
Feedback on MATH3/4/62051 Hyperbolic Geometry, January 2015

§1 Section A

A1 (i) This is bookwork; see Proposition 3.3.1 in the notes. Some of you started with
the equation αzz̄ + βz + β̄z̄ + γ and tried to work backwards; this works but
isn’t a great idea as the manipulations are a bit harder.

(ii) When β is real we get vertical straight lines and semicircles with real centres
(equivalently, semicircles which meet the real axis orthogonally). We did this in
class when discussing the geodesics in H.

What happens when β is imaginary? You need to go through the computations
in (i). For the case of a straight line ax + by + c = 0 in R

2, we find that
β = (a− ib)/2. Hence β is purely imaginary precisely when a = 0, i.e. we have a
straight line of the form by + c = 0. This happens precisely when y is constant,
i.e. we have a horizontal straight line. For the case of a circle with centre z0 we
find that β = −z̄0. Hence β is purely imaginary precisely when the circle has its
centre on the imaginary axis.

A2 (i) This is a standard definition from the course:

lengthH =

∫

σ

1

Im(z)
=

∫ b

a

1

Im(γ(t))
|γ′(t)| dt

where σ : [a, b] → H is a parametrisation of σ.

(ii) First you need to differentiate g(z). This is straightforward using the quotient
rule for differentiation (many of you struggled with this—remember from com-
plex analysis that complex differentiation obeys the same algebraic rules as real
differentiation. You don’t need to write g(z) in terms of its real and imaginary
parts, then differentiate these, etc). One obtains

g′(z) =
−2

(−iz + 1)2

so that

|g′(z)| =
2

| − iz + 1|2

(some of you struggled to take the modulus correctly; again, you don’t need to
substitute z = x + iy, find the real and imaginary parts, then find the modulus,
etc).

Now you need to work out the imaginary part of g(z). You can do this by writing
z = x+ iy and computing. However, it’s possible to be smarter. Remember that
you can ‘realise the denominator’ by multiplying top and bottom by the complex
conjugate of the denominator, and that a complex number times its conjugate
is its modulus. Hence

g(z) =
−z + i

−iz + 1
=

(−z + i)(iz̄ + 1)

(−iz + 1)(iz̄ + 1)
=

−i|z|2 − z − z̄ + i

| − iz + 1|2
.

Note that −z − z̄ = −2Re(z) is real. Hence the imaginary part of g(z) is

Im(g(z)) =
1 − |z|2

| − iz + 1|2
.
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Hence. if σ : [a, b] → D is a path then, using the chain rule,

lengthH(g ◦ σ) =

∫ b

a

1

Im(g(σ(t)))
|(g ◦ σ)′(t)| dt

=

∫ b

a

1

Im(g(σ(t)))
|g′(σ(t))||σ′(t)| dt.

Using the expressions for g′(z) and Im(g(z)) evaluated at z = σ(t) then gives
the answer.

(iii) The question asks you to find the hyperbolic length of the path along the imagi-
nary axis from 0 to ir. The first thing you need is a parametrisation of this path.
The simplest is probably σ(t) = it, 0 ≤ t ≤ r. Then σ′(t) = i so |σ′(t)| = 1.
Hence

lengthH(σ) =

∫ r

0

2

1 − t2
dt

=

∫ r

0

1

1 + t
+

1

1 − t
dt

= log(1 + t)|rt=0 − log(1 − t)|rt=0

= log(1 + r)/(1 − r).

This part of the question was not very well answered.

A3 (i) I think pretty much everyone got this right: the inverse of γ = ai1 · · · aik is
γ−1 = a−1

ik
· · · a−1

i1
.

(ii) There was much randomly writing down words of symbols here. This is very
similar to Exercise 18.1.

First note that as a2 = e we must have a−1 = a. Similarly, b−1 = b. From
(ab)2 = e we have that abab = e (we cannot conclude from this relation that
a2b2 = e), and hence b−1a−1 = ab. Hence ba = ab. Now we can use this relation
to show that any word

w = an1bm1 · · · ankbmk

can be written as
w = an1+···+nkbm1+···+mk = anbm

for some n,m ∈ Z. As a2 = e = b2, any word of this form can be written as one
of e, a, b, ab. Hence Γ has 4 elements.

Many of you wrote down 4 random strings of letters seemingly at random (you
don’t get any marks for this). Many of you who did this missed off e, and any
group has to contain the group identity!

