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What is a maximal subsemigroup?

Definition (Maximal subsemigroup)
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Examples of semigroups and their maximal subsemigroups
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Multiplication in a finite semigroup

(b)
)
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The form of a maximal subsemigroup
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The rough idea of our algorithm
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Some of the problems to consider
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Rees 0-matrix semigroups
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Rees 0-matrix semigroups
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(1): M N J intersects every J¢-class of J

Theorem
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Digraphs.
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(2): M N J is a union of both rows and columns J

Let M be a subset such that M N J is a union of rows and columns.

M is a maximal subsemigroup if and only if
the rows are a union of vertices of I'p with no out-neighbours;
the columns are a union of vertices of I" ¢ with no out-neighbours;
these vertices correspond to a maximal independent set of A;

every edge of A’ is incident to one of these vertices.
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e —
(3): M N J is a union of rows of J

Let M be a subset such that M N J is a union of rows only.

M is a maximal subsemigroup if and only if:
M is not contained in a maximal subsemigroup of type (2);
the missing rows form a vertex of I'gp;
that vertex has no in-neighbours;
that vertex is not red.

The theorem for maximal subsemigroups of type (4) is dual.
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Theorem
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Simplified summary of the algorithm

Work out all of the information contained in the semigroup diagram:
the Green's relations (¢, Z, £, and J¢);
the Z-class partial order;
the location of the generators;
the location of idempotents.
Go through each _#-class in turn:

If it is a maximal _#-class, calculate the maximal subsemigroups of
the principal factor; otherwise

Construct the necessary digraphs;

Search these digraphs for various graph-theoretical properties to find
maximal subsemigroups.
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Upcoming functionality in the SEMIGROUPS package

The MaximalSubsemigroups function.

What it will be possible to find:

All maximal subsemigroups,
Maximal subsemigroups which contain a given set of elements,

Maximal subsemigroups which lack part of a given _#Z-class.

How the answers can be returned:
As a list of GAP semigroup objects,
As a list of generating sets,

As a number (only count them, don't create them).
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