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In this article, we present a method for factorizing n!n matrix Wiener–Hopf kernels
where nO2 and the factors commute. We are motivated by a method posed by Jones
(Jones 1984a Proc. R. Soc. A 393, 185–192) to tackle a narrower class of matrix kernels;
however, no matrix of Jones’ form has yet been found to arise in physical Wiener–Hopf
models. In contrast, the technique proposed herein should find broad application. To
illustrate the approach, we consider a 3!3 matrix kernel arising in a problem from
elastostatics. While this kernel is not of Jones’ form, we shall show how it can be
factorized commutatively. We discuss the essential difference between our method and
that of Jones and explain why our method is a generalization.

The majority of Wiener–Hopf kernels that occur in canonical diffraction problems are,
however, strictly non-commutative. For 2!2 matrices, Abrahams has shown that one

can overcome this difficulty using Padé approximants to rearrange a non-commutative
kernel into a partial-commutative form; an approximate factorization can then be
derived. By considering the dynamic analogue of Antipov’s model, we show for the first
time that Abrahams’ Padé approximant method can also be employed within a 3!3
commutative matrix form.

Keywords: Wiener–Hopf technique; matrix Wiener–Hopf; elasticity; elastodynamics;
scattering
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1. Introduction

TheWiener–Hopf technique (Wiener & Hopf 1931) was invented to solve a certain
integral equation—Milne’s equation—occurring in connection with radiation and
neutron transport problems. The technique has since then come to be recognized
as one of the fewmethods that can determine exact solutions to two-part boundary
value problems. As such, it has proved to be of great importance in solving a wide
variety of problems in applied mathematics and engineering. While the method
has acquired particular relevance in diffraction theory (being applied to acoustic
(Abrahams & Wickham 1990), elastic (Norris & Achenbach 1984),
Proc. R. Soc. A (2007) 463, 613–639

doi:10.1098/rspa.2006.1780
Published online 3 November 2006
uthor for correspondence (i.d.abrahams@manchester.ac.uk).
esent address: WesternGeco International Ltd., BSEL Technology Park (2nd Floor), Plot No.
5 & 39/5A, Sector 30A, Vashi, Navi-Mumbai, India 400-705.

eived 21 July 2006
epted 21 September 2006 613 This journal is q 2006 The Royal Society



a

+

–

Figure 1. The Wiener–Hopf strip D illustrating the possible singularity structures present in the
Wiener–Hopf kernel. Filled circles represent branch points, dashed lines represent branch cuts,
crosses represent poles and circles represent zeros.
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electromagnetic and water wave phenomena), it has also found application to
seemingly diverse fields such as fracture mechanics (Freund 1998), geophysics
(Davis 1987) and financial mathematics (Fusai et al. 2006). One should also note
that the field of application is much wider than purely two-part boundary value
problems; many problems, when considered asymptotically, consist of ‘inner’ and
‘outer’ geometries, which often simplify to allow the application of the technique
in an asymptotic matching scheme.

The principal idea of the method is that by applying Fourier transforms to the
boundary value problem one derives the so-calledWiener–Hopf functional equation

KðaÞFCðaÞCFKðaÞZCðaÞ; ð1:1Þ
where a is a complex variable, and superscript C(K) denotes a function that is
analytic in the upper (lower) half plane. The upper and lower half planes
(henceforth denoted DC and DK) overlap in an infinite strip D, as shown
schematically in figure 1. The functions K(a), KK1(a) and C (a) are all analytic in
this strip. These analyticity properties together with certain results from the theory
of functions of a complex variable (see Noble (1988), for further details) ensure that
the functional equation (1.1) may be solved for the previously unknown functions
FC, FK. One may then determine the solution of the boundary value problem by
inversion of the Fourier transform.

The key step in the Wiener–Hopf technique (which has also produced the
greatest difficulties over the years) is the factorization of the Fourier transform of
the kernel1, K(a). Wiener–Hopf factorization refers to the decomposition of K(a)
into a product of two terms, KC(a) and KK(a) such that K(a)ZKC(a)KK(a).
For scalar kernels, the product factors can be expressed in terms of Cauchy type
integrals, namely

KCðaÞZ exp

ð
g

log KðzÞ
zKa

dz

� �
; KKðaÞZ exp

ð
h

log KðzÞ
zKa

dz

� �
; ð1:2Þ
1 Henceforth referred to, for brevity, as the kernel.
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615n!n matrix Wiener–Hopf factorization
where g (h) denotes a contour running from KN to CN within the strip D,
which passes under (over) the pole at zZa. While there are often difficulties
associated with the speed of the numerical evaluation of these integrals2 and their
convergence, it can be assumed that these integrals may be computed to
determine the G factors.

In more complex Wiener–Hopf models the situation is not so straightforward.
Fourier transformation reduces the boundary value problem to a coupled system
of Wiener–Hopf equations and consequently, the kernel is expressed as a matrix
of functions of a complex variable, each element of the matrix being analytic in
the strip D. We also remark that the determinant of the matrix kernel is non-
singular and analytic in D. For an arbitrary matrix kernel the existence of the G
factors has been proved by Gohberg & Krein (1960); however, no method has yet
been developed for constructing such a factorization. Nevertheless, for specific
classes of 2!2 matrices, several approaches to Wiener–Hopf factorization have
been suggested over the years. These include: an analytic continuation method
by Rawlins (1975); the pole-removal method of Rawlins (1980), Abrahams (1987)
and Idemen (1979); the Wiener–Hopf–Hilbert method of Hurd (1976) and
Rawlins & Williams (1981); and the essentially equivalent commutative methods
of Khrapkov (1971a,b) and Daniele (1978). It is the method of Khrapkov and
Daniele (here and henceforth referred to as the Khrapkov–Daniele factorization)
that we wish to draw our attention upon in this paper. This is because this
method offers the most general algorithm for obtaining a commutative
factorization, and therefore is the natural starting point for developing the
existing factorization methods. The importance of Khrapkov–Daniele’s method
has been further enhanced by the Wiener–Hopf approximant method of
Abrahams (1997). Abrahams showed that many 2!2 matrices, which do not
possess a commutative factorization and therefore were previously thought to be
intractable, may be approximately placed within this construction (through the
application of Padé approximants) and thence factorized to arbitrarily high
accuracy3.

Following on from Abrahams’ development, the aim of this paper is to extend
the Khrapkov–Daniele factorization to obtain commutative factorizations for
n!n matrices where nO2. While it must not be expected that a given higher
order matrix kernel will have a commutative factorization, Abrahams’ Padé
approximant method justifies our approach, as we can now look to embed a
difficult kernel (i.e. one which does not possess a commutative decomposition) in
a relevant commutative form and factorize by an analytical-approximate
procedure. The question is: what does a relevant commutative form look like?
To the author’s knowledge, Jones (1984a) was the first to examine the question
of higher order commutative factorization and he presented a natural extension
of Khrapkov’s form applicable to n!n matrices. However, it appears that no
matrix of Jones’ form has yet been obtained from a physical Wiener–Hopf model.
Furthermore, apart from Jones’ form, there are very few examples of n!n (nO2)
matrix factorization techniques in the literature which are of direct use to

2The reader should note that several approximate methods for factorizing kernels have been
suggested over the years, including those by Koiter (1954), Crighton (2001) and Abrahams (2000).
3 Padé approximants can, in principle at least, be generated to any order and therefore the
Wiener–Hopf kernel may be approximated to any specified degree of accuracy within the strip; for
further details, see Abrahams (1997, 2000).
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B. H. Veitch and I. David Abrahams616
workers in diffraction theory, or even to applied mathematicians in general!
Perhaps this explains why there appears to be few examples of n!n (nO2)
matrix Wiener–Hopf kernels in the diffraction theory literature. This paper is
motivated by these difficulties. Extending Jones’ ideas, we shall describe a broad
class of n!n matrices which are commutatively factorizable and generalize the
Khrapkov–Daniele form. Our aim will be to illustrate the method by combining
physical examples with matrix theory, and as such we shall demonstrate that
there are examples of matrix kernels which fit our general form. Throughout this
paper, we will span a given kernel K(a) by a commutative algebra of entire
matrices Ji such that

K Z
Xm
iZ1

kiJ i: ð1:3Þ

Here we follow Jones’ original work by restricting our attention to the case
where any one of the matrices Ji has distinct eigenvalues. In a following work
(Veitch & Abrahams submitted), we shall repeat the analysis when this
restriction is removed.