A4 (i) This is a standard definition.

(ii) This was surprisingly poorly answered given that (i) it’s essentially the same as
Exercise 15.1 (which we did in a support class), and (ii) you should be able to
guess what a fundamental domain for this group is going to look like.

You can go through the algorithm for constructing a fundamental domain as
follows. First choose p = i and note that γn(p) 6= p if n 6= 0. Let n 6= 0. The arc
of geodesic [p, γn(p)] is equal to [i, 4ni]. The mid-point of this arc of geodesic is at
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2ni (you can see this by noting that dH(i, 2i) = log 2 = 1

2
log 4 = 1

2
dH(i, 4i). The

mid-point does not occur at i+i log 2, nor 5i/2, etc). As [p, γn(p)] is vertical, the
perpendicular bisector passes through the mid-point horizontally; hence LP γn is
the circle of radius 2n (not 2ni, which doesn’t make sense) and centre 0. Hence
Hp(γn) = {z ∈ H | |z| < 2n} if n ≥ 0 and Hp(γn) = {z ∈ H | |z| > 2n} if
n ≤ 0. The Dirichlet polygon is given by the intersection of all Hp(γn); here the
intersection is

D(p) = {z ∈ H | 1/2 < |z| < 2}.

D(p) has two sides: s1 = {z ∈ H | |z| = 1/2}, s2 = {z ∈ H | |z| = 2}. (It does
not have 4 sides: the arcs of the boundary from -2 to -1/2 and from 1/2 to 2 are
not sides using the conventions of this course.) As s1 = Lp(γ−1), it follows that
the side-pairing transformation associated to the side s1 is γ−1

−1
, i.e. γ1. Similarly,

the side-pairing transformation associated to s2 is γ−1.

The tessellation of H that you get looks like a rainbow (and very similar to
Figure 13.2.2, albeit with different numbers on the real axis).

§2 Section B

B5 (i) This is true. The composition of two Möbius transformations is a Möbius trans-
formation. See Exercise 3.4. (And remember that you need to check that γ1γ2

is a Möbius transformation by checking that ‘ad − bc = 1’.)

Some people queried whether γ1γ2 meant the composition γ1 ◦γ2 or the product
γ1(z)γ2(z). As I said many times in the course, we only ever compose Möbius
transformations together (and you should recoil in horror at the thought of
multiplying them). However if, in your answer, you wrote or made clear that
you were interpreting γ1γ2 as the product and gave a reasoned answer as to why
it wasn’t always a Möbius transformation, then I gave you full credit.

(ii) This is false. Some of you constructed highly elaborate counter-examples. The
simplest is to take γ1(z) = γ2(z) = z, the identity transformation. Then τ(γ1) =
τ(γ2) = τ(γ1γ2) = 4 6= τ(γ1)τ(γ2).

A very large number of you took arbitrary transformations γ1(z) = (a1z +
b1)/(c1z+d1), γ2(z) = (a2z+b2)/(c2z+d2) (in normalised form, I hope), worked
out the composition γ1γ2, calculated the traces of γ1, γ2, γ1γ2 and then boldly
stated that it was clear that these were different in general. This isn’t a proof!
If you are asked to find a counterexample then you actually need to find one
(and finding just one will do); you aren’t asked for a method which, in principle
and with a bit of work, will produce a large number of counterexamples.

(iii) This is true. I think everybody who attempted this got this right.

(iv) This is false. Stating that a parabolic Möbius transformation is conjugate either
to z 7→ z +1 or to z 7→ z−1 isn’t sufficient: this doesn’t say that z 7→ z +1, z 7→
z − 1 aren’t conjugate.

You can’t say that the conjugacy must be of the form γ(z) = kz and then deduce
a contradiction—you have to show that gγ1 6= γ2g for any g ∈ Möb(H).

See the solution to Exercise 10.3 for how to do this.

(v) This is true. Take γ1(z) = z + 1. This has matrix

(

1 1
0 1

)

. There’s no point

taking γ2 to also be a translation, as the composition of two translations is also a
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translation and so parabolic. Instead, think what’s the next simplest example of
a parabolic transformation. It has to have trace 4, so the Möbius transformation

with matrix

(

1 0
1 1

)

might be worth looking at. Take γ2(z) = z/(z +1). Then

γ1γ2(z) = (2z + 1)/(z + 1), which is normalised and has trace 9, and so is
hyperbolic.

