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Overview

A strange coincidence between
m Semigroup properties
m Partially ordered set and lattice properties

m Geometric properties
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Outline

Background: The right Cayley graph of the symmetric group

From permutations to rooks

The 0-rook monoid

A little geometry: the stellar monoid
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Background: The right Cayley graph of the symmetric group
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Coxeter's presentation of the symmetric group &,
1234\
&, is generated by the
elementary transpositions: /
2.314 142‘3
sii=(i,i+1) \/
with relations 2341\' 7
52 — Id 324’1 A{l32
1
sis;=sjsi |i—jl>2,

5iSj4+1S5i = Si4+1S5iSi+1

S9

4321 53
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Cayley graph as the skeleton of a polytope

Convex hull of the orbit of (1,2,3,...,n).
Lives in a n — 1 dimensional hyperplane. 3D thanks to Sage, ppl, threejs, jmol

1234
2134 1324 1243
2314 s 2143 1342

2341 3214 213312
3241 2431 3412 4213
3421 1231 4312

4321
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Cayley graph as the Hasse diagram of a lattice

[Guilbaud-Rosenstiehl 1963]

1234 123
2134 1324 ‘1243 2134 132
2314 3124 ‘2143 ‘1342 1423 2314 3124 214
2341 3214 2413 3142 4123 1432 2341 3214 2413
AL/
3241 2431 341
3421‘ 4231‘ 4312 3421 423

N — N

4321 D A 432
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Cayley graph as the Hasse diagram of a lattice

1234

Lattice = partial order with {
m meet (least upper bound) R 124\
m join (greatest lower bounds) /2314 sod huad /1342%
341 3214 2413 3142 /4123\\ /1432
Is there a SemigrOUp 3241 2431 3412 4213 4132
interpretation of this
. 3421 4231 4312

partial order ?

4321
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Symmetries and projections

1234
AT
2418 a3
2314 3124 \2143 \1342 1423
\ S AL L
2341 3214 2413 3142 4123 1432 2341
2O RO NS
5241 2431 e 4132 8241 o) 2431 /?’41

3421 . > ) 423

51 l

S3 432
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The 0-hecke monoid as a transformation monoid

1234
Transformation monoid 213 ) 1324 ) N
generated by the
elementary bubble sorting 2314 ) 3124 __ 2143 D132 ) 1423 )

operators 7;

2341 ) 8214 @2413:)‘31429 41233 f432©
3124 - m; = 3124
3124 - 7y = 3214 3241 ) 2431 ) 312 ) 42137 )

3124 - 3 = 3142 342{5 42313 //4312@

4321'@ —— T3
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The 0-hecke monoid

1234

2134 ) 1324 ) \1243"7}

10
Th.e 0-Hecke monoid Hj 2314:) 3124 3‘2143@‘1342, R
defined by presentation:

2341 71 8214 :)2413 :) 31427 ) 4123D 12T )

2
T, = T
T = T li—j| >2, 32413 24313/34123 4213341323

TiTi41T; = Ti417Tj+1

3421@ 42319 /4312@ o
.

4321':@
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Matsumoto theorem

Reduced word for a permutation o :
m decomposition on the s; of minimal length.

m path from Id to o going down in the Cayley graph of &,,.

Two reduced words give the same permutation if and only if they
can be related using only the braid relations:

sisi=sjsi |i—j| =2,

SiSi+1Si = Si4+1SiSi+1
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Consequences of Matsumoto theorem

mifs;...s; =sj...5, =0 are two reduced words for o, then
Tiy oo Ty = Ty - T,
in HO.

m T, :=mj ... 7 is independent of the chosen reduced word

o =5j, ...s; and therefore well defined.

