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All semigroups/monoids/categories are finite!

A pseudovariety is a class of semigroups/monoids closed under Py,
S and H.

The collection of all pseudovarieties forms a complete lattice.

Join operation V:

VVW=HS{VxW|VeV, WecW}
Other operations: semidirect product x*:

V«W=HS{VxW|VecV WeW}
Similarly defined operations: @), **, $p, <&, B

@ G: pseudovariety of all groups

@ A: pseudovariety of all aperiodic semigroups/monoids

@ J: pseudovariety of all J-trivial semigroups/monoids
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Open problems

@ (Schiitzenberger) Decide membership in AV G.

@ (Krohn—Rhodes) Decide membership in (A x G)" x A for
n=12,....

o (Pin—Straubing) Decide membership in BJ = {J.

| A\

Result (Albert, Baldinger, Rhodes, 1992)

There exists a finite set E of semigroup identities such that the
pseudovariety join [E] V Com has undecidable membership.

\

Com = commutative semigroups
[E] = semigroups satisfying E

Result (Rhodes, 1999)

The operations *, *x and @ do not preserve decidability of
membership.
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Different approach to such results:
decompose the set P of all primes into two disjoint infinite
recursive subsets A and B, for example

o A={2,511,p7,po,...}
° B= {3777 137P87P107~'}
Choose an injective, recursive function f : A — B for which

C := f(A) is not recursive.
For D := B\ C we have

P=(AUC)UD,

where AU C is r.e. but not recursive, D is not r.e.
For p € P let

o G, = the pseudovariety of all p-groups
@ Ab, = the pseudovariety of all abelian p-groups
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Forpe Alet U, := Gp * Abf(p)
Our main object is the pseudovariety defined by:

U:=\/U,v\/ Ab,.

pEA peD
Then
U=P¢(|JUpu [ Ab,).
pEA peD

Decidability of membership of U: let G be a group and ay, ..., ax

be those prime divisors of |G| which are in A and by ..., b, those
which are in B\ {f(a1),...,f(ax)};
then

k n
GeUs GePr(|JUu, Ul Aby).
i=1 =1

K. Auinger On the membership problem for pseudovarieties



Intuitive idea of the construction of U:
Let p € P and G be an abelian p-group; then:

@ either: there exists a prime g such that every co-extension of
G by any g-group belongs to U

Q or: every co-extension of G in U is of the form H x K for a
p’-group H and an abelian p-group K

The two cases are in sharp contrast to each other but are not
recursively separable. In other words, if we are given an abelian
p-group, we can't decide whether case (1) or case (2) applies.

The pseudovariety U contains all abelian groups, is solvable and
does not satisfy any non-trivial group identity. One can modify the
construction to get a similar pseudovariety which is metabelian.
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Join
Semidirect product, etc

Applications Global
o G1:=(ala®*=0)={1,aa*=0}
*] C2y1 = HSP{(CZ]_)

Theorem

No pseudovariety in the interval [C2 1 V U, AV U] has decidable
membership. In particular, the two joins C21V U and AV U have
undecidable membership.

For each prime p let C, := (x | xP = 1) be the cyclic group of
order p. We define the monoid M,, as follows:

M, = C,U(C, x Cp) U {0}

where (C, x C,) U {0} is a null semigroup and an ideal of M,
and G, is the group of units of M, acting on (C, x C,) U {0} by

x(y,z) = (xv,z), (v,z)x=(y,zx), x0=0x=0.



Join
Semidirect product, etc

Applications Global

The claim follows from the facts:

if p € A then M, divides Co1 x (Fp % 9 C ») € Ca1 VU,

if p € C then M, divides Go1 x (F?}( % % Gp) € Co1V Uiy
let p € D; suppose there exist Ac A, GeU M<AXxG and
@:M— My,

then G = H x K with H a p’-group and K an abelian p-group;
let a = (m, h, k) € xp~! where x is a generating element of C,
then there exists a positive integer n = 1 (modp) such that
a"=c=(e,1,k"), &2 =eand cp = x;

for each b € M then c?bc = cbc? but for b € (1,1)p~ !
(?be)p = (x,x) # (x,x*) = (cbc?)p.

The join Com V U has undecidable membership.

because
ComVU=AComVAbVvVU=AComVvUEe|[C; VUAVU|.

Cp




Join
Semidirect product, etc
Applications Global

For each prime p define an inverse automaton A, as depicted for
p=2>5:

d d a a

t
R
b

@ if p € Athen A, embeds in the Cayley graph of C,1C, € U,
o if p € C then A, embeds in the Cayley graph of
Cf—l(p) l Cp S Uf—l(p)
o if p € D then A, does not embed in any permutation
automaton with transition group in U
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Join
Semidirect product, etc
Applications Global

@ For a prime p denote by /, the inverse monoid defined by the
automaton Ap.

@ For a group pseudovariety H denote by Sl o H the inverse
monoid pseudovariety of all inverse monoids which have an
E-unitary cover over a group in H.

| A\

Corollary
o ifpc Athenl,cSloU,
o ifpe C then I, € SloUg-1(,
o ifpe D then I, ¢ SloU.

No inverse monoid pseudovariety in VI for which
vaA SloU, CV C SloU has decidable membership.

A\
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Join
Semidirect product, etc
Applications Global

For a group pseudovariety H, the inverse semigroups/monoids in
J % H are exactly those of the semigroup/monoid pseudovariety
Sl H which are exactly those of Sl o H. Consequently,

o ifpe AUC then I, € \/ xS+ Uqg
o ifpeDthenl,¢JxU

Theorem

No semigroup/monoid pseudovariety in the interval

[\/ Sl Ug,J U]

geA

has decidable membership. In particular, Sl « U has undecidable
membership.
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Join
Semidirect product, etc
Applications Global

Since SI« U =Sl @ U = Sl xx U, we have

None of the operations x, ), ** preserves the decidability of
membership.

Since
Slik U=30aUC - COUC - JOU=0U=10xU
and, for each p € A,
JxU,=PU, CPUC I+ U

each of {,U (all n > 2), $U and PU have undecidable
membership,

None of the operators {p, (all n > 2), & and B preserves the
decidability of membership.
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Join
Semidirect product, etc

Applications Global

Tilson used categories to establish his decomposition result for
monoid (pseudo)varieties:

Let V,W be pseudovarieties of monoids; a monoid M belongs of
V « W ff there exists N € W and a relational morphism
@ : M — N for which the derived category D, belongs to gV.

gV, the global of V, is the smallest pseudovariety of categories
containing V, i.e. the class of all category divisors of members of V
membership in gV is essential to Tilson's theory

Problem

Can decidability of membership in gV be reduced to decidability of
membership in V7

No! Let DU be the pseudovariety of monoids all of whose regular
D-classes are members of U.
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Join
Semidirect product, etc
Applications Global

Membership in DU is decidable while membership in gDU is
undecidable.

We start with the graph I':

d

and let [* be the free category generated by . For each prime p
let ', = I'/=p, where =, is a congruence defined by a certain set
of identities. It can be shown that ', is finite and computable.
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Join
Semidirect product, etc
Applications Global

Some very deep results of Kadourek then imply
o if pc Athen ', € gDU, C gDU
o if pe Cthen T, € gDUg-1(,) € gDU
o if pe D then I, ¢ gD(G, VvV Aby) D gDU
Papers:

@ K. A., B. Steinberg, On the extension problem for partial
permutations, PAMS 131, 2693-2703 (2003)

@ K. A., On the decidability of membership in the global of a
monoid pseudovariety, IJAC 20, 181-188 (2010).

Thanks!
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