You can’t say that γ1 is parabolic and so conjugate to a translation, γ2 is
parabolic and so conjugate to a translation, hence we can assume both γ1 and
γ2 are translations, hence their composition is a translation and so parabolic. It
is correct to say that a parabolic transformation γ1 is conjugate to a translation;
however, this conjugacy depends on the parabolic transformation (it’s a change
of coordinates that maps the fixed point of γ1 to ∞). There’s no reason why
the same conjugacy is going to work simultaneously for both γ1, γ2 if they have
different fixed points (indeed, this is what makes the example above work).

(vi) This is true. There are two slog-it-out methods and a quick method to see this.

One slog-it-out method is to suppose that γ(z) = (az + b)/(cz +d) maps −2 to 2
and 2 to −2, use this to deduce two relationships between a, b, c, d, and then find
(by trial and error) suitable values of a, b, c, d which satisfy these relationships
and the fact that ad − bc = 1.

Another slog-it-out method is to take find a Möbius transformation γ that maps
the geodesic between −2 and 2 to the imaginary axis, compose this with the map
z 7→ −1/z to interchange the endpoints 0 and ∞, and then map the imaginary
axis back to the geodesic from −2 to 2. Many of those who tried this got confused
as to whether one of your maps was mapping to or from the geodesic between
−2 and 2 and the imaginary axis.

The quick method is just to note that γ(z) = −4/z is a Möbius transformation
with the required properties.

(vii) This is false. Either you can note that the two triangles have different areas (by
the Gauss-Bonnet Theorem) and so—as Möbius transformations preserve area—
there cannot be a Möbius transformation that maps ∆1 to ∆2. Alternatively,
just note that if such a Möbius transformation existed then it would have to
map vertices to vertices, but ∆1 has two vertices on the boundary whereas ∆2

has one vertex on the boundary. As Möbius transformations map the boundary
to itself, this is impossible.

B6 Very few of you answered this question. It’s mostly bookwork, and depends entirely
on whether you learned (memorised?!) some of the proofs in Lecture 8.

(i) See the proof of Proposition 8.2.1.

(ii) See Proposition 8.4.1/Exercise 8.4.

(iii) Although you probably haven’t see this before, if you can do (ii) then you can
certainly do this. Note that

sin β = sin(β1 + β2) = sin β1 cos β2 + cos β1 sin β2

=
b1

c

d

a
+

d

c

b2

a

=
d

ac
(b1 + b2)
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=
bd

ac

=
sin α

a
× b =

sin γ

c
× b.

c

d

b1 b2

γα

β1 β2

a

(iv) See Proposition 8.3.1 for the first part.

There is no Euclidean analogue of this result. A Euclidean ‘triangle’ with an
ideal vertex (if such a thing made sense) would be degenerate with two parallel
side of infinite length. Both internal angles would be π/2, and the side of finite
length can be arbitrary.

a

B7 (i) A Fuchsian group is a discrete subgroup of Möb(H).

Many of you got this wrong. A substantial number of you said that a Fuchsian
group is a discrete subgroup of H. No it isn’t: H isn’t even a group, so you can’t
have subgroups of it. This is a basic and fundamental definition in the course
and these are easy marks on the exam; you really should be getting this right!

(ii) Most of you who attempted this got it right. Remember that a Möbius trans-
formation maps one geodesic to another if it maps the end-points of the first
geodesic to the end-points of the second. Thus to show that γ1 is a side-
pairing transformation between the two indicated sides you need to show that
γ1(∞) = ∞ and γ1(−(1 + cos θ) + i sin θ) = (1 + cos θ) + i sin θ. Both of
these are easy. Similarly, for the other side one needs to show that γ2(0) = 0
and γ2(−(1 + cos θ) + i sin θ) = (1 + cos θ) + i sin θ. The first statement is
easy; the second involves a small amount of computation (and recalling that
cos2 θ + sin2 θ = 1)—although quite a few of you tried to prove it using ‘proof-
by-turning-the-page’.

(iii) An elliptic cycle E satisfies the elliptic cycle condition if there exists an integer
m ≥ 1 (you need to say it’s an integer) such that m × sum(E) = 2π.
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A parabolic cycle P satisfies the parabolic cycle condition if the associated
parabolic cycle transformation is either parabolic or the identity.

