
1. Introduction
Explosive volcanic eruptions eject a mixture of hot volcanic gases and tephra at high vertical velocities. The 
fallout of larger tephra and entrainment of surrounding air during the explosive rise of the tephra-gas mix causes 
a convective plume of volcanic ash and gas to develop (Sparks, 1986). For larger, Plinian eruptions (those with 
volcanic explosivity index [VEI] ≥4, Newhall & Self, 1982), this plume rises up into the stratosphere until it 
reaches the level of neutral buoyancy (i.e., the height at which the density of the ash-gas mix is equal to that of 
the surrounding atmosphere). The plume continues to rise above this height due to excess vertical momentum, 
before the negative buoyancy of the overshooting plume causes it to collapse back to the neutral buoyancy level. 
The difference in vertical density gradient between the plume, which is relatively well mixed, and the surrounding 
atmosphere, which is stratified, induces horizontal pressure gradients in the ash-gas mix, driving its lateral spread 
along the neutral buoyancy level in a giant structure known as an umbrella cloud. Although this buoyancy spread-
ing is most important close to the volcanic vent, it can be an important process in the lateral spreading of a plume 
hundreds of kilometers downwind from the volcano vent (Bursik, Carey, & Sparks, 1992; Johnson et al., 2015).

Abstract The ash and gas released by large explosive volcanic eruptions rises to its neutral buoyancy level 
in the atmosphere, then spreads laterally to form an umbrella cloud. Density stratification of the atmosphere 
generates buoyancy forces in the cloud, which drive the outward spread. Although umbrella clouds are often 
modeled as circular axisymmetric structures, in practice they are usually influenced quite strongly by the 
meteorological wind, with spread in the upwind direction halted by the oncoming wind, and different rates 
of spreading in the downwind and crosswind directions. In this work, we derive a simple parametrization 
of non-axisymmetric umbrella cloud spreading from a much more complex physically based shallow-layer 
intrusion model. The new parametrization is quick to evaluate and so is suitable for use in operational Volcanic 
Ash Transport and Dispersion Models (VATDMs). In contrast to previous parametrizations, in which there is 
assumed to be no interaction between a circular umbrella cloud and the meteorological wind, here the umbrella 
cloud is influenced by the wind and adopts a shape determined by the balance of buoyant spreading and 
downwind drag forces. We apply the new scheme to four historical case studies of eruptions at Puyehue 2011, 
Pinatubo 1991, Ulawun 2019, and Calbuco 2015. The results are compared with VATDM simulations using 
a conventional circular umbrella cloud parametrization. Using the new scheme, good descriptions of cloud 
spread are recovered and the prediction of horizontal ash distribution is improved relative to the axisymmetric 
parametrization.

Plain Language Summary Erupting volcanoes eject a mixture of fine ash and gas, which rises into 
the upper atmosphere, where the ash presents a major hazard to jet aircraft. Large volcanic eruptions produce a 
giant cloud of ash, known as an umbrella cloud, which spreads horizontally. The spread of this umbrella cloud 
is driven by the variation in atmospheric density across its depth. Umbrella clouds are commonly assumed to be 
cylindrical, but in reality, they often assume a more complex shape, due to the influence of wind. In this paper, 
we derive a new mathematical model of umbrella cloud spreading that includes the effect of wind, which can 
be simulated on a computer quickly enough to produce practical forecasts of volcanic ash transport. The new 
model is applied to four historical eruptions and shown to produce good predictions of the umbrella cloud shape 
and extent in each case. Compared to existing cylindrical models, the distribution of ash inside the cloud is 
much improved.
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The spread of volcanic ash in the atmosphere is a serious concern for aviation, as encounters between jet aircraft 
and ash can cause engines to suffer accelerated wear or even shutdown (Clarkson et al., 2016). To mitigate these 
risks, aviation authorities impose restrictions on flight operations when ash is detected or, in Europe, when 
the concentration exceeds thresholds at 0.2, 2, and 4 mg/m 3 (International Civil Aviation Organization, 2021b). 
Together with ground-based and satellite observations, predictions by mathematical models are vital in identify-
ing areas that violate these thresholds.

Around the world, Nine Volcanic Ash Advisory Centers (VAACs) use Volcanic Ash Transport and Dispersion 
Models (VATDMs) to predict the spread of atmospheric ash following an eruption. VAACs are required to rapidly 
produce forecasts of ash spread once notified of an eruption (International Civil Aviation Organization, 2017). 
These forecasts must then be regularly updated to reflect changing atmospheric conditions and variations in the 
intensity and mode of eruption. Consequently, VATDMs must be robust and computationally efficient.

VATDMs model ash transport due to advection by meteorological wind and other processes including gravita-
tional settling and turbulent diffusion, but have historically neglected the buoyancy-driven spread of the ash. This 
may result in significant underprediction of the spread of ash from large Plinian (and ultra-Plinian) eruptions. 
Using the NAME (Numerical Atmospheric-dispersion Modeling Environment) VATDM to model the historic 
1991 Pinatubo eruption, Witham et al. (2012) found that the spread of the cloud was substantially underestimated 
and attributed this in part to the absence of a parametrization of buoyancy spreading in the model. Witham 
et al. (2012) attempted to mitigate the effect of the missing buoyancy spreading by replacing the point ash source 
with a large elliptical source intended to represent the umbrella cloud, but found that the spread of the plume 
was still not accurately reproduced. Bonadonna et al. (2005) accurately simulated the buoyancy-driven crosswind 
spread of the 1996 Ruapehu eruption using a Fickian diffusion law. However, as Bonadonna et al. (2005) acknowl-
edge, buoyancy-driven spreading is not a diffusion-like process and such an approach does not correctly describe 
the underlying physics. This is reflected in the size of the diffusion coefficient needed to reproduce the crosswind 
extent of the Ruapehu cloud, which is an order of magnitude larger than values typical for advection-diffusion 
models. Further, Bonadonna et al. (2005) noted that the appropriate diffusion coefficient will vary significantly 
between eruptions, making such an approach unsuitable for use in a predictive capacity.

More recently, improved predictions of ash spread have been obtained in VATDMs by including a parametriza-
tion of buoyancy-driven ash transport that is based on the axisymmetric umbrella cloud scaling of Woods and 
Kienle (1994). Woods and Kienle (1994) proposed that, for an umbrella cloud that remains circular and centered 
on the volcanic vent, the radius of the cloud R scales with time t as R(t) ∼ t 2/3. To parametrize umbrella cloud 
spreading in the FALL3D VATDM, Costa et al.  (2013) constructed an axisymmetric velocity field consistent 
with the cloud radius scaling of Woods and Kienle (1994) and summed it with the meteorological wind field used 
for passive advection. Variations on this approach, developed by Mastin et al. (2014) and Webster et al. (2020), 
have incorporated axisymmetric umbrella cloud parametrizations in the Ash3d (Schwaiger et  al.,  2012) and 
NAME (Jones et al., 2007) VATDMs. These axisymmetric parametrizations have been successfully applied to a 
range of historical case studies, including both the 1991 Pinatubo and 2015 Calbuco eruptions, which have been 
simulated using each of NAME (Webster et al., 2020), FALL3D (Costa et al., 2013; Folch et al., 2022) and Ash3d 
(Mastin & Van Eaton, 2020; Mastin et al., 2014).

A feature common to these parametrizations is that the umbrella cloud dynamics are based on the scaling for 
axisymmetric umbrella cloud radius originally proposed by Woods and Kienle (1994). Since then, considerable 
advances have been made in the study of umbrella clouds, with more recent modeling focused on solving the 
underlying partial differential equations (PDEs) that govern the motion of fluid in an umbrella cloud. These are 
the compressible Navier-Stokes equations, which can be solved directly to model the umbrella cloud (e.g., Suzuki 
& Koyaguchi, 2009), or depth-integrated into shallow-layer flow equations which model the cloud as an intrusion 
through a stratified atmosphere (Baines, 2013; de’ Michieli Vitturi & Pardini, 2021; Johnson et al., 2015; Pouget 
et al., 2016; Ungarish & Huppert, 2002). The three principal benefits of such PDE-based models of umbrella 
clouds, over the Woods and Kienle (1994) axisymmetric cloud scaling are: (a) inclusion of the influence of wind, 
leading to a non-circular umbrella cloud, (b) a much more detailed prediction of the umbrella cloud properties, 
including the time- and space-dependent depth and internal velocity fields, and (c) greater physical justification, 
being solutions of the underlying equations of fluid mass and momentum conservation, rather than a scaling argu-
ment. However, the moderate to high computational cost of PDE-based models has made them less well suited for 
operational use in a VATDM, where very short run-times of only a few minutes are required.
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In this paper, we present a new non-axisymmetric umbrella cloud parametrization based on the shallow-layer 
PDE model of Johnson et  al.  (2015). The parametrization is designed to maintain many of the benefits of a 
full PDE model, while being fast enough to evaluate that it is suitable for operational use within a VATDM. 
Like the model of Johnson et al. (2015) on which it is based, the new parametrization incorporates the effect of 
meteorological wind on the spread of the umbrella cloud, and the predicted umbrella cloud shape is therefore 
non-axisymmetric. Furthermore, the new parametrization provides umbrella cloud depth and velocity fields that 
satisfy both mass and momentum conservation equations, which we show cannot be achieved in parametrizations 
based on the Woods and Kienle scaling law. We test the new parametrization in the NAME VATDM, which is 
developed by the UK Met Office and used operationally by the London VAAC (Beckett et al., 2020), and compare 
the results to satellite observations and results of the axisymmetric parametrization of Webster et al. (2020) in 
four case-study eruptions: Puyehue 2011, Pinatubo 1991, Ulawun 2019, and Calbuco 2015.

In Section 2, we introduce the shallow-layer PDE umbrella cloud model of Johnson et al. (2015) (Section 2.1), 
and explain how existing axisymmetric umbrella cloud parametrizations can be seen as simplifications of this 
shallow-layer model (Section 2.2). We then derive the new non-axisymmetric parametrization presented in this 
paper (Section 2.3) and show how this may be used to modify model ash particle trajectories in the NAME 
VATDM (Section 2.4). In Section 3, we discuss the appropriate selection of model and eruption parameters, 
and test the new parametrization against satellite observations of eruptions at Puyehue, Pinatubo, Ulawun, and 
Calbuco, comparing with the previous axisymmetric model of Webster et al. (2020). In Section 4, we discuss the 
runtime of the new parametrization and methods of parameter estimation, and conclude in Section 5.

2. Modeling of Umbrella Clouds
2.1. The Shallow-Layer Model for Umbrella Clouds

The shallow-layer model of Johnson et al. (2015) is a general model for umbrella clouds, suitable for a wide range 
of initial and boundary conditions. For simplicity, we introduce it here as a model for an umbrella cloud supplied 
by a constant volume flux (at neutral buoyancy) Q, evolving in a steady uniform horizontal wind field U = (U, 0).  
The atmosphere is assumed to be stably stratified with constant buoyancy frequency N, and the umbrella cloud 
then spreads symmetrically about the level of neutral buoyancy z = Hnbl as a cloud of total depth h(x, y, t), which 
varies in both horizontal space and time. It is assumed that the depth of the cloud is much smaller than its horizon-
tal extent, such that vertical velocities are small relative to horizontal velocities, and the vertical pressure balance 
inside the cloud is hydrostatic. Consequently, the motion of the intrusion may be described by the in-plane 
velocity field u = (u, v), a function of time t and the in-plane (horizontal) position x = (x, y) (with origin at the 
location of the volcano).

