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Sushkevich and generalised groups

Uber die Darstellung der eindeutig nicht umkehrbaren Gruppen
mittelst der verallgemeinerten Substitutionen.

Von Prof. A. Suschk

h (Woronesch).

indelt, sicl um endliche Gruppen, deren Operation eindeutis, ssociati,
aber micht. eindeutig umkehrbar ist. Ehonso, wio man die gowbinlichen abstrakten
Gruppen konkret in der Form der Substitutionsgruppen darstellt, und diese Dar-
stellung bei der Untersuchung dieser Gruppen gowisso Vortoilo biotot, —ist o5 auch
vorteilhaf auch fur wnsere verallgemeinerton Gruppon cine solche konkreto Dar-
stellung 20 haben. Dz siguen sich sobr dio sogenannten verallgen Substi-
tutionen der n Symbole, d. b. solcho Substitutionen, bei denen verschiedone Symibole
in cin und dasselbe Symbol hergehen kinnen, die, also, in der gowbhulichen Form
dargestell, in der wnleren Zeile wieht wlle Symbule 7 baben brauchen, ein und
dassolbe Symbol dagogon moli als ein Mal haben kinnen. Solche Subsitutionen
Kiinnen nach derselben Regel wie die gewdhulichen mil einander Kompaniort. wer-
do, s n lt et s e bl Qe inmposion ol dus amciatrs
Gosetz, dsgegen nicht, das Gos oisdoiien Unkelrasklt gl Dn theres
i s sl Sbtcine Qo Synbcls endih B8 (-1,
- MET St o KIS . M

werden aber zoigen, dass dieso Substitutionsgruppen aueh alla Arten wnserer
vt Grappen. ersclipfen, odor, andors ausgodrilt:

trakle Grappe der von wns belrachielon Art Fawn als Gruppe der ver-
a”ymwcv!m» Sasiuionen degenct i
n Kamn cine Gruppe der verallgemeinerten Substitutionen konstruferen,

i cintfi somorgh dor gostbonen abirkon Geuppe 4
Tekamntlich, kann man 7 einer_gewthulichen abstrakten Groppe folgender-
e die e i anrghe Subsulonsgrappo konsiniore: 8 besahs e

epgebene abstrakie Grappe a Ordnung ans den Elementen A, Ay,... 4 dann
soll dom Klemente (=1, 2,...a) dio Substiation:

[0
entsprechen. Die w Substtutionen T, ;... ., bilden eine Groppe, i der gogo-

benen Geppe s sonorph
Sellagen wir anch bei unserer verallzemeinerten Gruppe denselben Wog ein, so
ekommon wir auch i 7 jodom Elamente s i enspreehende Substation do

Uber die endlichen Gruppen ohne das Gesetz der
eindentigen Umkehrbarkeit.
Vou
Anton Suschkewitsch in Woronesch (Rusland).
Einleitung.

In der vorliegenden Abhandlung habe ich den Versuch gemacht eine
abstrakte Theorie der endlichen Gruppen, deren Operation nicht eindeutig
umkehrbar ist, zu konstruieren. Freilich sind in der mathematischen Lite-
ratur solche Gruppen in konkreter Form schon betrachtet worden. Als
Beispiel solcher konkreten Gruppen kann man die Theorie der nicht-
kommutativen Ringe, spesiell anch die Theorie der hyperkomplexen Zahlen
anfihren, wobei auch das Analogon zu der Aufspaltung des besonderen
Teiles, den ich als ,Kern bezeichne, durchgefiiet ist!). Dabei werden
aber zugleich awei Operationen betrachtet: die ,Addition* und die ,Mul-
tiplikation®. Es entsteht nun die Frage nach der Verallgemeinerung, die
man erhilt, wenn man die eine Operation — nimlich die Addition — weg-
1at und blo§ die andere — die Multiplikation — beibehilt, die als ein-
deatig, assoziativ, aber nicht eindeutig umkehrbar vorausgesetat wird.

