
MATH3/4/62051 Hyperbolic Geometry coursework test

Instructions. Make sure that your name and student ID is written clearly on the front
of your answer booklet.

The total number of marks available is 30.
The test lasts 40 minutes.
Electronic calculators may be used, provided that they cannot store text/transmit or

receive information/display graphics.

Q1 (i) What does it mean to say that a transformation γ : H → H is a Möbius trans-
formation of H?

[2 marks]

(ii) Let Γ denote the set of Möbius transformations given by

Γ =
{
γ(z) =

az + b

cz + d
| a, b, c, d ∈ Z, ad− bc = 1
b, c are even, a, d are odd

}
.

Show that Γ is a group under composition. [10 marks]

Q2 (i) Let γ(z) = (az + b)/(cz + d) be a Möbius transformation. Recall that a point
z0 ∈ H∪∂H is called a fixed point of γ if γ(z0) = z0. Assuming that c 6= 0, show
that the fixed points of γ satisfy

z0 =
a− d±

√
(a− d)2 + 4bc
2c

(∗)

[2 marks]

(ii) Define the trace τ(γ) of a Möbius transformation γ.
By using (*), relate τ(γ) to the number and location of fixed points of γ. Hence
explain how τ(γ) can be used to classify γ as either a hyperbolic, parabolic, or
elliptic Möbius transformation. [8 marks]

(iii) Consider the Möbius transformation

γ(z) =
7z − 4
4z − 1

.

Calculate the trace of γ and hence decide whether γ is hyperbolic, parabolic or
elliptic. Check your answer by explicitly calculating the fixed points of γ.

[4 marks]

(iv) Suppose that γ1 and γ2 are parabolic Möbius transformations. Must γ1γ2 be
parabolic? Give either a proof or a counterexample.

[4 marks]
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