8 HO = {r | 7 € &,} in particular Card(H3) = n!
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Remarks

mIf sy ...s; is reduced then

k

|d-S,'1...S,'k = |C|-7T,‘1...7T,'k

m 7, is characterized by Id -7, = o

m The action on permutation is nothing but right multiplication:

ToTi = T(g-7;)
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Some more background on H?

m Construction of H? generalizes to any Coxeter group
[Norton 1979, Carter 1981].

m One can interpolate between C&,, and CH® [lwahori 1964,
Lascoux-Schiitzenberger 1987]:

Tii=qsi+(1—q)(m —1)

Iwahori-Hecke algebra H,(q) with C&, ~ H,(1) and
CHO ~ H,(0).
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H? and representation theory

m [Demazure 1974] Action of H on polynomials via Newton's
divided differences:
xif (Xi, Xi+1) — Xit1f (Xi+1, %)
Xi — Xi+1

(oo Xy Xig1...) 7w =

Factorize Jacobi's symmetrizer (def. of Schur function) =
Weyl-character formula: Demazure character formula

m R-trivial and self opposite and thus J-trivial. Allows to

analyse its representation theory
[Denton-H.-Shilling-Thiéry 2011]

m Representation theory related to the Hopf algebras of
quasi-symmetric and non commutative symmetric functions

[Krob-Thibon 1997, H. 1999]
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From permutations to rooks

00 0 0 E 0 00 0 H

00 E 0 O 0 000 O

Rook Matrix |0 0 0 E O 000 0

0 E 0 0 O 000 E 0

00 0 0 O 0 00 0 O

Rook Vector 0 4 2 31 0 3 0 41
Rooks = partial permutations of {1...n} (in vector 0 =undefined).

The product of two rook matrices is a rook matrix
The compose of two partial permutation is a partial permutation.
Rook Monoid R, = submonoid of the rook matrices

S, CR,C M,
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Presentation of the Rook Monoid

Generators: elementary transpositions s;, deletion .
s1=2134, s =1324, s3=1243, 7= 0234

Right multiplication:
(rL...m)-Si = r...ri—ifig1fifizo ...y
(ri...rn)-m = 0r...rm.
Example:

3610200 - s; = 6310200
3610200 - s3 = 6301200
3610200 - s = 3610200
3610200 - mp = 0610200
0610200 - mg = 0610200
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Is it possible to define an analogue of H° for the
rook monoid ?

[Solomon 2004] Iwahori-Hecke ring of M, gives a deformation of
the rook monoid.
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The 0-rook monoid as a transformation monoid

Bubble sort operators 7y, . ..

(r...rp) mi=

Deletion operator g

Example:

»Tn—1 :
n...ri—irigififiy2 ...

{rl R
c(n...rm)-m0= 0n...r.
3610200 - m; = 6310200
6310200 - m; = 6310200
3601200 - w3 = 6310200
3610200 - m3 = 6310200
3610200 - mg = 3610200
3610200 - mgp = 0610200
0610200 - mp = 0610200

if ri < riga,
otherwise,
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Presentation of the 0-Rook Monoid
2 = 1<i<n-1, (Idm)
M) = T 1<i,j<n-=1 |i—j|>2, (Com)
41T = Tip1TiTis1 1<i<n-2. (Br)
s =g (Idm0)
QT = o 2<i<n-1. (Com0)
MM T = M1 WML = ToT17TQ (Bro0)
2 =7 0<i<n—1, (Idm)
TiTj = T 1§i,j§n—1 |i—j’22, (Com)
T i41 T = Tip1TiTir1 1<i<n-2. (Br)
T = ;T 2<i<n-1. (Com0)
AT AT — T4 A1 T — T4 T (RrD)
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Warning |

The maps
(n...rm) - P = 0...0r41...0n.

belongs to R, and R,?.

But, though the map
(rn...r)-Ka = nOrs...r.

belongs to R,, it doesn't belongs to RY |
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ldea of the proof

n
= Qmy..T
i

Th...TITQWL ... T

if i > n,
if0<i<n,
if i <0,

Given a rook r the shortest lexicographically minimal word for m,

has the form .