The discussion will begin in §2 by reviewing the idea of commutative
factorization and we shall briefly discuss the methods of Khrapkov–Daniele and
Jones. Having introduced the work of these authors, in §3 we will show, for
the first time, that a matrix obtained by Antipov (from methods developed by
Willis (1971, 1972)) which does not fulfil Jones’ criterion, can be factorized
commutatively by our method. In §4, we move on to describe a general n!n
matrix form, which encompasses these examples and we present a simple method
for obtaining the factorization.

We close the paper in §5 by investigating a 3!3 matrix kernel, arising from the
important model of elastic wave scattering by a crack between two dissimilar
materials. While this kernel does not appear to have a commutative factorization,
we shall show that we can place the kernel into a pseudo-commutative form, which
may then be factorized approximately using Padé approximants4. Thus, we
extend the applicability of the approximate factorization method of Abrahams
(1997) to a 3!3 kernel.
2. Review of commutative factorization

In this section, we present a review of the factorization methods of
Khrapkov–Daniele and Jones. The authors feel that it is necessary to present
these details so that a reader unfamiliar with this topic may gain a better
understanding of the matrix factorization literature, and can see how the
different methods interrelate.

The idea of commutative factorization was first proposed by Heins (1950). He
suggested using the exponential function as a matrix operator to reduce the
Wiener–Hopf product to a matrix sum split. Thence, given a matrix kernel K, we
determine a matrix L such that

K Z expðLÞ; ð2:1Þ

4 In §5, we shall also make use of the factorization method of Meister & Speck (Abrahams 2002).
The reader will note that the Meister & Speck method is only applicable in very special cases;
however, it does offer a very intriguing matrix algebra which we shall require here.

Proc. R. Soc. A (2007)



617n!n matrix Wiener–Hopf factorization
where exp(L) is the exponential operator acting on a matrix L and is defined by

expðLÞZ I C
XN
nZ1

1

n!
Ln: ð2:2Þ

Now, we express each element lij of L as a sum of two functions lCij and lKij analytic
in the (overlapping) upper and lower half planes, respectively, and thus obtain
matrices LG such that

K Z expðLCCLKÞ: ð2:3Þ
If the matrices LC, LK commute, we can identify the Wiener–Hopf factors by the
following result.

Lemma 2.1 (Heins). The matrix factors KG of (2.1) are given by

KGZ expðLGÞ; ð2:4Þ
if (and only if ) LG commute.

For 2!2 matrices, significant progress was made in the 1970s on the question
of what form K must take in order to have commutative factors by Khrapkov
(1971a,b) and Daniele (1978).
(a ) Khrapkov–Daniele factorization

The two papers of Khrapkov (1971a,b) considered the static stress fields
induced by notches in elastic wedges, and examined 2!2 matrix Wiener–Hopf
kernels of the form

KðaÞZ k0ðaÞI Ck1ðaÞJðaÞ; ð2:5Þ
where J(a) is an entire matrix such that

J2ðaÞZD2I : ð2:6Þ
In (2.5), k0(a) and k1(a) are the arbitrary functions of a complex variable
analytic in D with algebraic growth at infinity and D2 is a polynomial in a. The
reader should note that the growth of D2 must have a particular bound at infinity
to ensure algebraic behaviour of the plus–minus factors at infinity, see Abrahams
(1998) for further details. To be more precise, suppose

D2ðaÞZOðapÞ as jaj/N; ð2:7Þ
then if p is greater than some constant (2 for the 2!2 case), the plus–minus
factors will have exponential growth at infinity and therefore the factorization
fails5. However, in this paper, we shall ignore this technical issue and suppose
that the growth of the polynomial D2 ensures algebraic growth of the plus–minus
factors as jaj/N. With this provision clarified, the factorization methods of
Khrapkov and Daniele are virtually identical. The idea is analogous to complex
numbers; we write the kernel (2.5) in the form

K Z rðaÞexp½qðaÞJ �: ð2:8Þ

5Methods for dealing with kernels exhibiting such exponential growth in their commutative
factors have been offered by Daniele (1984), Moiseyev (1989), Antipov & Moiseyev (1991) and
Abrahams (1998).
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B. H. Veitch and I. David Abrahams618
Clearly

rðaÞZ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20KD2k21

q
; qðaÞZ 1

D
tanhK1 D

k1
k0

� �
: ð2:9Þ

Owing to the kernel being expressible in the form (2.8), the matrix factors are
commutative and so we can write

KCZ rCðaÞexp½qCðaÞJ�; KKZ rKðaÞexp½qKðaÞJ�; ð2:10Þ
where rG(a) and qG(a) can be found by solving the decoupled scalar equations

rCðaÞrKðaÞZ rðaÞ; qCðaÞCqKðaÞZ qðaÞ: ð2:11Þ
We see that the Khrapkov method decouples the Wiener–Hopf matrix equation
into a scalar sum and scalar product decomposition. The reader will note that
many diffraction problems give rise to matrix kernels of the type (2.5), see, for
example, Rawlins (1975, 1997) and Hurd & Lüneburg (1981).

(b ) Jones’ factorization

Jones generalized the Khrapkov–Daniele class by investigating n!n matrices
of the form

K Z k0I Ck1JC/CknK1J
nK1; ð2:12Þ

where ki are arbitrary scalar functions of a complex variable a, analytic in a
Wiener–Hopf strip D with algebraic growth at infinity. In this case, J is an entire
matrix with polynomial elements such that

Jn ZDnI : ð2:13Þ
The closure property (2.13) identifies (2.12) as a generalization of Khrapkov’s
form, and as in the Khrapkov case Dn must be a polynomial in a with a bound on
its growth at infinity to ensure algebraic growth of the matrix factors at infinity.
Furthermore, (2.13) together with the Cayley–Hamilton theorem implies that the
n eigenvalues of J, which we denote by li, satisfy liZuiDwhere 0%i%n andunZ1
(excluding the possibility uZ1). We note that the matrices {I, J, ., J nK1} form
a basis or spanning set forK—this is the fundamental point of this paper, we wish
to investigate which classes of basis sets (and which closure properties such as
(2.13)) give rise to commutatively factorizable kernels.