Under this set of assumptions, the depth and velocity of the cloud satisfy the system of PDEs (Johnson et al., 2015; 
Ungarish & Huppert, 2002),

𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+

𝜕𝜕

𝜕𝜕𝜕𝜕
(𝜕𝑢𝑢) +

𝜕𝜕

𝜕𝜕𝜕𝜕
(𝜕𝑣𝑣) = 𝑞𝑞(𝒙𝒙), (1a)
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+

𝜕𝜕

𝜕𝜕𝜕𝜕

(
𝑁𝑁2ℎ3

12

)
= −𝐶𝐶𝐷𝐷𝑣𝑣|𝑼𝑼 − 𝒖𝒖|, (1c)

where q(x) is a source term representing the flux of volume into the umbrella cloud from the rising plume (which 
will be equal to zero except close to the origin). The total volume flux entering the cloud is

𝑄𝑄 = ∬ 𝑞𝑞(𝒙𝒙) 𝑑𝑑𝒙𝒙. (2)

These equations represent, respectively, the conservation of mass, and the conservation of momentum in the 
x- and y-directions. The first three terms in each component of the momentum balance, Equations 1b and 1c 
represent the inertia of the cloud, and the fourth represents pressure gradients caused by spatial variation in the 
cloud depth h. On the right hand side of the momentum equations, CD is the coefficient of turbulent skin drag, 
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which describes the magnitude of the shear stress exerted on the upper and lower surfaces of the ash cloud by 
the atmosphere. These shear stresses arise from the instability of the cloud-atmosphere interface caused by the 
difference in velocity across the boundary (Abraham et al., 1979).

At the outer boundary of the cloud, atmospheric air must be vertically displaced for the cloud to spread hori-
zontally along the neutral buoyancy layer, and the energy lost in this process slows the advance of the cloud 
(Ungarish, 2009). This energy loss is described by the Froude number front condition (Ungarish & Huppert, 2002) 
which relates the local spreading rate of the cloud to the cloud depth at the front by

2|(𝑼𝑼 − 𝒖𝒖) ⋅ �̂�𝒏|
𝑁𝑁𝑁

= 𝐹𝐹𝐹𝐹𝑓𝑓 . (3)

The constant Frf ≈ 0.841 is the Froude number at the front of the current (Ungarish, 2009) and 𝐴𝐴 �̂�𝒏 = (𝑛𝑛𝑥𝑥, 𝑛𝑛𝑦𝑦) is an 
outward-oriented unit vector, normal to the cloud front.

2.2. Axisymmetric Parametrizations

The axisymmetric umbrella cloud parametrizations developed by Costa et al. (2013), Mastin et al. (2014), and 
Webster et al. (2020) are based on the R ∼ t 2/3 scaling law for the radius of a cylindrical umbrella cloud in the 
absence of wind, proposed by Woods and Kienle (1994). These parametrizations model buoyancy spreading by 
advecting ash in a velocity field that is equal to the sum of meteorological wind and an axisymmetric velocity 
field consistent with the Woods and Kienle (1994) scaling law.

Woods and Kienle's modeling of the cylindrical umbrella cloud and the axisymmetric velocity field within it 
may be understood as simplifications of the full shallow-layer intrusion model described by Equations 1 and 3. 
We derive the cylindrical descriptions of spreading umbrella clouds used by Costa et al. (2013)'s and Webster 
et al. (2020)'s axisymmetric parametrizations in this context here, then discuss how two significant assumptions 
in the derivation lead to some associated shortcomings in the resulting models.

The first major assumption made in both derivations is that the atmosphere is stationary, such that U = 0. As a 
result of this assumption, buoyancy-driven spreading is completely decoupled from the meteorological wind in 
these parametrizations. Making this same assumption in the shallow-layer model, governing Equation 1 and the 
boundary condition (Equation 3) now imply the cloud will be axisymmetric, with a radius R(t) and radial velocity 
u = urer where er is a radial unit vector. The boundary condition (Equation 3), along with a kinematic condition 
relating the rate of expansion and front speed,

𝑢𝑢𝑟𝑟|𝑟𝑟=𝑅𝑅(𝑡𝑡) =
d𝑅𝑅

d𝑡𝑡
, (4)

implies that the cloud radius R(t) must satisfy

d𝑅𝑅

d𝑡𝑡
=

𝐹𝐹𝐹𝐹𝑓𝑓𝑁𝑁

2
ℎ|𝐹𝐹=𝑅𝑅(𝑡𝑡). (5)

The second major assumption of Costa et al. (2013), Woods and Kienle (1994), and Webster et al. (2020) is that 
the depth of the umbrella cloud is uniform in space h = h(t) (i.e., the cloud is a cylinder), rather than the general 
time- and space-dependent function h(x, t) predicted by solutions to the governing Equation  1. As we shall 
see,  this assumption of a cylindrical cloud means that velocities inside the cylinder cannot simultaneously satisfy 
both the mass Equation 1a and momentum Equations 1b and 1c. Under this assumption, conservation of mass 
Equation 1a, integrated over the extent of the umbrella cloud 0 ≤ r ≤ R(t), and the boundary condition (Equa-
tion 4) express that the volume within the umbrella cloud increases according to the inflow flux,

d

d𝑡𝑡

(
𝜋𝜋𝜋𝜋𝜋2

)
= 𝑄𝑄𝑄 (6)

where the circular region r ≤ R(t) is assumed to contain all of the injected material. Rearranging Equations 5 
and 6 to eliminate h gives a second order ODE for equation for the cylinder radius R(t),

d

d𝑡𝑡

(
2𝜋𝜋

𝑁𝑁𝑁𝑁𝑁𝑁𝑓𝑓
𝑅𝑅2 d𝑅𝑅

d𝑡𝑡

)
= 𝑄𝑄𝑄 (7)
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Integrating Equation 7 twice with respect to t, subject to the condition that the cloud is initially empty, R(0) = 0, 
we obtain a R ∼ t 2/3 scaling for the cloud radius,

𝑅𝑅(𝑡𝑡) =

(
3𝑁𝑁𝑁𝑁𝑁𝑁𝑓𝑓𝑄𝑄

4𝜋𝜋

)1∕3

𝑡𝑡 2∕3, (8)

as well as expressions for both the thickness of the cylindrical cloud,

ℎ(𝑡𝑡) =
4

3

(
3𝑄𝑄

4𝜋𝜋𝜋𝜋2𝐹𝐹𝐹𝐹𝑓𝑓
2

)1∕3

𝑡𝑡−1∕3. (9)

and the spreading rate of the cloud as a function of both time and the current cloud radius,

d𝑅𝑅

d𝑡𝑡
=

2

3
𝑅𝑅𝑡𝑡−1 =

(
𝑁𝑁𝑁𝑁𝑁𝑁𝑓𝑓𝑄𝑄

3𝜋𝜋

)1∕2

𝑅𝑅−1∕2. (10)

Comparison of Equation 8 with the scaling of Woods and Kienle (1994) indicates that the Froude number at the 
current front Frf is related to Woods and Kienle's empirical parameter λ by λ = Frf/2. There is significant uncer-
tainty in the value of λ but, based on both observation and experiment, it was confined to the interval [0.1, 0.6] 
by Holasek et al. (1996). The effective value of λ given by the shallow-layer theory of Ungarish (2009) is 0.421. 
While this is larger than values typically used in the study of ash clouds (Costa et al., 2013; Mastin et al., 2014; 
Webster et al., 2020), it is within the interval identified by Holasek et al. (1996).

Finally, to develop a parametrization of umbrella cloud spreading, a velocity field inside the cylinder must be 
chosen; this internal field is not predicted by Woods and Kienle (1994). Webster et al. (2020) extrapolate the 
front velocity of the cloud (Equation 10) to the entire interior of the cylinder to produce a steady velocity field,

𝑢𝑢Webster
𝑟𝑟 =

(
𝑁𝑁𝑁𝑁𝑟𝑟𝑓𝑓𝑄𝑄

3𝜋𝜋

)1∕2

𝑟𝑟−1∕2, (11)

for r < R. Costa et al. (2013) and Mastin et al. (2014) instead derive a velocity field using the assumption of 
uniform depth and conservation of mass Equation 1a, by substituting the expression (Equation 9) for cylinder 
depth h(t) into the axisymmetric equivalent of conservation of mass Equation 1a for 0 < r < R,

𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+

1

𝑟𝑟

𝜕𝜕

𝜕𝜕𝑟𝑟
(𝜕𝑢𝑢𝑟𝑟𝑟𝑟) = 0, (12)

and solving for the radial velocity ur, subject to the kinematic condition at the front (Equation 4). This gives the 
radial velocity field used by Costa et al. (2013),

𝑢𝑢Costa
𝑟𝑟 =

3

4

d𝑅𝑅

d𝑡𝑡

𝑅𝑅

𝑟𝑟

(
1 +

𝑟𝑟2

3𝑅𝑅2

)
. (13)

Whenever used in this paper, the parametrizations (Equations 11 and 13) are employed with Frf = 0.45 (equiva-
lent to λ = 0.225), as recommended by Webster et al. (2020).

Although such axisymmetric umbrella cloud parametrizations lead to improved prediction of the extent of an ash 
cloud, compared to modeling with no umbrella cloud parametrization (Costa et al., 2013; Mastin et al., 2014; 
Webster et al., 2020), the two major assumptions used in their derivation result in some shortcomings of the 
resulting parametrizations.

The first assumption, that the dynamics of the umbrella cloud are not affected by wind, exacerbates errors in ash 
distributions predicted by axisymmetric parametrizations. Because model ash particles are advected by the sum 
of the meteorological wind and either radial velocity field (Equation 11 or 13), they do not satisfy the kinematic 
boundary condition (Equation 4) which is formulated under the assumption of a purely radial velocity field. That 
is, in the presence of any non-zero meteorological wind, model particles exit the downwind edge of the cylinder, 
and the boundary of the umbrella cloud, as defined by the location of particles, is no longer the cylinder assumed 
in the derivation of the spreading law. This is problematic because, at the boundary of the cylinder, the wind 
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field resulting from the sum of meteorological wind and radial umbrella cloud velocity is strongly converging 
(i.e., the divergence of the three-dimensional velocity field is negative). As highlighted by Webster et al. (2020), 
this results in a non-physical accumulation of ash at the downwind edge of the cloud. Both polynomial (Webster 
et al., 2020) and exponential (Folch et al., 2020) smoothing of the umbrella cloud velocity field has been used to 
mitigate this, by but these smoothings have no physical justification and, as we will demonstrate in Section 3, do 
not eliminate accumulation. Moreover, model particles that exit the downwind edge of the cloud are no longer 
subject to buoyancy-driven motion. Consequently, axisymmetric parametrizations cannot reproduce the down-
wind buoyancy-driven lateral spreading of plumes far downwind of the vent (Bursik, Carey, & Sparks, 1992; 
Johnson et al., 2015).

The second assumption, that the umbrella cloud is cylindrical and of uniform depth (Equation 9) is central to the 
derivation of both the R ∼ t 2/3 scaling (Equation 8), and the axisymmetric internal velocity fields suggested by 
Webster et al. (Equation 11) and Costa et al. (Equation 13). However, crucially, this assumption of a cylindrical 
cloud is inconsistent with the governing shallow-layer Equation 1, which predict that the cloud depth varies in 
time and space, even in the absence of wind (Johnson et al., 2015). The effect of this is that the internal velocity 
fields (Equations 11 and 13) do not satisfy the conservation of momentum. (This can be verified by substitut-
ing either velocity field into the axisymmetric form of the momentum Equations 1b and 1c). The shallow-layer 
model also predicts that, in the absence of wind, the radius of the circular umbrella cloud grows in a more 
complex manner than the power law t 2/3. This prediction is consistent with observations of umbrella clouds 
(Pouget et al., 2016) and occurs because the spatially varying depth of the cloud is not self-similar (Johnson 
et al., 2015). Consequently, even if the assumption of uniform depth is relaxed in the derivation, there are no 
internal velocity and thickness fields that simultaneously satisfy mass conservation, momentum conservation 
and the R ∼ t 2/3 scaling (Equation 8). To derive an internal velocity field for the axisymmetric cloud of Woods 
and Kienle (1994), an additional choice must therefore be made as to which, if any, of the equations are satisfied. 
As a consequence, there are many possible velocity fields, of which the velocities of Webster et al. (Equation 11) 
and Costa et al. (Equation 13) are just two examples. This indeterminacy is problematic, as it is the velocity field 
which determines the transport and therefore concentration of ash within the cloud.