There is one elliptic cycle −(1+cos θ)+i sin θ → (1+cos θ)+i sin θ). The elliptic
cycle transformation is γ2γ1 and the angle sum is 2θ. Hence if θ = π/m for some
integer m ≥ 1 then the ECC holds (again, you need to say m is an integer).
However, the case when m = 1 is degenerate and not covered by the diagram in
the picture, so the question is asking you to consider the case m ≥ 2 (many of
you missed this observation).

There are two parabolic cycles, P1 = 0 with parabolic cycle transformation γ2,
and P2 = ∞ with parabolic cycle transformation γ1. Both are easily seen to be
parabolic (note that γ2 has trace 4).

By Poincaré’s Theorem, when θ = π/m where m ≥ 2 is an integer γ1, γ2 generate
a Fuchsian group Γ with presentation

Γ = 〈a, b | (ab)m = e〉.

H/Γ has two cusps (because there are two parabolic cycles) and one marked
point of order m (because there is one elliptic cycle). If you think in your head
what happens when you glue the sides together as indicated, then you get a
sphere with two ‘funnels’ (the cusps) that go off to infinity.

(iv) Very few of you answered this; it’s actually rather straightforward, given (iii)
above.

0-2 2

γ1

γ2

This question is essentially asking you what happens if you let θ → 0 in the
above. (Obviously you can’t just let θ tend to zero and say ‘Hey! We can
assume everything works, there’s nothing to prove!’, but it gives some idea as to
where to start.)

Consider the ideal quadrilateral as illustrated. There are now three parabolic
cycles: P1 = 0,P2 = ∞ and P3 = −2 → 2. P1,P2 satisfy the PCC for exactly
the same reasons as they do above.

P3 has parabolic cycle transformation γ2γ1. If you calculate this you find
γ2γ1(z) = (−z − 4)/(z + 3) which is normalised and has trace 4. Hence γ2γ1 is
parabolic and so the PCC holds.

Hence Poincaré’s Theorem holds. As there are no elliptic cycles, there are no
relations. Hence γ1, γ2 generate the free group on 2 generators.
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§3 Section C

C8 (i) This is a definition from the course and I think everybody got it right.

(ii) Γ0 does not act properly discontinuously. There’s lots of ways to see this. One
way is to take K to be the unit square in R

2 (which is compact) and note that
γa(0, 0) ∈ K if 0 ≤ a ≤ 1. Hence {γ ∈ Γ0 | γ(0, 0) ∈ K} is infinite, and so Γ0

cannot act properly discontinuously.

Γ1 does act properly discontinuously. This follows immediately from the fact
that Γ1 is a finite group.

C9 (i) This is a proof from the course; you either knew it or you didn’t.

(ii) This is one of the exercises. The solution I give in the notes is, perhaps, un-
necessarily complicated and somebody came up with a simpler one (albeit in
the same spirit) in the exam. Take X = R

2 and let Γ = {id, γ} where γ is a
reflection across the y-axis. Then Γ consists of isometries and, as the group is
finite, Γ acts properly discontinuously. Take pn = (0, 1/n). Then pn → (0, 0),
pn 6= 0, but pn is fixed under both (hence all) the elements in Γ.

C10 This question involves slogging out a lot of algebra!

(i) This is a straightforward computation involving complex numbers. Just be care-
ful, and remember that ᾱα = |α|2, etc.

(ii) Let

LHS(z,w) = sinh2 1

2
dD(z,w)

RHS(z,w) =
|z − w|2

(1 − |z|2)(1 − |w|2)
.

It’s a straightforward computation to show that LHS(0, r) = r2/(1 − r2) and
even easier to show that RHS(0, r) = r2/(1 − r2).

Let z,w ∈ D. Choose γ ∈ Möb(D) sucht hat γ(z) = 0, γ(w) = r for some
r ∈ (0, 1). Then LHS(z,w) = LHS(γ(z), γ(w)) as γ is an isometry. Moreover,
RHS(z,w) = RHS(γ(z), γ(w)) by (i). Hence

LHS(z,w) = LHS(0, r) =
r2

1 − r2
= RHS(0, r) = RHS(z,w).

(iii) This is a standard definition from the course.

(iv) This is Proposition 24.3.1.

(v) This is Proposition 24.4.4.
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