We shall not review Jones’ method in detail here but will simply convey the
essential points; for further insights on Jones’ factorization method, see Rawlins
(1993). Jones re-expresses the kernel in the form

K Z exp
X

biBi

� �
; ð2:14Þ

where Bi have the orthogonality property

BiBj Z
0 for isj;

Bi for i Z j:

(
ð2:15Þ

The matrices Bi are a linear combination of {I, J,., J nK1} (i.e. constitute a
change of basis) and are given by

Bi Z
1

n

XnK1

rZ0

uir

Dr J
r : ð2:16Þ
Proc. R. Soc. A (2007)



619n!n matrix Wiener–Hopf factorization
To show that the Bi defined by (2.16) have the property (2.15) we note that

1

D
JBi Z

uKi

n

XnK1

rZ0

uir

Dr J
r ZuKiBi; ð2:17Þ

and hence
1

Ds J
sBi ZuKisBi: ð2:18Þ

Therefore

1

n

XnK1

sZ0

u js

Ds Js

 !
Bi Z

1

n
Bi

XnK1

sZ0

usðjKiÞ; ð2:19Þ

and (2.15) now follows by considering different values of i, j, since

XnK1

iZ0

uip Z
0; ph1; 2;.; nK1 mod n;

n; ph0 mod n:

(
ð2:20Þ

Jones used the above orthogonality relations to simplify calculations involving
the exponential function; his main result was the following theorem.

Theorem 2.2 (Jones). An n!n matrix kernel K of the form (2.12) with the
condition (2.13) may be expressed as

K Z exp
XnK1

iZ0

biBi

 !
; ð2:21Þ

where Bi are orthogonal matrices in the sense of (2.15) for 0%i%nK1 and

Bi Z
1

n

XnK1

rZ0

uir

Dr J
r : ð2:22Þ

The matrix product factorization is then given by

KGZ exp
XnK1

iZ0

lGi J
i

 !
; ð2:23Þ

where lGi represents the Cauchy sum split of the functions li which are given by

l i Z
1

nDi

XnK1

jZ0

uij log
XnK1

rZ0

uKjrDrkr

( )
: ð2:24Þ

While Jones’ matrix (2.12) constitutes a reasonably general class, to date no
matrix of Jones’ form (for nO2) has yet been found for a physical Wiener–Hopf
problem! This is most probably owing to the fact that Dn must be a polynomial in
a. In the trivial case where D is a constant, or is itself a polynomial, this is fine,
except that these cases are perhaps too simple to occur in a practical physical
problem; J must necessarily be complicated as it must embed within its structure
the inherent coupling present within the physical model from whence it arose. In
any case, the choice of polynomial for D is severely limited by the bound on the
Proc. R. Soc. A (2007)



B. H. Veitch and I. David Abrahams620
size of the polynomial Dn as jaj/N6. Otherwise, D must be a branch cut function
with n different branches and if nR3, this is non-physical since Laplace’s equation,
Helmholtz equation and other physical governing equations such as Navier’s
equation for linear elasticity only lead to doubly branched functions.
3. A physical example of a commutative factorization for a 3!3 matrix

In this section, we wish to illustrate that 3!3 matrix kernels having
commutative factorizations do actually arise in physical models. We show that
a kernel obtained recently by Antipov (1999), developed from work by Willis
(1971, 1972), can be factorized simply by a commutative method. This fact was
not realized before because the kernel does not fit the constraints of Jones’ form.

Consider an elastic body consisting of two distinct isotropic half spaces
S1Z{KN!x!N, 0!y!N, KN!z!N} and S2Z{KN!x!N, KN!y!0,
KN!z!N}. These half spaces are welded along {yZ0, x!0, KN!z!N},
and the surfaces of both the half spaces on yZ0, xO0 are traction free. In the
region S1, the solid has Poisson ratio n1 and shear modulus m1, and similarly S2
has Poisson ratio n2 and shear modulus m2. The body undergoes a static
deformation owing to some constant loading. A Wiener–Hopf type formulation
may be employed owing to the semi-infinite nature of the boundary condition,
i.e. the semi-infinite crack in the half plane {0!x!N, yZ0,KN!z!N}.
Note that the welded condition on KN!x!0, yZ0 requires that the compo-
nents of traction and displacement are continuous. One then considers double
Fourier transforms (in x and z) of the tractions on the crack faces and of the
jump in displacement, and these can be related to the conditions of continuity
for x!0 to give a matrix Wiener–Hopf equation with kernel7

KðaÞZK1

g2

ba2Ccb2 ðcKbÞab Kiagd

ðcKbÞab ca2 Cbb2 Cibgd

iagd Kibgd bða2Cb2Þ

0
BB@

1
CCA: ð3:1Þ

Here, a and b are the transform parameters in x and z directions, respectively
(b is henceforth treated as a parameter), we have the branch cut function
gZ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2Cb2

p
and

bZ
1Kn1

m1

C
1Kn2

m2

; d Z
1K2n1
2m1

K
1K2n2
2m2

; cZ
1

m1

C
1

m2

: ð3:2Þ
6 Note that it is not germane to the present work to investigate the general question of what is the
appropriate bound to ensure algebraic growth of the kernel factors for n!n Jones matrices (nO2),
but it is likely, however, that extensions of the ideas developed by Abrahams (1998) for the case
nZ2 will also be applicable in this situation.
7 The matrix (3.1) has been obtained by pre- and post-multiplying the matrix G0(a) in Antipov
(1999, p. 1055), by

0 0 1
0 K1 0
1 0 0

0
@

1
A:

Proc. R. Soc. A (2007)



621n!n matrix Wiener–Hopf factorization
Antipov’s factorization scheme depended on deriving rational matrices PC and
QK, analytic in the upper and the lower half planes, respectively, such that

KðaÞZPCCQK; ð3:3Þ
where C is in block Khrapkov–Daniele form

C Z
~C

�
0T

�
0 k

0
@

1
A; ð3:4Þ

where k is a scalar function of a, ~C is a Khrapkov–Daniele matrix and

�
0Zð0; 0Þ. However, Antipov’s method for determining the matrices PC and
QK was ad hoc and rather difficult and lengthy to construct. It is more
straightforward, instead, to express K(a) in the form

Kg2KðaÞZ cg2I CdgJCðbKcÞJ2; ð3:5Þ
where

J Z

0 0 Kia

0 0 ib

ia Kib 0

0
B@

1
CA and J2 Z

a2 Kab 0

Kab b2 0

0 0 a2 Cb2

0
BB@

1
CCA: ð3:6Þ

With this basis set, we find that the singular matrix J satisfies

J3 Zg2J ; g2 Za2Cb2: ð3:7Þ
We note that the closure condition (3.7) is different from that used by Jones

(2.13) and our factorization procedure will reflect this difference. More to the
point, only doubly branched functions are present in the characteristic
polynomial of J, and as we stated above, it is this that makes this factorization
form possible. We thus pose the product factors as

KGZ aGI CbGJCcGJ2; ð3:8Þ
and multiplying these gives

K Z aCaKI CðaCbKCbCaKCg2bCcKCg2bKcCÞJ

CðaCcKCaKcCCbCbKCg2cCcKÞJ2: ð3:9Þ

Comparing coefficients of J 0 with (3.5) yields the relation

aCaKZKc; ð3:10Þ
and so aG may be found via a usual scalar product decomposition. The
remaining equations may be written

bCðaKCg2cKÞCbKðaCCg2cCÞZK
d

g
; ð3:11Þ

ðaKCg2cKÞðaCCg2cCÞCg2bCbKZ ðcKbÞCaCaK: ð3:12Þ
Proc. R. Soc. A (2007)



B. H. Veitch and I. David Abrahams622
Writing the unknown scalar functions as

aGCg2cGZ rGcoshðgfGÞ; ð3:13Þ

bGZ
1

g
rGsinhðgfGÞ; ð3:14Þ

reduces (3.11) and (3.12) to the Khrapkov–Daniele form. Hence, we find

rCrKZ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2Kd2

p
; ð3:15Þ

fCCfKZ
1

g
tanhK1 d

b

� �
: ð3:16Þ

We can now determine rG and fG by Cauchy integrals, and from these the
functions bG, cG. Therefore, we have fully determined the matrix factors KG.
Since the kernel K(a) has more similarity to Khrapkov–Daniele matrices than
Jones’ form, we shall term matrices of the form (3.5) subject to the constraint
(3.7) the ‘Khrapkov-3’ class.
4. A general commutative form with distinct eigenvalues

Jones (1984a) also considered more general n!n matrix kernels given by

K Z
Xm
sZ1

anJs; ð4:1Þ

where the entire matrices Js commute for each 1%s%m. Following Jones, we
shall assume that any one matrix J2{J1,J2,. Jm} has distinct eigenvalues, say
l1, l2, ., ln. Since there are n independent eigenvalues, J is diagonalizable, and
hence there exists an invertible similarity matrix P such that

PK1JP Zdiagðl1; l2;.; lnÞZL: ð4:2Þ
We now look to find what form the other Js must take in order to commute with
J. First, we require the following lemma.