These shortcomings of axisymmetric parametrizations motivate the presentation of a new non-axisymmetric 
parametrization in the following section.

2.3. Non-Axisymmetric Simplification of the Shallow-Layer Equations

Instead of assuming an absence of wind and an axisymmetric umbrella cloud, we derive from the shallow-layer 
mass and momentum partial differential Equation  1. A coupled model for a non-axisymmetric wind-blown 
umbrella cloud, in which the internal velocities are obtained directly from these physical conservation laws.

The shallow-layer Equation 1, subject to the boundary condition (Equation 3) can be solved numerically (Johnson 
et al., 2015; Pouget et al., 2016). While this is not practical for rapid operational use in a VATDM, such numer-
ical solutions illustrate two key simplifications that can be made to the governing equations, which lead to a 
non-axisymmetric umbrella cloud model appropriate for VATDM use.

Numerical solutions of the full system (Equations 1 and 3) show that, for axisymmetric currents spreading in a 
stationary atmosphere, a balance between buoyancy and turbulent drag is rapidly established within the cloud 
(Johnson et al., 2015). The same spreading dynamics occur for clouds in a uniform wind, where numerical solu-
tions and asymptotic analysis of Equations 1 and 3 indicate spreading far downstream is again dominated by a 
balance between buoyancy and turbulent drag (Johnson et al., 2015). This transition to a turbulent-drag/buoyancy 
balance is supported by measurements of volcanic umbrella clouds from satellite imagery (Pouget et al., 2016). 
The first simplification made is therefore to reduce the momentum Equations 1b and 1c by neglecting inertial 
terms, reflecting the established balance of forces. In addition, the boundary condition at the flow front (Equa-
tion 3) is neglected in favor of enforcing zero depth, h = 0, due to the relative unimportance of energy losses at  the 
flow front on spreading dynamics in the drag/buoyancy regime.

For umbrella clouds resulting from a sustained constant volume flux, numerical solutions and asymptotic solu-
tions of the full system (Equations 1 and 3) also quickly adopt near-steady state thickness and velocity fields within 
the cloud, in both uniform wind (Johnson et al., 2015, Equation 4.7) and in a static atmosphere (Baines, 2013; 
Johnson et al., 2015, Equation 3.30), with modest discrepancies from this steady state only close to the advancing 
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cloud front. The second simplification is therefore to approximate the velocity field within the cloud as steady, by 
dropping time derivatives from Equation 1.

Finally, we exploit the fact that drag-dominated solutions of Equation 1 depend primarily on the inflow volume 
flux and not other properties of the source (Johnson et al., 2015), to write the source function q as a point source 
with a Dirac delta function,

𝑞𝑞(𝒙𝒙) = 𝑄𝑄𝑄𝑄(𝒙𝒙). (14)

Under the approximations above, the mass and momentum Equation 1 reduce to

∇ ⋅ (ℎ𝒖𝒖) = 𝑄𝑄𝑄𝑄(𝒙𝒙), (15a)

𝑁𝑁2 ℎ
2

4
∇ℎ = −𝐶𝐶𝐷𝐷(𝒖𝒖 − 𝑼𝑼 )|𝒖𝒖 − 𝑼𝑼 |. (15b)

Remarkably, all parameters of the new governing Equation 15 can be scaled out by non-dimensionalizing using 
the length and time scales

𝐿𝐿𝐻𝐻 =

(
𝑄𝑄3𝑁𝑁2

𝐶𝐶𝐷𝐷𝑈𝑈 5

)1∕4

, 𝐿𝐿𝑉𝑉 =

(
𝐶𝐶𝐷𝐷𝑄𝑄𝑈𝑈

𝑁𝑁2

)1∕4

, 𝑇𝑇 = 𝐿𝐿𝐻𝐻∕𝑈𝑈 =

(
𝑄𝑄3𝑁𝑁2

𝐶𝐶𝐷𝐷𝑈𝑈 9

)1∕4

, (16)

where LH and LV are distinct horizontal and vertical lengthscales. In non-dimensional (starred) variables,

𝑥𝑥⋆ =
𝑥𝑥

𝐿𝐿𝐻𝐻

, 𝑦𝑦⋆ =
𝑦𝑦

𝐿𝐿𝐻𝐻

, ℎ⋆ =
ℎ

𝐿𝐿𝑉𝑉

, 𝒖𝒖
⋆ =

𝒖𝒖

𝐿𝐿𝐻𝐻∕𝑇𝑇
, (17)

Equation 15 is a parameterless system of PDEs for the non-dimensional quantities u ⋆ and h ⋆,

∇⋆
⋅

(
ℎ⋆

𝒖𝒖
⋆
)
= 𝛿𝛿⋆

(
𝒙𝒙
⋆
)
, (18a)

ℎ⋆2

4
∇⋆ℎ⋆ = −

(
𝒖𝒖
⋆ − 𝒆𝒆𝑥𝑥

)||𝒖𝒖
⋆ − 𝒆𝒆𝑥𝑥

||, (18b)

where ex is the unit vector in the x-coordinate direction.

The parameterless nature of the system (Equation 18) is crucial to its suitability for operational use, as the solu-
tion to Equation 18 can be precalculated once and stored. To obtain the solution to Equation 15 in the VATDM, 
for a cloud generated by any eruption, the precalculated solution to Equation 18 is simply scaled by the appropri-
ate length and time scales (Equation 16), obtained using Q, N, U, and CD for the eruption in question.

To numerically solve the simplified governing Equation 18, we rearranged Equation 18b to obtain

𝒖𝒖
⋆ = 𝒆𝒆𝑥𝑥 −

ℎ⋆∇⋆ℎ⋆

2
√
|∇⋆ℎ⋆|

. (19)

and substituted this into (Equation 18a), giving an equation for h ⋆,

∇⋆
⋅

(
ℎ⋆

𝒆𝒆𝑥𝑥 −
ℎ⋆2

∇⋆ℎ⋆

2
√
|∇⋆ℎ⋆|

)
= 𝛿𝛿⋆

(
𝒙𝒙
⋆
)
. (20)

We solved this equation by time-integrating to steady state the equivalent parabolic problem (Equation 20) with 
an additional ∂h ⋆/∂t ⋆ term on the left hand side), using the finite volume method of Kurganov and Tadmor (2000). 
The resulting non-axisymmetric solution for the depth is illustrated in Figure 1. From this solution for h ⋆, the 
velocity field within the umbrella cloud u ⋆ can be recovered using Equation 19. Streamlines of this velocity field 
are illustrated in Figure 1.

The velocity field (Equation 19) is the solution to a system of physically meaningful conservation laws, with mass 
and momentum equations solved simultaneously. These conservation laws are consistent with an umbrella cloud 
spreading in a uniform wind, where the dynamics of the cloud are governed by a balance between turbulent drag 
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from a moving atmosphere and buoyancy forces. Although the system (Equation 18) is simplified compared to 
the full shallow-layer equations, these simplifications are justified by the close similarity between solutions to the 
simplified system and solutions of the full shallow-layer equations. In fact, the simplified system (Equation 18) 
has identical solutions to the full shallow-layer system (Equations 1 and 3) in the asymptotic limits of flow both 
close to the source and far downwind, as shown in the Appendices (Appendix A1 and A2, respectively).

2.4. Non-Axisymmetric Parametrization of a Wind-Blown Umbrella Cloud

Having constructed a non-axisymmetric simplification of a wind-blown umbrella cloud, we now outline how it 
can be used to modify Lagrangian trajectories in a VATDM, using a three-dimensional wind field from a numer-
ical weather prediction (NWP) model. We use the NAME software as an example.

Given a model Lagrangian particle in NAME, with position xi(t) at time t, the position of this particle at time 
t + Δt is given by

𝒙𝒙𝑖𝑖(𝑡𝑡 + Δ𝑡𝑡) = 𝒙𝒙𝑖𝑖(𝑡𝑡) + 𝒖𝒖𝑀𝑀 (𝒙𝒙𝑖𝑖(𝑡𝑡), 𝑡𝑡)Δ𝑡𝑡 +𝑫𝑫𝑤𝑤(𝒙𝒙𝑖𝑖(𝑡𝑡), 𝑡𝑡) + 𝑝𝑝(𝒙𝒙𝑖𝑖(𝑡𝑡), 𝑡𝑡). (21)

The first two terms on the right hand side represent a first-order Euler approximation of the advection of the 
particle by the NWP wind field uM. The next term Dw(xi(t), t) represents the displacement of the particle during 
this time step by the umbrella cloud, and is the quantity to be calculated here. The final term p represents all 

Figure 1. Solution of the non-dimensional wind-blown umbrella cloud model (Equation 18), showing the depth of a 
wind-blown umbrella cloud (shading) and streamlines of the velocity field (Equation 19), which correspond to particle 
trajectories (dashed lines). All three panels show the same solution at different scales. Panel (a) shows the downwind motion 
and buoyancy-driven lateral spreading far from the source, and the approach to the far-downwind asymptotic solution 
discussed in Appendix A. Zooming in, panel (b) shows the upwind stagnation point and redirection of near-axisymmetric 
flow near the source to predominantly downwind motion. Panel (c) shows the near-axisymmetric structure of the solution 
near the source.
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other physical processes implemented in NAME that influence the particle position, but here are assumed to be 
independent of the umbrella cloud, for example, particle sedimentation and turbulent diffusion.

The umbrella cloud increment Dw(xi(t), t) is calculated by integrating a particle trajectory through the 
non-dimensional umbrella cloud wind field u ⋆(x ⋆, y ⋆) (Figure 1), then redimensionalizing this trajectory using 
the scalings (Equation 16) so that it corresponds to the desired eruption and wind conditions.

A particle at position x ⋆(t ⋆) advected by the non-dimensional velocity field moves according to the equation

d𝒙𝒙⋆

d𝑡𝑡⋆
= 𝒖𝒖

⋆
(
𝒙𝒙
⋆
)
. (22)

This equation can be solved analytically for particles very near the source |x ⋆| ≪ 1 or far downstream x ⋆ ≫ 1 
(Appendix A). Elsewhere, a solution can be obtained by integrating the ordinary differential Equation 22 numer-
ically (e.g., using a Runge-Kutta method), with the wind field inside the umbrella cloud u ⋆ evaluated using 
numerical interpolation of the pre-calculated solution to Equation  19. Whether solutions to Equation  22 are 
obtained analytically or numerically, they allow evaluation of the displacement 𝐴𝐴 𝒅𝒅

⋆
𝑤𝑤

(
𝒙𝒙
⋆

0
,Δ𝑡𝑡⋆

)
 that occurs when a 

Lagrangian particle with trajectory x ⋆(t ⋆) starts at position 𝐴𝐴 𝒙𝒙
⋆(0) = 𝒙𝒙

⋆

0
 and is advected for a time Δt ⋆. That is,

𝒅𝒅
⋆
𝑤𝑤

(
𝒙𝒙
⋆

0
,Δ𝑡𝑡⋆

)
= 𝒙𝒙

⋆
(
Δ𝑡𝑡⋆

)
− 𝒙𝒙

⋆

0
, (23)

where x ⋆(t ⋆) is a solution to the equation of motion (Equation 22). When 𝐴𝐴 𝒅𝒅
⋆
𝑤𝑤 is calculated numerically, an appro-

priate time step is chosen to ensure an accurate solution regardless of the size of the time increment Δt ⋆ over 
which the displacement 𝐴𝐴 𝒅𝒅

⋆
𝑤𝑤 is evaluated. Note that since the non-dimensional wind field u ⋆ includes both the 

background wind (assumed uniform over the interval Δt ⋆) and the wind due to the umbrella cloud, the displace-
ment 𝐴𝐴 𝒅𝒅

⋆
𝑤𝑤 is the displacement due to both umbrella cloud and wind.

