Const ra.iht Sat isloa,c,tion Prol:le ms

with lree Duo.lily .

CSP:
Input : relational structures G, H  (over same signature o)

Out_{ut‘ \es if thereis a hoWloMoﬂthsm G—H
No oCherwise

(\\Everj thing” is Tini lie)



Cor\r\?utol‘ ional Com?lex itLL

P= problems that admit o Foljnomial-time algorithm
NP= ?mblems wi’d/\a Foldﬂ()mia,l“Siie Certl'{t'(,a[te ‘er \(Es,
which can be chedked in folynomial time

NP—hard =€V6(‘3 thlem n NP redud l)‘& ‘t-o ‘t
NP- complete = NP-hard N NP

Examsles:
P2 )-wlouring of gr&phs

?J—cnlou\(*'mg of- 3raP\ns 1S NP~mm?lﬁte
CSP is NP-completn



CSP_is NP-complels

— Exponential o»lgori’ekms
— Pob—’cime algari t%ms H’\at a[ov\‘l', alwajs wo(‘k

— Restrict the constrants Hut are allowed
(and clmssi\"J meI&xiJcﬁ

)

CSP(H) © His fixed

lnput G
Question: G—H 7

Neve seen H= K, K3



CSP (H) + His Fixed

|ggu L G
Question: G—H 7

More exmmple&
® one texna(‘j Ve/\atfo\f\) JOW\ H={O»|S
I+3+f=‘ (in GF(lD

« dom #={01); four termary relations to express
clawses Such as  (« vy v -12\ 3-SAT



CSp (1)

— Sometimes P) sometimes NP—Q‘,'L-Q, sometimes ?2)

— Hell, Nedeftil, 110 o symmeteic. graphs:
e P His BiPartite or has @ |00[>
° N?—CQMPRIL otherwise

Example: H=Cs = < |

Obsesve: G— 5 & 64— (]
- H & 6% —H

Oc!joint j;ut\(\cto S



CSp (W) :
~ Sometimes P sometimes NP-c/'te, sometimes . (¢
— Hell, Nedeftil, 110 o symmeteic. graphs:

e Pif His BiPartite or has & |00[>

° N?-CQMPRIL otherwise

= Feder \Voeod, 1998 o COnJectu.re.d dichatomy
+ studied “width-1" problems
* |ots of other things

~Holl Negek#i|l Zhu 1996 « “tree duality’ probl
S w IV, = Ty PI'D ems “S c Al hs
¢ “hounded treewdth duality’) T 48P



Hhas Cree duality if
whenever G —+->H,

1 then Hure is a o-tree [ s.t.
\U/ ]:“76 and F-/QH

there exists & consisting of o-trees only, st

+ Whenever G+H, ﬂ'\en AFeF, F—6
+FeF = S

er IS au Comple,{l Set o{: obstru«ctions 'For H

Rt PSP | AR

o ped e et



Arc Cons{ster\cg

L Jom@ “_’; dom H IS C,OY\SI'Stent with an arc,/tuple,
(w, .., %) € R (Rea) 1
¥i VJ,;&L(OCO 33,)31, SYior, Yia, Yias -, Yo € domtl,
each jJeL(ac,)
st. (y,,.. ,gk)éR

Algocithm for CSP(H)
bt 6
O Intialise L(ao)- dom'—' Vacédomﬁ
@ While Yx, L(x)+9D:
v If L is inconsistent with some (x,,. qcl‘) 3 R
remove cmres?onalmj yi from L ().

* It Lis consistent with all tuples of 6, stop.



\ Algo(itkm foc CSP(H)
it G
® Intialise L():=dom H Yx&domb
@ While Yz, L(x)+9:
v Jf L is inconsistenl with some (x,,.,%,) € Ré,
remove oorresi)omlinj yi Ffomm L(2).
L * If Lis consistent with all f‘u':les of G, stop.

o f some L(x)=8, than G+ H.

o |f eath [L@)|=], then G—H.

*If Gis o bree, non-emply L gives @ homomorphism G — H;
if Fis a tree and a.‘F—’GJ then L(%(%)) qives o hom. £ —H.
Hence the olgorithm is cortect fir CSP (B with tree duality

* Without tree dud(fj, n0h~€/Mpt\j lists do ndt quarantee G—H.



But how do we Find out f H has tree alu«»lit\j.7

Fedur, Vordi: power Fructure ﬂ(m
afom U(H) = 2

" Jf R’W") if

Vi VIieAi 3“‘! Xy, o)X, Ly, --

each JgeA s.t. (a,.. LQGRH

dom H \{ﬁ}

H has tree duality iff UKW —H |




Which Fs are comdele sets of dostructions for CSP(H)?