Lemma 4.1. Two matrices A, B commute if, and only if, the matrices PK1AP
and PK1BP also commute.

Aided by this simple lemma, we now realize that PK1JsP necessarily
commutes with the diagonal matrix (4.2), and it follows that each PK1JsP is also
diagonal. Suppose

PK1JsP Z diagða1; a2;.; anÞ; ð4:3Þ
then we can write

diagða1; a2;.; anÞZ b0I Cb1LCb2L
2 C/CbnK1L

nK1: ð4:4Þ
This is equivalent to the linear system

M lbZa; ð4:5Þ
Proc. R. Soc. A (2007)



623n!n matrix Wiener–Hopf factorization
where

M l Z

1 l1 l21 . lnK1
1

1 l2 l22 . lnK1
2

1 l3 l23 . lnK1
3

« « « 1 «

1 ln l2n . lnK1
n

0
BBBBBBBB@

1
CCCCCCCCA
; ð4:6Þ

bZ(b0, b1, b2,., bnK1)
T and aZ(a0, a1, a2, ., anK1)

T. The determinant of Ml

can be shown to be given as

jM ljZ
Y
isj

ðliKljÞ; ð4:7Þ

and jMljs0, since the eigenvalues are distinct; therefore, the system (4.5) has
a unique solution. Equation (4.3), therefore, implies that every matrix PK1JsP is
spanned purely by powers of L. Thus, there exists a matrix P and arbitrary
functions (ki for iZ0, 1,., nK1) analytic in the Wiener–Hopf strip such that

PK1KP Z
XnK1

iZ0

kiL
i: ð4:8Þ

Therefore, if any matrix J2{J1, J2, . Jm} has distinct eigenvalues, our general
commutative kernel takes the form

K Z
XnK1

iZ0

kiJ
i; ð4:9Þ

where J satisfies the matrix polynomial

ðJKl1I ÞðJKl2I Þ/ðJKlnI ÞZ 0: ð4:10Þ
This is the extension of the Khrapkov–Daniele form that we shall propose in this
paper, and we see that the example described in §3 is a special case of this form,
when nZ3.

The reader will note that the above reasoning closely resembles remarks made
by Jones (1984a). However, the authors believe that a reappraisal of this analysis
is justified since Jones moves on to assert that if a Wiener–Hopf matrix K has
commutative factors with distinct eigenvalues then (4.9) is necessarily of the form
(2.12) with the condition (2.13)! We do not believe that this statement is always
true, and we now address the question of why commutative factorizations which
are not of Jones’ form exist. Jones’ statement appears correct in the sense that
one could equally well have spanned the diagonal matrix in (4.3) by the set
fI ;LJ ;L

2
J ;.;LnK1

J g where we choose

LJ ZdiagðD;Du;Du2;.;DunK1Þ; for un Z 1; ð4:11Þ
and consequently one may express K in the form

PK1KP Z
XnK1

iZ0

ciL
i
J : ð4:12Þ
Proc. R. Soc. A (2007)
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However, it is fundamental to note that the diagonal forms for PK1KP will
only be a factorizable commutative class if each PLiPK1ZJ i is entire. This is by
no means certain; some choices of L may produce entire matrices while others do
not! It is important to remember that P will not, generally, be a simple rational
or entire matrix, since it contains the eigenvectors of K and thence will almost
certainly possess much of the branch cut structure of K. Thus, PLPK1 will only
be an entire function if there exists a choice for li that satisfies the constraints
of commutativity while also knocking out the inherent branch cut structure
present in P and PK1. Thus, the set {I, L,., LnK1} must be chosen so that

(i) it spans the eigenvalues of K, as in (4.8) and
(ii) it must relate to the eigenvectors of K in such a way that PLPK1 is entire.

Furthermore, there is another condition imposed on the eigenvalues li. This is
that every power J n must not only be entire but also bounded. This condition
arises because the factorization will involve exponentials of powers of J i.
Referring to the closure condition (4.10), we see that this amounts to

Jn Z p0I Cp1JC/CpnK1J
nK1; ð4:13Þ

where each pi is a polynomial in a. Alternatively, (4.13) is equivalent to being
able to factorize the characteristic equation of J in the form

ðJn1Km1I ÞðJn2Km2I Þ.ðJnpKmpI ÞZ 0; ð4:14Þ
where each mi is a polynomial and nZn1Cn2C/Cnp. That is, if some li in
(4.14) is a branch cut function, then all the other branches of li must be present
in (4.14) as well. Evidently, the Khrapkov-3 matrix and Jones’ form are special
cases of (4.14). These three conditions must hold in order to have a commutative
factorization and suggests that such factorizations are rather special.

Let us illustrate these points and in particular why (4.12) is not applicable for
the kernel of Antipov (3.1). Here, we had

J Z

0 0 Kia

0 0 ib

ia Kib 0

0
B@

1
CA; ð4:15Þ

which is diagonalizable into the form

PK1JP Z diagð0;Kg;gÞ; ð4:16Þ
where

P Z

1 1 1

a

b
K

b

a
K

b

a

0 i
g

a
Ki

g

a

0
BBBBBBB@

1
CCCCCCCA
: ð4:17Þ

We cannot put this into Jones’ form, contrary to the argument of his paper, for if
we looked to span a matrix Jjon in the form

J jon Z a0I Ca1JCa2J
2; ð4:18Þ
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where Jjon has the eigenvalues D, uD, u2D, applying a similarity transformation
via the matrix P would yield

D

uD

u2D

0
BB@

1
CCAZ

1 0 0

1 Kg g2

1 g g2

0
BB@

1
CCA

a0

a1

a2

0
B@

1
CA: ð4:19Þ

Thus

a 0 ZD; a1 ZKi

ffiffiffi
3

p
D

2g
; a2 ZK

3D

2g2
; ð4:20Þ

and therefore even with the choice DZ1 the functions ai are not entire owing to
the presence of the branch cut function g. Hence, Jjon cannot be an entire matrix!
(a ) The Wiener–Hopf factorization

We now investigate the factorization of the general matrix form (4.9). To
recap, we are given an n!n matrix kernel K such that

K Z k0I Ck1JCk2J
2C/CknK1J

nK1; ð4:21Þ

where J is an entire matrix (with polynomial elements) with distinct eigenvalues
l1, l2, ., ln such that the condition of (4.14) holds. From the assumptions on the
eigenvalues of J, it follows that J is diagonalizable, so there exists an invertible
matrix P such that

PK1JP ZL; ð4:22Þ
and

PK1KP Zdiagðk0Cl1k1 C/CknK1l
nK1
1 ;/; k0 Clnk1 C/CknK1l

nK1
n Þ: ð4:23Þ

In order to factorize this class of matrices, we look to express them in the form

