3/2. It is easier however to evaluate the hexagonal lattice sum as
the superposition of two rectangular lattice sums of the type in (4.1) with

= /3 in each but with one offset from the origin by (1/2,1/3/2). We achieve
this by writing

K5(vy) =% > | <(“2_73”222)exp(meu)

2
u,v7#(0,0 u” +3v )

(2u—1)*—3(2v—1)? , B
+4U;Z< 20— 1) T 3(20 )2)2> exp (iy;€(2u 1))]- (4.8)

Proceeding analogously to the above, this reduces to

T 1 O U m(2u—1)
K =— |-+ (csch2 <> —sech? <>> + O(e
) 23| 6 ; V3 23 (€
1
—5 + 0(o), (4.9)
and thus we conclude that for the hexagonal lattice
S; = 0. (4.10)

Similarly, we find that Sy =0, as should be expected from symmetry.
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(¢) Shape tensor for the {00} system

Note that for the quasi-static effective properties, we need to determine only
the component PY and thus can expand G(|y —|) for small argument to find

9% J; 1
0 Jo(y) = —J log |y —z| d. (4.11)
ab

0

TR o )1

Furthermore, since here we are interested in the {00} system (leading order in ¢),
we need only the uniform part (i.e. independent of y) of this, denoted Py, as
discussed in the paragraph following equation (3.36) and noting equation (3.37).
Therefore, by incorporating the shape tensor P,;, a general result for the effective
properties of the composite may be deduced for fibres of arbitrary cross section.
Since we restrict attention to orthotropic media, we consider only fibres with
reflectional symmetries in the z; and z, axes. Therefore, we can write

Py = p1161301; + paz0i09;- (4.12)
Furthermore, from potential theory,
L,y &€ Dy,
V2 Jo(y) = ' (4.13)
07 ) & Dab'

Since both p;; and pyy are scalars, we can write pyy = Bp;; where 8 € R so that, on
performing a contraction on PY, in (4.12) and exploiting (4.13), we see immediately
that

1 B
1+ P2Tirg

Finally, we note that for fibre cross sections that have a rotational symmetry of /2
(e.g. circles, squares) we must have p;; = py and thus g =1, so that

1 1
Py = 55141» Ny = 5(1 + m)oy,. (4.15)

P11 (4.14)

This latter point means that the {00} result gives the same expression for fibres of
square and circular cross section, the difference being of course that the volume
fraction will be different in each case. Furthermore (higher order) shape effects are
taken into account when incorporating more equations in the truncated system, as
described previously.

5. Effective material properties

For general directions @, the form of y? for a homogenized orthotropic material
having mass density p* (scaled on py) and longitudinal shear moduli u} and w5
(with respect to the z; and z, axes, respectively, and scaled on ug) would be

*

P

2
0) = . 5.1
T(O) = o6 + 1 5in%0 (5.1
If we take m=1, then uj = u5=1 and we therefore find that
Y’(©) =p’ (5.2)
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and similarly for d=1 we have p* =1 and therefore

1

2

0) = .
7 (®) Wi cos’® + wj sin’0

(5.3)

Thus, in order to determine the effective density we can simply take m=1, and to
find the effective shear moduli we can take d=1 together with appropriate
choices for ©. Alternatively, we showed above that we could first take ® =0 in
order to determine u;, then rotate the material by 7/2 clockwise and consider
O =0 for a second time to determine .

(a) Effective density

On setting m=1, it is clear from (3.47) and (5.2) that the leading-order
effective wavenumber is independent of ® and therefore defines the effective mass

density of the composite as .
p=(1—¢) + ¢d, (5.4)

which is the usual arithmetic average, being dependent only on volume fractions
of the fibres and not on their shape.

(b) Effective longitudinal shear modulus
On setting d=1, we see from (3.48) and (5.3) that for j=1,2,

gt = 20y + Nooby)) + 9L —m)(S; — 1)
7 2(Nibyy + Nypdy)) + ¢(L—m)(S; + 1)

(5.5)

Note the rich structure in the solution (5.5). Four separate terms account for
different physical effects: the volume fraction ¢; the shear moduli ratio m; the
lattice summations S;; and the tensor N incorporating the shape of the fibre
cross section. We also note that this leading-order system in ¢ is not equivalent
to a simple linear dependence on ¢ associated with dilute schemes. As we shall
show shortly, the predictions of effective moduli given by this leading-order
scheme will give excellent results even at relatively high volume fractions.
Note that on employing (4.5), the definition of N; in (3.45) and the expressions
(4.12) and (4.14), we see that u; in (5.5) satisfies the phase exchange identity
(Keller 1964)