The dimensional displacement Dw(xi(t), t) in Equation 21 represents the displacement due to the umbrella cloud 
alone; it is evaluated by first subtracting the background wind from the non-dimensional displacement 𝐴𝐴 𝒅𝒅

⋆
𝑤𝑤 to 

obtain the non-dimensional displacement due to the umbrella cloud alone, then scaling and rotating this, accord-
ing the meteorological wind field and eruption parameters. For a given eruption, the parameters Q, N, and CD are 
chosen (using the protocol given in Section 3.1) and fixed for the duration of the eruption. To determine U we 
sample the velocity of the NWP wind field at the current time and particle location, uM(xi(t), t) = (uM, vM, wM) 
and evaluate its horizontal speed,

𝑈𝑈 =

√
𝑢𝑢2
𝑀𝑀
+ 𝑣𝑣2

𝑀𝑀
. (24)

These parameters are used to compute length and timescales using Equation 16. The angle between the NAME 
coordinate x-axis and wind velocity

𝜓𝜓 = arctan

(
𝑢𝑢𝑀𝑀 (𝒙𝒙𝑖𝑖(𝑡𝑡), 𝑡𝑡)

𝑣𝑣𝑀𝑀 (𝒙𝒙𝑖𝑖(𝑡𝑡), 𝑡𝑡)

)
, (25)

is then used to construct the rotation matrices

𝐌𝐌 =

⎛
⎜
⎜
⎝

cos𝜓𝜓 sin𝜓𝜓

−sin𝜓𝜓 cos𝜓𝜓

⎞
⎟
⎟
⎠
, 𝐌𝐌

−1 =

⎛
⎜
⎜
⎝

cos𝜓𝜓 −sin𝜓𝜓

sin𝜓𝜓 cos𝜓𝜓

⎞
⎟
⎟
⎠
, (26)

that define a transformation and its inverse from NAME Cartesian coordinates to coordinates with basis vectors 
tangent and normal to the local in-plane wind direction. (Without loss of generality, we take the origin of the 
dimensional coordinate x, like that of the non-dimensional x ⋆, to be at the volcano vent, so that this rotation 
occurs around the position of the vent.) The resulting increment in particle position due the umbrella cloud for a 
particle currently at position x is then,

𝑫𝑫𝑤𝑤(𝒙𝒙, 𝑡𝑡) = 𝐿𝐿𝐻𝐻𝐌𝐌
−1

[
𝒅𝒅
⋆
𝑤𝑤

(
1

𝐿𝐿𝐻𝐻

𝐌𝐌𝒙𝒙,
1

𝑇𝑇
Δ𝑡𝑡

)
−

1

𝑇𝑇
Δ𝑡𝑡𝒆𝒆𝑥𝑥

]
. (27)

This increment defines the wind-blown umbrella cloud parametrization proposed in this paper.
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Substituting the increment Equation 27 into Equation 21, and simplifying, gives

𝒙𝒙𝑖𝑖(𝑡𝑡 + Δ𝑡𝑡) = 𝒙𝒙𝑖𝑖(𝑡𝑡) +

⎛
⎜
⎜
⎜
⎜
⎝

0

0

𝑤𝑤𝑀𝑀 (𝒙𝒙𝑖𝑖(𝑡𝑡), 𝑡𝑡)

⎞
⎟
⎟
⎟
⎟
⎠

Δ𝑡𝑡 + 𝐿𝐿𝐻𝐻𝐌𝐌
−1
𝒅𝒅
⋆
𝑤𝑤

(
1

𝐿𝐿𝐻𝐻

𝐌𝐌𝒙𝒙,
1

𝑇𝑇
Δ𝑡𝑡

)
+ 𝑝𝑝(𝒙𝒙𝑖𝑖(𝑡𝑡), 𝑡𝑡). (28)

Comparing to Equation  21, we see that the scheme is equivalent to applying first-order Euler integration of 
meteorological wind to the vertical component wM only. The advection of a particle by the horizontal components 
of the wind, now perturbed by the umbrella cloud, is calculated by integration of the trajectory Equation 22 to 
obtain 𝐴𝐴 𝒅𝒅

⋆
𝑤𝑤 , with appropriate scaling by LH and rotation to by angle ψ. The other physical processes influencing 

the particle position, parametrized by the function p, are unchanged. This scheme is self-consistent in a steady 
uniform meteorological wind, in the sense that particle trajectories calculated by the VATDM are then exactly the 
trajectories of the solution to the partial differential Equation 15.

The dependence of the model on the three parameters CD, Q, and N is simplified by the fact that these occur in 
Equation 27 solely through the scales LH and T, which can be written as 𝐴𝐴 𝐴𝐴𝐻𝐻 =

4
√
𝐾𝐾∕𝑈𝑈 5 , 𝐴𝐴 𝐴𝐴 =

4
√
𝐾𝐾∕𝑈𝑈 9 , where

𝐾𝐾 = 𝑄𝑄3𝑁𝑁2∕𝐶𝐶𝐷𝐷. (29)

Since the dependence of the parametrization on N, Q, and CD is only through the group K, all combinations of 
these parameters that have the same value of K produce identical model results.

The scaling LH applied to the non-dimensional displacement 𝐴𝐴 𝒅𝒅
⋆
𝑤𝑤 , illustrates how the magnitude of wind and 

volume flux influence the predicted umbrella cloud. In the case of a small volume flux (small Q) and/or rapid 
wind (large U), the lengthscale LH becomes small. The scale of the non-dimensional umbrella cloud is therefore 
small, and the buoyancy-driven perturbation to the wind field experienced by model particles will then be highly 
non-axisymmetric, as shown in Figure 1a, with buoyancy driving lateral spreading of a wind-blown plume. In the 
limit of very small flux (Q → 0), LH also vanishes and the meteorological wind field is unmodified, recovering 
the VATDM behavior without an umbrella cloud parametrization. Conversely, for a large volume flux and/or light 
wind the lengthscale LH becomes large. The scale of the non-dimensional umbrella cloud is therefore also very 
large, and as illustrated in Figure 1c, Lagrangian particles experience a near-axisymmetric perturbation of the 
meteorological wind field, as expected for a circular umbrella cloud formed in light winds.

The power-law dependence of LH on Q, N, CD, and U (Equation 16) allows the sensitivity of the umbrella cloud 
scheme to these parameters to be determined straightforwardly. In a uniform wind, the upwind spreading distance 
of the umbrella cloud scales as LH, while, for strongly wind-blown plumes, the width of the plume at a fixed 
location scales as 𝐴𝐴 𝐴𝐴

2∕3

𝐻𝐻
 , due to the width of the plume scaling as the cube root of the downwind distance (Equa-

tion A22). Since 𝐴𝐴 𝐴𝐴𝐻𝐻 ∼ 𝑄𝑄3∕4𝑁𝑁1∕2𝐶𝐶
−1∕4

𝐷𝐷
𝑈𝑈−5∕4 , each percent increase in volume flux Q leads to 0.75% increase in 

upstream spread and a 0.5% increase in lateral spread, each percent increase in CD leads to 0.25% decrease in 
upstream spread and a 0.17% decrease in lateral spread, while each percent increase in the meteorological wind 
U leads to 1.25% decrease in upstream spread and a 0.87% decrease in lateral spread.

3. Validation
To test the validity of the assumptions in the new non-axisymmetric umbrella cloud model, we apply it to four 
eruptions (Puyehue-Cordón Caulle 2011, Pinatubo 1991, Ulawun 2019, and Calbuco 2015) and compare the 
resulting ash column loadings with satellite observations of the cloud boundary and predictions of the existing 
axisymmetric parametrization of Webster et  al.  (2020). These eruptions span a wide range of volume fluxes 
and wind speeds, resulting in umbrella clouds ranging from near-axisymmetric to strongly wind-blown. For 
consistency with previous studies (e.g., Costa et al., 2013; Van Eaton et al., 2016; Webster et al., 2020), satellite 
brightness temperature contours are used to indicate umbrella cloud extent, with identical contours to Webster 
et al. (2020) used where possible to enable direct comparison.

3.1. Determining Model Parameters

We first discuss how the three parameters of the non-axisymmetric parameterization, CD, N, and Q, are chosen.
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The coefficient of turbulent skin drag CD is not well constrained for volcanic ash clouds. Based on laboratory 
experiments by Abraham et al. (1979), Baines (2013) suggested that CD = 8 × 10 −4 is an appropriate choice for 
umbrella clouds. Johnson et al. (2015) suggested that when applied to a system of shallow-layer equations such 
as Equation 1, a suitable order of magnitude estimate is CD = 0.01. Numerical solutions of the shallow-layer 
Equation 1 have been compared to satellite observations of umbrella clouds in two studies: Pouget et al. (2016), 
who assumed a stationary atmosphere, and de’ Michieli Vitturi and Pardini (2021), who assumed a steady and 
spatially uniform wind field. Both studies found CD = 0.1 to be suitable. To reflect the wide range of values in the 
literature, for each case study we use CD = 0.001, 0.01 and 0.1.

The buoyancy frequency N is a measure of the stratification of the stable atmosphere at the altitude of the 
umbrella cloud, and is generally available as an output of NWP models. Full 3-D numerical simulations of 
volcanic plumes by Suzuki and Koyaguchi (2009) found N ∼ 0.02 s −1 for both midlatitude and tropical condi-
tions. Webster et al. (2020) state N = 0.02 s −1 is generally suitable for stratospheric eruptions. We therefore take 
N = 0.02 s −1 for each eruption considered.

The volume flux at neutral buoyancy level Q is often one of the major uncertainties in volcanic plume models, 
and many methodologies for estimating this have been proposed. To enable direct comparison of results, we use 
the same methodologies as Webster et al. (2020), which are summarized here. In Morton et al. (1956)'s influential 
study of buoyant plumes in a stratified atmosphere, a relationship between the maximum rise height of the plume 
above vent level (avl) HT and the vertical volume flux at the neutral buoyancy level is determined. If it is assumed 
that this vertical flux is equal to the flux into the umbrella cloud, then

𝑄𝑄 = 𝐶𝐶𝑣𝑣𝑁𝑁𝑁𝑁𝑇𝑇
3, (30)

where Cv is a constant to be determined. Several researchers have derived or measured values for the constant Cv. 
Using the more complex plume model of Bloomfield and Kerr (2000), Rooney and Devenish (2014) computed 
numerical solutions which indicated Cv = 0.0111 (referred to as model BK). Large eddy simulations of the Bouss-
inesq equations computed by Devenish et al. (2010) imply Cv = 0.00939 (model D). Finally, 3D Navier-Stokes 
simulations of plumes, carried out by Suzuki and Koyaguchi (2009) confined Cv to the range [0.0160, 0.0382] 
for tropical conditions and [0.0103, 0.0221] for mid-latitude conditions. For each eruption, we use a value of 
Cv corresponding to the closest match between observation and the values of HT considered by Suzuki and 
Koyaguchi (2009) (model SK). An alternative approach (model B) is offered by Bursik, Sparks, et al. (1992), 
who obtained the power law fit

𝐻𝐻𝑇𝑇 = 287𝑄𝑄0.19 (31)

of the numerical results of Sparks (1986) and Woods (1988), which in turn are obtained from modified versions 
of the original Morton et al. (1956) model. In Equation 31, HT and Q are dimensional quantities with units m and 
m 3 s −1, respectively.