K Z expðLÞ; ð4:24Þ
where

LZ l 0I C l 1JC l 2J
2 C/C l nK1J

nK1: ð4:25Þ
Therefore

expðLÞZP diagðexp½l 0C l 1l1 C/C l nK1l
nK1
1 �;.;

exp½l 0C l 1ln C/C l nK1l
nK1
n �ÞPK1: ð4:26Þ

Comparing the diagonal elements of (4.23) and (4.26) gives the linear system

expðM llÞZM lk; ð4:27Þ
where Ml is given by (4.6), lZ(l0, l1, ., lnK1)

T, kZ(k0, k1, ., kn)
T and exp(v)

represents a vector whose elements are the exponential of each of the elements of
v. Since li are all distinct

jM ljs0; ð4:28Þ
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and therefore, we can uniquely determine the unknown li by inverting the linear
system (4.27). The required functions lGi may now be determined from a sum
split of the li by Cauchy integrals or otherwise. Consequently, the commutative
factorization is determined by Heins’ lemma and this gives us the matrices

KGZ exp
XnK1

iZ0

lGi J
i

 !
: ð4:29Þ

It remains to check that (4.29) is indeed analytic in the required half plane. To
see this, we first note that expanding each term of this product by its power series
will yield a series of powers of J i of the form

expðlGi J iÞZ
XN
nZ0

ðlGi Þn

n!
ðJ iÞn: ð4:30Þ

To show that the series (4.30) is indeed entire in the required half plane, we
employ the following lemma (see Titchmarsh 1939).

Lemma 4.2. If each member of a sequence of functions ui(z) is analytic in a
region D and the series

PN
iZ1 uiðzÞ is uniformly convergent throughout every

region D03D then

FðzÞZ
XN
iZ1

uiðzÞ ð4:31Þ

is analytic in D.

It is clear that each term in the series (4.30) is analytic in DG (each power J i is
an entire matrix by virtue of (4.13) or (4.14)). However, we must show that each
entry in the n!n matrix power series (4.30) is uniformly convergent throughout
every subdomainD3DG. Fromthe analyticity of these functions, wemaydetermine
real numbers X(D) and Y(D) such that for all a2D

jlGi ðaÞj%XðDÞ; ð4:32Þ
and each entry in the matrix J is uniformly bounded in D; thus j(J)ijj%Y(D) for
all 1%i, j%n. Therefore

jðJ2Þij jZ
Xn
kZ1

ðJÞikðJÞkj

�����
�����%nY 2ðDÞ; ð4:33Þ

which gives jðJmÞij j%nmK1YmðDÞ, and consequently we can then see that

XN
pZ0

nipK1XpðDÞY ipðDÞ
p!

!
1

n
en

iXðDÞYiðDÞ; ð4:34Þ

which is convergent throughout D. Thence the series (4.30) is uniformly
convergent in any domain D3DG and therefore it is analytic in DG. It follows
that (4.29) has the required analyticity properties since it is a finite product of
functions analytic in DG.

An important issue which we have not fully addressed in this paper is that the
G factors must have at most algebraic growth at infinity, else the factorization
fails. As we saw for the Khrapkov–Daniele factorization, this will produce further
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627n!n matrix Wiener–Hopf factorization
restrictions on the polynomials pi or mi, defined in equations (4.13) and (4.14),
respectively. It is, therefore, essential when performing any factorization to
ensure that the growth of the factors is indeed algebraic. However, as mentioned
earlier, if this constraint fails it may still be possible to employ Padé
approximants, as in Abrahams (1998), to complete a factorization of the kernel.
Provided the matrix factors have the correct growth at infinity, explicit formulae
may be found for the coefficients in KG by noting that if

KGZ
XnK1

iZ0

kGi J
i; ð4:35Þ

then repeating the above analysis we find that the unknown functions kGi are
related to the lGj through

kGi Z MK1
l exp M ll

G
� �	 


i; ð4:36Þ
where the subscript i denotes the ith component of the vector MK1

l expðM ll
GÞ.

We note that the commutative matrix kernel defined in (4.9) with the closure
condition (4.10) appears to be very general, the Antipov matrix and Jones form
being particular cases. Furthermore, 2!2 matrices of the form

K Z k0I Ck1J ; ð4:37Þ
where J satisfies either the Khrapkov closure condition

J2 ZD2I ðD2 polynomialÞ; ð4:38Þ
or (see Jones 1984b)

ðJKp1I ÞðJKp2I ÞZ 0; p1; p2 polynomials; ð4:39Þ
will fit our general form. The factorizations of matrices with conditions (4.38)
and (4.39), as described by these authors, can easily be shown to be equivalent to
steps (4.24)–(4.36).
5. A non-commutative 3!3 matrix Wiener–Hopf problem

Abrahams (2002) considered the problem of the scattering of waves by a semi-
infinite crack in an interface between two dissimilar elastic materials, which is the
elastodynamic analogue of that discussed in §3. The model consists of two elastic
half spaces: S2Z{KN!x!N, yO0, KN!z!N} and S1Z{KN!x!N, y!0,
KN!z!N}. The half space S2 has one set of material properties denoted by a
suffix 2, and the material parameters of S1 are denoted by a suffix 1. The scattered
displacement fieldwithin the isotropic elastic half spaceSi is denotedui and satisfies
Navier’s equation

KmiV!ðV!uiÞCðli C2miÞVðV$uiÞKriui;tt Z 0; ð5:1Þ
where li, mi are the Lamé constants, ri is the material density and the subscript t
denotes differentiation with respect to time. We assume that the crack is situated
on the half plane yZ0, xO0, KN!z!N, and we stipulate that the scattered
stresses on the top and bottom surfaces of the crack are specified. In addition, we
shall also assume along yZ0, for x!0, KN!z!N the material is perfectly
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bonded, so that

u2ðx; y Z 0C; zÞZu1ðx; y Z 0K; zÞ for x!0; KN!z!N; ð5:2Þ
as well as continuity of scattered normal and tangential stresses (syy, sxy, szy). The
above boundary conditions imply that this problem has a Wiener–Hopf
formulation. In the elastostatic case discussed by Antipov, the model gave rise
to the kernel (3.1) which we factorized in §3, but the dynamic situation is
somewhat more difficult.

We consider the Fourier transform (with respect to x and z) of the
displacement ui in the half space Si and denote this as Ui where

U iða; y;bÞZ
ðN
KN

ðN
KN

uiðx; y; zÞeiaxKibydx dy: ð5:3Þ

Similarly, we define the Fourier transform of the stresses by

Sða; y;bÞZ
ðN
KN

ðN
KN

ðsyy;sxy;syzÞTeiaxKibzdx dz: ð5:4Þ

As in §3, we treat b as a passive parameter and work in the complex a plane.
First, let [U ](a, b) denote the Fourier transform of the jump in the displacement
field across the interface yZ0; thus

½U �ða;bÞZUða;b; y Z 0CÞKUða; b; y Z 0KÞ: ð5:5Þ
Since the material is perfectly bonded in x!0 (5.2), we see that

½U �ða; bÞZUC: ð5:6Þ
Similarly, since the stress is specified along the crack faces, we may write

Sða;bÞZSKCFC: ð5:7Þ
In (5.6) and (5.7), the superscripts C and K denote analyticity in the upper and
lower half of the a plane, respectively. Thence, we can now define a Wiener–Hopf
equation (in the a plane) for the unknown vectors SK and UC for which K is the
kernel, and the term FC is a known function determined from the Fourier
transform of the incident potential on yZ0 and provides the forcing for the
Wiener–Hopf equation. To derive the Wiener–Hopf equation, we relate the jump
in the Fourier transform of the displacements across zZ0 to the Fourier
transform of the stresses on zZ0. Abrahams (2002) has shown that these are
related by the matrix equation