Die Darstellung, die ich im folgenden einfiibre, ist von diesen kon-
keeten Fillen véllig unabhingig. Ich bleibe fortwibrend im Gebiete der
reinen Gruppentheorie, betrachte also nur eine einzige Operation in ciner
vllig abstrakten Form und beschrinke meine Betrachtungen susschlieflich
auf endliche Gruppen mit einer eindentigen assoziativen Operation.

Bekanntlich hat das Gesets der eindeutigen Umkehrbarkeit zwei Seiten:
das linke¢ Geseta: ,Aus der Gloichung BA = CA folgt B—=C¥; das
rechte¢ Geseta: ,Aus 4B = AC folgt B = C¥. Sofern iber die Kommu-
tativitit der Operation keine Voraussetsung gemacht wird, sind diese beiden
citen villig wnabhingig voneinander.

% Vgl Maclagan-Wedderburn, On hypercomplex numhm Mp of m

London Math. Soo. (2) 6 (1908). Toh bin suf dieso Arbeit
e o Hiom von B 5. Nosbs st svvosion,




Sushkevich and generalised groups

‘Uber die endlichen Gruppen ohne das Gesetz der eindeutigen
Umkehrbarkeit’ (1928):

Considered a finite right cancellative semigroup 2L is a finite right
cancellative semigroup.

Showed that for any P in 2, AP =2, but P C %, in general.
Named a finite right cancellative semigroup a left group.

In a left group 2, every idempotent E is a right identity.

Let E1, Ep, ..., Es be all the right identities of 2. Then

where the €, := E.2l are disjoint isomorphic groups. Moreover,
the collection of all right identities of 2 forms a semigroup, the left
principal group € = {Ey, Ep, ..., Es} under the multiplication

E.E\ = E..



Sushkevich and generalised groups

Let & be an arbitrary finite semigroup.

Consider the subsets &P, as P runs through all elements of &;
choose subset &X of smallest size, denote this by 2.

2l is clearly a minimal left ideal of & — and a left group.
All minimal left ideals 2A1,%o, ..., A, of & are isomorphic to 2.
By structure of left groups:

QLHZQH].UC/{ZU"‘UCHS?

where the €, are disjoint isomorphic groups.

Similarly for minimal right ideals 281,985, ...,B,:

By =€ U U---UC,.

Furthermore €, = A, N B,.



Sushkevich and generalised groups

Define kernel of &:

w=Ua-Um-YUen

k=1 A=1

Ay Ao u A
1 Il I
¢ o1 U ¢
U U U
C1o () U €
U U U
U U U
Qzls €25 U €rs



Sushkevich and generalised groups

Thus, every finite semigroup & contains a minimal ideal &,
completely determined by

1. the structure of the abstract group € that is isomorphic to the
Cixs

2. the numbers r and s;

3. the (r — 1)(s — 1) products E11Exy (k=2,...,r,
A=2,...,s), where E,) denotes the identity of €.

Can also choose 1-3 arbitrarily in order to construct a
‘stand-alone’ kernel, i.e., a finite simple semigroup.



Sushkevich and

matrices

Uber die Matrizendarstellung der verallgemeinerten
Gruppen
ANTON SUSCHKEWITSCH, Charkow

Im Folgenden betrachte ich Matrizen, deren Rang kleiner als Ordnung
ist: fiir die Komposition (Multiplikation) solcher Matrizen gilt bekanntlich das
assoziative Gesetz, im Aligemeinen aber nicht das Gesetz der eindeutigen Um-
kehrbarkeit. Diese Matrizén eignen sich also zur Darstellung der Gruppen
ohne das Gesetz der eindeutigen Umkehrbarkeit!). Uber die Darstellung eini-
ger Typen solcher endlicher Gruppen wird nun im Folgenden die Rede sein.
Dabei fiihre ich im § 1. elnlge Hilfssitze dber die Matrizen ein; im § 2 be-
trachte ich die D: hen ruppen; im § 3
werden die Gruppen fiir deren Kompnsmon nur die eine Seite des Gesetzes
der eindeutigen Umkehrbarkeit gilt (die sogen. Links- oder Rechts- Gruppen),
dargestellt; im § 4 wird die Darstellung der sogen. Kerngruppe') betrachtet;
2um Schluss kommt noch ein Beispiel zur llustration der Theorie.