The solids mass eruption rate into the neutral buoyancy level MN, in kg s −1, is necessary to generate predictions of 
ash column loading, but does not influence the umbrella cloud parametrization. This is computed from the plume 
rise height using the empirical formula of Mastin (2014),

𝑀𝑀𝑁𝑁 = 140

(
𝐻𝐻𝑇𝑇 +𝐻𝐻𝑉𝑉

1000

)4.15

, (32)

where HV is the volcano vent height measured in meters above sea level. Following the procedure used at the 
London VAAC for operational modeling (Witham et al., 2019), it is assumed that the distal fine ash fraction (the 
fraction of the mass flux into the cloud predicted by Mastin (2014) that is not deposited close to the source) is 
5%, and an ash mass flux MT = 0.05MN is therefore used. We use the standard particle size distribution used by 
the London VAAC for all eruptions (Webster et al., 2012).

The umbrella cloud height HU is usually smaller than the maximum rise height HT and is inferred from satellite 
observations for all eruptions studied in this paper. However, in practice, HU can be hard to determine and is 
sometimes unavailable, at least in time for operational use. In this case, Webster et al. (2020) recommend the 
upper surface of the umbrella cloud HU (avl) should be set as 0.8HT. The cloud depth 0.15HT is used, such that ash 
is released over the height interval [HU, HU − 0.15HT], relative to the elevation of the vent.
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For each case study, the overshooting plume top heights, umbrella cloud heights, derived mass and volume fluxes, 
and meteorological data sets, together with their sources, are given in Table 1.

Meteorological wind fields from the Met Office Global Unified Model are used for all case studies except Pina-
tubo 1991, for which historical data from the Met Office are not archived; the ECMWF ERA-Interim reanalysis 
data set is used instead, as in Costa et al. (2013), Mastin et al. (2014), and Webster et al. (2020).

3.2. Puyehue, 2011

The climactic phase of the 2011 Puyehue-Cordón Caulle eruption began at 18:45 UTC on the fourth of June and 
continued for approximately 27 hr, producing a ribbon-like ash cloud that spread as far east as the Atlantic Ocean 
(Collini et al., 2013). Aerial photographs of the eruption column (Collini et al., 2013) show a strong plume with 
clear upwind spreading characteristic of an umbrella cloud, which extended ∼10 km upwind of the vent. The 
spread of the cloud at 15:25 UTC on 5 June 2011 was captured by a MODIS instrument aboard NASA's Terra 
satellite.

NAME runs using the new wind-blown parametrization were computed for each combination of drag coefficient 
given in Section 3.1 and volume flux detailed in Table 1. Additionally, Webster et al. (2020)'s parametrization of 
umbrella cloud spreading is used for each volume flux. The same set of runs are computed for each of the subse-
quent case studies in Sections 3.3–3.5, with parameters from the appropriate column in Table 1.

Figure 2 shows with yellow-purple shading ash column loadings predicted by NAME model runs (a) without  
an umbrella cloud parametrization, (b–d) with Webster et  al.  (2020)'s parametrization for the smallest, an  

Puyehue Pinatubo Ulawun Calbuco

Start date 2011-06-04 a 1991-06-15 e 2019-06-26 h 2015-04-23 k

Start time (UTC) 18:45 a 04:40 e 06:00 h 04:00 k

End date 2011-06-05 b 1991-06-15 e 2019-06-26 h 2015-04-23 k

End time (UTC) 22:00 b 13:40 e 07:10 h 10:00 k

Summit elevation (m) 2236 c 1745 f 2334 i 1974 l

HT (km avl) 10 c 37 e 23.8 h 21 m

HU (km avl) 11.2 d 25 e 16.7 j 17 k

Q (m 3s −1) (D) 1.86 × 10 8 9.51 × 10 9 2.53 × 10 9 1.74 × 10 9

Q (m 3s −1) (BK) 2.20 × 10 8 1.12 × 10 10 3.00 × 10 9 2.06 × 10 9

Q (m 3s −1) (SK) 6.00 × 10 8 3.86 × 10 10 3.87 × 10 9 2.66 × 10 9

Q (m 3s −1) (B) 1.28 × 10 8 1.28 × 10 11 1.25 × 10 10 6.50 × 10 9

Q (m 3s −1) (P) - 5.8 × 10 10 g - -

Q (m 3s −1) (VE1) - - - 5.93 × 10 10 k

Q (m 3s −1) (VE2) - - - 7.80 × 10 10 k

MT (kg s −1) 2.26 × 10 5 2.26 × 10 7 5.13 × 10 6 3.04 × 10 6

Volcanic explosivity index (VEI) 5 a 6 f 4 i 4 l

NWP Global MetUM ERA-Interim Global MetUM Global MetUM

(Met Office) (ECMWF) (Met Office) (Met Office)

0.3516° × 0.2344° 0.75° × 0.75° 0.141° × 0.094° 0.234° × 0.156°

 aCollini et al. (2013).  bJay et al. (2014).  cGlobal Volcanism Program (2012).  dPrata et al. (2021).  eHolasek et al. (1996).  fGlobal 
Volcanism Program  (1991).  gMastin et  al.  (2014).  hMcKee et  al.  (2021).  iGlobal Volcanism Program  (2019).  jHorváth 
et al. (2021).  kVan Eaton et al. (2016).  lGlobal Volcanism Program (2015).  mVidal et al. (2017).

Table 1 
Eruption Parameters, Inferred Volume Fluxes From Each Model, and Numerical Weather Prediction (NWP) Model 
Information Used for Each Case Study
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intermediate, the largest volume flux in Table 1, and (f–h) the wind-blown plume parametrization for the smallest,  
best-fit and largest values of K = Q 3N 2/CD. An intermediate flux is used for panel (c) because the best fit to 
observations of the Webster et al. (2020) model is here obtained at the largest volume flux, shown in panel (d).  

Figure 2. Numerical Atmospheric-dispersion Modeling Environment (NAME) simulations of the climactic phase of the 2011 Puyehue eruption at 15:25 UTC. Ash 
column loadings are illustrated by the yellow/purple heatmap, overlaid with green contours of 11 μm brightness temperature at 225 and 235 K (light to dark). Panel (a) 
does not use an umbrella parametrization. Panels (b–d) use the axisymmetric parametrization (Equation 11) with volume fluxes predicted by models (B), (BK), and 
(SK), respectively. Panel (e) maps the parameter space of the wind-blown parametrization. Red circles in panels (b–d) illustrate the boundary of the umbrella region 
(Equation 8). Panels (f–h) use the wind-blown parametrization with volume fluxes predicted by models (B), (D), and (SK), respectively.
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Green contours show satellite observations of the extent of the plume, here contours of 225 and 235 K brightness 
temperature obtained from the 13 μm MODIS band. The red circle in panels (b–d) show the size and shape of the 
axisymmetric umbrella cloud in the parametrization of Webster et al. (2020), given by Equation 8, within which 
particles are influenced by the umbrella cloud. Figure 2e shows diagrammatically how each value of K used in 
panels (f–h) corresponds to a range of parameters CD and Q that produce the same model results.

Figure 2 (and all subsequent Figures 3–5) shows ash concentrations at the time of eruption cessation. A time 
series of images showing the evolution of ash concentration throughout the period of eruption for each case 
study is provided in the Supporting Information (Figures S1–S12 in Supporting Information S1). For each 
case study in Figures 2–5, the results in the center panels (c) (Webster et al., 2020, parametrization) and (g) 
(wind-blown parametrization of this paper) show results for the values of Q and K, respectively, that best match 
observations—unless the best match occurs at the largest or smallest value of these parameters, in which case 
an intermediate parameter value is shown.

Predictions of ash column loading below 0.5 g m −2 are not plotted. This loading is a conservative estimate for the 
minimum ash column loading detectable by satellite instruments (Webster et al., 2020). Therefore, the boundary 
of the yellow shading is representative of the predicted boundary the umbrella cloud and is comparable to the 
satellite observations.

Both the modeling without an umbrella cloud and the axisymmetric parametrization of Webster et al. (2020) 
(panels a–d) significantly underpredict the upwind and crosswind spreading of the plume, for all values of 
the volume flux. Because the ash only occupies a small sector of the modeled circular umbrella cloud in the 
axisymmetric parametrization, the dominant effect of this parametrization is to increase the speed at which 
ash is advected downwind, without significant lateral spreading; this is reflected in the under-prediction of 
lateral spreading in results.

Conversely, in the wind-blown parametrization (panels f–h), crosswind spreading is modeled along the entire 
length of the cloud, along with upwind spreading close to the source, due to the incorporation of wind in the 
umbrella cloud dynamics. The wind-blown parametrization predicts a greater upwind and crosswind spreading, 
with a plume shape that is in good agreement with the observations for the median parameter values in panel (g).

In the axisymmetric parametrization, the predicted column loading at the largest flux Q (panel d) is greater 
at the edges of the plume than in the center (a phenomenon that can be seen too in the Calbuco case study, 
Figures 5b–5d). This surprising prediction is a numerical artifact of the size of the NAME time step, which is set 
by the NWP wind speed and grid cell size, not the velocity field obtained when the NWP wind field is summed 
with the radial perturbation (Equation 11). The time step taken by NAME can become too large to accurately 
resolve trajectories of the combined velocity field, leading to errors like those seen in Figure 2d. Such artifacts are 
avoided in the wind-blown parametrization by use of sub-time stepping of the umbrella cloud trajectories, using 
smaller time steps than the main NAME time step.

The improved performance of the wind-blown parametrization over axisymmetric parametrizations is unsurpris-
ing for strongly wind-affected eruptions like that at Puyehue, since the inclusion of wind in the umbrella cloud 
dynamics is clearly justified for such eruptions. However, as a tool intended for operational use it is crucial that 
the wind-blown parametrization can accurately model eruptions in a wide range of wind conditions, including 
relatively still atmospheres. Accordingly, we now test the parametrization in two progressively more axisymmet-
ric and less wind-affected eruptions, at Pinatubo and Ulawun.

3.3. Pinatubo, 1991

Following weeks of increasing seismic and eruptive activity, on 15 June 1991 Mount Pinatubo underwent a 
climactic eruption which generated a large stratospheric umbrella cloud covering an area of over 230,000 km 2 
(Holasek et al., 1996). The umbrella cloud developed over a 9 hr period in which it was continuously supplied 
by the volcanic plume, the largest sustained eruption in the satellite era (Lynch & Stephens, 1996). Owing to 
the prevailing wind direction, the ash cloud spread predominantly in a south westerly direction, but nonetheless 
having ∼250 km of upwind spread to the north east.

The spread of the umbrella cloud was captured by instruments aboard the geostationary satellite Himawari-4. 
Analysis of thermal IR data by Holasek et al. (1996) produced a set of contours describing the evolution of the 
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Figure 3. Numerical Atmospheric-dispersion Modeling Environment (NAME) simulations of the 1991 Pinatubo eruption at 13:41 UTC. Ash column loadings are 
illustrated by the yellow/purple heatmap, overlaid with green contours of the visible cloud edge. Panel (a) does not use an umbrella parametrization. Panels (b–d) 
use the axisymmetric parametrization (Equation 11) with volume fluxes predicted by models (D), (P), and (B), respectively. Red circles in panels (b–d) illustrate the 
boundary of the umbrella region (Equation 8). Panel (e) maps the parameter space of the wind-blown parametrization. Panels (f–h) use the wind-blown parametrization 
with volumes fluxes predicted by models (D), (SK), and (B), respectively.
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detectable edge of the cloud during the interval 04:40–15:40 UTC which are used by Costa et al. (2013) and 
Webster et al. (2020), and in this study.