UCZKðSKCFCÞ; ð5:8Þ
where

K Z

Kia 0 ib

ib 0 ia

0 1 0

0
B@

1
CA

0

N 2KN 1
0

0 0 pðaÞ

0
BBB@

1
CCCA

0 Kia ib

0 ib ia

1 0 0

0
B@

1
CA
K1

; ð5:9Þ

and

N i Z
1

miRi

a2 Cb2Cd2i K2gidi ðK1Þik2i di
ðK1Þik2i gi ða2 Cb2Þða2Cb2 Cd2i K2gidiÞ

 !
; ð5:10Þ
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with p(a) given below in (5.15). Further

gi Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2Cb2Kk2c;i

q
; di Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 Cb2Kk2s;i

q
; ð5:11Þ

where kc,i and ks,i are the compressional and the shear wavenumbers,
respectively, in medium Si, and Ri is the Rayleigh function given by

RiðaÞZ ð2ða2 Cb2ÞKk2i Þ2K4ða2Cb2Þgidi: ð5:12Þ
The solution of this Wiener–Hopf equation, and thence the original boundary

value problem is the focus of a forthcoming paper (Abrahams et al. submitted).
In that paper, the authors require the factorization of the kernel K; it is the
objective here to construct this factorization. In Abrahams (2002), the suggestion
is to factorize the matrix in equation (5.9) by considering each of the three
factors on the right-hand side of this equation in turn. The reason for doing this is
that the middle factor is in block diagonal form consisting of a 2!2 matrix
together with a scalar. Consequently, the 2!2 matrix N2KN1 may be placed in
a partial commutative Khrapkov form and factorized approximately. However,
the left-hand factor of (5.9) and the inverse of the right-hand factor are not
analytic in the required half planes. Therefore, this approach does not produce a
true factorization. Here, we shall adopt a different methodology and we multiply
out the three factors of (5.9) to derive the 3!3 kernel

K Z
1

a2 Cb2

qa2Cpb2 ðpKqÞab Kiarða2 Cb2Þ

ðpKqÞab pa2 Cqb2 ibrða2 Cb2Þ

iarða2Cb2Þ Kibrða2Cb2Þ sða2 Cb2Þ

0
BB@

1
CCA; ð5:13Þ

where

r Z
a2 Cb2 Cd22K2g2d2

m2R2

K
a2Cb2Cd21K2g1d1

m1R1

; ð5:14Þ

q Z
k22d2
m2R2

C
k21d1
m1R1

; sZ
k22g2

m2R2

C
k21g1

m1R1

; pZK
1

m2d2
K

1

m1d1
: ð5:15Þ

We shall now look to factorize K by the methods we have discussed in the
previous sections. The critical issue is: given a Wiener–Hopf kernel K(a), how
does one determine the matrices J i? The theory suggests the possibility of using
diagonalization to determine the matrices J, for suppose we are given a matrix
kernel K we then determine the eigenvalues and eigenvectors of K and if K is
diagonalizable there exists an invertible matrix P such that

PK1KP Zdiagðk1; k2;.; knÞ; ð5:16Þ
where ki are the eigenvalues of K. Our method then requires one to find a set of
diagonal matrices (hence they are commutative) which form a basis set of the
right-hand side of (5.16). We have seen many choices for this basis set
(Jones form, or Khrapkov-3 matrices), but these were all particular cases of the
set JZ{I, L, ., LnK1}, where LZ(l1, l2, ., ln) and therefore this seems to be
the most general available. Therefore, our matrix J is determined by

J ZPLPK1: ð5:17Þ
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However, this procedure does not guarantee that J is entire with polynomial
elements; we must now look for a choice of li so that this condition is met
(such a choice will only exist if the li have a branch cut structure which
eliminates the cuts in P, PK1). Furthermore, we have seen that the li must be
chosen so that any power of J i is entire. These two conditions severely restrict
the choice of li and we would therefore expect that in general this approach
would not be successful, i.e. there is very often no choice of li which yields a
commutative class! If this is the case, we need to fit the matrix into an
approximate commutative form. However, it is very difficult to see how to form
an approximate factorization using an algorithmic diagonalization approach.
Although J no longer has to be entire, it must still satisfy a closure condition
(such as J 3ZD2J where D2 is a polynomial) to ensure that higher powers of J
are entire. Furthermore, the form of J must be chosen so that the non-entire
elements of J can be uniformly approximated throughout the Wiener–Hopf
strip, for example by recourse to Padé approximants as posed by Abrahams
(1997, 2000). In the experience of the authors (Veitch 2005; Veitch &
Abrahams submitted), it is often impossible to meet these requirements by
simply looking for a basis for the eigenvalues ki, owing to the complexity of the
eigenvectors of K.

It is needless to say that the correct matrix algebra will be the one that
precisely relates to the symmetries in the physical model; therefore, it is
probably always best to separate a matrix kernel into the parts that seem
simplest and most natural, or to be more precise are nearly commutative. In
practice, this means pulling the most complicated functions (i.e. those involving
difficult mixtures of branch cut functions) out of the matrices to derive a set of
simpler matrices which span K. Evidently, such an approach is rather ad hoc
and unlikely to always yield commutative matrices, but at least by this method
the essential physical symmetries will be manifest in the algebra of the
matrices. It is also worth stating that in many problems, it is necessary to pre-
and post-multiply a matrix kernel by matrices analytic in the upper/lower half
planes, respectively, before a commutative form is reached. In other words

PCKQKZL; ð5:18Þ

where L is in a suitable form. A diagonalization algorithm cannot determine
PC, QK, but it often transpires that by splitting a matrix into the parts which
seem most natural one can identify a suitable PC, QK.

Fortunately, pre- and post-multiplication are not required in the present
example, and by inspection we see that the kernel of (5.13) may be expressed as

K Z qQx CpPCrR; ð5:19Þ

where

Qx Z
1

a2 Cb2

a2 Kab 0

Kab b2 0

0 0 ða2 Cb2Þx

0
BB@

1
CCA; P Z

1

a2 Cb2

b2 ab 0

ab a2 0

0 0 0

0
BB@

1
CCA;

ð5:20Þ
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and

RZ

0 0 Kia

0 0 ib

ia Kib 0

0
B@

1
CA; ð5:21Þ

with

x Z
g2

d2

1C k21=k
2
2

� �
ðm2R2=m1R1Þðg1=g2Þ

1C k21=k
2
2

� �
ðm2R2=m1R1Þðd1=d2Þ

" #
: ð5:22Þ

If xZ1 and we define QxjxZ1ZQ then the matrices Q, P, R commute. In

particular, the commutative algebra8 is summarized as follows:

Q2ZQ; P2ZP; R2Zða2Cb2ÞQ; QPZ0; QRZR; PRZ0: ð5:23Þ
Using this algebra we can now place the matrix (5.19) into an approximate

commutative form. To begin, we let

Rf Z

0 0 Kiaf

0 0 ibf

ia
1

f
Kib

1

f
0

0
BBBBBBB@

1
CCCCCCCA
; ð5:24Þ

where
f Z

ffiffiffi
x

p
; and Rf jfZ1ZR;

and so

KZ
q
ffiffiffi
x

p

a2Cb2
RRf CpPCrR: ð5:25Þ

We note that x is an even function of a, also

fw1 as jaj/N in D: ð5:26Þ
We may now introduce the two-point [N/N] Padé approximant (see Abrahams
(2000), or for further details concerning Padé approximants, see Baker (1975) or
Baker & Graves-Morris (1981)) to the function f and denote this by fN (a)