§1
Es wird uns hdufig notig sein. die rechteckigen Matrizen, d. h. solche
Matrizen, wo die Anzahl der Spalten nicht gleich der Anzahl der Zeilen ist,
zu betrachten. Hat eine solche Matrix m Zeilen und n Spalten, so nennen wir
sie eine ,mn- Matrix“. Eine mn-Matrix kann mit einer pg-Matrix darin und
nur dann komponiert werden, wenn n==p ist;. das Produkt ist eine mq - Matrix.
Ist speziell auch m =g, so ist dieses Produkt eine quadratische Matrix mer

rdnung.
Seien nun
Q.. by ... by \
A:( ..... . B
Qmi .. A bm bua /
zwei rechteckl e Matrizen vom Range n; n“sm, n=q.
ist vom Range n
Bewe|< Sind,
Qs Gag -+ Ao bi3, b, .. by, i
A 4'1,,: ﬂ-m‘ : f'l..,f ‘ £0, frxal. bls;u: i l?zi,., |0,
| i
laagns. . o | bus, bus, -+« - by 1

so ist auch AB #0; das ist, aber, eine Determinante n% Ordnung von AB.
Dagegen sind alle Determinanten, (n +- 1y Ordnung von AB gleich Null (das
folgt, z. B., aus dem der D

tent.

) Ober diese Gruppen, speaiel iber die Kemgruppe <. meine Arbeit:,

JUber die endlichen
Gruppen ohne das Gesetz der elndeutigen Umkelirbarkelt*. Math. Ann. "%.
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Sushkevich and matrices

‘Uber die Matrizendarstellung der verallgemeinerten Gruppen’
(1933):

Theorem: All representations of an ordinary (finite) group by
means of m x m matrices of rank n < m may be obtained from the
representations of the same group by n x n matrices of rank n.

Theorem: All representations of a left group & by means of
m X m matrices of rank n < m may be obtained from the
representations of the group %A, by n X n matrices of rank n.

Characterisation of matrix representations of finite simple
semigroups follow.



Sushkevich and matrices

‘Uber eine Verallgemeinerung der Semigruppen’ (1935):

Take set X with binary operation.

Suppose that X has a subset & that forms a cancellative
semigroup.

Distinguish two different types of elements of X, K-elements and
[-elements, such that

. each K-element is composable on the left, with well-defined result, with any element of &;
no K-element is composable on the right with any element of &;
if X € X is composable on the left, but not on the right, with an element of &, then X is a K-element;

. each L-element is composable on the right, with well-defined result, with any element of &;

1
2
3
4
5. no L-element is composable on the left with any element of &;
6. if Y € X is composable on the right, but not on the left, with an element of &, then Y is an L-element;
7. K-elements are not composable with each other;

8. L-elements are not composable with each other;

9

. a K-element and an L-element are composable with each other, in either order, with well-defined result in
each case.

Begins to make sense if you think about matrices...



Sushkevich and matrices

‘On groups of matrices of rank 1' (1937):

For field P, take vectors (a1, ...,a,) € P" such that
a%+...+a%:1_

Form elements A = (a, a')«, where (a, ') is an ordered pair of
such vectors, and « is a scalar factor from P.

The collection of all elements A = (a, a')«, together with 0,
denoted by $.

Two non-zero elements A = (a,a')a and B = (b, b’)3 deemed
equal precisely when a = b, & = b’ and a = §.

Compose (non-zero) elements A, B according to the rule

AB = (a,b)ap(d - b), where &' - b denotes the scalar product of &’
and b.



Sushkevich and matrices
‘On groups of matrices of rank 1" (1937):

Sushkevich studied different collections of elements associated with
a vector pair (a,a’): &,y (forming an ordinary group) and R, »
(a zero semigroup).

Put

Qla: U st,a U U ERyta 7%3: U 6a,x U U Ep‘a,y
x-;;éo y.g/:() x»;#o y-a}rl:0

So 2, = 0 ®.a, is a left group.
X-a
Then

§={0}u (LbJle> = {0} U (Laj%a> ,

a generalised group of kernel type (a.k.a. a completely 0-simple
semigroup).