1/ui(m) = pz(1/m). (5.6)

Alternatively, ensuring (5.6) holds for arbitrary cross section proves the result (4.5).
Restricting attention to circular cross sections, using (4.15) we find that

BT g8 )M

(5.7)

where M= (1—m)/(1+ m). In the case of both square and hexagonal lattices,
S;=0, thus giving the same result in terms of volume fraction of fibres. Clearly
though for a given radius, the volume fraction of fibres in the two materials
will be different. In figure 2 we plot the effective longitudinal shear modulus
(scaled on u) for a square lattice material with m= 0.1 and m=10, respectively.
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Figure 2. The effective longitudinal shear modulus for a fibre-reinforced material with fibres
arranged on a square lattice. Results for (a) m=10 (M =-9/11) and (b) m=0.1 (M =9/11) are
plotted. The IEM is compared with the MAH and energy bounds. Solid line, IEM; dotted line,
MAH; dashed lines, energy bounds.
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Figure 3. The effective longitudinal shear modulus for a fibre-reinforced material with fibres
arranged on a hexagonal lattice. Results for (¢) m=10 (M =-9/11) and (b) m=0.1 (M =9/11)
are plotted. The IEM is compared with the MAH and energy bounds. Solid line, IEM; dotted line,
MAH; dashed lines, energy bounds.

We show results for the integral equation method (IEM) discussed above, given
by (5.7) with S;=0 and also those given by the method of asymptotic
homogenization (MAH) determined in Parnell & Abrahams (2006). With
reference to this latter paper, it is in fact possible to show (via some rather
lengthy algebra) that the results obtained in equations (3.25) and (3.26) of
Parnell & Abrahams (2006), by classical asymptotic homogenization with only a
single term in the multipole expansion described subsequently in equations (4.45)
and (4.46) of that paper, are identical to the expression (5.7). We also plot energy
bounds given by Hashin & Rosen (1964), which we note give a significant
improvement on the Hashin—Shtrikman bounds by exploiting periodicity. Our
main consideration is how close the leading-order integral equation scheme
approximation lies to the fully converged asymptotic scheme. Results are plotted
against the radius r of the fibre so that r= 0.5 corresponds to touching fibres. We
plot the corresponding results for a hexagonal lattice in figure 3. Finally in
figure 4 we compare the predictions of the IEM with the MAH for a rectangular
lattice with A=2 (so that the material becomes macroscopically anisotropic).
Note that in all cases the leading-order integral equation scheme shows excellent
agreement with the fully converged asymptotic scheme up to fairly high radii,
thus providing a very simple and useful approximation of effective properties.
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Figure 4. The effective longitudinal shear modulus for a fibre-reinforced material with fibres
arranged on a rectangular lattice with A=2 (i.e. spacing in the z; direction is wider than that in
the z, direction). Results for (a) m=10 (M =-9/11) and (b) m=0.1 (M =9/11) are plotted. The
IEM is compared with the MAH in both principal directions. Note that uj <u5 in both cases. Solid
line, IEM (u}); dot-dashed line, MAH (u}); dashed line, IEM (u3); dotted line, MAH (u3).

6. Conclusions

In this article we have introduced a new integral equation approach to
homogenization and shown that its leading-order system gives predictions of
static effective moduli for periodic fibre-reinforced media that agree extremely
well with existing methods. The leading-order result in ¢ was given for fibres of
arbitrary cross section and results were plotted for circular shapes.

We have indicated the rich structure of the solution for the effective
longitudinal shear modulus where distinct terms account for specific physical
features such as fibre cross-sectional shape, material properties, etc. This
separation of physical phenomena is in contrast to the MAH (e.g. Parnell &
Abrahams 2006) where all this detail is obscured by the fact that a doubly
periodic cell problem must be solved; for fibres of arbitrary cross section, this
requires some numerical scheme such as a collocation technique. This is not the
case for the present integral equation formulation where all the details of the
inner local problem and its periodicity are conveniently embedded in the shape
tensor and the lattice summation terms. Both of these are easily determined; the
former by recourse to the existing literature on weighted Eshelby tensors (via
polynomial eigenstrains) (Mura 1982).