SimPli{:ieJ SetuPl Considac o containir\j 0(\h B{V\a(\tj celafion Sdmbols;
assume all elements of G‘H are Ca.te/r‘i”ars

AN

aswciale a word with F- Bg BGr' 3b RL BGc

—anguage Z(E’)

B L,EFJC/):S, CTacdif, G. Tacdos (20I3>3

. f 2’(3") is requlaf, then Jis a c,olMplLvte sef of obStruckions
fbr Some (Finiﬁa) RH.

L K Fis e s for H then Z(T9) i a reqular IMJuage.

Extends to any o and noh~cJ@r|oi“a.rs.



?i& 0. (.5.0. for some Finite H
Forb (3) = CSP(H)

Erdds, P{J\/é)ﬁji,
Tacdd Tardos

:-Tr 5> (‘Cjular Sei'oF o’-trees

JL Hubicke, Neletril

There is on infinte Universal ~limit structure L
CSP(H) < /Lﬁe,(l_)} and L is w-mtegorical.

N
I

There is aﬁn}fe Sijr\a.'l‘ur‘e T =20, e.x'l'ehdin_g c 83

Unary relation symbols, and a universak T-structure Iy

st. Lis the o-reduct of ¥ and I* is o Rarmej stcucture
(SALJI(L*) js extremely amehaUe}




A Bulte 1970 : The right adjoints in the category of o-Structures
are given by: A, B fireadh Reg of arity k)
homs & :A=By  fKei=nz .k

H=THY: dom F(H) = Hom (A\ H)
for Reo: R = Hom (Be, H),
%:Bg——’H
g is He tu.pl.ﬂ. (%oi.) 3 Ea,.., Z-EQ,

EXamP‘e above A = w&



Let AT be functors Rello) = Rels); AT

tan¥6.H: AG)—=H © 6 —I(h)
A(G) can be constructed in Po!jﬂomiai time

Therebre s ¢ IF csP(T () is NP-comelets, than S0 is CSPCH).
o If CSPCH) is poly-time, thun so is CSP(T ()

Rut also: * If csP(H) has tree O[U\a,[l'ﬁj, Han so does CSP(T(k)).
(IF, C Tardif, 2007)



But also: * If csP(h) has tree duality, tan so does CSP(T(H)).
(IF, € Tacdif, 2007)

R
T

EmmPler arc 3rap|r\ S :T / B

A=l
S

In this case we know o description of Ha obstructions : S(;ro'mk.

( 9

Bhan SPmink(g) s o c.S.0.%¢ S(H)
eg. H%&HJ °4/W‘IN
?-i/} SP(omk (?) { | /T/f //P\/R\/{ B

* |F 7 iso complete set of trew obstructions for H, J



Finite Duality
H kaS Fihite dualit\tj iF ik aLAMits wﬁnite ¢S 0.

J-Nesettil, CTardif, 2000:
Jf Hadmits a finite c-s. 0., then it admits o
finibe c.s.0. of Erees. (e, Finike duolity = tree dualits)
A'ﬁ Rnite set Fof trees is o ¢.S0. for some dual H= D(S)

A Atsecias 2005/B~ Rossman 2005
v ¢SP(H) is first-order de finable
& H has finite dua(il:j.




"

DlJraP\r\s ’ (__ exisltence 0'{' P\omomor':\msm) (S a,pre orw
on the set of all 4 igcaphs.

F .. Cnite C.5.of tree dostructions for H
% ?U{,H] 1S -Pum_te ma.x.‘ml antigkaim or |s)

CSP(H(,  H) " Does G admit o hOMOMorfl\Lsm to an o{: H ..

0 CSP(H, . Ha) admits a Tinte 5.0 F Hun oll elements
of F are forests.

JF, T NeSetiil, CTardif 2008

The lete maximal antichans i * ="
ate exactly the sels FuiH;:16i¢n; YFeS, 4F]

ohere, Fis o finif c.500 for CSPCH, . K.

Al

a—



To summarise:

CSP(H) with tree dua,i{:j s interesfinj (to me)
because it reaches oul to many various areas:
‘ Rmnsg U\eor_«j

" regular lar\juajes (w‘ Data.l»o\j)

. |o_qic ({?.-;gt- ordex Aefir\abiktj)

‘ mteﬁories {aoﬁbinfs\

o universal algebm (which T didit talle about)