A. H. Clifford (1908-1992)




Clifford and matrix representations

MATRIX REPRESENTATIONS OF COMPLETELY SIMPLE
SEMIGROUPS.*

By A. H. Cuirromn.

Ty a semigroup is meant o system 8 of elements 4,0, - - closed under a

single binary associative operation
(ab)e=a(bo).

To each element a of § let there correspond a uniquely determined matrix T'(a)
with n 1ows and columns and with elements in o (commutative) fcld 0. If,
foralla, b in 8,

T(ab) = T(@)T(),
then the correspondence T:a—> 7'(a) is ealled a (mateix) representation of §
in @ of degree n. The notions of equivalence, reduction, and decomposition
are defined exactly as in the theory of representations of groups or algebras.

The only work dealing with representations of semigroups, of which the
author is aware, is that of Suschkewitsch. In [2] he makes considerable
progress in the determination of all representations of a type of finite semi-
group which he ealls a Kerngruppe. [3] gives an abstraction of th
used in [2], at the same time removing the finiteness restriction. In a previous
paper [1], he determined the structure of all possible Kerngruppen.

The latter determination has rocently been extended and simpliied by
Rees [4]. Tn Rees’s terminology, a Kerngruppe is a completely simple (finite)
semigroup without a sero element. e characterises overy completely simple
semigroup as & regular matrix semigroup over a group with zero (defmitions
in §2). In the present paper we show how to construct all representations of
a (not necessarily rogular) mateix semigroup over @ group with zero; the
process is summarized at the close of §6. In 2 finel section (§5) we show
how a Brandt groupoid [5] can be mad into a matrix semigroup of especially
simple type by the adjunction of a zero clement; the theary of the present
paper is then applied to find all its roprosentations.

1. Factorizations of a matrix of finite rank. This first. section is con-
cerned with a problem in pur matrix theory, namely that of finding all
lations T, ¥ o the matric squstion

17 -1,

“Teceived March 18, 1041.

BASIC REPRESENTATIONS OF COMPLETELY SIMPLE
SEMIGROUPS.* *

By A. H. Curronn.

1. Introduction. In a previous puper [1], the author discussed the
theory of representations of & completely simple scmigroup S by matrices
over a field 0. According to the fundamental theorem of Rees [2], S is
isomorphic with, and hence may be taken to be, & regular matrix semigroup
over  group with sero. 1t was shown in [1] that every representation T
of  induces & reprosentation T of G we call T* an extension of T 10 5.

A given representation T of G may not be extendible to a representation
I of 5 b it 0 extdil, he theextenion . f £ of bwt prcle
degroe over 0 is uniquely determined by ¥ to within equivalence. We call
b the i il ot T 6 5 Wt of v BT

it is the busic extension to S of & representation of G. Any

extension T* of a representation T of G reduces (but does ot in general
decompose) into the basic extension T* of T and null representations.

Tt is immedinte from Theorems 4.1 and 0.1 of [1] that the mapping
T T# s one-to-one (in the sense of equivalence) from the extendible
representations of @ o the basic representations of 5. Howerer, several
questions concerning this correspondence were left unanswered. It was she
(Thorem 7.1) het i £ i il 0 i 57, bt ho conens wat ot

of the main purposes of this note is to prove that the converse is

e, and bnco that. 41 the. veducle epresentutions of 5 over 5 s
ablained as the basic ezlensions to S of the extendible irreducible represen-
tations of G.

In §2 we show that the correspondence —>Z* preserves decomposition.
I §3 we show that it preserves reduction in a limited sense: the non-nudi
irreducible constitoents of To* are the basic extensions of the irreducible
constituents of T. An cxample in §4 shows that an extrancous null con-
stituent can occur in Zo%.  (Thanks to W. D. Munn for pointing this out.)

* Received July 15, 1050.
T paper was prepared with the pa
ton grant 1o the Tulane Mathematics Depar
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ipport. of the National Scienee ¥ounda-




Clifford and matrix representations

‘Matrix representations of completely simple semigroups’ (1942):

A (matrix) representation of a semigroup S is a morphism
Z:S — Mp(2), where M,(€2) denotes the multiplicative
semigroup of n X n matrices with entries from a field Q; T(a)
denotes the matrix to which a € S corresponds.