9.
Hence, we replace each occurrence of f in Rf by fN, to achieve the matrix

RN Z

0 0 KiafN

0 0 ibfN

ia
1

fN
Kib

1

fN
0

0
BBBBBBB@

1
CCCCCCCA
: ð5:27Þ

The matrix RN now satisfies the commutative algebra, defined by the set of
8The reader will note that the algebra of the matrices Q, P is that discussed by Meister & Speck
(1989), and so this can be seen as an extension of their methodology.
9 In principal, the Padé approximant fN can be generated for arbitrarily high Padé number N.
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equations (5.23), where each occurrence of R is replaced by the matrix RN. One
will also note that

RRN Zða2Cb2ÞQN ; ð5:28Þ
where

QN Z
1

a2Cb2

a2 1

fN
Kab

1

fN
0

Kab
1

fN
b2

1

fN
0

0 0 ða2Cb2ÞfN

0
BBBBBB@

1
CCCCCCA
: ð5:29Þ

Our kernel may thus be approximated by the matrix

KN Zq
ffiffiffi
x

p
QN CpPCrR: ð5:30Þ

Now if the approximate matrix kernel was instead spanned by the three matrices

fP;Q;RNg; ð5:31Þ
then we could factorize approximately owing to the commutative algebra
possessed by these matrices. While (5.30) does not satisfy this algebra, we can
however decompose the spanning set of this matrix as

fQN ;P;RgZfP;Rg!fQ;P;RNg; ð5:32Þ
where the reader should recall that RRNZða2Cb2ÞQN . Therefore, by virtue of
the approximate algebra detailed above, we can express this set as the product

fQN ;P;RgZfP;Rg!fQ;P;RNg!fQ;P;RNg: ð5:33Þ
From this realization, we can exactly factorize the approximant matrix kernel
(5.30). However, we note the Q,QN,P,RN are rational as opposed to entire
matrices and so the C(K) partial factors will still contain sets of poles in the
upper (lower) half plane which arise from the Padé approximant fN (and its
reciprocal). There are also two poles at aZCib from 1/(a2Cb2) present in Q,
QN and P. All poles must be removed from the respective regions of required
analyticity. Therefore, we must introduce a meromorphic matrix, say M (see
Abrahams 1997) into the factorization to remove the offending singularities. The
working is simplified, however, if we first remove the poles at Gib and then
construct a pole-removal matrix to remove the two sets of poles (in upper and
lower half planes) arising from the zeros and poles of the Padé approximant, fN.

Meister & Speck (1989) have devised a novel method for removing the former
poles at Gib; employing the analysis of these authors, we write

KN ZKC
NAKK

N ; ð5:34Þ
where from (5.33) and (5.32), {QN, P, R} spans KC

N and {Q, P, RN} spans KK
N .

Hence, we can write10

KC
N Zw1q

CQN CpCPCrCR; ð5:37Þ

KK
N Zw2q

KQCpKPCrKRN : ð5:38Þ

10 It is illuminating to note that we can write the matrix factors (5.37) and (5.38) in an exponential
form. We can see that

K þ
N Z pþPþu1t

þQN expð�þRN Þ; ð5:35Þ

K �
N Z p�Pþu2t

�Q expð��RN Þ: ð5:36Þ
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Here w1,2 are constants required to remove the poles at aZGib in KG
N and are

given by

w1 Z lim
a/ib

pCfN
qC

� �
; w2 Z lim

a/Kib

pK

qK

� �
: ð5:39Þ

Further, we set

AZ
1

w1w2

QCP: ð5:40Þ

We now multiply the three factors on the right-hand side of (5.34) and equate
coefficients of R, P and QN. This gives

pZ pCpK; ð5:41Þ

ffiffiffi
x

p
q Z qCqKCða2Cb2Þ r

C

w1

rK

w2

; ð5:42Þ

r Z qC
rK

w1

CqK
rC

w2

: ð5:43Þ

Clearly, one may determine pG from the scalar factorization (5.41), and the
unknowns qG, rC/w1, r

K/w2 may be found from Khrapkov’s form. We let

qGZRGcoshðDqGÞ; rC

w1

Z
RC

D
sinhðDqCÞ; rK

w2

Z
RK

D
sinhðDqKÞ; ð5:44Þ

where D2Za2Cb2. Consequently

ffiffiffi
x

p
q ZRCRKcosh DðqCCqKÞ; r Z

RCRK

D
sinh DðqCCqKÞ: ð5:45Þ

From these identities, we can determine qG, rC/w1 and rC/w1. Since we now
know pG and qG, we can therefore find w1, w2 and thus determine rG. The inner
matrix A has been factorized by Meister & Speck (1989). For brevity we shall
write w1w2Zl2 and the factorization of A takes the form (see Abrahams 2002)

ACZ
1

l
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1Cl2

p

aC il2b

aC ib
; Kil2; 0

iðl2aC ibÞ
aC ib

; Kl2; 0

0; 0;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1Cl2

p

0
BBBBBBB@

1
CCCCCCCA
; ð5:46Þ

AKZ
1

l
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1Cl2

p

aK il2b

aK ib
; Ki

l2aK ib

aK ib
; 0

i; K1; 0

0; 0;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1Cl2

p

0
BBBBB@

1
CCCCCA: ð5:47Þ
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To eliminate the poles from fN in the wrong half planes, we may now write the
approximant kernel as

KN ZKC
NA

CMMK1AKKK
N ; ð5:48Þ

and our factorization is complete once the meromorphic matrix M is determined
such that

KCZKC
NA

CM and KKZMK1AKKK
N ð5:49Þ

are analytic in the upper and lower half planes, respectively. The construction of
M is not difficult but the details may serve as a distraction to the central themes of
this paper and hence we confine this discussion to Appendix A. We finish by
mentioning that if fN (a) converges uniformly to f (a) throughout the strip,
then the approximate factorization shown here can be performed to arbitrarily
high accuracy.
6. Conclusions

In this paper, we have produced a general commutative factorization method,
valid for n!n matrix kernels with distinct eigenvalues. We have shown how our
method generalizes the commutative classes proposed by Khrapkov–Daniele and
Jones. We have also demonstrated that an important physical model in static
elasticity (Antipov 1999) gives rise to a matrix kernel factorizable by the
commutative methods we have discussed here.

The technique described in this article is more general than that of Jones and
allows for doubly branched Riemann surfaces in the matrix eigenvalues. During
the completion of this article, the authors have discovered the work of Camara
et al. (2001), who also noticed the importance of doubly branched eigenvalues.
However, their factorization method is rather different from that discussed herein
and it is believed that we are the first to ground the investigation of higher order
Wiener–Hopf factorization within the framework of applied mathematics in
general, and elasticity theory in particular.

It should certainly not be expected in general that a given matrix Wiener–Hopf
model will give rise to a matrix kernel possessing a commutative factorization.
However, we have shown by way of a 3!3 example (the dynamic generalization
(Abrahams et al. submitted) of the model discussed by Antipov) that high order
non-commutative kernels may be embedded into a partial commutative form. We
showed how Padé approximants may then be employed, together with the method
of Meister & Speck, to generate an approximate factorization (to arbitrarily high
accuracy). The approach is similar to, but rather more complicated than, that
employed for 2!2 matrices (Abrahams 1997).

As a closing point, we remind the reader that throughout this paper, we have
focused our attention on the case where any one of the matrices, J, spanning K,
has distinct eigenvalues. In a forthcoming article, we shall remove this constraint
and investigate examples of spanning matrices which exhibit repeated
eigenvalues (Veitch & Abrahams submitted).