Ty =

for some ¢ = (c1,...,Cp).

n—1

Cn
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Canonical reduced expression

Example : 30240
Index the zeros by the missing letters in decreasing order : 3052404

12345 15
012345 )
20,345 -
320145 - T
3240415 -3
3052401 - mam3M W MWL

Conclusion : 15 - [mg - 71 - mamy - 73 - mam3mamimoT1] = 30240.

1 2 3 4
30240 = R I R I N R
1 1 3 ~1

Example : using coset RO/RY
30145
1
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Matsumoto theorem for rook monoids

Two reduced words give the same rook if and only if they can be
related using only the relations:

SiSj = SjSj li—j| >2,
SiSi+1Si = Si4+1S5iSi+1 1<i<n-2.
ToS; = SjTo 2<i<n-1.

Two reduced words give the same 0-rook if and only if they can be
related using only the relations:

T = TjT |i—j|22,

TMj41 T = Tip1TiTig1 1<i<n-2
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The right order of the 0-rook monoid

The 0-rook monoid is R-trivial and self-opposite therefore T -trivial.

The R-order of the 0-rook monoid is a lattice.
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The right order on permutations

A:={(b,a) | n>b>a>0}

Inv(r) :=={(ri,r;) | i <jand r; >r; >0} C A.

I C A'is transitive if (¢, b) € | and (b, a) € I implies (c,a) € /.

I = Inv(o) for some o if and only if | and A\ | are both transitive.
When this holds the permutation o is unique.

Let 0,7 € &, then o <g 7 if and only if Inv(7) C Inv(o).
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Rook triple of a rook

Rook triple associated to r: (supp(r), Inv(r), Z,)

m supp(r) := the set of non-zero letters appearing in r.
m Inv(r) :=={(ri,r;) | i <j and r; > r; > 0}
m Z,(¢) the number of 0 which appear after { in r

Example r = 2054001
m supp(r) = {1,2,4,5};

m Inv(r) ={(2,1),(4,1),(5,4),(51)};
m Z(1)=0, Z(2) =3 and Z,(4) = Z,(5) = 2.
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Characterization of rooks by their rook triple

A rook is characterized by its associated rook triple:

A triple (S, 1, Z) is the rook triple of a rook r if and only if:
m/ CANS?and | and (AN S?)\ I are both transitive.
mforteS 0<Z(l)<n—]|S|
m if(b,a) € | then Z(b) > Z(a) else Z(b) < Z(a).

When this holds the rook r is unique.
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The R-order thanks to rook triples

Let r,u € R,. Then w7, < m, if and only if
m supp(r) C supp(u)
m {(b,a) € Inv(u)|b € supp(r)} C Inv(r)
m Z,(0) < Z.(¢) for £ € supp(r).

In particular < is an order. R,? is R-trivial.

Note: meet and join thanks to rook triples.
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The rook monoid in 3D (Note L-graph)
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Geometric point of view

Remark: Interpreting rook vectors as coordinates leads to a graph
drawn on a polytope.

Stellohedron : convex hull of the rooks. Extremal points:

Stell, :={G&,(0...0k...n) | k=1,...,n}

[Manneville-Pilaud] Graph associahedron of a star graph.

Is there an associated semigroup ?
It there lattice ?
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The stellar lattice

The stellar monoid is J-trivial (quotient of a J-trivial).

The L-order of the stellar monoid is a sub-lattice (i.e. stable by
Jjoin and meet) of the L-order of the 0-rook monoid.
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The stellar Monoid
Modify mg : kills the first letter and all the smaller letters:

361452 - my = 060450
460503 - mg = 060500
060500 - mo = 060500

The stellar monoid SO is the quotient of the 0-rook monoid by the
relations

TiTmi—1...TM1TQT; = T;Tj—1...T17Q

fori <n—1.

Experiments thanks to James Mitchell's 1ibsemigroups.
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Sequence of lattices inclusion

{0"} = Sto(Rn) C St1(Rn) C Sta(Rn) C -+ C Stp(Rn) = Ry
Sequence of monoid quotients

{0"} = Sto(R?) « St1(RY) « Sta(RY) « --- < St,(RY) = RO
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Thanks for your attention |
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