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Outline of this talk:
@ Definitions and notation.
@ Some structure of End F,(G).
@ Congruences of rank one.

@ Congruences of higher rank.
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Let X be a non-empty set, G be a group such that G ~ X. We say X is a
left G-act, and write ¢ X.

Definition (Free act)

A generating set U of ¢ X is a basis if every x € X can be uniquely
presented in the form x = gu for some u € U, g € G. That is:

X=g1u1 =Qolr <= g1 =g and u; =uw

If an act X has a basis U, then it is called the free rank |U| act, and we
write ¢ X = Fjy|(G) to denote this.
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Free rank n G-act

Let G be a group, and let
n
Fa(G) = Gxi
i=1

be the rank n free left G-act.
Fn(G) consists of the set of formal symbols {gx; : g € G, 1 < i < n}. For
any g,he Gand 1 <i,j<nm

gxi=hxj < g=h and =]

The action of G is given by g(hx;) = (gh)x;.
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Endomorphisms of F,(G)

Definition (Act Endomorphism)
Let G act on aset A. Then ¢ : A— A'is an act endomorphism if

(ga)p = g(ap) Vge G, acA

Write EndF,(G) for the collection of all endomorphisms of F,(G), with
composition of maps as its binary operation.
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Each a € EndF,(G) is determined completely by its act on the free
generators {x; : i € [1, n]}, therefore we can write:

a= X1 X2 e Xn
wiXia wyXoq ... WpXna
for a map @ € T, and an element ag = (w§,wg,...,w%) € G".

Fact
The function

Y EndFn(G) — G T,
a — (ag,a)

is an isomorphism.
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Image, Rank, Kernel

Image And Rank
Let o € End F,(G), then:

im(a) = U Gx;, rank(a) = rank(&)

icim(&)

Write D, for the D—class of elements of rank m.

Kernel

Let oo, B € D;. Then ker(a) = ker(3) if and only if

ker(a) = ker(B) = {B,...,B,} and for any j € {1,...,r} there exists
Gj.a,3 € G such that for any k € B;, we have wqj .3 = wf
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Example

Consider a, 3,7 € End F3( (), G = (a).

o= (Xl X2 X3> ,8 — (Xl X2 X3)
axy Xi Xo X1 axy X2
Aap = Ras=4a q3ap = 1
Hence ker(a) = ker(f3). But:

_(x1 X x3
Tl ox
di,ay = 4@ 7é 1= Qo QBay = 1
Hence ker(a) # ker(7).
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Structure of EndF,(G)

Green's Relations on EndF,(G)
For any «, 8 € EndF,(G):

e alf <= im(a)=im(p),

0 aRf < ker(a) = ker(p),

e aDf <= rank(«) = rank(p),
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Definition (Rank of a congruence)

Let p be a congruence of EndF,(G), then the rank of p, written rank(p) is:

rank(p) = max{ rank(f) | 3 g # f such that (g, f) € p}

Remark
Let Hy, be an H—group class of D,,, then:

Hm = G Sym(m)

In particular,
Hy = G1Sym(1) = G
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Fact

Let S and T be semigroups, f : S — T be a homomorphism, and p be a

congruence on T. Then

F(p) = {(e B) € S? | (of . 5F) € )

is a congruence on S.

Fact
The map f : End F,(G) — T, defined by

a—

is a homomorphism.
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For the next few slides, we restrict our attention to congruences of rank
one. That is, congruences whose non-trivial classes contain only elements
of D1.
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Congruences in H

Fact

Let o, B € EndF,(G) be such that («, 8) € D1 x Dy, and aH3. Let N be

the normal subgroup of G generated by g, . Then:

(e, B)" = {(7,6) € D1 x D1 | vH0, g5, € N}UA
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Congruences in R\ L

Fact
Let «, 5 € EndF,,(G) be such that (o, 3) € Dy x Dy, and (o, ) € R\ L.
Then:

(o, B)F = {(7,8) € DL x D1 | YRS}UA
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Congruences in L\R

Fact

Let o, 5 € End F,(G) be elements of rank one such that («, 8) € L\R.
Let M be the normal subgroup of G generated by

{(91.0.8) Y9108 - (91.0.8) Lqnas}, and N be the normal subgroup of
G generated by {g1.4.38,---,Gn.a,}. Then:

(o, 8)" = {(7,0) € D} | 7£L3, G5 € Mt for some t € N, k € {1,...,n}}
UA.

v
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Example

Let C4 = (a), be the cyclic group of order four. Consider End F3(Cy). Let

a, € End F3(Cy) be:

X1 X2
o = 2
axy a xi

X3
33X1 ’

8= ( X1 X2 X3 )
o 32X1 axi 32X1 )
Then:
a ifk=1
e = {33 if k e (2,3}
1 fk=1
(91.0.5) " G = {a if ke {2,3)
We then have that
n n
(U €((07.0.8) T ahap)) = (%) = G # Ca = U (Fk,a,8))

k=1

FFB + NR (St Andrews)

Congruences of EndF,(G)

2019 January 10t

16 /24



Congruences not in R U L

Fact

Let o, B € EndF,(G) be such that rank(a) = rank(8) =1,
(o, B) ¢ LUR. Define v € EndF,(G) by:

XKy :fola
for k € {1,...,n}. Then:

(a, B = (,7) V (7, B)!
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What about congruences of higher rank?
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Definition

Let p be a congruence on S = End F,(G). We say that p is of:
Q@ A-type if p C {(a,8) € * |a =B},
Q lIdeal type if D C p;

© Complementary type if there exist a, 8 € S such that & # 3 and
(o, B) € p, but D} & p.

If p is of ideal type, then it has a unique ideal congruence class Z, = Z,
and it contains all elements of rank at most r.
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Fact

Let p be a congruence on End F,(G) different from the equality
congruence. Let (o, 8) € p\A, and let gx, € F,(G) be such that
(gxm)a # (gxm)B. Let N be the normal subgroup of G generated by
Gm,a,3- Then:

{(,6) € D} | YH5, q,5 € N} Cp.

Furthermore, if ma # mB, then:

{(v,6) € Di | YyR3} Cp.
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Fact

Let p be a congruence on End F,(G). Suppose «, 5 € End F,(G) are such
that rank(5) < rank(a) = k, and (a, 8) € p. Then p is of ideal type, and
I, C I,

Corollary

Let o, 8 € End F,(G) be such that rank(8) < rank(«) = k. Then
(o, B)* = Rees(k).
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Fact
Let p be a congruence of ideal type. If a, 8 € End F,(G) are such that

(o, B) € pand a ¢ 7, then aLf and ker(a) = ker(/3).

Corollary
Let p be a congruence of complementary type. If a, 8 € End F,(G) are

such that (a, 8) € p and a ¢ Dy, then L3 and ker(&) = ker(f3).
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Fact

Let p be a congruence of ideal type, @ € End F,(G) an element of rank k,
k > 2, such that there exists 8 € End F,(G), 5 # «, such that (o, 5) € p.
Then Zk,1 - Ip.

Corollary

Let p be a congruence of complementary type. If «, 5 € End Fn(G) are
such that (o, 8) € p and a ¢ D; U Dy, then & = f.

Corollary

Let p be a congruence of ideal type, and Z, = Zy. If o, 8 € End F,(G) are
such that both are of rank greater than k + 1 and they are related by p,
then o = B.
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Corollary

Let 7 be a congruence on End F,(G) of complementary type, then
T=pVo,

where p is a congruence of rank one or two, and ¢ is a congruence of
A-type.
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