Clifford and matrix representations

‘Matrix representations of completely simple semigroups’ (1942):

Take completely O-simple semigroup S, represented as Rees matrix
semigroup with elements written in form (a);y.

Normalise sandwich matrix P in such a way that all entries are
either 0 or e; in particular, arrange so that p;; = e.

Then (a)11(b)11 = (ab)11, hence {(a)11} forms a 0-group
G = GO,



Clifford and matrix representations
‘Matrix representations of completely simple semigroups’ (1942):

Any matrix representation Z* : (a);x = T*[(a);x] of a completely
0-simple semigroup S induces a representation of Gi, which may
be transformed in such a way that

i@l = (7§ 9)-

where 7 : a > T(a) is a proper representation of G°:
T(a)T(b)=T(ab), T(e)=1I  T(0)=0,

for all a,b € G; Z* is an extension of Z from G to S. Also:
1 0 * T Q
[( )i] = < (pll) 0> and T*[(e)n] = < (P)\l) 0)\>7

for suitable matrices R; and @), for which it may be shown that
= Q1= 0. Put Hy;i = T(pri) — T(parpui)-



Clifford and matrix representations

‘Matrix representations of completely simple semigroups’ (1942):

Theorem: Let 7 be a proper representation of G°. Then

) _ (T(priapn1) T(p1a)@Q
T [(a)i] = (Ri?(agjf) R,-é)'l(a)QO

defines a representation Z* of S if and only if Q\R; = H,;, for all
i, A. Conversely, every representation of S is equivalent to one of
this form.

Provides procedure for construction of all representations of a
completely 0-simple semigroup from those of its structure group.



W. Douglas Munn (1929-2008)




Munn and semigroup algebras

PROCEEDINGS OF THE
Cambridge Philosophical Society

Vo 51 Janvary, 1955 Partl

ON SEMIGROUP ALGEBRAS
By W. D. MUNN
Received 21 July 1954

SEMIOROUPS ~ AND  THEIR  ALGEBRAS 1. Introduction. Tn the elassical thoory of representations of  finite group by
‘matrioes over a field §, the concept of the group algebra (group ring) ovor  is of
ondamental mportane. The ol propety of s a g, i e s somi

vy ofthe oup. As  consequence of thi, he rresemtations af the lgebrn, gerfiis

of the group,ar completlyrdusible
Welter Dougles Munn. group, pletely

o ovn o g e O i ot o scint condion

for such an algebra.to be semisimple, and to interpret some of the resulis of this

investigation i torms of reprosenttion thoory.

| Sinco o shall b concerned mainly with so-called ‘semisimplo" semigroups, wo
give o brief account of theso i §2; there we do not resrict ourselve {o fnte semi-

| groups, b w do tsaumo th exsence of & prinipl i’ In §3 wo givo the

| S hes 2300, e wanaly G i sonweniont et wih e e o
Che e, forming e oot e o Sover 3. T ol o g

of a simplo semigeoup.
| & new clasn of algobras is dofned in §4. An algebro.of this dass consisa of all
with an iden-
| ey, maltiploation s dofned by mesns of fowd vl maci P. In artionae

sufficient conditions are found for the mmmmpllmr.y of auch an al
that 8 i semisimple and P non-singular. Tests for the non-singalarity of P ars
g in g6
In §6 we combine th results of the previous section. The notion of a ‘c-non
singular’ ‘and is used in tho main
s 04). §7 s dovted o » disouasion of thesiplely of  semigronp sl
il i §8 wn outine Clffd's eprsenation ey o simplosemigoup,axd
Show how i ik ap il

. [R——




Munn and semigroup algebras

“In the theory of representations of a finite group G by matrices
over a field § the concept of the algebra of G over § plays a
fundamental part. It is well-known that if § has characteristic zero
or a prime not dividing the order of G then this algebra is
semisimple, and that in consequence the representations of G over
§ are completely reducible.