Costa et al. (2013) noted that, compared to the evolution of the Pinatubo umbrella cloud, the ERA-Interim wind 
fields do not match the prevailing direction or speed of the umbrella cloud's spread. This discrepancy is partially 
attributed to the contemporary presence of a typhoon in the region. Costa et al.  (2013) suggest that the wind 
field be rotated by 30° about the volcano vent, and halved in magnitude, whereas subsequent studies (Mastin 
et al., 2014; Webster et al., 2020) have rotated the wind field but not altered its magnitude. To ensure that any 
differences in the comparison between our results and those of Webster et al. (2020) are due to the new parametri-
zation only, we follow Webster et al. (2020) in modifying wind direction but not magnitude.

The predicted ash column loadings are shown in Figure 3, with panels having the same meaning as in Figure 2. 
Panel (a) illustrates a run with no umbrella cloud parametrization. For Webster et al. (2020)'s parametrization, 
Figure 3 shows runs for (b) the smallest and (d) largest volume fluxes, as well as (c) the optimal volume flux of 
those investigated by Webster et al. (2020), that given by of Mastin et al. (2014), model (P).

For the wind-blown parametrization, Figure 3 illustrates runs for (f) the smallest, (g) best, and (h) largest values 
of parameter K considered, illustrated by the dashed rectangle in the map of the parameter space in panel (e).

Because of the uncertainty, the wide range of volume flux predictions offered by the plume models considered, 
and the uncertainty in the value of CD, both the wind-blown and Webster et al. (2020)'s axisymmetric parametri-
zation can both underestimate and overestimate the cloud spread, depending on the parameters chosen. This is 
partly due to the large uncertainty in Q for this case study. For mid-range values, generally good agreement with 
the observed boundary of the cloud is obtained with both parametrizations.

However, all simulations using the axisymmetric parametrization exhibit a substantial increase in predicted column 
loading near the downwind leading edge of the cloud. This is due to modeled particles leaving the cylindrical 
umbrella cloud region (red circle in Figures 3b–3d) and encountering the converging velocity field at the boundary 
between the umbrella-cloud region and the undisturbed meteorological wind surrounding it. Such accumulation 
effects are significantly reduced in the wind-blown scheme because the umbrella cloud velocity field (Equation 19) 
is both coupled with the meteorological wind and has no downwind boundary through which particles can exit.

The range of cloud sizes predicted across the full range of parameter values is greater for the wind-blown para-
metrization. This is, in part, because the only parameter we vary in Webster et al.  (2020)'s model is the flux 
Q (with other parameters set to recommended values), whereas both CD and Q are varied in the wind-blown 
parametrization, with runs selected to cover the widest possible range of the parameter K = Q 3N 2/CD. The cubic 
dependence of K on Q but reciprocal dependence on CD, means that the wind-blown parametrization is intrinsi-
cally more sensitive to variations in Q than to variations in CD. Variation of CD across the full range 0.001–0.1 
considered (a factor of 100) therefore accounts for a smaller variation in K than the factor of ∼13 difference 
between the largest and smallest model estimates of Q in Table 1 (Figure 3e). The broad range of predicted cloud 
sizes is therefore due to variation of both CD and Q, but primarily the latter in this case.

3.4. Ulawun, 2019

In the summer of 2019, the Ulawun volcano in New Britain, Papua New Guinea erupted twice, first on the 26 
June and then again on the 3 August. The 26 June eruption began with a sub-Plinian degassing phase, followed by 
a Plinian eruption beginning at approximately 06:00 UTC (McKee et al., 2021), which generated a large umbrella 
cloud (Horváth et al., 2021). The formation and spread of this cloud was captured by the geostationary satellite 
Himawari-8. Contours of band 13 (10.4 μm) brightness temperatures, supplied by the Japan Aerospace Explora-
tion Agency's (JAXA) P-Tree System, are used for comparison in this case study, as these most clearly distinguish 
the umbrella cloud from the plume caused by previous eruptive activity. Only the Plinian phase of the eruption is 
simulated, as the overall spread of the cloud is dominated by this release.

The initial spread of the Ulawun umbrella cloud was near-axisymmetric. As highlighted in Section 2.4, we expect 
in this case, the lengthscale LH to become large so that, over the timescale of the Plinian eruption, particle trajec-
tories remain close to the origin of the dimensionless solution (Figure 1c) where the velocity field tends to an 
axisymmetric state. We anticipate this will allow the wind-blown parametrization to model near-axisymmetric 
umbrella cloud growth in this case of strong plume in low wind.
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As in the previous case study, Figure 4 shows the modeled ash column loadings for (a) no umbrella cloud, and axisym-
metric (b–d) and wind-blown (f–h) parametrizations for the minimum, optimal and maximum fluxes, respectively.

The overestimate of the wind-blown parametrization for the largest volume flux (given by model B), shown in 
Figure 4h, is larger than that of Webster et al. (2020)'s (Figure 4d). This is due in part to the additional uncertainty 
in the study of the wind-blown parametrization introduced by variation of the parameter CD.

As in the Pinatubo case study, there is a peak in column loading along the eastern edge of umbrella clouds gener-
ated by Webster et al. (2020)'s axisymmetric parametrization. Though less defined than in the Pinatubo example, 
this peak illustrates that even small winds are sufficient to cause visible non-physical accumulation in concentra-
tions predicted by axisymmetric parametrizations. In contrast, over the timescale of the eruption, particles remain 
in the near-axisymmetric region of the wind-blown parametrization's velocity field and there is no accumulation 
seen in results using this parametrization.

The satellite-observed umbrella cloud outline is centered around the vent, but for all estimates of volume flux, 
both parametrizations slightly overestimate the easterly extent of the umbrella cloud. This is due to north-westerly 
wind in the NWP wind field over the height interval occupied by the umbrella cloud (visible in Figure 4a). Better 
results for both parametrizations can be obtained by reducing the cloud thickness to 1 km and using a modified 
umbrella cloud height of HU = 12 km, placing the umbrella cloud at altitudes where the NWP wind field is more 
consistent with the observed spread of the umbrella cloud. These results are provided in Figure S14 in Supporting 
Information S1, as they require post-hoc adjustment of the parameters and so are not representative of the true 
predictive ability of the parametrization.

3.5. Calbuco, 2015

The April 2015 eruption of Calbuco volcano in Chile was characterized by two explosive releases of ash, the first 
between 21:04 UTC and 22:35 UTC on the 22nd and a second sustained release between 03:54 UTC and 10:00 
UTC the following day (Van Eaton et al., 2016). The spread of the two resulting umbrella clouds was captured by the 
GOES-13 satellite, and contours of GOES-13 band 4 (11 μm) brightness data provided by NOAA, as used by Van 
Eaton et al. (2016) and Webster et al. (2020), are used for comparison in this case study. The two spreading umbrella 
clouds are distinct and we consider only the second, prolonged, eruption in this study. During the second eruptive 
phase there was significant vertical wind shear which has proved challenging for simulations using umbrella cloud 
parametrizations (Mastin & Van Eaton, 2020; Webster et al., 2020). This case study therefore serves to investigate 
the wind-blown parametrization's capability to produce valid results in these complex meteorological conditions. 
In this study of Calbuco, NAME runs were computed using the volume flux estimates of Van Eaton et al. (2016), 
given in Table 1 as models (VE1) and (VE2), as well as each flux computed using the plume models in Section 3.1.

Figure 5 shows the shows the modeled ash column loadings, with panels arranged as in previous case studies. Panels 
(c) and (g) show median parameter values for the axisymmetric and wind-blown parametrizations, respectively.

Reasonable descriptions of cloud shape are recovered by both parametrizations, though both overestimate the north-
erly spread, and the wind-blown parametrization overestimates the cloud spread for all but the smallest values of K.

The axisymmetric parametrization predicts a very nonuniform ash column loading. This is in part due to two 
numerical artifacts in the axisymmetric parametrization previously mentioned, namely moderate accumulation 
along the downwind edge of the cloud, and a prominent decrease in ash column loading in the center of the east-
ward traveling component of the cloud, due to numerical error in the time stepping of trajectories. In contrast, 
the column loading predicted by the wind-blown parametrization is much more uniform over the umbrella cloud.

There is a discrepancy between the dominant north-easterly spread predicted by NAME and the more northerly 
spread of the real cloud. This was previously observed by Webster et al.  (2020), who attributed it to error in 
either the NWP wind field or observed umbrella cloud height. As Webster et al. (2020) noted, closer agreement 
between predictions of the wind-blown parametrizations and satellite observations can be obtained by assuming 
an umbrella cloud height of 19–20 km.

3.6. Operational Use

For the wind-blown parametrization to be suitable for operational use, there must be a clear selection process for 
model parameters Q, CD, and N, and the impact of the-blown parametrization on model runtime must be small.
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Across the four case studies, no single value of the parameter Cv in Morton et al. (1956)'s 1-D plume model was 
found to be optimal for determining the volume flux in all case studies. This is consistent with the results of 
Suzuki and Koyaguchi (2009)'s 3-D numerical simulations of volcanic plumes, in which Cv varies significantly 
depending on eruption size and atmospheric conditions. The best agreement with observations was found when 
Q was determined from Morton et al. (1956)'s 1-D plume model, with the chosen value of Cv based on the simu-
lation of Suzuki and Koyaguchi (2009) with the closest total column rise height HT to that being modeled (model 
SK). We therefore recommend this approach for selection of Q in operational use.

The wind-blown parametrization has been tested with a wide range of turbulent skin drag values, CD ∈ [0.001, 
0.01, 0.1], reflecting the range of measured or inferred values in the literature. The relative insensitivity of the 
model to CD means that the choice of plume model, determining Q, typically had resulted in greater changes to 
the model output than a variation of CD within this range. Across the four case studies in this paper, an interme-
diate value CD = 0.01—combined with flux determined by SK, and the fixed value N = 0.02 s −1 used throughout 
this paper—produces good predictions, and at worst moderate overestimates of cloud spread in the challenging 
wind-shear affected Calbuco case study. The value CD = 0.01 is therefore recommended for operational use, 
with the proviso that this may not be appropriate for eruption conditions that are very different from the cases 
studied here. Across the four case studies, the wind-blown parametrization with operational procedure set out 
above predicts ash column loadings that are generally closer to observations of cloud shape and free of numer-
ical artifacts, compared to predictions from operational procedure and parametrization of Webster et al. (2020) 
(Supporting Information, Figure S13 in Supporting Information S1).

The time constraints on operational use require that an umbrella cloud parametrization does not drastically 
increase the runtime of a VATDM. To evaluate the computational cost of the new parametrization on NAME, 
the runtime of the case studies in this section was measured (Table 2). Parameters were selected according to 
the operational procedure recommended above for the wind-blown parametrization and as instructed in Webster 
et al. (2020) for their axisymmetric parametrization. NAME output products and their spatial and temporal reso-
lutions, and a model particle release rate of 15,000 particles/hr, were selected according to the operational proce-
dure at the London VAAC (Witham et al., 2019). Dispersion following each eruption was simulated for 24 hr 
following the onset of eruption, rounded down to the nearest clock hour.