Higher order contributions can be found by incorporating more terms in the
original linear system of equations involving displacement and displacement-
gradient moments. This system was truncated at leading order in this article to
obtain a result that retains the interaction between fibres (since A>> ¢) and is
therefore not equivalent to dilute schemes. The full system (which can be
calculated algorithmically) will be discussed in a later article together with the
results for fibres of more complex cross section. It turns out that the effective
longitudinal shear modulus is modified from that given in (5.5) and takes the
form (j=1,2)

_ 2(Niyby; + Nagdyj) +¢(1—m)(5; — 1) + Cyio" + Cyjop® + -+
2(Ny101; + Nygdoj) + (1 —m)(S; + 1) + Cyp* + Cy;p® +--

*

Mg

(6.1)
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where the coefficients Cj;, Cg;, ... depend on higher order shape tensors (weighted
Eshelby tensors), higher order lattice sums and the shear moduli contrast m. This
dependence can be determined explicitly. We see from this form why the leading-
order result (in ¢) obtained in this article for out of plane shear properties is so
accurate. By retaining only the leading-order term, the error in the numerator
and denominator in (6.1) is O(¢*). Note that it may also be shown that retaining
each additional order in ¢ in (6.1) is exactly equivalent (for circular cross sections)
to the addition of an extra term in the multipole expansion in Parnell &
Abrahams (2006), where expressions were obtained via the MAH. The form of
(6.1) is, however, preferable for the reasons outlined above.

The method described has been termed an elastodynamic technique since we
can determine higher order corrections in € and thus predict dispersive effects
when the frequency is increased (while retaining the notion of separation of scales).
This is beyond the scope of the present article and results will be presented by the
authors elsewhere.

It is quite clear that the method may be extended to fibre-reinforced media that
possess more complicated macroscopic anisotropy such as monoclinic materials.
Furthermore, phases that are themselves anisotropic could be discussed. This
is another distinct advantage of an integral equation approach and again this will
be discussed in the articles to follow. It would also be advantageous to develop the
method for random media. Work is in progress on this problem and will be
reported on in future articles. Furthermore, it is clear that the approach would be
very useful for determining the effective properties of particulate composites in
three dimensions. Although schemes have been developed successfully in this case
by Iwakuma & Nemat-Nasser (1983), Nunan & Keller (1984) and Sangani & Lu
(1987), for example, they are often inefficient and/or rather cumbersome. The
rational approach of the present method, and the elegant and efficient form of its
solution, offers an attractive scheme for complex composites.

W.J.P. wishes to thank EPSRC and Thales Underwater Systems Ltd for their financial support
while carrying out this work.

Appendix A. Determination of integrals

(a) Determination of Iy
Define I(k,v;) from (3.22) in the case ® =0 by

1 2w oo
I(k,v,) = o J J rHy(kr) exp (iy,r cos ) dr dé, (A1)
v Jo Jo
where initially for convenience we take k=14 in,0 <7 << 1, so that
Ioo(v1) = 7171_{%]('1‘3»71) + o(1). (A2)

As mentioned in §2, Hy(kr) is a Hankel function of the first kind, which, in order
to determine (A 1), may be expressed as

2 0
Hy(kr) = e Jo exp (ikr cosh t) dt, kr>0. (A3)
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On substitution into (A 1) and integrating with respect to 7, we can turn
the resulting 6 integral into a complex integral. Application of Cauchy’s
residue theorem leaves an exact integral, which when evaluated in the limit as
n—1 gives

1

—(1 ) + o(1). (A4)

Ino(m1) =

(b) Determination of K} (1)
For ®=0, using rH,(r) = 2H,(r) —rHy(r) and the results

2T
J cos 20 exp (iy 7 cos 0) df = 2w Sy (7, 7),
0

(A5)

2m
J exp (iy r cos ) df = 2w Jy(v,7),
0

the expression (3.28) for K (y;) becomes

Klr) =5 | hnn) ()

+% (JQ(YN”) + (—1)jJ0(717“))7"H0(r) — % Jg(ylr)> dr + o(1). (A 6)

Finally, in (A 6) we may use the following expressions:

© ] 1
= dr == A7
Jo , 2(717’) r 9 ( )
°° 2% 9% [ log (1—71), v <1,
|, rrinty @ ar = B TR (A8)
0 m(yi —1) wvy log (vi —1) +im, v, >1,
@ i i [log(1—73), <1,
[, onnmyar == -8 TR (49)
) ™ ™ (log (vi —1) +im, v1>1,
Jm Jo(yir) Hy(r) dr = — — 2 (A 10)
T = —
to allow us to deduce that
1
Ki(v)) = oY + o(1), K; (1) = o(1). (A 11)
1
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