“The central problem discussed in the dissertation is that of
extending the theory to the case where the group G is replaced by
a finite semigroup. Necessary and sufficient conditions are found
for the semigroup algebra to be semisimple (with a restriction on
the characteristic of §), and a study is made of the representation
theory in the semisimple case. The results are then applied to
certain important types of semigroups.”



Munn and semigroup algebras

Given a semigroup S, a series is a finite descending sequence of
inclusions of the form

5:512522"':_>Sn35n+1:®>

where each S; (except Spy1) is a subsemigroup of S, and Sy is
an ideal of S;.

The factors of the series are the Rees quotients S;/S;;1.
A proper series is one in which all inclusions are strict.

A refinement of a series is any series that contains all the terms of
the given series.

Two series are isomorphic if there is a one-one correspondence
between their terms such that corresponding factors are
isomorphic.

A refinement is proper if it is a proper series and contains strictly
more terms than the original series.

A composition series is a proper series with no proper refinements.



Munn and semigroup algebras

Derived necessary and sufficient conditions for a semigroup to
possess a composition series.

Similarly for principal series: proper series in which every term is an
ideal of S, and which have no proper refinements with this
property.

The factors of a principal series are termed principal factors.

A semigroup is semisimple if it has a principal series for which all
the factors are simple.

Theorem: If M is an ideal of a semigroup S, then S is semisimple
if and only if both M and S/M are semisimple.

Theorem: A semigroup is regular (inverse) if and only if all its
principal factors are regular (inverse).



Munn and semigroup algebras

Let S = {s1,...,sn} be a finite semigroup and § be a field.

The algebra 3(S) of S over § is the associative linear algebra
over § with basis S and multiplication

(Z )\isi) D owisi | = Niwisis;,
i j i

where \;, u; € §.

Slightly more convenient to work with contracted semigroup
algebra Az(S)/Az(z), where z is the zero of S (if it exists) and
23 (z) denotes the one-dimensional algebra over § with basis {z}.

There is a one-one correspondence between the representations of
2A3z(S) and those of 2A3(S)/Az(z).



Munn and semigroup algebras

Introduce Mp,,[2A, P], the algebra of all m x n matrices over a ring
2A, with the usual addition for matrices, but with multiplication o
carried out with the help of a fixed n x m ‘sandwich matrix’ P: for
A B € Mu,[, P], Ao B= APB.
Let Smn[G, P] denote the finite Rees matrix semigroup
MO(G; I,A; P) with I ={1,...,m} and A = {1,...,n}.
The contracted algebra of such a semigroup over a field § may be
regarded as a matrix algebra Mmn[A(G), P], where 2(G) denotes
the algebra of the structure group G.
Theorem: The algebra M,,,[2, P] is semisimple if and only if

1. 2 is semisimple, and

2. P is non-singular, in the sense that there exists an m x n
matrix @ over 2 such that either PQ = I, or QP = I,,.



Munn and semigroup algebras

Theorem: Let S be a finite semigroup, and let § be a field of
characteristic ¢. The semigroup algebra 2((S) of S over § is
semisimple if and only if
1. ¢ =0 or ¢ does not divide the order of the structure group of
any of the principal factors of S, and

2. each principal factor of S is a c-non-singular* simple or
0-simple semigroup.

*isomorphic to a Rees matrix semigroup of the form S,,[G, P],
where the sandwich matrix P is non-singular as a matrix over the
group algebra 2((G) over any field of characteristic ¢

Went on to build on Clifford’s work by constructing irreducible
representations of a finite O-simple semigroup from those of its
structure group.