Webster et al. (2020)'s parametrization results in a minor increase in model runtime across all four case studies. 
The improved skill of the wind-blown parametrization comes at a greater computational cost, though for the 
Pinatubo, Ulawun, and Calbuco case studies, the increase in runtime due to the wind-blow parametrization is 
still a small proportion of the overall run time. The computational cost of the wind-blown parametrization is 
greatest when the cloud is highly non-axisymmetric, such as at Puyehue, since this cloud geometry results in 
many particles requiring the most computationally expensive part of the wind-blown parametrization, namely 
the numerical integration of particle trajectories through the interpolated precalculated umbrella cloud velocity 
field (Equation 19). The computational cost of umbrella schemes is also proportional to the duration of the run 
for which the eruption is active, here longest for Puyehue, which was active for the entire 24 hr period. Puyehue 
therefore represents a worst-case scenario for the computational cost of the wind-blown parametrization. The 
absolute increase in runtime for a simulation of 24 model hours is nonetheless an increase of less than 2 min, 
which is likely to be an acceptable trade-off for the significantly greater skill of the wind-blown parametrization 
for highly non-axisymmetric umbrella clouds of this sort (Figure 2).

4. Discussion
The results of the Puyehue case study (Section 3.2) illustrate an important effect of the interaction of umbrella 
clouds with wind, namely that buoyancy spreading does not solely act to transport ash radially away from the 
vent. When the cloud is blown by wind, the buoyancy spreading then acts in the orthogonal direction, spreading 
the cloud laterally rather than expanding it away from the source. The underprediction of Puyehue plume width 
by the axisymmetric parametrization (Figures 2b–2d) reflects the omission of this lateral spreading in the axisym-
metric parametrization. The results of this case study indicate that buoyancy spreading can have a significant 
influence on ash dispersal even when a plume is highly wind-blown and does not resemble the circular umbrella 
cloud archetype—and furthermore that the effect of buoyancy on such plumes is not well described by an axisym-
metric umbrella cloud model.
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Figure 4. Numerical Atmospheric-dispersion Modeling Environment (NAME) simulations of the Plinian phase of the 2019 Ulawun eruption at 07:10 UTC. Ash 
column loadings are illustrated by the yellow/purple heatmap, overlaid with green contours of 10.4 μm brightness temperature at 205, 215, and 225K (light to dark). 
The heatmap boundary corresponds to a loading of 0.5 gm −2. Panel (a) does not use an umbrella parametrization. Panels (b–d) use the axisymmetric parametrization 
(Equation 11) with volume fluxes predicted by models (D), (SK), and (B), respectively. Red circles in panels (b–d) illustrate the boundary of the umbrella region 
(Equation 8). Panel (e) maps the parameter space of the wind-blown parametrization. Panels (f–h) use the wind-blown parametrization with volumes fluxes predicted by 
models (D), (SK), and (B), respectively.
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As illustrated in Figure 1 and in the four case studies, volcanic plumes may form a continuous series of morphol-
ogies in which wind and buoyancy play varying roles, ranging from circular umbrella clouds (formed by strong 
eruptions in light wind) to wind-blown plumes (formed by weaker eruptions in high winds). Most Plinian erup-

Figure 5. Numerical Atmospheric-dispersion Modeling Environment (NAME) simulations of the second phase of the 2015 Calbuco eruption at 08:37 UTC on 
23 April 2015. Ash column loadings are illustrated by the yellow/purple heatmap, overlaid with green contours of 11 μm brightness temperature 225 and 255 K 
(light to dark). The heatmap boundary corresponds to a loading of 0.5 gm −2. Panel (a) does not use an umbrella parametrization. Panels (c–d) use the axisymmetric 
parametrization (Equation 11) with volume fluxes predicted by models (D), (SK), and (VE2), respectively. Red circles in panels (b–d) illustrate the boundary of the 
umbrella region (Equation 8). Panel (e) maps the parameter space of the wind-blown parametrization. Panels (f–h) use the wind-blown parametrization with volumes 
fluxes predicted by models (D), (BK), and (VE2), respectively.
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tions, including all four studied here, lie somewhere between these two 
endmembers, with both buoyancy spreading and wind having a significant 
role. In these cases, the nonlinear interaction and two-way coupling between 
buoyancy and wind can lead to behavior that is not present in either endmem-
ber, such as the lateral buoyancy spreading in the Puyehue case study. This 
emphasizes the importance of including such interactions in the underlying 
physical equations used for volcanic plume modeling.

The case studies here demonstrate the applicability of the proposed parametri-
zation across a range of wind conditions and eruption fluxes corresponding 
to sustained Plinian volcanic eruptions (VEI 4–6) where umbrella clouds and 
buoyant spreading of plumes is significant. We now discuss the applicability 
and limitations of the parametrization for more general eruption conditions. 
Smaller eruptions in strong winds produce weak “bent-over” plumes with 
no upwind spread (Sparks et al., 1997) and negligible effect of buoyancy in 
the lateral spreading downwind. Correspondingly, as noted previously, the 

influence of the parametrization presented here on particle transport becomes negligible for small fluxes. In the 
largest ultra-Plinian eruptions (VEI ≥6), the new parametrization approaches the radial buoyancy-dominated 
spreading that is inferred from ash deposits of historical supereruptions (Mastin et al., 2014). The new parametri-
zation describes umbrella cloud development from a sustained eruption, in which most of the umbrella cloud 
growth occurs while the eruption is ongoing. In highly unsteady or transient eruptions, substantial umbrella 
cloud growth may occur after the eruption has ceased, when the umbrella cloud is not significantly increasing in 
volume but continues to spread laterally as it thins vertically (Pouget et al., 2016). Such dynamics are described 
by the full shallow-layer model (Johnson et al., 2015; Pouget et al., 2016) but not the simplified parametrization 
presented here. The assumption of a uniform wind in the derivation of the umbrella cloud parametrization is less 
well justified for eruptions such as Calbuco 2015, in which significant wind shear occurs across the depth of the 
umbrella cloud, and the observed umbrella cloud shape is correspondingly less well predicted in this case study.

While there is strong evidence that the non-axisymmetric parametrization improves the description of the horizon-
tal distribution of ash, the wind-blown parametrization presented here, like axisymmetric parametrizations, does 
not account for the thickness of the cloud: it is assumed that all particles remain within the vertical extent of the 
umbrella cloud. Vertical displacement of particles due to thinning of the ash cloud with increasing distance from 
the source is also neglected in both parametrizations, which may result underestimations of ash concentrations (and 
overestimates of cloud thickness), even when ash column loadings are predicted accurately. Inclusion of this thin-
ning within umbrella cloud parametrizations may be important for applications where predictions of the vertical 
distribution of ash are required, such as in future use by VAACs (International Civil Aviation Organization, 2021a).

The skill of the wind-blown parametrization in the case studies here further validate the application of the 
shallow-layer intrusion equations to the buoyancy-driven spread of volcanic ash in the atmosphere. Together 
with previous work (de’ Michieli Vitturi & Pardini, 2021; Pouget et al., 2016), this suggests including additional 
information from shallow-layer models could improve the predictive capability of umbrella cloud models. In 
particular, cloud depths determined by shallow-layer solutions could be used to better describe the vertical distri-
bution of ash in umbrella clouds.

5. Conclusion
A new parametrization of wind-blown umbrella cloud spreading, based on the shallow-layer intrusion equations, 
has been developed and subsequently tested in the Lagrangian ash transport model NAME. The new parametri-
zation typically has only slightly greater computational cost than previous axisymmetric parametrizations, but 
much better captures the lateral buoyancy-driven spread of wind-blown plumes (Bursik, Carey, & Sparks, 1992; 
Johnson et al., 2015), such as that of Puyehue 2011, compared to an under-prediction of the plume width by 
a previous axisymmetric umbrella-cloud parametrization. In eruptions, where wind is less significant and the 
plume remains roughly circular, the new parametrization predicts similar umbrella cloud shapes to previous 
models but is much less susceptible to a spurious accumulation of high ash concentrations on the downwind edges 
of the modeled clouds.

No umbrella cloud Axisymmetric Wind-blown

Puyehue 116.7 s 121.3 s (+4.6 s) 221.3 s (+104.6 s)

Pinatubo 88.5 s 91.2 s (+2.7 s) 97.8 s (+9.3 s)

Ulawun 25.8 s 26.6 s (+0.8 s) 27.2 s (+1.4 s)

Calbuco 74.2 s 75.5 s (+1.3 s) 85.7 s (+11.5 s)

Note. The increase in computation time between simulations with and 
without umbrella cloud schemes is given in seconds alongside the runtime. 
Timings measured using NAME 8.1 in serial mode, on a single thread of an 
AMD 1950X processor.

Table 2 
The Length of Time, in Seconds, Taken to Simulate Dispersion Over a 24 hr 
Period Following the Eruption Onset Times Given in Table 1
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The improved predictions of umbrella cloud extent that we obtain have two major areas of application. The 
first is in the context of volcanological research, where improved predictions of the umbrella cloud growth may 
improve the inference of eruption source parameters from volcanic plume observations. Umbrella cloud diameter 
has been used directly to infer the volume flux at neutral buoyancy level (e.g., Bear-Crozier et al., 2020; Gupta 
et al., 2022; Hargie et al., 2019; Pouget et al., 2016), most commonly using the scaling law and circular umbrella 
cloud assumption of Woods and Kienle (1994). The parametrization presented here may improve the accuracy 
of such inferences, and allow them to be made where the umbrella cloud is significantly wind-affected. Inver-
sion methods that use VATDM predictions to infer eruption source parameters from satellite observations (e.g., 
Eckhardt et al., 2008; Esse et al., 2024; Kristiansen et al., 2012) may also benefit from the inclusion of umbrella 
cloud parametrization in the VATDM.

Second, in the operational context, the parametrization presented here may increase the accuracy of plume 
dispersal forecasts, where underestimation of the extent of the dispersed ash is a particular concern. As demon-
strated by the case study of Puyehue 2011, buoyancy-driven spreading is not limited to circular umbrella clouds, 
but can be significant even when the plume is predominantly blown downwind, requiring a model such as the 
one presented here in which the interaction between umbrella cloud and ambient wind is captured, to avoid 
underestimation of plume width. As requirements on VAACs move from reporting simply the region in which 
ash may be present, to providing much more detailed information on the vertical and horizontal variation of ash 
concentration (International Civil Aviation Organization,  2021a), it is becoming increasingly important that 
the buoyancy-driven spreading processes modeled here are included in the VATDMs used for operational ash 
forecasting.

Appendix A: Asymptotic Behavior of the Non-Axisymmetric Parametrization
A feature of the non-axisymmetric parametrization stated in Section 2.3 is that the behavior of the full solution to 
Equation 1 is recovered in both the near source (r ≪ 1) and far downstream (x ≫ 1) regions. The proof of these 
results are given in this appendix.

A1. Near-Source Region

Close to the source, Johnson et  al.  (2015) determined that an intrusion spreading in a stationary atmosphere 
subject to the full governing Equation 1 has depth and velocity given by

ℎ⋆ =

(
5

𝜋𝜋2

)1∕5

𝑟𝑟⋆
−1∕5

and 𝑢𝑢⋆𝑟𝑟 =
1

2

(
5𝜋𝜋3

)−1∕5
𝑟𝑟⋆

−4∕5
, (A1)

when expressed in variables non-dimensionalized by Equation 16.