The authors gratefully acknowledge the Engineering and Physical Sciences Research Council
(EPSRC) for providing a research studentship for B.H.V. and the Royal Society and Leverhulme
Trust for the award of a Senior Research Fellowship for I.D.A. to undertake this research project.
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Appendix A. Construction of the meromorphic matrix M

Here we turn our attention to the task of determining the matrix M, which is
required to complete the factorization of (5.48). Rearranging the pair of
equations in (5.49) we see that

M Z ðKC
NA

CÞK1KCZAKKK
N ðKKÞK1; ðA 1Þ

and write the matrices ðKC
N ACÞK1 and AKKK

N in the form

KC
NA

C
� �K1

Z

aC11CbC11fN aC12CbC12fN aC13

aC21CbC21fN aC22CbC22fN aC23

aC31 aC32 aC33=fN

0
BB@

1
CCA;

AKKK
N Z

cK11 cK12 fNc
K
13

cK21 cK22 fNc
K
23

cK31=fN cK32=fN cK33

0
B@

1
CA: ðA2Þ

We now consider a general column of KC and (KK)K1 and denote these by
ðkC1 ;kC2 ;kC3 ÞT and ðkK1 ;kK2 ;kK3 ÞT , respectively. In addition, we suppose that fN
has simple poles at aZpn and simple zeros at aZzn in the upper half plane for
nZ1, 2, ., N. Since x is even, fN will also have poles at aZKpn and zeros at
aZKzn in the lower half plane. Therefore, fN and 1/fN may now be written as the
partial fraction expansions

fN Z1C
XN
nZ1

an

a2Kp2n
and

1

fN
Z1C

XN
nZ1

bn

a2Kz2n
: ðA3Þ

The coefficients an and bn are easily computed from the coefficients of the
polynomials in the numerator and denominator of fN. We must now determine
the unknown functions kGi for iZ1, 2, 3 such that (from (A 1))

aC11CbC11fN aC12CbC11fN aC13

aC21CbC21fN aC22CbC22fN aC23

aC31 aC32 aC33=fN

0
BB@

1
CCA

kC1

kC2

kC3

0
BB@

1
CCAZ

cK11 cK12 fNc
K
13

cK21 cK22 fNc
K
23

cK31=fN cK32=fN cK33

0
B@

1
CA

kK1

kK2

kK3

0
B@

1
CA;

ðA4Þ

and therefore expanding the top row we have

aC11k
C
1 CaC12k

C
2 CaC13k

C
3 CðbC11kC1 CbC12k

C
2 ÞfN ZcK11k

K
1 CcK12k

K
2 CcK13k

K
3 fN : ðA5Þ

The left-hand side of (A 5) would be analytic in the upper half plane were it not
for the poles in fN at aZpn, and similarly the right-hand side would be analytic in
the lower half plane except for the poles at aZKpn. Therefore, by an appropriate
Proc. R. Soc. A (2007)
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choice of residues, we may remove these terms from both sides of (A 4) to give

aC11k
C
1 CaC12k

C
2 CaC13k

C
3 CðbC11kC1 CbC12k

C
2 ÞfNK

XN
nZ1

An

aKpn
C
XN
nZ1

Bn

aCpn

ZcK11k
K
1 CcK12k

K
2 CcK13k

K
3 fNK

XN
nZ1

An

aKpn
C
XN
nZ1

Bn

aCpn
; ðA6Þ

with

AnZ
an

2pn
ðbC11ðpnÞkC1 ðpnÞCbC12ðpnÞkC2 ðpnÞÞ; BnZ

an

2pn
cK13ðKpnÞkK3 ðKpnÞ: ðA7Þ

Now the right- and left-hand sides of (A 6) are indeed analytic in the upper/lower
half planes, respectively, and thus by the familiar ideas of analytic continuation
and the extended form of Liouville’s theorem we can say that both sides are equal
to an entire function. Without loss of generality, we can take this to be a
constant, say X1. We may repeat this process for the second and third rows of
equation (A 4) and by this means we can relate the unknown kGj to a general set
of partial fractions

kC1

kC2

kC3

0
BB@

1
CCA

i

ZKC
NA

CM i;

kK1

kK2

kK3

0
B@

1
CA

i

ZðAKKK
N ÞK1M i; ðA8Þ

where

M iðaÞZ

X1iC
XN
nZ1

An

aKpn
K
XN
nZ1

Bn

aCpn

X2iC
XN
nZ1

Cn

aKpn
K
XN
nZ1

Dn

aCpn

X3iC
XN
nZ1

En

aKzn
K
XN
nZ1

Fn

aCzn

0
BBBBBBBBBB@

1
CCCCCCCCCCA
: ðA9Þ

Consequently, we see that (A 9) gives the form of the i th column of our pole-
removal matrix M, with a distinct choice for the constants X1i, X2i, X3i for each
value of i. The constants An, Bn, ., Fn in (A 9) are related to particular values of
the functions kG1 , kG2 , kG3 in order to remove the poles of the Padé approximants
and its inverse. We find that

An

Cn

En

0
B@

1
CAZ

an

2pn
bC11ðpnÞ

an

2pn
bC12ðpnÞ 0

an

2pn
bC21ðpnÞ

an

2pn
bC22ðpnÞ 0

0 0
bn

2zn
aC33ðznÞ

0
BBBBBBBB@

1
CCCCCCCCA

kC1 ðpnÞ

kC2 ðpnÞ

kC3 ðznÞ

0
BB@

1
CCA; ðA10Þ
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and

Bn

Dn

Fn

0
B@

1
CAZ

0 0
an

2pn
cK13ðKpnÞ

0 0
an

2pn
cK23ðKpnÞ

bn

2zn
cK31ðKznÞ

bn

2zn
cK32ðKznÞ 0

0
BBBBBBBB@

1
CCCCCCCCA

kK1 ðKznÞ
kK2 ðKznÞ
kK3 ðKpnÞ

0
B@

1
CA: ðA11Þ

Note that the coefficients can be shown from §5 to be related by

bC11ðaÞ
bC21ðaÞ

Z
bC12ðaÞ
bC22ðaÞ

Z
cK13ðaÞ
cK23ðaÞ

Z
aCib

iðaK ibÞ ;
bC22ðaÞ
bC21ðaÞ

Z
cK32ðaÞ
cK31ðaÞ

Z
Kb

a
; ðA12Þ

and thus from the top two rows of (A 10 and A 11) we deduce, respectively

AnZ
ðpnCibÞ
iðpnK ibÞCn; BnZ

ðpnK ibÞ
iðpnCibÞDn: ðA13Þ

The most efficient method for determining the six unknown sets of constants
(AnKFn, nZ1,., N ) is to ensure that the two vectors in (A 8) are analytic in
their specified half planes. It is found that enforcement of analyticity of kC1 ðaÞ,
kC2 ðaÞ at the points aZpn, nZ1,., N, again yields the first equation of (A 13),
but analyticity of kC3 ðaÞ at aZpn gives

iðpnK ibÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1Cl2

p
rCðpnÞAnC

u1q
CðpnÞan

2pn
X3iC

XN
mZ1

Em

pnKzm
K
XN
mZ1

Fm

pnCzm

 !
Z0:

ðA14Þ
Similar equations are derived by insisting that kC1 ðznÞ, kK1 ðKpnÞ and kK3 ðKznÞ are
bounded. These conditions (including (A 13)) constitute six linear systems of
equations for the six sets of unknowns and are straightforward to solve.
Therefore, to determine each column of the pole-removal matrix, M, we need to
specify the constants Xij in (A 9); without loss of generality the ith column, Mi,
may be specified by choosing XjiZdji. Once these computations are complete, we
have determined the explicit approximate non-commutative factorization of the
kernel given in (5.13).
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