J. S. Ponizovskii (1928-2012)




Ponizovskii and semigroup algebras

1956 MATEMATHUECKHA CBOPHHK T.38 (80), N2

o cucrem *

M. C. Monnsoscknii (Kexeposo)

B Teopuit npeAcTaBneHNE TpYNN OeHs BAXHYIO POTs HIPAET TEOpeNa
Mauuke o NOHO MPHBORANOCTH MOGOTO MPEACTABICIHA KONewnofl Tpynmsl
NAK TOTeM KOMIIEKCHNX WHCed, 4 TAKKC DASTHSHHE OCOGIENHs 5Tofl Teo-
pewss. Hacrosias craTes nocesmena BOTpocy O ToM, B Kakofl Mepe oia
TIEpEHOCHTCS A MPEACTABIEHNS KOHETHLIX aCCONNTHBHNX cicTeM, Bodee
TOuNo B CTATbe pellaeTes CARRYIOMIE BONpOC:

Jlako node P; yKasaTh KIACc KONESHbX CCOUMGTHBHMX CHCTeN, BCe
DpeJCTABICHNA KOTOPHX MATPHUAMH C SMENEHTAMM H3 nos P Bnoie
IpHBOAINE (TaKOTO PoAa KoWeUHNe ACCOWHATHBHHE CHCTEMH B AabHeliex
A5 KPATKOCTH HasBAOTCS P-cicrenauy).

Cratos coctout 13 uersipex naparpados. B § 1 manaraiores weoGxon-
MHe CBefelHs 3 TEODHI ACCOUNATHBIX CHCTEM; TaM e BBOTHTCA CHOBHO
HHCTPYGHT HCCAEAOBHN — CHCTEVHOE KOIBUO, W WATATAIOTCA €r0 npocTell

e coofcrna, st . § 2 nocssuen
KDHTEDIIS TOTO, IO AANNAS KOHEUAS GCCOWNATHBHIS CHCTENA SBISETC
P-cuerewoit (reopewss | 2). HaKoTeA HeKoTOpHe MpHACKeHHT

DIOYUEHHOTO KPHTEDHSI; B HACTHOCTH, MOKGILPACTCA, NTO KOHETHbE CHCTMH
“acTHUMBIX npeoGpasoraiil BEAYT ceds, ¢ TOUKH 3pewnA moaoll npHEORH-
NOCTA X npencrasenul, KK Kowewssie rpynms. B § 4 crpostes Henpu-
BOJHMbe MpeiCTaBteHs MpOUSEOLHOT P-crcrevia. Tone mpH SToM npeano-
JATGETCH  aAreGPANNECKH SAMKIYTHM; 370 OFpANHYeNHE HECYMECTDCHNO
W BDOANTCA AW, A7 CORPALENH BHKABIOK.
Avrop upanaer rayGokylo Gaaroaapiocts E. C. Jlanuiy sa npesro-
JKeHHyI0 37awy W UEHIHE COBETH b IOLECCe €€ peweHts.
Ml ynotpeGisien cretyloutie o003KaseH s
U, \ — TEOPETHKO-MIOXKECTREHIIE CYNN H PASHOCTD.
@ —sHaK npsvoil Cy\MS B KOMbLe,
(ay) — vatpiua ¢ srevenTawu ay
(R) —o0pas R < W oToGpaNen ¢ Moxecrsa I,

* Mocae Toro kax pyomich sacTosmell CTaTe Gira otocaara b pesskmio «Mate-
wmwessaro chopurke, arofy crata e cramn Mywia, onySmwionanas » Po.
of Cambr. Phil. Soc., 51, No I (1955), 1—15. Craros Mymia cosepur nancoace cyie-

7o sman peoyaubatan abTopon Guira aeAULeKs KaWAATCKaT AACCEPTaUNE, TOTIa e
6611 ony6anonen 1 :hmpz@cp-\f WCcepTaNK, B KOTOPON G copuyposaM Bee
pesyasTaTut Nacrosueh craton.




Ponizovskii and semigroup algebras

Studied P-systems: semigroups whose semigroup algebras are
semisimple.

Theorem: A semigroup with a principal series is a P-system if and
only if all principal factors are P-systems.

Conditions for a symmetric inverse semigroup to be a P-system.
Conditions for a Rees matrix semigroup to be a P-system.

Constructed all irreducible representations of a Rees matrix
semigroup from those of its structure group.



Parallel developments

1933: Sushkevich/
finite simple semigroups

1942: Clifford/
completely O-simple semigroups

1955: Munn/ 1956: Ponizovskii/
broader theory broader theory

1961 [1972]: Clifford and Preston/ | 1960 [1963]: Lyapin/
presentation of Munn's theory nothing on representations
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