Here, we show that as r ⋆ ≪ 1, the behavior of the simplified system (Equation 20) tends precisely to Equation A1. 
To study the solution near the source, we introduce the rescaled coordinate r ⋆ = ξR ⋆, supposing that ξ ⋆ ≪ 1 and 
R ⋆ = O(1). Further, suppose 𝐴𝐴 𝐴⋆ = 𝜉𝜉−1∕5𝐻𝐻⋆

0
+ 𝜉𝜉3∕5𝐻𝐻⋆

1
+ . . . . Introducing the operator

∇⋆

𝑅𝑅
=

(
𝜕𝜕

𝜕𝜕𝑅𝑅⋆
,
𝜕𝜕

𝜕𝜕𝜕𝜕

)
, (A2)

We find that to leading order in ξ, Equation 20 is equivalent to

∇⋆

𝑅𝑅
⋅

⎛
⎜
⎜
⎜
⎝

𝐻𝐻⋆

0

2
∇⋆

𝑅𝑅
𝐻𝐻⋆

0

2

√
||∇⋆

𝑅𝑅
𝐻𝐻⋆

0
||

⎞
⎟
⎟
⎟
⎠

= 0. (A3)

Equation A3 has solution 𝐴𝐴 𝐴𝐴⋆

0
= 𝑘𝑘0𝑅𝑅

⋆−1∕5 , where k0 is a constant to be determined. Considering the next order 
terms, we have
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On substitution of the leading order solution, 𝐴𝐴 𝐴𝐴⋆

0
= 𝑘𝑘0𝑅𝑅

⋆−1∕5 , we have

∇⋆

𝑅𝑅
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𝑘𝑘0𝑅𝑅

⋆−1∕5
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 (A5)

which has solution

𝐻𝐻⋆

1
=

2
√
5

27𝑘𝑘
1∕2

0

𝑅𝑅⋆3∕5
cos 𝜃𝜃𝜃 (A6)

which gives us the first two terms of the asymptotic expansion for near source depth.

Using Equation 19 and the first two terms in the asymptotic expansion for near source depth, we can recover the 
velocity field up to and including O(1) terms in ɛ

𝑢𝑢⋆𝑟𝑟 = 𝜀𝜀−4∕5
𝑘𝑘
3∕2

0

2
√
5𝑅𝑅⋆4∕5

+
53

54
cos 𝜃𝜃 +⋯, 𝑢𝑢⋆

𝜃𝜃
= −

22

27
sin 𝜃𝜃 +⋯ . (A7)

We can now determine k0 using the integral conservation of mass condition

∫
2𝜋𝜋

0

ℎ⋆𝑢𝑢⋆𝑟𝑟 d𝜃𝜃 =
1

𝑟𝑟⋆
. (A8)

To leading order in ɛ this condition is

∫
2𝜋𝜋

0

𝑘𝑘
5∕2

0

2𝑟𝑟⋆
√
5

d𝜃𝜃 =
1

𝑟𝑟⋆
, (A9)

from which we obtain 𝐴𝐴 𝐴𝐴0 =
(
5∕𝜋𝜋2

)1∕5 , confirming that we obtain precisely (Equation A1) for r ⋆ ≪ 1.

A2. Downstream Region

Far downstream, Johnson et al. (2015) determined that as the ratio of crosswind to downwind velocities 𝐴𝐴 𝐴𝐴 = |𝑣𝑣∕𝑢𝑢| 
(and consequently the ratio of crosswind to downwind lengthscales) becomes asymptotically small, ϵ ≪ 1, the 
solution to the full shallow-layer system (Equation 1) tends to

𝑢𝑢⋆ = 1, 𝑣𝑣⋆ =
𝑦𝑦⋆

3𝑥𝑥⋆
, ℎ⋆ =

�̂�𝐶

(2𝜋𝜋)
1∕2

𝑥𝑥⋆1∕3

(
2

3

)2∕3
(
1 −

(
𝑦𝑦⋆

𝑤𝑤⋆(𝑥𝑥⋆)

)3
)1∕3

, (A10)

where

𝑤𝑤⋆
(
𝑥𝑥⋆

)
=

�̂�𝐶

(2𝜋𝜋)
1∕2

𝑥𝑥⋆1∕3
and �̂�𝐶 = 2.159. . . , (A11)

to leading order in ϵ, when expressed in variables non-dimensionalized by Equation 16. Here, we show that 
as downwind lengthscales become much larger than crosswind lengthscales, the solution of simplified system 
(Equation 20) is precisely (Equation A10). That is, both solutions have the same behavior far downstream.
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We introduce the downstream coordinates and variables

𝑋𝑋⋆ = 𝜀𝜀𝜀𝜀⋆, 𝑌𝑌 ⋆ = 𝜀𝜀1∕3𝑦𝑦⋆ and 𝐻𝐻⋆ = 𝜀𝜀−1∕3ℎ⋆, (A12)

expressed in terms of the ordering parameter 𝐴𝐴 𝐴𝐴 = |𝑦𝑦⋆∕𝑥𝑥⋆|3∕2 , which is assumed to be small. Downstream quanti-
ties X ⋆, Y ⋆, and H ⋆ are all O(1). To leading order in ɛ, the governing Equation 20 is

𝜀𝜀4∕3
𝜕𝜕𝜕𝜕⋆

𝜕𝜕𝜕𝜕⋆
− 𝜀𝜀4∕3

𝜕𝜕

𝜕𝜕𝜕𝜕 ⋆

⎛
⎜
⎜
⎜
⎝

𝜕𝜕⋆2 𝜕𝜕𝜕𝜕⋆

𝜕𝜕𝜕𝜕 ⋆

2

√|||
𝜕𝜕𝜕𝜕⋆

𝜕𝜕𝜕𝜕 ⋆

|||

⎞
⎟
⎟
⎟
⎠

+ 𝑂𝑂
(
𝜀𝜀8∕3

)
= 0, (A13)

since

√
|∇⋆ℎ⋆| = 𝜀𝜀1∕3

√
||||
𝜕𝜕𝜕𝜕⋆

𝜕𝜕𝜕𝜕 ⋆

||||
+ 𝑂𝑂

(
𝜀𝜀2∕3

)
. (A14)

Given the problem is symmetric about Y ⋆ = 0, we can restrict our attention to the upper half plane Y ⋆ ≥ 0. Further, we 
make the assumption that H ⋆(X ⋆, Y ⋆) is monotonically decreasing in Y ⋆ in this region. Equation A13 then reduces to

𝜕𝜕𝜕𝜕⋆

𝜕𝜕𝜕𝜕⋆
+

𝜕𝜕

𝜕𝜕𝜕𝜕 ⋆

(
𝜕𝜕⋆2

2

(
−
𝜕𝜕𝜕𝜕⋆

𝜕𝜕𝜕𝜕 ⋆

)1∕2
)

= 0, (A15)

to leading order in ɛ. Introducing the similarity variables

𝜁𝜁⋆ =
𝑌𝑌 ⋆

𝐶𝐶𝐶𝐶⋆1∕3
and 𝐻𝐻⋆ = 𝐶𝐶𝐶𝐶⋆−1∕3⋆

(
𝜁𝜁⋆

)
, (A16)

where C is a constant to be determined, Equation A15 is then equivalent to the second order ODE in ζ ⋆

d

d𝜁𝜁⋆

(
⋆2

2

(
d⋆

d𝜁𝜁⋆

)1∕2

−
1

3
𝜁𝜁⋆⋆

)
= 0, (A17)

to be solved subject to the boundary conditions

⋆
(
𝜁𝜁⋆ = 1

)
= 0, and⋆′(

𝜁𝜁⋆ = 0
)
= 0. (A18)

The conditions (Equation A18) arise from the simplified boundary condition h = 0 applied at the flow front and 
the symmetry of the solution about Y = 0 respectively. Integrating (Equation A17) and applying the gradient 
boundary condition in Equation A18 we have

d⋆

d𝜁𝜁⋆
= −

4𝜁𝜁⋆2

9⋆2
. (A19)

Now integrating (Equation A19) and applying the zero-depth boundary condition in Equation A18, we find the 
solution

⋆ =

(
2

3

)2∕3(
1 − 𝜁𝜁⋆3

) 1

3
. (A20)

This implies

𝐻𝐻⋆ = 𝐶𝐶𝐶𝐶⋆−1∕3
(
2

3

)2∕3
(
1 −

(
𝑌𝑌 ⋆

𝐶𝐶𝐶𝐶⋆1∕3

)3
) 1

3

. (A21)

Coupled with Equation 19, this implies that, to leading order in ɛ,

𝑢𝑢⋆ = 1, 𝑣𝑣⋆ =
𝑦𝑦⋆

3𝑥𝑥⋆
, 𝑤𝑤⋆ = 𝐶𝐶𝑥𝑥⋆1∕3

, (A22)
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where w ⋆ is the half-width of the intrusion. The constant C is determined by global conservation of mass;

∫
𝐶𝐶𝐶𝐶⋆

1∕3

0

ℎ⋆𝑢𝑢⋆d𝑦𝑦⋆ =
1

2
, (A23)

from which we determine 𝐴𝐴 𝐴𝐴 = �̂�𝐴∕(2𝜋𝜋)
1∕2 , such that Equations A21 and A22 coincide exactly with the work of 

Johnson et al. (2015). This confirms our claim that the simplified system (Equation 20) has the same behavior 
downstream as that of the full system.

A3. Trajectories in the Asymptotic Limits r ≪ 1 and x ≫ 1

In theory, the method set out in Section 2.4 allows the length and timescales (Equation 16) to take any value 
between zero and infinity. This makes choosing a grid for the numerical solution to Equation 20 difficult, given 
that we wish to avoid recomputing the solution at runtime. This is resolved by using asymptotic trajectories both 
near the origin and far downstream.

In the scheme, particles are released at the origin, r ⋆ = 0. To compute an increment here we use only the leading 
order term of velocity field (Equation A7). This gives a radial increment,

𝒅𝒅
0
𝑤𝑤

⋆(
𝟎𝟎,Δ𝑡𝑡⋆

)
=

(
9𝑘𝑘

3∕2

0

10
√
5

Δ𝑡𝑡⋆

)5∕9

𝒆𝒆𝑟𝑟 (A24)

Away from the origin but near the source, 𝐴𝐴 𝐴𝐴⋆ < 𝐴𝐴⋆
𝐸𝐸
 (we use 𝐴𝐴 𝐴𝐴⋆

𝐸𝐸
≈ 0.030 , though in general, it should be as small 

as possible while ensuring computation time remains reasonable), we use an adaptive time step fifth order 
Runge-Kutta scheme and all terms of the velocity field (Equation A7).

Far downstream, 𝐴𝐴 𝐴𝐴⋆ > 𝐴𝐴⋆

𝐷𝐷
 (We use 𝐴𝐴 𝐴𝐴⋆

𝐷𝐷
≈ 4.5 , though again in general, this should be as large as possible while 

ensuring computation time remains reasonable), we use analytic solutions of the leading order velocity field 
(Equation A22) to compute the increment,

𝒅𝒅
𝐷𝐷
𝑤𝑤

⋆(
𝒙𝒙
⋆
(
𝑡𝑡⋆𝑛𝑛
)
,Δ𝑡𝑡⋆

)
= Δ𝑡𝑡⋆𝒆𝒆𝑥𝑥 + 𝑦𝑦⋆

(
𝑡𝑡⋆𝑛𝑛
)⎛⎜
⎜
⎝

(
1 +

Δ𝑡𝑡⋆

𝑥𝑥⋆
(
𝑡𝑡⋆𝑛𝑛
)

)1∕3

− 1

⎞
⎟
⎟
⎠
𝒆𝒆𝑦𝑦. (A25)

Data Availability Statement
Satellite measurements used in this research are available in a public repository (Millward et al., 2023), except 
those from Ulawun, which are available from P-Tree System, Japan Aerospace Exploration Agency (JAXA) at 
https://www.eorc.jaxa.jp/ptree/. The dimensionless velocity field that underlies the wind-blown parametrization, 
the NAME input files, and the resulting model outputs used to generate the figures in this paper are also provided 
in this repository. The NAME 8.1 software (Jones et  al.,  2007) used to test the wind-blown parametrization 
may be licensed from the Met Office (https://www.metoffice.gov.uk/, atmospheric.dispersion@metoffice.gov.
uk). The Python package iris (Met Office, 2016) was used to load and process NAME outputs, and iris, cartopy 
(Elson et al., 2020) and matplotlib (Caswell et al., 2021) were used for plotting.
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